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CHAPTER 1 
Limits and Their Properties 

Section 1.1 A Preview of Calculus 

Solutions to Even-Numbered Exercises 

2 . Calculus: velocity is not constant 4 . Precalculus: rate of change = slope = 0.08 

Distance ~ (20 ft/sec)(15 seconds) = 300 feet 

6. Precalculus: Area = tt(n^) 2 8. Precalculus: Volume = ir(3) 2 6 = 54 tt 

= 2tt 

10 . (a) Area «5+^+|+|= 10.417 



(b) You could improve the approximation by using more rectangles. 

Section 1.2 Finding Limits Graphically and Numerically 


X 

1.9 

1.99 

1.999 

2.001 

2.01 

2.1 

fix) 

0.2564 

0.2506 

0.2501 

0.2499 

0.2494 

0.2439 


lim ~ 0.25 (Actual limit is J.) 


X 

-3.1 

-3.01 

-3.001 

-2.999 

-2.99 

-2.9 

fix) 

-0.2485 

-0.2498 

-0.2500 

-0.2500 

-0.2502 

-0.2516 


/\ _ x _ 2 

lim —— ~ —0.25 (Actual limit is — 

x—>—3 X + 3 


X 

3.9 

3.99 

3.999 

4.001 

4.01 

4.1 

fix) 

0.0408 

0.0401 

0.0400 

0.0400 

0.0399 

0.0392 


\x/{x 4- l)] — (4/5) 

lim 

x->4 X — 4 


0.04 


(Actual limit is ^.) 


X 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

fix) 

0.0500 

0.0050 

0.0005 

-0.0005 

-0.0050 

-0.0500 


cos x — 1 

lim — 12 ~ 0.0000 (Actual limit is 0.) (Make sure you use radian mode.) 

x—>0 X 
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10. lim ( x 2 + 2) = 3 

X — > 1 


12. lim/(x) = lim (x 2 + 2) = 3 

X — >1 X — > 1 


14. lim does not exist since the 16. lim sec x = 1 

a ->3 x — 3 a ->0 

function increases and decreases 

without bound as x approaches 3. 


18. lim sin(7rx) = 0 

X-»l 


20. C(f) = 0.35 - 0.12|[— (r - 1)1 

) a ) £ , 



n il — 'I s 

0 


t 

3 

3.3 

3.4 

3.5 

3.6 

3.7 

4 

C{t) 

0.59 

0.71 

0.71 

0.71 

0.71 

0.71 

0.71 

lim C(t) = 0.71 

t-> 3.5 

t 

3 

2.5 

2.9 

3 

3.1 

3.5 

4 

at) 

0.47 

0.59 

0.59 

0.59 

0.71 

0.71 

0.71 


lim C(t) does not exist. The values of C jump from 0.59 to 0.71 at t — 3. 


22. You need to find S such that 0 < |x — 2| <8 implies 
|/(x) — 3| = |x 2 — 1 — 3| = |x 2 — 4| < 0.2. That is, 

-0.2 < x 2 4 <0.2 
4 - 0.2 < x 2 < 4 + 0.2 
3.8 < x 2 <4.2 

778 < x < 742 

75)8 - 2 < x - 2 < 74 2 - 2 
So take 8 = 742 - 2 = 0.0494. 

Then 0 < |x — 2| < S implies 

-(V42 - 2) <x - 2 < JA2 - 2 
73)8 - 2 < x - 2 < 742 - 2. 

Using the first series of equivalent inequalities, you obtain 
|/to - 3 1 = |x 2 - 4| < e = 0.2. 


24. lim 4 - - = 2 


4 _ 2 ' 2 


2 - 


4(. - 4) 


< 0.01 


< 0.01 


< 0.01 


0 < |x — 4| < 0.02 = 8 
Hence, if 0 < |x — 4| < 8 = 0.02, you have 


-fr ~ 4) 


2 - 


4 — 2 _ 2 


< 0.01 


< 0.01 


< 0.01 


|/(x) ~L\< 0.01 
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28. lim ( 2x + 5) = — 1 

A — i, 3 

Given e > 0: 

|(2x + 5) -(-1)| < € 

\2x + 6| < e 
2\x + 3| < e 

\x + 3| < | = 8 
Hence, let 8 = e/2. 

Hence, if 0 < \x + 3 1 < 8 = ^, you have 

l* + 3| <f 

\2x + 6| < e 
\(2x + 5) ( 1) | < e 

I fix) ~ L\ < e 


30. lim (lx + 9] = f(l) + 9 = f 

JC — > 1 

Given e > 0: 

|(jA + 9)-f| <« 

If* - fj < e 

fl* - !| < e 

I* - 1| < I 6 

Hence, let 8 = (3/2)e. 

Hence, if 0 < |.t — 1 1 < 8 = |e, you have 



|(!A + !>)-f| < = 

I f(x) - L\ <e 


32. lim (— 1) = — 1 

x — >2 

Given e>0: | — 1 — (— 1) | < e 
0 < e 

Hence, any 8 > 0 will work. 
Hence, for any 8 > 0, you have 
l(-l) - (-1)1 < £ 

I f(x) - L\ < e 


34. lim yjc = J~A — 2 

x— >4 

Given e > 0: | ~Jx — 2| < e 

| Jx — 2| | y/x + 2 ] < e| s/x + 2 ] 

|.v — 4| < e| Vx + 2| 

Assuming 1 < x < 9, you can choose 8 = 3e. Then, 

0 < \x — 4| < 8 = 3e \x — 4| < e| J~x + 2 
| Jx — 2| < e. 


36. lim Ijc — 3 1 =0 

x — >3 

Given e > 0: 

|(* — 3) — 0| < e 

\x — 3| < e = 8 
Hence, let 8 = e. 

Hence for 0 < \x — 3| < 8 = e, you have 
\x — 3| < e 
| \x — 3| — 0| < e 


I fix) - L\ <e 
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38. lim ( x 2 + 3a) = 0 

x — » — 3 

Given e > 0: 

|(a 2 + 3a) — 0| < e 
|a(a + 3) | < e 

k + 3| < ^ 

If we assume — 4 < a < — 2, then 8 = e/4. 
Hence for 0 < | a — ( — 3) | < 8 = you have 

1 1 

A +3 < -e < 7 —re 

1 1 4 |a| 

|a(a + 3) | < e 

|a 2 + 3a — 0| < e 

I /(a) - L\ < e 



The domain is all a =£ 1, 3. The graphing utility does not 
show the hole at (3, 



44. (a) No. The fact that/(2) = 4 has no bearing on the exis- 
tence of the limit of /(a) as a approaches 2. 

(b) No. The fact that lim/(x) = 4 has no bearing on the 
value of /at 2. 


The domain is all a # ± 3. The graphing utility does not 
show the hole at (3, ^). 


46. Let p(x) be the atmospheric pressure in a plane at 
altitude a (in feet). 

lim p( a) = 14.7 lb/in 2 

v— >n+ 


50. True 


48. o.oo 2 



999, 0.001) / 

^ (2.001, 0.001)/ 


\/ 


Using the zoom and trace feature, 8 = 0.001. That is, for 
a 2 - 4 


0 < a - 2 < 0.001, 


A — 2 


- 4 


< 0.001. 


52. False; let 


/(a) 
lim /(a) 

x—>4 


(a 2 — 4a, a + 4 
llO, a = 4 

lim (a 2 — 4a) = 0 and/(4) = 10 + 0 

x—>4 


, A 2 — A — 12 

54. lim = 7 

x — >4 X 4 


n 

4 + [0.1]" 

/( 4 + [0.1]") 

i 

4.1 

7.1 

2 

4.01 

7.01 

3 

4.001 

7.001 

4 

4.0001 

7.0001 


n 

4 - [0.1]" 

/( 4 - [0.1]") 

i 

3.9 

6.9 

2 

3.99 

6.99 

3 

3.999 

6.999 

4 

3.9999 

6.9999 
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56. fix) = mx + b, m # 0. Let e > 0 be given. Take 8 

If 0 < \x — cl < 8 = t"~t, then 

\m\ 

\m\ |.r — c\ < € 

| mx — me | < e 
\(mx + b) — ( me + b)\ < t 
which shows that lim (mx + b) — me + b. 


e 



58. lim g(.r) = L, L >0. Let e = \l. There exists 8 > 0 

XC 

such that 0 < \x — 0| <5 implies \g(x) — L\ < e = sL. 
That is, 

-k < g(x) — L <\l 
k < g(x) < k 

Hence for x in the interval (c — 8, c + S), x + c, 
g(x) > k >0. 


Section 1.3 Evaluating Limits Analytically 


(a) lim g(x) — 2.4 

x— >4 

(b) lim g(.r) = 4 

x— >0 

10 


-5 

S(x) = 


6. lim x 3 — (— 2) 3 = —8 

x— » — 2 


2. io 


10. lim ( — x 2 + 1) = -(l) 2 +1=0 

X — > 1 


2 2 

14. lim = — - = -2 

x-»-3 x + 2 — 3 + 2 


18. lim^k T = ^I=-2 

x - >3 x — 4 3 — 4 


22. lim (2.x - l) 3 = [2(0) - l] 3 = - 1 

x— >0 


26. (a) lim fix) = 2(4 2 ) - 3(4) + 1 = 21 

x — >4 

(b) lim g(.r) = ^21 + 6 = 3 

x— >21 

(c) lim gifix)) = g(2l) = 3 

x^4 


4. 


fit) = t\t - 4| 


(a) lim f(t) = 0 

t—>4 

(b) lim f(t) = -5 
1— > - 1 


8. lim (3 .t + 2) = 3(— 3) + 2 = -7 

x — > — 3 


12. lim (3x 3 - 2x 2 + 4) = 3(l) 3 - 2(1) 2 + 4 = 5 

X — > 1 


16. lim 

x— >3 


2x — 3 
x + 5 


2(3) - 3 
3 + 5 


3 

8 


20. Iim4/.r + 4 = ^4 + 4 = 2 

x — >4 


24. (a) lim fix) = (-3) + 7 = 4 

x — > — 3 

(b) lim g(v) = 4 2 = 16 

x— >4 

(c) lim g(f(x)) = g(4) = 16 

x— » — 3 

28. lim tan x — tan v = 0 

X — > 7T 


30. lim sin 

A->1 


7T X 


sin — = 1 
2 


32. lim cos 3x = cos 3 t t = — 1 

X — > 7T 


34 . 


577 

lim cos x = cos — — 

x— »57 t/3 3 


2 


36. lim sec(— ) = sec — 

x—>t \ 6 / 6 


-2V3 


3 
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38. (a) lim [4 f(x)] = 4 lim/(x) = 4 - = 6 

x— »c x—>c \z/ 

(b) lim [f(x) + g(x)] = lim/(x) + lim g(x) = | + ^ = 2 

jc— » c jc— x— »c Z Z 


(c) lim [/(x)g(x)] = T lim/(x)T lim g(x)l 

x — >c La:— JLjc— > c J 

/(x) 1-^/U) 3/2 

««(i) limg(x) 1/2 


1(H 


40. (a) lim 7/(x) = 3 /lim/(x) = 4/27 = 3 

AT— >C V X—>C 

,,, ,•„/('» ^ 27 3 

* ™ 18 lim 18 18 2 

a:— > c 

(c) lim [/(x)] 2 = [lim/(x)l 2 = (27) 2 = 729 

a:— »c l x— »c -I 

(d) lim [/(x)] 2/3 = riim/(x)l 2/3 = (27) 2/3 = 9 

x—>c '-x — >c -I 


— 3jc 

42. f(x) = x — 3 and /i(x) = 1 agree except at x = 0. 


1 X 

44. g(x) = j- and/(x) = — agree except at x = 0. 


(a) lim h(x) = lim /(x) = — 5 

x—> — 2 a:-»-2 

(b) lim h{x) = lim/(x) = — 3 

x-+0 x — >0 


(a) lim/(x) does not exist. 

AC — > 1 

(b) lim/(x) = - 1 

a :— >0 


2x 2 — x — 3 

46. f(x) = j and g(x) = 2x — 3 agree except at 


x = — 1. 


x 2 1 

48. /(x) = ~ i and g(x) = x 2 — x + 1 agree except at 
x = — 1. 


lim /(x) = lim g(x) = — 5 

x—>— 1 x—>— 1 


lim /(x) = lim g(x) = 3 

AT — > — 1 X—>— 1 



/ 

/ 

/ 

/ 



50. lim 4 zZ^ lim 


1X111 ,S 11111 y _S , _S 

A— >2 X 2 — 4 a->2 (x — 2)(x + 2) 

= lim — — = -J 

a:— >2 X + 2 4 


52. lim 


x 2 — 5x + 4 __ (x — 4)(x — 1) 


11111 /> _ _ 11111 , . \ / _\ 

a— >4 x 2 — 2x — 8 a— >4 (x — 4)(x + 2) 

= r k ~ 0 3 1 

a™ (x + 2) 6 2 


72 + x — 75 72 + x — s/2 s/2 + x + s/2 

54. lim = lim • — 

a— >o x a— >o x v 2 3x3 v 2 


= lim 


2 + x — 2 


= lim 


1 


1 72 


- v— *o ( 72 + x + s/2) x x—>o Ji + x + 72 2 s/2 4 


_ 7x + 1 — 2 7x + 1 — 2 7x + 1 + 2,. x — 3 1 1 

56. lim = lim • — . = lim 7 rrr — , tt = lim — , = — 

a— > 3 x — 3 a >3 x — 3 s/7+7 + 2 a-» 3 (x — 3)[7x + 1 + 2] a ^3 J x + 1 + 2 4 


1 


1 4 - (x + 4) 


™ x + 4 4 4(x + 4) -1 1 

58. lim = lim = lim — -r = — — 

a->o x a — x a->o 4(x + 4) 16 


__ .■ (x + Ax) 2 — x 2 x 2 + 2xAx + (Ax) 2 — x 2 Ax(2x + Ax) , 

60. lim 2 7 = lim — ! - — = lim — = lim (2x + Ax) = 2x 

Aa — >0 Ax Ax— >o Ax Ax— >o Ax Ax^o 
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62. 


lim 

Ax — >0 


(x + Ax) 3 

Ax 


x 3 + 3x 2 Ax + 3x(Ax) 2 + (Ax) 3 — x 3 
Aa — *0 Ax 


= lim 

Ax — >0 


Ax(3x 2 + 3xAx + (Ax) 2 ) 
Ax 


lim (3x 2 + 3xAx + (Av) 2 ) = 3x 2 

Ax— >0 


64. fix) 


4 — s/y 
x — 16 


* 

15.9 

15.99 

15.999 

16 

16.001 

16.01 

16.1 

/(•*) 

-.1252 

-.125 

-.125 

? 

-.125 

-.125 

-.1248 


» , .■ „ 4 - Jx (4 - Jx) 

Analytically, lim = lim 7 — pA — 77 — -± r- 

^16 X - 16 x—>16 ( J x + 4)( J x - 4) 


= lim — p = 

*->i« Jx + 4 8 



20 


It appears that the limit is —0.125. 


66. lim 

x — >2 


x 5 - 32 
x — 2 


80 


X 

1.9 

1.99 

1.999 

1.9999 

2.0 

2.0001 

2.001 

2.01 

2.1 

fix) 

72.39 

79.20 

79.92 

79.99 

? 

80.01 

80.08 

80.80 

88.41 


Analytically, lim 

x—>2 


x 5 - 32 
x — 2 


(x — 2)(x 4 + 2x 3 + 4x 2 + 8.x + 16) 

lim 


= lim (x 4 + 2x 3 + 4x 2 + 8.x + 16) = 80. 

x — »2 

(Hint: Use long division to factor x 5 — 32.) 



68. 1^ 3(1- cos x) = ]im 

a- >0 X x — ^0 


1 — cosx 


cos 9 tan 9 sin 9 

= (3)(0) = 0 70. lim = lim — — = 1 

e->o 9 e->o 9 


72. 


lim - 

A' — >0 


= lim — 

x — >0 X COS" X 


= lim 
+0 


sin x 
x 


74. lim (f> sec </> = tt(— 1) = — it 


= (1)(0) = 0 


76. 


1 — tan x 
lim — 

x-^ir/4 Sin X — COS X 


, . cos x — sin x 

lim — 5 — 

x—stt/4 Sin X cos X — COS X 

— (sinx — cosx) 

lim — r 

a->jt/4 cos x(sin x — cos x) 


lim 

x-^ir/4 COS X 


= lim ( — sec x) 
A->ir/4 

= -72 


78. lim 


sin 2x 
o sin 3x 


lim 

A' — >0 


21 


sin 2x 
2x , 


1 

3 


3x \ 
sin 3 x/ 


2(1) (l) ul 


2 

3 
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80. f(h) = (1 + cos 2 h) 


h 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

m 

1.98 

1.9998 

2 

? 

2 

1.9998 

1.98 


Analytically, lim (1 + cos 2h) = 1 + cos(0) = 1 + 1=2. 

h — >0 


4 


./A/ 

\/Y 




-4 


The limit appear to equal 2. 


82. fix) 


sin * 



X 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

fix) 

0.215 

0.0464 

0.01 

? 

0.01 

0.0464 

0.215 


Analytically, lim ^ = lim4/?(— ) = (0)(l) = 0. 

Jx \ x ) 


2 



-2 


The limit appear to equal 0. 


fix + h) — fix) Jx + h — s/x .. Jx + h — J~x Jx + h + Jx 

84. lim = lim = lint • — . p 

*-» o h h—>o h h—>o h J x + h+ Jx 


x + h — x 
= lim -7 — , pt = lint ■ 


1 


1 


/!_>0 /;( Jx + /? + >/x) ,l_>0 V* + h + Jx 2 Jx 


f(x + h) —f(x) ix + h)~ — A{x + h) — ix 2 — 4.r) xr + 2y/i + Ir — Ax — Ah — x~ + Ax 

86. lim ; = lim : = lim 

a->o h h-> 0 li h->o h 


h(2x + h — A) , . 

= lim = lim (2y + h — A) = Zx — A 

M h h—>0 


88. lim [b — \x — a\\ < lim/(.Y) < lim \b + \x — flj] 

x—>a x—>a x—*a 

b < lim/(.r) < b 

x—>a 

Therefore, Vtmfix) = b. 

x—>a 


92. fix) = \x\ cos x 



2.1 T 


lim |x| cos x = 0 

x-+0 1 1 


90. f(x ) = \x sin x\ 



-2 


lim lx sinxl = 0 

x— >0 


94. h(x ) = x cos 


1 


X 

0.5 



lim x cos — = 0 
*->o \ x 
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96. fix) = y and g(x) 
except x = 1 . 


x + 1 agree at all points 


98. If a function /is squeezed between two functions h and g, 
h{x) < f(x) < g{x), and h and g have the same limit L as 
y— > c, then lim/(.r) exists and equals L. 


100 . fix ) = x, g(x) = sin 2 x , h(x) — 



When you are “close to” 0 the magnitude of g is “smaller” 
than the magnitude of/ and the magnitude of g is 
approaching zero “faster” than the magnitude off. 

Thus, |g|/|/| ~ Owhen.r is “close to” 0 


102 . sit) = — 16r 2 + 1000 = 0 when t = 
- sit) 


1000 = 5 710 
16 ~~ 2 


seconds 


lim 


5 7l0\ 

2 


/-> 5 V 10/2 sTTo 


= lim 


0 - (- 16f 2 + 1000) 


- t 


5 ^ 10/2 5 710 


- t 


16 v 


— lim 


125 


= lim 


16 t + 


57IoV 5 7l0 


iiiri , 111 11 

t^5V 10/2 5v 10 _ 10/2 


- t- 


t - 


5 710 


= lim_ — 16( 

/— »5>/ 10/ 2 


+ - y j = — 80 7l0 ft/sec ~ —253 ft/sec 


104. —4.9 1 2 + 150 = 0 when t = 




~ 5.53 seconds. 


The velocity at time ; = a is 

lim s(a) — sf) _ (— 4.9a 2 + 150) — (— 4.9^ + 150) _ 2 . — 4.9(a — t))a + t) 

t—>a Cl — t t—>a Cl — t t—>a Cl — t 

= lim — 4.9(a + t) = — 2a(4.9) = —9.8a m/sec. 

t—>a 

Hence, if a = 71500/49, the velocity is —9.8 71500/49 = — 54 .2 m/sec. 


106. Suppose, on the contrary, that lim g(.r) exists. Then, since lim/(x) exists, so would lim [fix) + g(x)], which is a 

x—>c x—>c x—>c 

contradiction. Hence, lim g(x) does not exist. 

X—¥C 


108. Given/V) = x", n is a positive integer, then 
limY" = lim(Y.r" -1 ) = [lim jrjlim x "~ '] 


— c[lim(YY" 2 )J = r[lim .rj[lim x" 2 J 
= c(c)lim (xx"~ 3 ) = ■ • ■ = c n . 

X—>C 


110. Given lim/(x) = 0: 

X—¥C 

For every e > 0, there exists S > 0 such that \f(x) — 0| < ewhenever 0 < \x — c| < S. 
Now | fix) — 0| = |/(y)| = | |/(y) | — 0| < e for \x — c| <5. Therefore, lim |/(y)| = 0. 

X—>C 
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112. (a) If lim |/(x)| = 0, then lim [— |/(x)|] = 0. 

x—>c x—>c 

H/M I ^ fix) ^ \f(x)\ 


lim [— |/(x)|] < lim/(x) < lim |/(x)| 


0 < lim f(x) < 0 

X — 


Therefore, lim f(x) — 0. 

X—>C 

(b) Given lim fix) = L: 

X—>C 

For every e > 0, there exists 8 > 0 such that \f(x) — L | < e whenever 0 < \x — c| <8. 
Since ||/(x)| — |L|| < | f(x) — L\< e for \x — c| < 8, then lim |/(x)| = |L|. 

X— >C 


114. True, lim x 3 = 0 3 = 0 

x ->0 


116. False. Let /(x) 
Then lim/(x) = 

JC — > 1 


x x # 1 
3 x = 1 


,c = 1 


1 but /(l) * 1. 


118. False. Let/(x) = ^x 2 and g(x) = x 2 . Then/(x) < g(x) 
for all x ¥= 0. But lim/(x) = lim g(x) = 0. 

x—>0 x—>0 


120 . lim 


1 — cos* 


1 — cos* 1 + cos* 

lim • 

a:— >0 % 1 + COS* 


1 — cos 2 * 
— lim — r 

x->0 *(1 + COS X) 


lim - 

1-301 


sin 2 x 


( 1 + cos *) 


sin* smx 
= lim • 

a;— »0 X 1 + COS X 


smx 

lim 

x->0 1 + cos X 


= (1)(0) = o 


lim 

x ->0 x 


122 . f(x) 


sec x — 1 


(a) The domain of/is all x # 0, tt/2 + rnr. 


(c) lim/(x) 

x — »0 


1 

2 


(b) , I 


n 

f 


n 


n 


-2 


The domain is not obvious. The hole at x = 0 is not 
apparent. 


(d) 


sec x — 1 sec x — 1 sec x + 1 


sec 2 x — 1 


sec x + 1 x 2 (sec x + 1) 


tarn x 


1 


x 2 (secx+ 1) cos 2 x\ x 2 / secx + 1 


1 


Hence, lim S6C *, 1 = lim - 


1 


mo cos 2 x\ x 2 / secx + 1 


1 



1 

2' 


124. The calculator was set in degree mode, instead of radian mode. 
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Section 1.4 Continuity and One-Sided Limits 


2 . (a) lim fix) = -2 

x—> — 2 


4. (a) lim fix) = 2 

x — > — 2 


6 . (a) lim f(x) = 0 

X — » — 1 


(b) lim fix) = -2 

x— » — 2 


(b) lim /(y) = 2 

x— » — 2 


(b) lim f(x) = 2 

X — > — 1 


(c) lim f[x) = -2 

x— » — 2 


(c) lim fix) = 2 

x — > — 2 


(c) lim /(y) does not exist. 

X— » — 1 


The function is continuous at 
y = — 2. 


The function is NOT continuous at 
x — —2. 


The function is NOT continuous at 
x — — 1 . 


„ 2-x 1 1 

8. lim = lim = — - 

A-- > 2 + xr — 4 x—>2 + X + 2 4 


10. lim 


!x — 2 


= lim 


lx — 2 s/x + 2 


4 X — 4 a— X — 4 


+ 2 


r x ~ 4 

* ™ (X - 4)(V5 + 2) 


= lim — 7 = 

V* + 2 


U — 2 x — 2 

12. lim J - 1 = lim = 1 

A— >2 + X — 2 a-»2 + X — 2 


. . (.y + A.y)- + (y + A.y) — (y 2 + y) x~ + 2y(Ay) + (A.y)- + y + Ay — y 2 — y 

14. lim 2 5 — ; 2 2 = lim 2 2 : 

Aa— » o + Ay Aa->o+ Ay 


= lim 

A.m0 + 


2y(Ay) + (A.y) 2 + Ay 

Ay 


= lim (2 y + Ay + 1) 

A.m0 + 


— 2x + 0+ l— 2x+l 


16. lim fix) = lim (— y 2 + 4y — 2) = 2 

x — >2 + x — >2"*^ 

lim fix) — lim (y 2 — 4y + 6) = 2 

x — >2 x — >2 

lim/(Y) = 2 

x— >2 


20. lim sec y does not exist since 

X— »7t/2 

lim sec x and lim sec x do not exist. 

x— »(7r/2) + x—>(tt/2) 


18. lim fix) = lim (1 — x) = 0 

X— » 1 + X — »1 + 


22 . lim (2y - M) = 2(2) -2 = 2 

*-» 2 + 


24. lim 

A->1 




= !-(-!) = 2 


26. fix) = 


1 


x + 1 
has a discontinuity at x 


— 1 since /(— 1) is not defined. 


28. fix) 



x < 1 

y = 1 has discontinuity at x = 1 since /(l) = 2 # lim/(Y) = 1. 

X — > 1 


30. fit) = 3 - V9 


t 1 is continuous on [—3, 3], 


32. g( 2) is not defined, g is continuous on [— 1, 2). 



316 Chapter 1 Limits and Their Properties 


34. fix) = ~ ~ — is continuous for all real x. 
J w x 2 + 1 


7TX 

36. fix) = cos is continuous for all real x. 


38. f(x) = — — — j" has nonremovable discontinuities at x = 1 and x = — 1 since lim f(x) and lint fix) do not exist. 


x — 3 
x 2 — 9 
at x — 3 since 


40. fix) = 2 — has a nonremovable discontinuity at x 


— 3 since lim fix) does not exist, and has a removable discontinuity 


l i ^ /(x) = i i s^h = 6- 


42. fix) = 


X — 1 

ix + 2)ix — 1) 


has a nonremovable discontinuity at x = — 2 since 
lim fix) does not exist, and has a removable discontinu- 

a -->-2 

ity at x = 1 since 

hm fix) = lim — j— = ' 

>1 x — >1 X ~r 2 J 


44. fix) = 


\x ~ 3 I 

x — 3 


has a nonremovable discontinuity at x = 3 since lim/(x) 

, . x — >3 

does not exist. 


, , —2x + 3, x < 1 

*' m ' A x > l 


has a possible discontinuity at x = 1 
1 . /( 1 ) = l 2 = 1 

2 JmJix)=lim_(- 2 x + 3) = l} li 


lim fix) = lint x 2 = 1 

X — > 1 + X — 

3. /( 1) = lim/(x) 


lim/(x) = 1 


/is continuous atx = 1, therefore, /is continuous for all real x. 


I — 2x, _£ < 2 

48. fix) = j , ” ’ has a possible discontinuity at x = 2. 

x I 1 . x ^ 2» 


1. /( 2) = -2(2) = -4 


2. J1S-/W = ;t lim_(-2x) = -4 

A .hm/(x) = v lim (x 2 - 4x + 1) = -3j 


lim/(x) does not exist. 


Therefore, /has a nonremovable discontinuity at x = 2. 


50./(x) = r~ 6 


esc™ lx — 3| <2 fcsc^, 1 < x < 5 


|x - 3 > 2 


x < 1 orx > 5 


has possible discontinuities at x = 1, x = 5. 


1. /(I) = esc - = 2 


/(5) = esc ^ = 2 


2. lim/(x) = 2 


lim/(x) = 2 


3. /(I) = lim/(x) 


/(5) = lim/(x) 

x — >5 


/is continuous at x = 1 and x = 5, therefore, /is continuous for all real x. 
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52. fix) = tan has nonremovable discontinuities at each 
2 k + 1, k is an integer. 


54. f(x ) = 3 — M has nonremovable discontinuities at each 
integer k. 


56. lim/(x) = 0 

x— » 0 + 

lim f[x) = 0 
*->o- 

/ is not continuous at x = —4 


20 


V 


/ 



-10 


„ .■ \ ,• 4 sin x 

58. lim e(x) = lim = 4 

x—>0~ x->0~ X 


lim g(x) = lim (a — 2x ) = a 

x— » 0 + x— » 0 + 

Let a = 4. 


60. lim g(x) = lim — — 

x—>a x—>a X — Cl 

= lim {x + a) — 2a 

x—>a 

Find a such that 2a = 8 => a = 4. 


62. /(g(x)) = * — - 

Vi — 1 

Nonremovable discontinuity at x = 1. Continuous for all x > 1. 

Because / ° g is not defined for x < 1, it is better to say that / ° g is discontinuous from the right at x = 1. 


64. figix)) = sin x 2 

Continuous for all real x 


66. h(x) = 


1 


(x + l)(x — 2) 

Nonremovable discontinuity at x = — 1 and x = 2. 


68. fix) = \ * 

[5x, 


cosx — 1 x < 0 
x > 0 


/(0) = 5(0) = 0 
lim fix) = lim (cos * ~ 1} = 0 

*->0 X 

lim f(x ) = lim (5x) = 0 

»0 + x— »0 + 

Therefore, lim/(x) = 0 = /( 0) and/is continuous on the entire real line, (x = 0 was the only possible discontinuity.) 

jt— >0 


70. fix) — xjx + 3 

Continuous on [—3, oo] 


72. fix) = 


x + 1 


Continuous on (0, oo) 
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76. fix) = x 3 + 3x — 2 is continuous on [0, 1], 

/( 0) = —2 and/(l) = 2 

By the Intermediate Value Theorem, /(x) = 0 for at least 
one value of c between 0 and 1 . 


o 

The graph appears to be continuous on the interval 
[—4, 4], Since /(2) is not defined, we know that/has 
a discontinuity at x = 2. This discontinuity is removable 
so it does not show up on the graph. 


78. f(x) = b tan — is continuous on [1, 3], 

X o 

77 " 4 3 77 " 

/( 1) = -4 + tan - < 0 and /( 3) = N- + tan — >0. 

By the Intermediate Value Theorem, /(l) = 0 for at least 
one value of c between 1 and 3. 


80 . f(x ) = x 3 + 3x - 2 

f(x) is continuous on [0. 1], 

/( 0) = —2 and/(l) = 2 

By the Intermediate Value Theorem, fix) = 0 for at least 
one value of c between 0 and 1. Using a graphing utility, 
we find that x ~ 0.5961. 



82. h(9) = 1 + 9 - 3 tan 6 

h is continuous on [0, 1], 

h{0) = 1 > 0 and /t(l) « -2.67 < 0. 

By the Intermediate Value Theorem, h(9) = 0 for at least 
one value 9 between 0 and 1. Using a graphing utility, we 
find that 9 = 0.4503. 


84 . fix) — x~ — 6x + 8 
/is continuous on [0, 3], 

/( 0) = 8 and /(3) = - 1 
-1 < 0 < 8 

The Intermediate Value Theorem applies. 
x 2 — 6x + 8 = 0 
(* — 2){x — 4) = 0 
x = 2 or x = 4 

c = 2 (x = 4 is not in the interval.) 
Thus,/(2) = 0. 


86. /(x) = 

f is continuous on [§, 4], The nonremovable discontinuity, 
x — 1, lies outside the interval. 



y and/(4) 


20 

3 


35 

6 


< 6 < 


20 

3 


The Intermediate Value Theorem applies. 

x 2 + x 

7^T = 6 

x 2 + x = 6x — 6 
x 2 — 5x + 6 = 0 
[x - 2){x - 3) = 0 
x — 2 or x — 3 

c = 3 (x = 2 is not in the interval.) 
Thus,/(3) = 6. 
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88. A discontinuity at x = c is removable if you can define 
(or redefine) the function at x — c in such a way that the 
new function is continuous at x = c. Answers will vary. 

w/w-Lf - f 


'l, if x > 2 

0, if -2 < 

1, ifx = — 

0, ifx < —2 

y 

:! 


- 3 - 2-1 12 3 

- 1 -- 

-2 — 

-3 — 


x < 2 
2 


(c) f(x) = 


90. If/and g are continuous for all real x, then so is/ + g (Theorem 1.11, part 2). However, f/g might not be continuous if g(x) = 0. 
For example, let/(x) = x and g(x) = x 2 — 1 . Then/and g are continuous for all real x, but f/g is not continuous at x = ± 1 . 


f 1.04, 

92. C = | 1.04 + 0.36[f - 1| 
[ l .04 + 0.36(f - 2), 


0 < t < 2 

t > 2, t is not an integer 
t > 2, t is an integer 


You can also write C as 

f 1.04, 0 < t < 2 

L ' [ 1.04 - 0.36[2 - fj, t > 2 


Nonremovable discontinuity at each integer greater than 2. c 


4 -- 

3 -- 



1<P 


94. Let s(t) be the position function for the run up to the campsite. s{ 0) = 0 (t = 0 corresponds to 8:00 A.M., i(20) = k (distance 
to campsite)). Let r(t ) be the position function for the run back down the mountain: r(0) = k, r(10) = 0. Let /(f) = s(t) — tit). 

When t = 0 (8:00 A.M.), /( 0) = j(0) - r(0) = 0 - k < 0. 

When t = 10 (8:10 A.M.), /( 10) = s(10) - r{ 10) > 0. 

Since /(0) < 0 and/(10) > 0, then there must be a value t in the interval [0, 10] such that /(f) = 0. If /(f) = 0, then 
,s(f) — r(t) = 0, which gives us s(t) = r(f). Therefore, at some time f, where 0 < f < 10, the position functions for the 
run up and the run down are equal. 


96. Suppose there exists x t in [a, b] such that/(.Yj) > 0 and there exists x 2 in [a, b] such that/(.r 2 ) < 0. Then by the Intermediate 
Value Theorem, fix) must equal zero for some value of x in [jq, x 2 ] (or [ x .vj if x 2 < x,). Thus, /would have a zero in [a, b\, 
which is a contradiction. Therefore, /(x) > 0 for all x in [a, b\ or f(x) < 0 for all x in [a, b]. 


98. Ifx = 0, then/(0) = 0 and lim/(x) = 0. Hence, /is 

r. 

continuous at x = 0. 

If x A 0, then lim/(f) = 0 for x rational, whereas 

t—yx 

lim/(f) = lim kt = kx A 0 forx irrational. Hence, /is not 

t —>X t — >X 

continuous for all x A 0. 


100 . True 

1 . f(c) = L is defined. 

2. lim fix) = L exists. 

X — >C 

3. f(c) = lim/(x) 

X—>C 


All of the conditions for continuity are met. 
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102. False; a rational function can be written as P(x)/Q(x) 
where P and Q are polynomials of degree m and n, 
respectively. It can have, at most, n discontinuities. 


104. (a) s 



(b) There appears to be a limiting speed and a possible 
cause is air resistance. 


106. Let y be a real number. If y = 0, then x = 0. If y > 0, then let 0 < x 0 < ttll such that M = tan x 0 > y (this is possible 
since the tangent function increases without bound on [0, tt/2)). By the Intermediate Value Theorem, /(x) = tan x is 
continuous on [0, x 0 ] and 0 < y < M, which implies that there exists x between 0 and x 0 such that tan x = y. The argument 
is similar if y < 0. 

108. 1. /(c) is defined. 

2. lim f(x) = lim f(c + Ax) =/(c) exists. 

x— >c Ax — >0 

[Letx = c + Ax. Asx— >c, Ax— >0] 

3. lim/(x) — /(c). 

X — 

Therefore, /is continuous at x = c. 

110. Define /(x) = / 2 (x) — / (x) . Since/ and / are continuous on [a, b], so is/. 
f(a) = f 2 (a) - /(a) > 0 and f{b) = f 2 (b) - f x {b) < 0. 

By the Intermediate Value Theorem, there exists c in [a, /;] such that /(c) = 0. 

/(c) =/ 2 (c) -/(c) =0 => /(c) =/ 2 (c) 

Section 1.5 Infinite Limits 


2. lim 


->—2+ X + 2 

lim — 

c—>—2 X + 2 


4. lim sec — — = oo 

.m- 2 + 4 


77X 

lim sec — — = — oo 
c —>— 2 ~ 4 


6 ■ f(x) = 


X 

-3.5 

-3.1 

-3.01 

-3.001 

-2.999 

-2.99 

-2.9 

-2.5 

fix) 

-1.077 

-5.082 

-50.08 

-500.1 

499.9 

49.92 

4.915 

0.9091 


lim fix) = — oo 


lim fix) = oo 

x—>—3 +J 
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8. fix) = sec — 
6 


X 

-3.5 

-3.1 

-3.01 

-3.001 

-2.999 

-2.99 

-2.9 

-2.5 

fix) 

-3.864 

-19.11 

-191.0 

-1910 

1910 

191.0 

19.11 

3.864 


lim fix) — —co 
lim/(x) = oo 

x—> — 3 


10 . 


lim t ttt 

x- > 2 + (. a : — 2) 3 


oo 


lim 


■2“ ( X — 2) 3 


— oo 


Therefore, x = 2 is a vertical asymptote. 


2+y ,. 2+y 

12. Inn r = lim — r = oo 

x->o~ x 2 (l — x) rf.rll — x) 

Therefore, x = 0 is a vertical asymptote. 

2 + x 

hm -^7. v = oo 

*->i _ jr-f 1 — x) 

2 + x 

hm —7— r = -00 

.i->l+ X z (l — X) 

Therefore, x = 1 is a vertical asymptote. 


14 . No vertical asymptote since the denominator is never zero. 16 . lim h(s) = —00 and lim h(s) = 00 . 

s — » — 5 s—> — 5 + 

Therefore, s = — 5 is a vertical asymptote, 
lim h(s) = — 00 and lim h(s) = 00 . 

s—>5 s— » 5 + 

Therefore, s = 5 is a vertical asymptote. 


18 . f(x) 


= sec 77 X = has vertical asymptotes at 

cos TTX 


2n + 1 

x = — - — , n any integer. 


, , (l/2).r 3 — x 2 — 4x _ 1 x(x 2 — 2x — 8) 

3.x 2 — 6x — 24 6 x 2 — 2x — 8 

1 



x ¥= —2, 4 

No vertical asymptotes. The graph has holes at x = — 2 
and x = 4. 


22. f(x) = 


4(.v 2 + x — 6) 


4(„y + 3)(y — 2) 


, x + —3,2 


x{x 3 — 2x 2 — 9x +18) x{x — 2)(x 2 — 9) x{x — 3)’ 

Vertical asymptotes at x = 0 and x = 3. The graph has holes at x = — 3 and x = 2. 


.. , M A ' 2 - 4 = (x + 2)(x - 2) 

y 3 + 2y 2 + y + 2 (y + 2)(y 2 + 1) 


26 . h(t) 


tjt-2) 

(t - 2 ){t + 2 )(t 2 + 4) 


t 

it + 2 )(f 2 + 4) 


,f * 2 


has no vertical asymptote since 


lim h(x) = lim —7 

x ->-2 x ->-2 y 2 + 1 


4 

5' 


Vertical asymptote at t = — 2. The graph has a hole at 
t = 2. 
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28 . g(e) 


tan 9 sin 9 

— — — = — has vertical asymptotes at 

9 9 cos 9 

(2 n + 1 ) 7777 , 

9 = = — + 1177, n any integer. 


There is no vertical asymptote at 9 = 0 since 


lim 

0— >0 


tan 9 
9 


= 1. 


30. 


lim 

x —>— 1 


x 2 — 6x — 7 
x + 1 


lim (x — 7) = — 8 



Removable discontinuity at x = — 1 


32. 


lim 

x->-l 


sin(v + 1 ) 
x + 1 


= 1 


Removable discontinuity at 
x = — 1 



34. 


lim 

*-»i H 


2 + x 
1 — x 


— 00 


36. 


lim 


+ 16 


1 

2 


38. lim 


6x 2 + x — 1 


= lim 


3x - 1 


-v— >— (i/2) + Ax 2 — Ax — 3 *->-(i/2) + 2x — 3 


5 

8 


40. lim — — j— 

A— >3 X~ 


9 


42. 


lim 


00 


44. lim = 00 

a — >(ir/2) + cos x 


46. lim 

x — >0 


(x + 2 ) 
cot X 


lim [(.r + 2 )tan x ] = 0 

x — >0 


48. lim x 2 tan 77 .T = 00 and lim x 2 tan 77.T = — 00 . 50. f (x) = 7 

a— l(l/2)“ a— >(l/2) + X 2 + X + l 

Therefore, lim x 2 tan ttx does not exist. 

a— >( 1 / 2 ) lim f(x) = lim [x - 1 ) = 0 

X— > 1 X— > 1 


52. fix) = sec — 
6 


Jim fix) = -00 


6 


3 

y 

nil 

fn 


-6 


56. No. For example, fix) 
vertical asymptote. 


x 2 + 1 


has no 


54. The line x = c is a vertical asymptote if the graph off 
approaches ±00 as x approaches c. 


58. P = 


V 


k 

urn — 

v^o + V 


k{o o) = 00 (In this case we know that k > 0 .) 
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. . r- n O 'tt 20077 r . 

60. (a) r — 5()T7"sec-— = — - — tt/sec 
6 3 

(b) r = 5077 sec 2 ~ = 20077 ft/sec 

(c) lim [5077 sec 2 9\ — 00 

e-Kir/2)- 


64. (a) Average speed 


Total distance 
Total time 


50 


2d 

(d/x) + ( d/y ) 


50 

50y + 50 y 

50y 

50y 

25y 
y - 25 


2xy 
y + x 

= 2xy 

= 2y^ — 50y 
= 2y(.Y — 25) 

= y 


Domain: x > 25 


62. m = 


Vl - (v 2 /c 2 ) 


lim m = lim — , ’ = 

' ,_>c yi - (v 2 /c 2 ) 


* 

30 

40 

50 

60 

y 

150 

66.667 

50 

42.857 


(c) lim 


25y 


m25* y — 25 

As y gets close to 25 mph, y becomes larger and larger. 


66. (a) A = ^bh — 6 = ^-(10)(10 tan 8) — ^(1O) 2 0 

= 50 tan 6 — 50 8 

( 'tt\ 

Domain: 10, — I 



4> 

0.3 

0.6 

0.9 

1.2 

1.5 

fie) 

0.47 

4.21 

18.0 

68.6 

630.1 


(d) lim A = 00 

0 — >7t/2 


68. False; for instance, let 
y 2 - 1 


fix) = 


X — 1 


The graph of/ has a hole at (1, 2), not a vertical 
asymptote. 


70. True 


72. Let/(jc) 


1 


and g(x) = — j, and c = 0. 


lim — = 00 and lim -7 = 00 , but 

x — >0 XT a->() X 


lim 

A' — >0 



lim 

A->0 


Y 2 - 1 


74. Given lim f(x) = 00 , let g (x) 

X — »C 

by Theorem 1.15. 


1. then lim 

X — »C 


gjx) 

Ax) 


= 0 


= —00 A 0. 
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Review Exercises for Chapter 1 

2. Precalculus. L = J(9 - l) 2 + (3 - l) 2 « 8.25 



3jc 

6. g(x) = _ (a) lim g(x) does not exist. 

(b) lim g(x) = 0 

X — Z *->2 

8. lim Vx = -v/9 = 3. 

Assuming 4 < x <16, you can choose 8 = 5e. 

jc— >9 

Let e > 0 be given. We need 

Hence, for 0 < \x — 9\ < 8 = 5e, you have 

| Vx — 3| < £ => | Vx + 3| | Vx — 3| < e| Vx + 3| 

\x — 9| < 5e < | Vx + 3| e 

\x — 9| < e| Vx + 3| 

| Vx — 3| < e 


I fix) - L\ < e 



r x 2 - 4 = (x + 2)(x - 2) 

- U - ,4-2 X 3 + 8 ,4-2 (x + 2)(x 2 - 2x + 4) 


„„ 4x 

22. lim 

4) tan x 


x — 2 

= lim - 

,—>—2 x - — 2x + 4 



to I to 





Review Exercises for Chapter 1 325 


„ , cos(tt + Ax) + 1 cos it cos Ax — sin Trsin Ax + 1 

24. lim = lim 

Ax->0 Ax Ax- >0 Ax 


= lim 

Ax— >0 


(cos Ax — 1) 


Ax 

= -0 - (0)(1) = 0 


— lim 

Ax — >0 


sin Ax 
Ax 


26. lim [/(x) + 2g(x)] = -f + 2(f) = n 


28. f(x) 


X — 1 



1.1 

1.01 

1.001 

1.0001 

fix) 

-0.3228 

-0.3322 

-0.3332 

-0.3333 


lim + y ~ —0.333 (Actual limit is — f .) 

, , ,. 1 --v/X l~3/x l+3/x+(3/x)~ 

(c) lint — = lim — • -pz ) 

v^l + x - 1 x^i+ x - 1 1 + 3/x + (4/x) 

1 - X 

(x - l)[l +Vx + (4/x) 2 ] 

= 1 + tfc + (^) 2 

1 

3 



30. s(t ) = 0 => — 4.9t 2 + 200 = 0 => t 2 « 40.816 => t = 6.39 sec 

When t = 6.39, the velocity is approximately 

.. s(a) — s(t ) . 

lim = lim — 4.9(a + t) 

t—>a d — t t—>a 

= lim —4.9(6.39 + 6.39) = — 62.6m/sec. 

r->6.39 


32 . lim \x — 11 does not exist. The graph jumps from 2 to 3 34 . lim + g(x) — 1 + 1—2. 

x-+4 x— >1 

at x = 4. 

f3x 2 — x — 2 x A 1 

36 . lim fis) = 2 38 . fix) = x - \ ’ 

s ^“ 2 lO, x = 1 

3 lP~ — X — 2 

lim f(x) = lim 

x^l x — > i x — 1 

= lint (3x + 2) = 5 + 0 

X — > 1 

Removable discontinuity at x = 1 
Continuous on (— oo, 1) U ( 1 , oo) 
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40 . fix) 


5 — x, x < 2 
2x — 3, x > 2 


42 . fix) 




lim (5 — x) = 3 

A— >2 

lim (2x — 3) = 1 

x— »2 + 

Nonremovable discontinuity at x = 2 
Continuous on ( — oo, 2) U (2, oo) 



Domain: (— oo, — 1], (0, oo) 

Nonremovable discontinuity at x — 0 
Continuous on (— oo, — 1] U (0, oo) 


44 . fix) = 


x + 1 


2x + 2 

x + 1 1 

a'Y 1 - 1 , 2ix + I) = 2 

Removable discontinuity at x = — 1 
Continuous on (— oo, — 1) U (— 1, oo) 


46 . fix) = tan 2x 

Nonremovable discontinuities when 
_ ( 2 n +1)77 


Continuous on 

f{ 2 n — 1 )it r ( 2 n + 1)77 


4 ’ 4 

for all integers n. 


48 . lim (x + 1 ) = 2 

X — £ 1 + 

lim ix + 1) = 4 

x— >3 

Find b and c so that lim (x 2 + bx + c) = 2 and lim (x 2 + bx + c) = 4. 

x — >1 x— »3 + 

Consequently we get 1 + b + c = 2 and 9 + 3b + c = 4. 
Solving simultaneously, b = — 3 and c = 4. 


50. C = 9.80 + 2.50[— I— x] - 1], x > 0 
= 9.80 - 2.50[[— xj + 1] 

C has a nonremovable discontinuity at each integer. 

30 


0 



5 


52 . fix) = V(x — l)x 

(a) Domain: (— 00, 0] U [1, 00) 

(b) lim f(x) = 0 

x— »0 

(c) lim fix) = 0 

X— »1 


54 . hix) = 

Vertical asymptotes at x = 2 and x = — 2 


56 . fix) = CSC 77X 

Vertical asymptote at every integer k 


58 . 


lint — - 

•*-Ki/ 2) + 2x — 1 


00 


60 . lim —7 -7 

x — > 1 X 1 


lint 

X— 1 


1 

(x 2 + l)(x — 1) 


4 


62 . 


lim 

m-i + 


x 2 — 2x + 1 
x + 1 


= 00 


64 . 


lim 

x—>2~ 


1 


— 00 


66 . 


secx 
lim 

AT— »0 + X 


OO 


68 . 


COS“X 
lint 

A->0 X 
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70 . fix) 


tan 2x 
x 



-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

/(*) 

2.0271 

2.0003 

2.0000 

2.0000 

2.0003 

2.0271 


, . tan 2x 
lim = 2 

x — >0 X 


(b) Yes, define 
fix) = 

Now/(x) is continuous at x = 0. 


tan 2x , x + 0 
x 

2, x = 0 


Problem Solving for Chapter 1 


2. (a) Area APAO = \bh = |(l)(x) = | 

Area APBO = \bli = |(l)(y) = \ = \ 

, , Area APBO x 2 /2 
(b) ° * = Area APAO = ~x/2 ~ X 


* 

4 

2 

1 

0.1 

0.01 

Area APAO 

2 

1 

1/2 

1/20 

1/200 

Area APBO 

8 

2 

1/2 

1/200 

1/20,000 

a(x) 

4 

2 

1 

1/10 

1/100 


(c) lim a(x ) = lim x = 0 

x->0+ a->0+ 


4 . (a) Slope 


4 - 0 
3-0 


4 

3 


(b) Slope 


— — Tangent line: y — 4 = — 


y = 



25 

4 


(c) Let Q = (x, y) = (x, V 25 — .v 2 ) 


725 - x 2 - 4 

m x = 5 

x — 3 

725 - x 2 - 4 

(d) lim m Y = lim 

x->3 x—>3 X — 3 


725 - x 2 + 4 
725 - x 2 + 4 


u™ 25 - x 2 - 16 
™ (jc - 3)( 725 - .x 2 + 4) 


= lim 

x—>3 ( X - 


(3 — x)(3 + x) 

3)( 725 - x 2 + 4) 


= lim 


"(3 + x) 
725 - x 2 + 4 


-6 
4 + 4 


3 

4 


This is the slope of the tangent line at P. 


7 a + bx — 73 _ 7 a + bx — 73 J a + bx + 73 
x x 7<J + bx + 73 

(( a + bx) — 3 

x(7 a + bx + 73) 

Letting a = 3 simplifies the numerator. 

Thus, 


lim 

x — >0 


V3 + bx — 
x 


Se,,ta8 75T7r 

Thus, a = 3 and b = 


73 _ bx 

x( 73 + bx + 73) 

r b 

= lim — , 

^■^0 73 + bx + 73 
73, you obtain b = 6. 

6 . 


8. lim /(x) = lim (a 2 — 2) = o 2 — 2 
,i-><r a->o- 

lim f(x) = lim = a ( because lim = 1 

a-->o+ x — a 0 + tan x \ v — ao x 

Thus, 

a 2 — 2 = a 
a 2 — a — 2 = 0 
(o - 2)(o + 1) = 0 

a = - 1 , 2 


CO | 'Tf 
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10 . 


y 


c» 

o» 


(a) /(l) = W = 4 

/( 3) = M = 0 
/(l) = P = 1 


(b) lim f(x) = 1 

X — > 1 — 

lim f(x) = 0 

x— »1 + 

lim f(x) — — oo 

x— »0~ 

Hm /(x) = oo 

x— »0 + 


(c) /is continuous for all 
real numbers except 

x = 0, + 1, ±^, ± j, . . . 


12 . (a) 


, 192,000 , , 

i’ 2 = + v 0 2 - 48 


192,000 , , 

2 = V 2 - Vn 2 + 48 


192.000 


v - v 0 2 + 48 


lim r = 


192,000 


v->o ' 48 — i' 0 2 


Let v 0 = n/ 48 = 4^3 feet/sec. 


1 900 

(b) v 2 = — + v 0 2 - 2.17 


1920 

r 


►o 
1920 


v 2 - Vq 2 + 2.17 


lim r = 


1920 


To' 2.17 - v 0 2 


Let v 0 = Jl.Xl mi/sec (~ 1.47 mi/sec). 


(c) 


10,600 


V“ - v 0 2 + 6.99 


lim 7- = 


..2 - v 2 
v 0 

10,600 


76 ' 6.99 — v 0 2 


Let v 0 = v/6.99 ~ 2.64 mi/sec. 


14. Let a # 0 and let e > 0 be given. There exists Sj > 0 
such that if 0 < \x — 0| <5, then \f(x) — L\ < e. 
Let S = Sj/|a| . Then for 0 < \x — 0| < 8 = 8j/ 1 cr | , 
you have 



| ax | < Sj 


\f(ax) - L\ <e. 

As a counterexample, let f(x) = 

Then lim/(x) = 1 = L, 
but lim f(ax) = lim/(0) = 2. 

x— >0 x— >0 


Since this is smaller than the escape velocity for earth, 
the mass is less. 



CHAPTER 1 
Limits and Their Properties 


Section 1.1 A Preview of Calculus 27 

Section 1.2 Finding Limits Graphically and Numerically 27 

Section 1.3 Evaluating Limits Analytically 31 

Section 1.4 Continuity and One-Sided Limits 37 

Section 1.5 Infinite Limits 42 

Review Exercises 47 

Problem Solving 49 


CHAPTER 1 
Limits and Their Properties 

Section 1.1 A Preview of Calculus 

Solutions to Odd-Numbered Exercises 

1. Precalculus: (20 ft/sec)(15 seconds) = 300 feet 3. Calculus required: slope of tangent line at x = 2 is rate of 

change, and equals about 0.16. 

5. Precalculus: Area = \bh = ^(5)(3) = ^rsq. units 7. Precalculus: Volume = (2)(4)(3) = 24 cubic units 


9. (a) 





fu 3 )\ 

m 



(b) The graphs of y 2 are approximations to the tangent line to y 1 at x — 1. 

(c) The slope is approximately 2. For a better approximation make the list numbers smaller: 

{ 0 . 2 , 0 . 1 , 0 . 01 , 0 . 001 } 

11. (a) D l = V(5 - l) 2 + (1 - 5) 2 = Vl6 + 16 = 5.66 

(b) d 2 = J i + (§)■ + Ji + (f - f ) 2 + Vi + (I - !)" + V 1 + (! - 1)" 

« 2.693 + 1.302 + 1.083 + 1.031 = 6.11 

(c) Increase the number of line segments. 

Section 1.2 Finding Limits Graphically and Numerically 


X 

1.9 

1.99 

1.999 

2.001 

2.01 

2.1 

fix) 

0.3448 

0.3344 

0.3334 

0.3332 

0.3322 

0.3226 


lim — — ~ 0.3333 (Actual limit is j.) 

x >2 JC JC 2 


X 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

fix) 

0.2911 

0.2889 

0.2887 

0.2887 

0.2884 

0.2863 


lim ~ 0.2887 (Actual limit is 1/(2 ^3)-) 

x — >0 X 


27 
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* 

2.9 

2.99 

2.999 

3.001 

3.01 

3.1 

/M 

-0.0641 

-0.0627 

-0.0625 

-0.0625 

-0.0623 

-0.0610 


lim [1/(A + 1)] ^ « - 0.0625 (Actual limit is - ^.) 

x—>3 X ~ 3 



-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

fix) 

0.9983 

0.99998 

1.0000 

1.0000 

0.99998 

0.9983 


sin x 

lim ~ 1.0000 (Actual limit is 1.) (Make sure you use radian mode.) 

x— >0 X 


9. lim (4 — x) = 1 11. lim f(x) = lim (4 - x) = 2 

x — >3 x — >2 x — >2 

\ x — 51 

13. lim J -X does not exist. For values of x to the left of 5, \x — 5|/(.v — 5) equals — 1, 

whereas for values of x to the right of 5, |jc — 5|/(jc — 5) equals 1. 


15. lim tan x does not exist since the function increases and 

X— »7t/2 

decreases without bound as x approaches ir/2. 


17. lim cos(l/.r) does not exist since the function oscillates 

x — >0 

between — 1 and 1 as x approaches 0. 


19. C(t) = 0.75 - 0.50 [— (t - 1)1 
(a) 3 , 



0 N — -I 5 

0 


(b) 


t 

3 

3.3 

3.4 

3.5 

3.6 

3.7 

4 

C 

1.75 

2.25 

2.25 

2.25 

2.25 

2.25 

2.25 


lim C(t ) = 2.25 

r— >3.5 


(C) 


t 

2 

2.5 

2.9 

3 

3.1 

3.5 

4 

C 

1.25 

1.75 

1.75 

1.75 

2.25 

2.25 

2.25 


lim C(f) does not exist. The values of C jump from 1.75 to 2.25 at t = 3. 


21. You need to find S such that 0 < \x — 1 1 < S implies 


|/M - 1| = 


i-1 

% 


<0.1. That is, 


- 0.1 < - - 1 < 0.1 


1 - 0.1 < - < 1 + 0.1 


9 1 11 

— < - < — 

10 x 


10 


10 

10 

11 


10 


10 


— -1 > x — \ > — - 1 


> x — 1 > — 


11 ' 


So take 8 = — ■ Then 0 < \x — l| <8 implies 

1 , 1 

< r — 1 < — 

11 11 


1 , 1 
"TT “ 5' 

Using the first series of equivalent inequalities, you obtain 

11 


I/M - i| = 


- i 


< e < 0.1. 
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23. lim (3* + 2) = 8 = L 

x— >2 

25. lim (* 2 — 3) = 1 = L 

.i-»2 

1(3* + 2) - 8| < 0.01 

|(* 2 — 3) — 1| < 0.01 

\3x - 6| < 0.01 

|* 2 - 4| < 0.01 

3\x - 2| < 0.01 

|(* + 2)(* - 2)| < 0.01 

0 < |jc — 2| < ^ = 0.0033 = 8 

|* + 2| |* - 2| < 0.01 

3 

. . 0.01 

Hence, if 0 < \x — 2\ < 8 = ^ , you have 

i m 0.01 

|X 21 < |* + 2| 

3|* - 2| <0.01 
|3.v - 6| < 0.01 

If we assume 1 < x < 3, then 8 = 0.01/5 = 0.002. 
Hence, if 0 < \x — 2| < 8 = 0.002, you have 

|* 2| <0.002 = 5 (0.01) < | y + 2 | (0.01) 

|(3* + 2) - 8| < 0.01 

1 fix) ~L\< 0.01 

|* + 2\\x ~ 2\ < 0.01 


|* 2 - 4| < 0.01 


|(* 2 — 3) — 1| <0.01 


I fix) ~L\< 0.01 

27. lim (* + 3) = 5 

x— »2 

29. lim {\x ~ l) = U-4) - 1 = -3 

x—>—4 

Given e > 0: 

Given e > 0: 

|(* + 3) — 5| < £ 

\{\x - l) - (-3) < £ 

\x — 2\ < e=8 

+ 2| < £ 

Hence, let 8 = e. 

\\x - (-4)| < £ 

Hence, if 0 < \x — 2| <8=6, you have 

\x - (-4)| < 2£ 

\x — 2| <6 

Hence, let 8 = 2e. 

|(* + 3) - 5| < 6 

Hence, if 0 < |* — ( — 4)| < 8 = 2e, you have 

I fix) - L\ <6 

|*- (-4)| <2£ 


\\x + 2| < £ 


|(y* — l) + 3 ] < £ 


| fix) - L\ <6 

31. lim 3 = 3 

X —>6 

33. lim^/x = 0 

x— >0 

Given e > 0: 

Given £ > 0: |//* — o| < £ 

|3 — 3| <e 

l/x\ < £ 

0 < 6 

|*| < e 3 = 8 

Hence, any 8 > 0 will work. 

Hence, let 8 = e 3 . 

Hence, for any 8 > 0, you have 

Hence for 0 < |* — 0| < 8 = e 3 , you have 

|3-3| <e 

|*| < £ 2 

I fix) - L\ <e 

-^*1 < e 

|4/* — 0| < £ 

I /(*) ~ L\ <6 
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35. Urn \x - 2| = | (—2) - 2| = 4 
Given e > 0: 


II* " 2 I “ 4 I < e 

| — (x — 2) — 4| < e (x — 2 < 0) 
|— x — 2| = \x + 2| = |x — (—2)| < e 
Hence, S — e. 

Hence for 0 < \x — (— 2)| < S = e, you have 
\x + 2| < e 
|-(* + 2)| < e 
I — U - 2) — 4| <€ 

\\x — 2| — 4| < e (because x — 20) 

I/O*) - L\ < e 


39. f(x) 


Jx + 5 — 3 
x 4 


lim/(x) 

A— >4 


1 

6 



The domain is [—5, 4) U (4, oo). 

The graphing utility does not show the hole at (4, 


37. lim ( x 2 + 1) = 2 

X — >1 

Given e > 0: 

|(x 2 + 1) — 2| < e 

|x 2 - 1| < € 

|(* + 1)(* “1)1 < e 

1 1 \x + 1| 

If we assume 0 < x < 2, then S = e/3. 
Hence for 0 < \x — 1 1 c S = — , you have 


i 1 1 

be - 1 < -e < i 7t 

1 1 3 \x + 1 


jx 2 - 1| <e 
\(x 2 + 1) - 2| < 6 
I fix) - 2| < 6 


41. fix) = 


x — 9 
Vx — 3 


lim fix) = 6 

>9 


The domain is all x > 0 except x — 9. The graphing 
utility does not show the hole at (9, 6). 


43. lim/(.v) = 25 means that the values of/approach 25 as x gets closer and closer to 8. 

x — >8 


45. (i) The values of/ approach different 
numbers as x approaches c from 
different sides of c: 

y 

I 

4 — 

3 — 

20 


(ii) The values of/increase with- 
out bound as x approaches c: 


y 



(iii) The values of/ oscillate 

between two fixed numbers as 
x approaches c: 



47. fix) = (1 + x) 1 /* 

lim (1 + x)' /x = e « 2.71828 




fix) 


* 

fix) 

-0.1 

2.867972 


0.1 

2.593742 

-0.01 

2.731999 


0.01 

2.704814 

-0.001 

2.719642 


0.001 

2.716942 

-0.0001 

2.718418 


0.0001 

2.718146 

-0.00001 

2.718295 


0.00001 

2.718268 

-0.000001 

2.718283 


0.000001 

2.718280 
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49. False; /(x) = (sin.x)/xis 
undefined when x = 0. 

From Exercise 7, we have 

sin x 

hm = 1 . 

X 

55. If lim/(x) = Lj and lim/(x) = L n , then for every e > 0, there exists S[ > 0 and S., > 0 such that \x — c| < 5, =>\ fix) — L x \ 

x—>c x—>c 

\x — c| < S, => | fix) — L 0 1 < e. Let S equal the smaller of Sj and S 2 . Then for \x — c| < S, we have 
\ L i ~ L f[ = \ L i ~f(x) + fix ) ~ L 2 1 < | L, -f(x ) | + | fix) - L 2 1 < e + e. 

Therefore, \L l — L~,\ < 2e. Since e > 0 is arbitrary, it follows that Lj = Lt. 

57. lim [fix ) — L] = 0 means that for every e > 0 there exists S > 0 such that if 

X — »C 

0 < \x — c| < S, 

then 

|(/M - L) ~ 0| < e. 

This means the same as | fix) — L\ < e when 
0 < \x — c| < S. 

Thus, lim/(x) = L. 


51. False; let 53. Answers will vary. 

,, , lx 2 — 4x, x + 4 

M = llO, x = 4’ 

/( 4 ) = 10 

lim/(x) = lim (x 2 — 4x) = 0 A 10 

x—>4 x—>4 


Section 1.3 Evaluating Limits Analytically 


(a) lim h(x) = 0 

x — »5 

(b) lim li(x) = 6 

X — > — 1 


/t(x) = x 2 — 5x 


7 


1 


1 


v7 



3. 4 



-4 


fix) = X COS X 


(a) lim/(x) = 0 

(b) lim fix) ~ 0.524 



5. 

9. 

11 . 


lim x 4 — 2 4 — 

x—>2 


lim (x 2 + 3x) 


lim (2x 2 + 4.x 


16 

= (— 3) 2 + 3(— 3) = 9-9 = 0 
+ 1) = 2(— 3) 2 + 4(— 3) + 1 = 18 - 


7. lim (2x 

x — >0 


12 + 1 = 7 


1) = 2(0) 


-1 


13. lim — = ^ 

x — >2 X 2 


15. lim 


x — 3 
I x 2 + 4 


1 - 3 _ -2 
l 2 + 4 _ 5 


2 

5 


17. lim 

x—>7 


5x 

s/x + 2 


5(7) 35 = 35 

s/7 + 2 ~ s/9 ~ 3 


19. lim Jx + 1 = 73 + 1 = 2 

-v— >3 


< e and 
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21. lim (x + 3) 2 = (-4 + 3) 2 = 1 

x — > — 4 


25. (a) lim/(x) = 4—1 = 3 

X— >1 

(b) lim g(x) = V3 + 1 = 2 

x — >3 

(c) lim g(f(x)) = g(3) = 2 

JC — > 1 


7 TX 772 

29. lim cos — — = cos — — 
*->2 3 3 


33. lim sin x = sin — — 

x—>5tt/6 6 


1 

2 


2 


23. (a) lim/(x) = 5—1=4 

X — > 1 

(b) lim g(x) = 4 3 = 64 

x — >4 


(c) lim g(/(x)) = g(f( 1)) = g(4) = 64 

X — > 1 


27. lim sin x = sin — = 1 

X — > 7t/2 2 


31. lim sec 2x = sec 0=1 

x — >0 


/i 


3ir 


35. lim tan — — = tan — — = — 1 

x—>3 V 4 


37. (a) lim [5g(x)J = 5 lim g(x) = 5(3) = 15 

x—>c x—>c 

(b) lim [/(x) + g(x)] = lim/(x) + lim g(x) = 2 + 3 = 5 

X— »C X— >c x—>c 

(c) lim [/(x)g(x)] = riim/(x)iriimg(x)l = (2)(3) = 6 

x — >c Lx— JLx— »c J 

/(*) “£/(*) 2 

jc->c g(x) lim g(x) 3 


39. (a) lim [/(x)] 3 = [lim/(x)l 3 = (4) 3 = 64 

X — >C Lx— »c -l 

(b) lim JJ(x) = / lim /(x) = V4 = 2 

(c) lim [3/(x)J = 3 lim/(x) = 3(4) = 12 

x—>c X — 

(d) lim [/(x)] 3/2 = [lim/(x)l 3/2 = (4) 3/2 = 8 

x — >c Ljc— > c J 


— 2jc 2 “I - jc 

41. /(x) = — 2x + 1 and g(x) = — agree except at 

x = 0. X ' 

(a) lim g(x) = lim /(x) = 1 

x — >0 x — >0 

(b) lim g(x) = ton /(x) = 3 


Jv 1 

45. f(x) = + ^ and g(x) = x — 1 agree except at x = — 1. 

lim /(x) = lim g(x) = — 2 

X — > 1 X— >— 1 



— X 

43. /(x) = x(x + 1) and g(x) = j- agree except at x = 1. 

(a) lim g(x) = lim/(x) = 2 

X — > 1 X — > 1 

(b) lim g(x) = lim /(x) = 0 

X — > — 1 X — > — 1 

^3 g 

47. /(x) = 1 — and g(x) = x 2 + 2x + 4 agree except at 

x = 2. 


lim/(x) = lim g(x) = 12 

x — >2 x — >2 


12 



9 


0 


49. lim 


x — 5 


x — 5 


*5 X 


- 25 1— >5 (x + 5)(x — 5) 


51. 


lim 

x->-3 


x 2 + x — 6 
x 2 - 9 


lim 

X— > — 


(x + 3)(x — 2) 
3 (x + 3)(x — 3) 


= lim 

x — >5 X + 5 


10 


= lim 
*-»-3 


x — 

X — 


2 

3 



5 

6 
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__ Jx + 5 — 75 Jx + 5 — 75 7* + 5 + 75 
53. him = him • — , 7 = 

x ~ *o x x—>o x J x 5 “l - 7 5 

.. (.V t 5) 5 1 

= lim = him . -pz 

*->° x[Vx + 5 + 75) *->o + 5 + 75 


1 = y5 
2 75 ~~ 10 


7*775 — 3 7* + 5 — 3 Jx + 5 + 3 

55. him = him • — , 

X - 4 x->4 X - 4 Jx + 5 + 3 

r {x + 5) - 9 1 

*->* ( x - 4)(Jx + 5 + 3) 7^+5 + 3 


1 _ 1 
79 + 3 6 


1 


57. lim 

A ->() 


2 + x 
x 


1 

2 


lim 

A — ^0 


2 - (2 + x) 
2(2 + x) 
x 


-1 


lim . 

a->o 2(2 + x) 


I 

4 


2(x + A.*') — 2x 2x + 2Ax — 2x 

59. lim t = lim 

Av— »0 t±X Av— »o Ax 


lim 2 = 2 

Ax — >0 


61. 


lim 

AmO 


(x + At) 2 


2(x + Ax) + 1 

Ax 


(x 2 — 2x + 1) 


lim 

Aa ->0 


x 2 + 2xAx + (Ax) 2 — 2x — 2Ax + 1 — x 2 + 2x — 1 

Ax 


= lim (2x + Ax — 2) = 2x — 2 

Av— >0 


63. lim ^ + 2 — « 0.354 

A — >0 X 


X 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

fix) 

0.358 

0.354 

0.345 

? 

0.354 

0.353 

0.349 


. Jx + 2 — J2 Jx + 2 — 72 Jx + 2 + 72 

Analytically, lim = lim • — — 

a->o x a->o x 7 x + 2 4 “ 72 


= lim 


x + 2 — 2 


= lim 


1 


mu / . .— \ — inn . — , — 

*->o x( 7x + 2 + 72) 7x + 2 + 72 2 72 


72 

4 


0.354 



-2 


* 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

fix) 

-0.263 

-0.251 

-0.250 

? 

-0.250 

-0.249 

-0.238 


1 1 


Analytically, lim 

x — >0 


2 + x 
x 


2 


2 - (2 + x) 1 -x l = -1 

a™ 2(2 + x) ’ x “ a™ 2(2 + x) ’ x “ a™ 2(2 + x) 


1 

4' 
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rn sin* 

67. lim — — = lim 

x — >0 5.T x — >0 


sin x\/ 1 
~~x~ / \5 



69. lim 


sinx(l — cosx) 


2x 2 



sin x 
x 


1 — cos x 
x 


= |(1)(0) = 0 


71. lim 

a :— >0 


sin 2 x 
x 


lim 

x->0 


sin % . 
sin x 

* 


(1) sin 0 = 0 


73. lim 

0 


(i 


cos h ) 2 
~h 


lim 


1 — cos h 
h 


(1 


cos h) 


= (0)(0) = 0 


75. 


, . cos X 

lim 

x-^ir/2 COt X 


lim sin x 

X — »7 r /2 


77. lim 


sin 3 1 
2 1 


lim 

f ->0 


sin 3 1\( 3 


3t 


^ =m 


3 

2 


79. fit) = ^ 
t 


t 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

fit) 

2.96 

2.9996 

3 

? 

3 

2.9996 

2.96 


, . „ sin 3 1 J sin 3 1\ 

Analytically, lim — - — = lim 3( ^ J = 3(1) = 3. 



2 v 


The limit appear to equal 3. 



-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

fix) 

-0.099998 

-0.01 

-0.001 

? 

0.001 

0.01 

0.099998 


. . . „ .. sinx smx \ , . 

Analytically, lim — lim x\ ^ I = 0(1) = 0. 



2tt 


83. 


f(x + h) — f(x) 2(x + h) + 3 — (2x + 3) 

lim = lim 

o h /?->() h 


2x + 2 h + 3 — 2x — 3 

lim 

h-> 0 /z 


lim — 

h -> 0 /z 


= 2 


85. lim 


fix + /?) - /(x) 
h 


4 4 


lim 


x + h 

h 


x 


.. 4x — 4(x + h ) 

lim — ; -T— — 

— >0 (x + h)xh 


lim -t— 

ho (x + h)x 


-4 


87. lim (4 - x 2 ) < lim/(x) < lim (4 + x 2 ) 

x — >0 x—>0 x—>0 


89. f{x) = x cos x 


4 < lim/(x) < 4 

jc— >0 

Therefore, lim/(x) = 4. 

x — >0 



lim (x cos x) = 0 

x — >0 
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lim \x\ sinx = 0 

A' — >0 ' ' 


lim [x sin — = 0 

x—>0 \ X 


95. We say that two functions /and g agree at all but one 
point (on an open interval) if f(x) = g(x) for all x in the 
interval except for x = c, where c is in the interval. 


97. An indeterminant form is obtained when evaluating a limit 
using direct substitution produces a meaningless fractional 
expression such as 0/0. That is. 


lim 


fix) 

g(x) 


for which lim/(.x) = lim g(x) = 0 

X—>C X — >c 


99. fix) = x, g(x) = sin x, h(x) = S * n * 


3 


g h 





-3 


When you are “close to” 0 the magnitude of/ is 
approximately equal to the magnitude of g. 
Thus, |g|/|/| ~ lwhenxis “close to” 0. 


101 . s{t) = - 16r 2 + 1000 


lim 

H5 


45 ) 

5 


s(t) 


lim 

l->5 


600 - (- 16 f- + 1000) 
5 - t 


lim 

f— >5 


16 (t + 5 )jt - 5) 
-it- 5) 


lim — 16(t + 5) 

t — >5 


Speed = 160 ft/sec 


— 160 ft/sec. 


103. s{i) = — 4.9f 2 + 150 

j(3) - sit) — 4.9(3 2 ) + 150 - (-4.9 r + 150) -4.9(9 - t 2 ) 

lim — = lim = lim 

t-> 3 3 — t t-> 3 3 — t r— >3 3 — t 


= lim — — + ^ = lim — 4.9(3 + t) = — 29.4 m/sec 

x — >3 3 — t x — >3 


105. Let/(.r) = \/x and g(.r) = —\/x. lim/(.r) and lim g(.v) do not exist. 

x — >0 x — >0 


lim [fix) + gix)] = lim 

x— >0 


T 

- + 
x 



= lim [0] = 0 


107. Given/(.v) = b, show that for every e > 0 there exists a S > 0 such that | f(x) — b\ < e whenever \x — c| < S. Since 
|/(jr) — b\ = \b — b\ = 0 < efor any e > 0, then any value of S > 0 will work. 

109. If b = 0. then the property is true because both sides are equal to 0. If b + 0. let e > 0 be given. Since lim/(x) = L, 

X — 

there exists S > 0 such that | fix) — L\ < e/\b\ whenever 0 < |.x — c| < 8. Hence, wherever 0 < \x — c| <8, 
we have 

\b\\f(x) - L\ < e or \bf{x) - bL\ < e 
which implies that lim [bfixf] — bL. 
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111. —M\f(x)\ < f(x)g(x) < M|/(x) | 


lim (— M\f(x)\) < lim f(x)g(x) < lim(M|/(x)|) 

X—>C X—>C X — 

-M{ 0) < lim/(x)g(x) < M{ 0) 

x—>c 

0 < lim f(x)g(x) < 0 


Therefore, lim f(x)g(x) = 0. 

X — 


113. False. As * approaches 0 from the left, — - = — 1. 


115. True. 


117. False. The limit does not exist. 


119. Let 


fix) 


j 4, if x > 0 
[-4, if x < 0 


lim |/(x)| = lim 4 = 4. 

x — >0 


lim/(,v) does not exist since for.* < 0 ,f(x) — —4 and for x > 0 ,f(x) = 4. 


121 . f(x) = 
g(x) = 


0, 

1, 

0, 

x. 


if x is rational 
if x is irrational 

if x is rational 
if x is irrational 


lim/(.r) does not exist. 

x — >0 

No matter how “close to” 0 x is, there are still an infinite number of rational and irrational numbers so that lim/(.r) does not 

x — >0 

exist. 


lim g(x ) = 0. 

x — >0 


When x is “close to” 0, both parts of the function are “close to” 0. 


1 — cos.t 
123. (a) lim ^ 

a -->0 x 


1 — cos X 
lint ^ 

x — ^0 X~ 


1 + COS X 
1 + COS X 


= lim 

x— >0 


= lim 

x— >0 


1 — COS 2 X 

x 2 (l + cos x) 

sin 2 x 1 
x 2 1 + cos x 



1 

2 


(b) Thus, 


1 — cos X 1 


1 — COS X ~ -X 2 
2 


cos x ~ 1 — -x 2 for x ~ 0. 
2 


(c) cos(O.l) = 1 - — (0. 1) 2 = 0.995 


(d) cos(0. 1) ~ 0.9950, which agrees with part (c). 
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Section 1.4 Continuity and One-Sided Limits 


1. (a) lim f(x) = 1 

x — »3 

(b) lim f(x) = 1 

jt— >3 

(c) lim f(x) = 1 

x—>3 

The function is continuous at 
x = 3. 


3. (a) lim f(x) = 0 

x — »3 

(b) lim f(x) = 0 

x — >3 

(c) lim f{x) = 0 

»3 

The function is NOT continuous at 
x — 3. 


5. (a) lim f(x) = 2 

x-»4 + 

(b) lim f(x) = -2 

x->4~ 

(c) lim f(x) does not exist 

x—>4 

The function is NOT continuous 
at x = 4. 


7. lim 


x - 5 1 

= lim 


s + x — 25 m5 + x + 5 


10 


11 . lim ^ = lim — = -1. 

a->0“ X a — >0 — X 


X X 

9. lim — , does not exist because — , grows 

without bound as x — 3 — 3 “ . 


13. lim 

Aa — >0 


1 

x + Ax 

AT 


= lim 

Av— »0" 


X ~ (. X + Ax) 
x(x + Ay) 


I _ -Ay _ 

Ax Aa :— > 0 “ x(x + Ay) Ay 


= lint 


-1 


Amo y(y + Ay) 


-1 


y(y + 0) 


15. lim /( x) 

a ->3 


lim 

A— >3“ 


Y + 2 
2 


5 

2 


17. lim f(x) = lim (x + 1) = 2 

X — »1 + X — »1 + 

lim fix) — lim (y 3 + 1) = 2 

X—> 1 X— > 1 

lim/(x) = 2 

X — > 1 


19. lim cot y does not exist since 

X — >7T 

lim cot y and lim cot x do not exist. 

X — >7T + X—>TT 


21 . lim (3 [yJ - 5) = 3(3) -5 = 4 

x-*4 

(W = 3 for 3 < y < 4) 


23. lim (2 - 

a— >3 

because 

lim (2 - 

a— >3~ 

and 
lim (2 

m3 + 


— y ]|) does not exist 


I-yJ) = 2 - (-3) = 5 
I-y1) = 2 - (-4) = 6. 


25 - fix) = x2 '_ 4 

has discontinuities at x = — 2 and 
x = 2 since /(— 2) and/(2) are not 
defined. 


27. fix) 


w 

2 


+ Y 


has discontinuities at each integer 
k since lim fix) # lim /(y). 

x—>k x—>k + 


29. g(x) = V25 — x 2 is continuous 
on [—5, 5], 


31. lim f(x) = 3 = lim fix). 

A — A0~ " A-»0 + 

/is continuous on [— 1. 4], 


33. /( x) = y 2 — 2y + 1 is continuous 
for all real x. 
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35. fix) = 3x — cos x is continuous for all real x. 


39. fix) 


—z r is continuous for all real x. 

xr + 1 


x 

37. f(x) = — r- is not continuous at x = 0, 1. Since 

x 2 - x 

x 1 

= for x # 0, x = 0 is a removable 

X X X — 1 

discontinuity, whereas x — 1 is a nonremovable 
discontinuity. 


41. fix) 


x + 2 

(x + 2)(x — 5) 


has a nonremovable discontinuity at x = 5 since lim/(x) 

x— >5 

does not exist, and has a removable discontinuity at 
x = — 2 since 


lim fix) 

x — > — 2 


lim 

x ->-2 x — 5 


1 

7' 


I X | 7 1 

43. fix) = - 7 has a nonremovable discontinuity at x = — 2 since lim fix) does not exist. 

X 2 x— 2 


45. /(x) = | 2 


X, X < 1 

X 2 , X > 1 


has a possible discontinuity atx = 1. 

1. /( 1) = 1 

2. ^ J(X)= ^- X= ' ] lim/(x) = 1 

lim/(x) = lim x 2 = lj Jr_>1 

X — »1 + X — >l + 

3. /(I) = lim/(x) 


/is continuous atx = 1, therefore, /is continuous for all real x. 


■ _ + 1, x < 2 
47. f(x) = 1 2 has a possible discontinuity at x = 2. 

□ — x, x > 2 


1 . /( 2 ) = -+ 1=2 

2 /( v) = ii 1 ?- (f + ! ) = 2 j 1 . 


lim fix) = lim (3 - x) = 1 

x— »2 + x->2 + 


lim f(x) does not exist. 

x— >2 


Therefore, /has a nonremovable discontinuity at x = 2. 


\x\ > 1 


f fan 21T. |x| < 1 
49./(x) = {x ; 4 

1. /(- 1) = -1 

2. lim fix) = — 1 


tan » — 1 < x < 1 

x, x < — 1 or x > 1 

/(l) = 1 

lim/(x) = 1 


has possible discontinuities at x = — 1, x = 1. 


3. /(-!)= lim fix) 

X — »— 1 


/( 1) = lim fix) 

X — >1 


/is continuous at x = ±1, therefore, /is continuous for all real x. 
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51. f{x) = esc 2x has nonremovable discontinuities at integer 
multiples of 7 t/2. 


53. fix) = lx — lj has nonremovable discontinuities at each 
integer k. 


55. lim f{x) = 0 
*->o+ 

lim f{x ) = 0 

*->o- 

/ is not continuous at x 



57. /( 2) = 8 


Find a so that lim ax 1 = 8 

*-» 2 + 


a = ? = 2 - 


59. Find a and b such that lim iax + b ) 

x — ^ — 1 + 

a — b = —2 
(+) 3 a + b = — 2 
4 a = -4 

a = — 1 

b = 2 + (-1) = 1 


— a + b = 2 and lim iax + b) = 3a + b = — 2. 

x—>3 


fix) = 


f 2 ' 

j — .r + 1, 
[- 2 , 


x < -1 
— 1 < ,r < 3 
x > 3 


61. figix)) = (x - l) 2 

Continuous for all real x. 


63. figix)) 


1 _ 1 
Or + 5) - 6 x 2 — 1 


Nonremovable discontinuities at x = ± 1 


65. y — [x] — x 

Nonremovable discontinuity at each integer 


0.5 



67. fix) = 


2x — 4, x < 3 
x 2 — 2x, x > 3 


Nonremovable discontinuity at x — 3 

5 



i 

/ 

t 



69. fix) 


x 

X 2 + 1 


71. fix) = sec — 


Continuous on ( — oo, oo) 


Continuous on: 

. . .,(- 6 , - 2 ), (- 2 , 2 ), ( 2 , 6 ), ( 6 , 10 ), . . . 


75. fix) = jfrX 4 — x 3 + 3 is continuous on [1, 2], 

/( 1) = H and /(2) = —4. By the Intermediate Value 
Theorem, /(c) = 0 for at least one value of c between 
1 and 2. 


The graph appears to be continuous on the interval 
[—4, 4], Since /(0) is not defined, we know that/has 
a discontinuity at x = 0. This discontinuity is removable 
so it does not show up on the graph. 
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77. fix) = x 2 — 2 — cos x is continuous on [0, tt\. 

/( 0) = — 3 and /( tt) = tt 1 — 1 > 0. By the Intermediate 
Value Theorem, /(c) = 0 for the least one value of c 
between 0 and tt. 


81. g(t) = 2 cos t — 3t 

g is continuous on [0, 1], 

g(0) = 2 > 0 and g(l) = - 1.9 < 0. 

By the Intermediate Value Theorem, g(f) = 0 for at least 
one value c between 0 and 1. Using a graphing utility, we 
find that t ~ 0.5636. 


79. f(x ) = x 3 + x — 1 

f(x) is continuous on [0, 1], 

/( 0) = -1 and/(l) = 1 

By the Intermediate Value Theorem, /(x) = 0 for at least 
one value of c between 0 and 1. Using a graphing utility, 
we find that x ~ 0.6823. 

83. fix ) = x 1 + x — 1 
/is continuous on [0, 5], 

/( 0) = -1 and/(5) = 29 
-1 < 11 <29 

The Intermediate Value Theorem applies. 
x 2 + x — 1 = 11 
x 2 + x — 12 = 0 
(x + 4)(x — 3) = 0 
x = —4 or x = 3 

c = 3 (x = —4 is not in the interval.) 

Thus,/(3) = 11. 


85. f(x) = x 3 — x 2 + x - 2 
f is continuous on [0, 3]. 

/( 0) = —2 and/(3) = 19 
-2 < 4 < 19 

The Intermediate Value Theorem applies. 
x 2 — x 2 + x — 2 = 4 
.v 3 — x 2 + x — 6 = 0 
(.r — 2)(.r 2 + -v + 3) = 0 
x = 2 

(x 2 + x + 3 has no real solution.) 

c = 2 

Thus,/(2) = 4. 


87. (a) The limit does not exist at x = c. 

(b) The function is not defined at x = c. 

(c) The limit exists at •* = c > but it is not equal to the 
value of the function at x ~ c - 

(d) The limit does not exist at x = c. 


89 . 



The function is not continuous at x = 3 because 


lim fix) = 1 # 0 = lim /(*). 


91. The functions agree for integer values of x: 

g(x) = 3 - [-xj = 3 - (-x) = 3 + x 
f{x) = 3 + M = 3 + x 


for x an integer 


However, for non-integer values of x, the functions 
differ by 1. 

fix) = 3 + M = g(x) -1=2- I-*]. 

For example, /(j) = 3 + 0 = 3, g(|) = 3 — (— 1) = 4. 
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93 . N(t) = 25' 


2 


t + 2 
2 



t 

0 

1 

1.8 

2 

3 

3.8 

m 

50 

25 

5 

50 

25 

5 


Discontinuous at every positive even integer.The 
company replenishes its inventory every two months. 


N 



95 . Let V = yTtr 3 be the volume of a sphere of radius r. 

V(l) = 4.19 

V(5) = f 7t(5 3 ) « 523.6 

Since 4.19 < 275 < 523.6, the Intermediate Value Theorem implies that there is at least one value r between 1 and 5 such 
that V(r) = 275. (In fact, r « 4.0341.) 


97. Let c be any real number. Then lim/(.x) does not exist since there are both rational and 

X — >C 

irrational numbers arbitrarily close to c. Therefore, /is not continuous at c. 


f — 1 , if x < 0 
99. sgn(x) = | 0, if x — 0 

[ 1, if x > 0 

(a) lim sgn(x) = — 1 

x—>0 

(b) lim sgn(x) = 1 

x— »0 + 

(c) lim sgn(x) does not exist. 

x— >0 


y 

I 

4 — 
3 — 
2 — 


-2 — 
-3 — 
-4 — 


4 


101 . True; if/(.x) = g(x), x + c, then lim/(x) = lim g(x) and 103 . False;/(l) is not defined and lim/(.x) does not exist. 

x—yc x—yc x—> 1 

at least one of these limits (if they exist) does not equal 
the corresponding function at x = c. 


105 . (a) f(x) 


0 < x < b 
b < x < 2b 


y 

J 

2 b\ 


NOT continuous at x = b. 


(b) g{x) 


- 0 <x< b 

2 

b — b < x < 2b 

2 


y 



Continuous on [0, 2b ]. 
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107. f{x) J*** ~ C , c > 0 


Domain: x + c 2 > 0 => x > — c 2 and x =£ 0, [— c 2 , 0) U (0, oo) 


-Jx + c 2 — c Vx + c 2 “ c -Jx + c 2 + c 

urn = lim • — 

x *->o x Jx + c 2 + c 


= lim 


(x + c 2 ) — c 2 


= lim - 


1 


11111 r . -| — lllll . ^ 

x ->° x[Jx + c 2 + c\ x ^° Jx + c 2 + c 
Define /(0) = 1/(2 c) to make /continuous atx = 0. 


2c 


109. h(x) = x|xj 

h has nonremovable discontinuities at 
x = ±1, ±2, ±3, .... 


15 


N> 

, . 




-3 
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1. 


lim 

x ->- 2 + 



lim 

x —>—2 




3. lim tan — — = — oo 

w-2 + 4 


TJX 

lim tan — = oo 
x—>—2~ 4 


5 - /W=^39 



-3.5 

-3.1 

-3.01 

-3.001 

-2.999 

-2.99 

-2.9 

-2.5 

fix) 

0.308 

1.639 

16.64 

166.6 

- 166.7 

-16.69 

-1.695 

-0.364 


lim fix) = oo 
->-3 

lim /(x) = -oo 


7- fix) 


X 


2 


x 2 -9 


* 

-3.5 

-3.1 

-3.01 

-3.001 

-2.999 

-2.99 

-2.9 

-2.5 

fix) 

3.769 

15.75 

150.8 

1501 

-1499 

-149.3 

-14.25 

-2.273 


lim fix) = oo 
lim /(x) = 


— OO 
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9. 


lim , 

x- >o + x~ 


co 


lim , 

x->o _ x~ 


Therefore, x = 0 is a vertical asymptote. 


13. lim — r — - = oo and lim — f — - = — oo 
x->- 2 - x 2 - 4 x->- 2 + x 2 — 4 


Therefore, x = — 2 is a vertical asymptote. 

x 2 x 2 

lim = — oo and lim = oo 

X- >2- X 4 x—>2 + X 2 — 4 


Therefore, x = 2 is a vertical asymptote. 


11 . lim 


x 2 - 2 


x >" (x - 2 )(.v + 1 ) 
x 2 — 2 

lim 7 -77 — tv — —co 

*->2 (x — 2)(x + 1 ) 

Therefore, x — 2 is a vertical asymptote. 
x 2 — 2 

lim 1 — — tv = oo 

+ (x — 2) (a + l) 

x 2 - 2 


lim . 
j-»-i (x — 2)(x + 1) 

Therefore, x = — 1 is a vertical asymptote. 


15. No vertical asymptote since the denominator is never zero. 


17. /(x) = tan 2x = 
_ (2 n + 


sin 2x , . , 

— has vertical asymptotes at 

cos 2x 

l) 7r t t mr 

= — + — , n any integer. 


19. 


/ 4 \ / 4 \ 

lim 1 t = — oo = lim 1 r 

HO* \ t 2 J r-> 0- \ t -J 

Therefore, t = 0 is a vertical asymptote. 


lim 7 —77 tv = 00 

*->- 2 + (x + 2)(x - 1) 

lim 7 —77 tv = — 00 

x—>— 2 ~ (x + 2)(x — 1) 

Therefore, x = — 2 is a vertical asymptote. 

lim 7 TAT tv = 00 

mi + (x + 2)(x — 1) 

lim 7 T77 tv = — 00 

x^i- (x + 2)(x — 1) 

Therefore, x = 1 is a vertical asymptote. 


23. /(x) 


x 3 + 1 

X + 1 


(x + l)(x 2 — X + 1) 
X + 1 


has no vertical asymptote since 

lim f(x) = lim (x 2 — x + 1) = 3 

X — > — 1 X — > — 1 


25. f{x) 


(x — 5)(x + 3) _ x + 3 
(x — 5)(x 2 +1) x 2 + 1 ' X 


No vertical asymptotes. The graph has a hole at x = 5. 


27. s(t) = ~t— has vertical asymptotes at t = mr, n 
sin t 

a nonzero integer. There is no vertical asymptote at 
t = 0 since 

lim — = 1. 

/-><> sm t 
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29. 


lim 


x 2 - 1 


>-i x + 1 


lim ( x 


1 ) = -2 


2 



31. 


lim 

.M-l + 


;r + 1 
x + 1 


lim 


.r + 1 


*-i _ x + 1 


oo 


— CO 


Vertical asymptote at 
x = — 1 



3 


Removable discontinuity at x = — 1 


33. 


lim : 

A— >2 + X — 


3 

2 


— oo 


35. 


a— *3+ (x — 3)(.r + 3) 


oo 


37. 


lim 

A— » — 3 - 


x 2 + 2x — 3 
x 2 + x — 6 


lim 

x — > 3 2 


4 

5 


39. lim 

X—> 1 


(x 2 + l)(jT — 


1) 



2 


41. lim 

a — >( r 



oo 


43. lim — — = oo 

a->o + sin x 


45. lim ■ 


lim ( sin x) = 0 

X — > 7T 


47. lim .v sec(TT.y) = oo and lim xsecinx) = — oo. 

A— »( 1/2)- A— >(l/2) + 

Therefore, lim x sec(7TJr) does not exist. 

A— >(1/2) 


49. f(x) 


X 2 + X + 1 
X 3 - 1 


lim fix r) = lim 

A — > \ + " X — >1 + X ~ 1 


OO 



55. One answer is fix) = {x _ X ^ + 2) = 

lim/(x) = oo 

X — >C 

says how the limit fails to exist. 


53. A limit in which fix) increases or decreases without 
bound as x approaches c is called an infinite limit, oo is 
not a number. Rather, the symbol 


y 



59. 


S = — ^ — , 0 < Irl < 1. Assume k ¥= 0. 

1 — r 

k 

lim S = lim = oo (or — oo if k < 0) 

r—> 1 r—> 1 1 — r 


57. 
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61 . C = 


528x 


,0 < x < 100 


100 - x 

(a) C(25) = $176 million 

(b) C(50) = $528 million 

(c) C(75) = $1584 million 
528 


7(71 7 

63 . (a) r = — = — ft/ sec 

7625 - 49 12 

2(15) 3 . 

(b) r = — = = — ft/sec 

7625 - 225 2 


(c) lim 


2x 


7625 - x 2 


(d) lim 


jc— » ioo- 100 — x 


= oo Thus, it is not possible. 


X 

1 

0.5 

0.2 

0.1 

0.01 

0.001 

0.0001 

/(-*) 

0.1585 

0.0411 

0.0067 

0.0017 

~0 

= 0 

~0 


x — sin x 
lim 

*->o + x 


= 0 


X 

1 

0.5 

0.2 

0.1 

0.01 

0.001 

0.0001 

/(-*) 

0.1585 

0.0823 

0.0333 

0.0167 

0.0017 

= 0 

~0 


0.25 



lim 

jt— >o + 



sin x 

2 


= 0 


X 

1 

0.5 

0.2 

0.1 

0.01 

0.001 

0.0001 

fix) 

0.1585 

0.1646 

0.1663 

0.1666 

0.1667 

0.1667 

0.1667 


0.25 

^ lim x ~ smx = q H67 ( 1 / 6 ) 

15 x-^0 + X 3 


- 0.25 


X 

1 

0.5 

0.2 

0.1 

0.01 

0.001 

0.0001 

fix) 

0.1585 

0.3292 

0.8317 

1.6658 

16.67 

166.7 

1667.0 


1.5 


x — sinx 
lim 



x — sinx 


For n > 3, lim 




= oo. 
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67 . (a) Because the circumference of the motor is 
half that of the saw arbor, the saw makes 
1700/2 = 850 revolutions per minute. 

(c) 2(20 cot <fi) + 2(10 cot <fi ): straight sections. 

The angle subtended in each circle is 

277 - - (f > jj = TT + 2(f>. 

Thus, the length of the belt around the pulleys is 
20(77 + 2(f>) + 10(77 + 2<f>) = 30(77 + 2<p). 
Total length = 60 cot <fi + 30(77 + 2<p) 

( 7r '\ 

Domain: 10. — I 


(b) The direction of rotation is reversed. 


<t> 

0.3 

0.6 

0.9 

1.2 

1.5 

L 

306.2 

217.9 

195.9 

189.6 

188.5 


(e) 450 



(f) lim L = 6 O 77 ~ 188.5 

$->(77/2) 

(All the belts are around pulleys.) 

(g) lim L = 00 


69 . False; for instance, let 
x 2 - 1 


fix) = 


sM = v2 


-X — 1 

x 2 + r 


or 


71 . False; let 
fix) = 


x A 0 
x = 0. 


The graph of/ has a vertical asymptote at x = 0, but 
/( 0) = 3. 


73. Given lim/(.v) = 00 and lim g(x) = L: 

x—>c x—>c 


(2) Product: 

If L > 0, then for e = L/2 > 0 there exists Sj > 0 such that |g(x) — L\ < L/2 whenever 0 < |jc — c| < 6, . Thus, 

L/2 < g(x) < 3L/2. Since lim f(x) = 00 then for M > 0. there exists S n > 0 such that/(tr) > M[2/L ) whenever 

X—>C 

\x — c| < St Let S be the smaller of Sj and S,. Then for 0 < \x — c| < S, we have/(.r)g(.v) > M(2/L)(L/2) = M. 
Therefore lim/(.r)g(.v) = co. The proof is similar for L < 0. 

X — 

(3) Quotient: Let e > 0 be given. 

There exists S t > 0 such that/(.r) > 3L/2e whenever 0 < \x — c| < Sj and there exists S, > 0 such that |g(.r) — L\ < 
L/2 whenever 0 < \x — c| < St This inequality gives us L/2 < g(x) < 3L/2. Let S be the smaller of Sj and S 2 . Then 
for 0 < \x — c| < S, we have 


Ax) 3L/2e 


Therefore, lim 

X — >C 


g(x) 

f(x) 


= 0. 


75. Given lim — -r = 0. 
x->cf{x) 


Suppose lim f(x) exists and equals L. Then, 

X—>C 

^ lim 1 j 
Sj/(x) lim f(x ) L 


This is not possible. Thus, lim/(.r) does not exist. 
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Review Exercises for Chapter 1 

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. 
Or, the length is slightly longer than the distance between the two points, 8.25. 


X 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

f(x) 

-0.26 

-0.25 

-0.250 

-0.2499 

-0.249 

-0.24 


lim/(x) ~ —0.25 



5. h(x) 


x 2 — 2 x 


x 


(a) lim h(x) = —2 

x — >0 

(b) lim h(x) = — 3 

x—>— 1 


7. 


lim (3 — x) = 3 — 1 = 2 

X — >1 

Let e > 0 be given. Choose 8 = e. Then for 
0 < \x — 1 1 < 8 = e, you have 
\x — 1| < e 
|1 — x\ < e 
|(3 - x) ~ 2\ < e 
I /(•*) - L\ <e 


9. lim {x 2 - 3) = 1 

x — »2 

Let e > 0 be given. We need \x 2 — 3 — 1| < e => \x 2 — 4| = \(x — 2)(x + 2)| < e => \x — 2\ < -j — -j— ^j- e. 
Assuming, 1 < x < 3, you can choose 8 = e/5. Hence, for 0 < \x — 2\ < 8 = e/5 you have 

i-*” 21 < 5 
\x — 2| \x + 2| < e 
\x 2 - 4| < e 
\(x 2 - 3) - 1| < e 
I fix) - L\ < e 

11. lim Jt + 2 = J4 + 2 = s/6 ~ 2.45 13. lim 4 — = lim — = — — 

r— >4 t—>—2 r — 4 t—>—2 t ~ 2 4 


15. lim 

A— >4 


s/x — 2 

x - 4 


19. 


lim 

x— >— 5 


x 3 + 125 
x + 5 


- 2)( s/x + 2 ) 


lim 


1 


1 


1 


4 ^ + 2 s/4 + 2 4 


= lim 

x — >— 5 


(.r + 5)(.r 2 — 5x + 25) 
x + 5 


= lim (x 2 — 5,v + 25) 

x — > — 5 


17. lim 

x — >0 


[l/(x + 1)] - 1 

X 


lim 

x — >0 


1 — (x + 1) 
x(x + 1) 


lim l — = - 1 

x — >0 X ~\~ 1 


21 . 


1 — COS X 

lim : 

x— »o sin x 


lim 

jt— >0 



(1)(0) = 0 


= 75 
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23. 


lim 

Aa — >0 


sin[(7r/6) + Aa] 
Ax 


( 1 / 2 ) 


lim 

A . v — >0 


sin(ir/6) cos At + cos(7t/ 6) sin At 
At 


( 1 / 2 ) 


= lim — 
Ax— »0 2 


(cosAt— 1) 73 sin At 

t 1- lim • — 

At Av— »o 2 At 



73 

2 


25. lim [/(a) ■ g(.r)] = ( — 1)(§) = 

X — >C 


27. f(x) 


72.x +1-73 

X — l 


* 

1.1 

1.01 

1.001 

1.0001 

fix) 

0.5680 

0.5764 

0.5773 

0.5773 


lim + — X ~ 0.577 (Actual limit is 73/3.) 


(c) lim 

X — > 1 


72a + 1 

X — 


73 . 72t + 1 - 73 72a + 1 + 73 

= lim : • , 7= 

•* - 1 72a + 1 + 73 

_ (2a + 1) - 3 

<-™ + (a - 1)( 72a + 1 + 73) 


= lim ; to 

Ml+ 72 a + 1 + 73 
2 1 _ 73 

273 73 3 


(b) 


2 


-1 



0 


29 lim S{a) - s{t) lim (~ 4 - 9 ( 4 ) 2 + 20 °) ~ (~4-9r + 200) 
t — ^ci Cl t t — >4 4 t 


31. lim^!= lim ^ 

x->3“ X ~ 3 m3" A — 3 


= -1 


4.9(1 - 4 ){t + 4) 

= lim : 

H4 4 - 1 

= lim — 4.9(f + 4) = —39.2 m/sec 

/-» 4 


33. lim f{x) = 0 

x — >2 


35. lim /;(/) does not exist because lim hit) = 1 
1— » 1 1 — > 1 “ 

lint /i(f) = |(l + 1) = 1. 


37. /(a) = [a + 31 

lim + [a + 31 = k + 3 where k is an integer, 
lim [a + 3] = k + 2 where k is an integer. 

x—>k 

Nonremovable discontinuity at each integer k 
Continuous on (fc, k + 1) for all integers k 


39. fix) = 


3x 2 — x — 2 _ (3* + 2)(x 


x — 1 


x — 1 


lim/(x) = lim (3* + 2) = 5 

X — > 1 X — > 1 


Removable discontinuity at x = 1 
Continuous on ( — 00 . 1) U (1, 00 ) 


1) 


41 - f(x) = J^W 

lim 7 = 00 

x —>2 (a - 2) 2 

Nonremovable discontinuity at x = 2 
Continuous on ( — 00 , 2) U (2, 00 ) 


«. m - 

lim fix) = — 00 

X — > 1 

lim fix) = 00 

X — >1 

Nonremovable discontinuity at x = — 1 
Continuous on ( — 00 , — 1) U (— 1, 00 ) 


+ 1 = 2 and 
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45. f(x) = esc — 

Nonremovable discontinuities at each even integer. 
Continuous on 

(2k, 2k + 2) 

for all integers k. 


47. /( 2) = 5 

Find c so that lim (cx + 6) = 5. 

a— »2 + 

c(2) + 6 = 5 
2c = -1 

1 


49. /is continuous on [1, 2], /( 1) = — 1 < 0 and 

/( 2) = 13 > 0. Therefore by the Intermediate Value 
Theorem, there is at least one value c in (1, 2) such 
that 2c 3 — 3 = 0. 


5L f(x) = ]^Y\ = (x + 2) 

(a) lim f(x) = — 4 

x—>2 

(b) lim /(x) = 4 

x—>2 

(c) lim f(x) does not exist. 

x—>2 


x — 2 
\x — 2 


53. g(x) = 1 + - 

Vertical asymptote at x = 0 


2X 2 + x + 1 

57. lim = — oo 

x — > 2 X 2 


^ .. x 2 + 2x + 1 

61. lim = — oo 

x — >1 X 1 


55. f(x) = 


8 


(x - 10) 1 2 
Vertical asymptote at x = 10 


x + 1 

59. lim , = lim 


nil o , — lllli 9 

»-i + x + 1 x — > i + jr — ^ + 1 


63. lim I x — I = — oo 


I 

3 


65. 


sm 4x 
lim 

.y— »o + 5x 


lim 

A^0+ 


4/ sin 4x\ 
5\ 4x ) 


4 

5 


67. 


esc 2x 
lim 

y-» 0 + x 


lim — : — — = oo 
a — >o + x sm 2x 


69. C = f;i\0 (,0P , 0 < 0 < 100 

100 — p 

(a) C(15) « $14,117.65 (b) C(50) = $80,000 

80.000 p _ 


(c) C(90) = $720,000 


(d Mto- 100 - p 


OO 


Problem Solving for Chapter 1 


1. (a) Perimeter APAO = V.v 2 + ( v — 1 ) 2 + V.v 2 + y 2 + 1 

= Jx 2 + (x 2 - l) 2 + Jxf + xf + 1 

Perimeter APBO = J(x — l) 2 + y 2 + Jx 2 + y 2 + 1 

= V(x — l) 2 + .v 4 + Vx 2 + x 4 + 1 


v/x 2 + (x 2 — l) 2 + \/ x~ + x 4 + 1 

y (x — i) 2 + x 4 + y.t 2 + x 4 + 1 



4 

2 

1 

0.1 

0.01 

Perimeter APAO 

33.02 

9.08 

3.41 

2.10 

2.01 

Perimeter APBO 

33.77 

9.60 

3.41 

2.00 

2.00 

r(x) 

0.98 

0.95 

1 

1.05 

1.005 


(c) lim r(x) 

A — >0 + 


1 + 0+1 _ 2 
1 + 0 + 1 “ 2 
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3. (a) There are 6 triangles, each with a central angle of 
60° = 77'/ 3. Hence, 


-bh 

2 


Area hexagon = 6 

373 


= 6 1 

2.598. 


i/.-l ■ TT 
2 (l)sm 3 




Error: 77 — ~ 0.5435. 


(b) There are n triangles, each with central angle of 
9 = lir/n. Hence, 


An = 77 


-bh 

2 


■ 277 

-(1) sin — 
2 n 


n sin (2 77/77) 


(c) 


(d) As n gets larger and larger, 277/77 approaches 0. 

Letting x = lir/n, 

sin(2 77 / 77 ) sin(2 77 / 77 ) sin.t 

An = — — = 7^—77— 77 = 77 

2/77 (277/7!) X 


12 

5. (a) Slope = — — 

(b) Slope of tangent line is -y^-. 


y + 12 = — (x - 5) 

5 169 

y = —x - — Tangent line 

(c) Q = (.v, y) = (x, 7169 - x 2 ) 

- 7169 - S? + 12 

777 r = 

X - 5 


J 12 - 7169 - a” 12 + 7l69 - x~ 

(d) lim m y = lim • , = 

x - 5 12 + 7l69 - 7 


= lim 


= lim 


144 - (169 - x 2 ) 

5 (x - 5)( 12 + v/169 - A 2 ) 

x 2 - 25 

5 (x - 5)( 12 + v/169 - x 2 ) 


n 

6 

12 

24 

48 

96 

- i; m ( * + 5) 

An 

2.598 

3 

3.106 

3.133 

3.139 

*->5 12 + 7169 - X 2 


10 = _5_ 

12 + 12 12 

This is the same slope as part (b). 


which approaches (1)77 = 77. 


7. (a) 3 + x 1 / 3 > 0 
x 1 ' 3 > -3 
x > -27 

Domain: x > — 27, 1/ 1 


(b) 



(d) lim/(.v) = lim 

x — y 1 x — y 1 


73 + x' /} - 2 _ 73 + X 1 / 3 + 2 
x - 1 73 + X 1 ' 3 + 2 

3 + *1/3 - 4 


(.7 - 1)(V3 + x 1/3 + 2) 


= lim 

X— » 


v !/3 _ l 


= lint 


1 ( x i/3 _ 1 ) (x 2 /3 + x 1 / 3 + l)( 73 + .v 1 / 3 + 2) 

1 


*->t (x 2 / 3 + X 1 / 3 + l)( 73 + x 1 / 3 + 2) 


1 


J_ 

(1 + 1 + l)(2 + 2) “ 12 


(c) lim f(x) 

x— » — 27 + 


73 + (-27) 1 / 3 - 2 

-27 - 1 


-2 

-28 


14 


0.0714 


9. (a) lim f(x) = 3: g v g 4 

x—>2 

(b) /continuous at 2: gj 

(c) lim f{x) = 3: g v g 3 , g 4 

x— >2 
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11 . 



(a) /(l) = [11 + I- 11 = 1 + (-!) = 0 

m = o 

/(I) = 0 + (- 1) = -1 

/(— 2.7) = -3 + 2 = -1 

(b) lim f(x) = - 1 

X— 

lim f(x) = -1 
»1 + 

lim f(x) = — 1 

*-> 1/2 

(c) / is continuous for all real numbers except 
x = 0, ±1, ±2, ±3, . . . 


13. (a) 

2 -- 

1 -- • O 

e #- 

o b 


(b) (i) lim P a b (x) = 1 

x—>a + 

(ii) lim P a b (x) = 0 

x—>a 

(iii) lim P a b (x) = 0 

x^b + 

(iv) lim P a lx) = 1 

x—>b 

(c) P a b is continuous for all positive real numbers 
except x = a , b. 

(d) The area under the graph of u, 
and above the v-axis, is 1. 
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CHAPTER 2 
Differentiation 


Section 2.1 The Derivative and the Tangent Line Problem 

Solutions to Odd-Numbered Exercises 


1. (a) m = 0 


(b) m = —3 


3. (a), (b) 





= §(*-« + 2 


= I Or - 1) + 2 


= x + 1 


5. /(*) = 3 — 2* is a line. Slope = — 2 


9. Slope at (0, 0) = lim 

Amo 


/( 0 + A t) -/( 0) 
A t 


= lim 

A/— >0 


3(At) 


- (At) 2 - 0 
A t 


= lim (3 — A t) = 3 

Ar->0 


7. Slope at (1, -3) = lim + ^ — 

Ax— >0 Ax 

- Ii„, (' + - 4 - (-3> 

Amo At 

1 + 2(A.r) + (Ax) 2 - 1 

Amo A.r 

= lim [2 + 2(A.r)] = 2 

Ax->0 


11. fix) = 3 

f(x) = lim /( - T + A a x) ~ /(x) 
Awo Ar 


= lim 


3-3 


Ay— >0 A.V 


= lim 0 = 0 

Ax— >0 


13. f{x) = — 5.r 

n X ) = lim + 

Ax^O Ax 

— 5(x + Ax) — (— 5x) 

= lim 

Ax— >0 Ax 


= lim — 5 = — 5 

Ax— >0 


15. h(s) = 3 + — s 


h'(s) = lim /; (‘ s ' + A - v ) ~ Mj) 

^ ' A.i->0 Aj 


= lim 

A.y— >0 


3 + 3^ + ~ ( 3 + 3 s ) 


A.s' 


= lim 

As — >0 



2 

3 


53 
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17. f(x) = 2x 2 + x — 1 

fix) = lim /(* + y~/(*) 

A.t — >0 Ax 

_ [2(x + Ax) 2 + (x + Ay) — 1] — [ 2x 1 + x — 1] 

A.t— >0 Ax 

(2X 2 + 4xAx + 2 (Ay) 2 + x + Ay — 1) — (2x 2 + x — 1) 
a*— > o Ay 

4yAy + 2(Ay) 2 + Ay .... 

= lim t = lim (4x + 2 Ay + 1) = 4y + 1 

a*— > o Ay a*— >o 

19. f{x) = x 3 — I2x 

r-f ( \ fix + Ax) - fix) 

fix) = lim t 

J a.y—>o Ay 

_ j. [(.y + Ay) 3 — 12(.y + Ay)] — [x 3 — 12 ,y] 

A-v— >o Ay 

_ .y 3 + 3x 2 Ax + 3 .y(Ay) 2 + (Ay) 3 — 12.y — 12Ay — x 3 + 12x 

A-v— >o Ay 

3x 2 Ay + 3x(Ay) 2 + (Ay) 3 — 12Ay 

= lim 7 

Ax—>o Ay 

= lim (3x 2 + 3 xAy + (Ay) 2 — 12) = 3x 2 — 12 

Ax— >0 


21. fix) = 


X — l 


fix) = lim A* + *x) -fix) 

Ax— >0 


= lim 

Ax— >0 


= lim 


= lim 


= lim 


Ay 



1 

1 


x + Ay — 1 

X — 

1 

Ay 



(x — 1) — (x - 

f Ay 

- 1) 

Ax(x + Ay — 

l)(x 

- 1) 

-Ay 


Ay(x + Ay — 

l)(x - 

- 1) 

-1 




Aa->o (x + Ay — l)(x — 1) 

1 

(x - l) 2 

23 . fix) = Jx + 1 

fix) = lim f^ + ^)-fix) 


At— >o Ay 


_ j. Vx + Ay + 1 — y/x + 1 I Jx + Ay + 1 + Jx + 1 
Ax Vi + Ay + 1 + Jx TT 

(x + Ay + 1) — (x + 1) 

Ax[Jx + Ay + 1 + Jx + l] 

= lim . =L . 

Jx + Ay + 1 + Jx + 1 


= lim 


1 


1 


Jx + 1 + Jx + 1 2Vx + 1 
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= lim (3.x 2 + 3xAx + (Ax) 2 ) = 3x 2 

A.v— »0 

At (2, 8), the slope of the tangent is m = 3(2) 2 = 12. 
The equation of the tangent line is 

y ~ 8 = 12(x - 2) 

y = 12x — 16. 
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31. (a) fix) = - 


fix) = lim 

ino Ax 


(x + Ax) + 


= lim 

Ax— >0 


x + At 


— \x H 


At 


_ .. x(x + At)(.t + At) + 4x — x 2 {x + Ax) — 4(x + At) 
iS ,t(At)(.t + At) 

_ x 3 + 2x 2 (Av) + x(Ax) 2 — x 3 — x 2 (Ax) — 4(At) 
inG x(Ax)(x + At) 

_ x 2 (Ax) + ,t(At) 2 - 4(At) 
iS x{Ax)(x + At) 

.t 2 + x(Av)-4 

= lim ; 

A.v— »0 x(x + At) 

_ x 2 - 4 4 

X 2 X 2 

At (4, 5), the slope of the tangent line is 

i 4 3 

16 4 

The equation of the tangent line is 


y - 5 = Jc - 4) 


y = 4 x + 2 



33. From Exercise 27 we know that/'(x) = 3t 2 . Since the 
slope of the given line is 3, we have 

3.t 2 = 3 

x = ±1. 

Therefore, at the points (1,1) and (— 1, — 1) the tangent 
lines are parallel to 3x — y + 1 = 0. These lines have 
equations 

and y + 1 — 3(x + 1) 


y ~ i = 3(x - l) 
y = 3x — 2 


y = 3x + 2. 


35. Using the limit definition of derivative, 
-1 


fix) = 


2x Vx 


Since the slope of the given line is — 2 , we have 


1 

2xVx 

X = 1. 


Therefore, at the point (1,1) the tangent line is parallel to 
x + 2y — 6 = 0. The equation of this line is 

y — 1 = ~\(x ~ 1 ) 

, 1 1 

y - 1 = --x + - 

7 2 2 

1 3 

y = — -x + -. 

- 2 2 


37. g(5) = 2 because the tangent line passes through (5, 2) 


g'i 5) 


2-0 

5-9 


2 

-4 


1 

2 


39. f{x) = x=>/'(x) = 1 (b) 
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Answers will vary. 
Sample answer: y — —x 


45. (a) If /'(c) = 3 and / is odd, then /'( — c) = f'(c) = 3 

(b) If /'(c) = 3 and / is even, then /'( — c) = —/(c) = — 3 


47. Let (* 0 , y 0 ) be a point of tangency on the graph off. By the limit definition for the derivative, /'(x) = 4 — 2x. The slope of the 
line through (2, 5) and (,r 0 , y 0 ) equals the derivative of/ at * 0 : 


5 — To = (2 - -*o)( 4 “ 2x q ) 

5 — (4x 0 — y 0 2 ) = 8 — 8a 0 + 2y 0 2 

0 = x 0 2 — 4x 0 + 3 

0 = (x 0 - 1)(.* 0 - 3) => x 0 =1,3 

Therefore, the points of tangency are (1, 3) and (3, 3), and the corresponding slopes are 2 and —2. The equations of the tangent 
lines are 

y — 5 = 2(x — 2) y — 5 = — 2(x — 2) 
y = 2x + 1 y = — 2x + 9 



49. (a) g'(0) = -3 

(b) g'(3) = 0 

(c) Because g'(l) = — |, g is decreasing (falling) at x = 1. 

(d) Because g'(— 4) = g is increasing (rising) at x — —4. 

(e) Because g'(4) and g'(6) are both positive, g(6) is greater than g(4), and g(6) — g(4) > 0. 

(f) No, it is not possible. All you can say is that g is decreasing (falling) at x — 2. 


51. f(x) = |y 3 

By the limit definition of the derivative we have/'(.v) = \x 2 . 


X 

-2 

-1.5 

-l 

-0.5 

0 

0.5 

i 

1.5 

2 

fix) 

-2 

27 

32 

1 

4 

1 

32 

0 

1 

32 

1 

4 

27 

32 

2 

fix) 

3 

27 

16 

3 

4 

3 

16 

0 

3 

16 

3 

4 

27 

16 

3 
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53. g(x) 


f(x + 0.01) -f(x) 
0.01 


= (2(x + 0.01) - (x + 0.01) 2 - 2x + x 2 ) + 100 



-1 


The graph of g(x) is approximately the graph of/'(x). 


55. /( 2) = 2(4 - 2) = 4, /(2.1) = 2.1(4 - 2.1) = 3.99 
3 99 — 4 

f\2) “ 21 - i = ~° A t Exact: /'® = °] 


57. fix) = ' and f'(x) 
vx 


-1 

lx’! 2 ’ 



As x— > oo,f is nearly horizontal and thus f ~ 0. 


59. f(x) = 4- (x - 3) 2 

/( 2 + Ax) -/( 2) 

SirW = (x - 2) +/( 2) 


4 - (2 + 4, - 3)^ _ 2) + MtlF,, _ 2) + 3 


Ax 


Ax 


(—Ax + 2)(x - 2) + 3 


(a) Ax = 1: = (x - 2) + 3 = x + 1 

Ax = 0.5: = (f)(x - 2) + 3 = |x 

/ 19\ 19 4 

^ = 01: ^ = \To) {x ~ 2) + 3 = To x ~~5 

(b) As Ax— >0, the line approaches the tangent line to /at (2, 3). 



61. fix) = x 2 


/'( 2) = lim 


l,c = 2 

fix) ~ /( 2) 
x — 2 


lim 

A— »2 


(x 2 ~ 1) ~ 3 

x — 2 


lim 

A — >2 


(x — 2)(x + 2) 
x — 2 


= lim (x + 2) = 4 

A— >2 


63. fix) = x 3 + 2x 2 + 1, c = —2 


/(■*) -/(“ 2) x 2 (x + 2) (x 3 + 2x 2 + 1) - 1 , 

TATA — = 1™ v z 9 = = x 4 


/ ( 2) — lim — mu — mu 

A — > 2 % + 2 A — > 2 % + 2 A— » — 2 % + 2 


65. g(x) = >/jx[. c = 0 

'ml r " ff(°) r n . ■ . 

g (0) = lim — = lim . Does not exist. 

.v— >0 X — 0 " - 


x->0 X 


X Jx 

yjxf i 

As x — > 0 + , = — 7= — > oo 

X Jx 


67. fix) = (x — 6) 2 / 3 , c = 6 

/-(si - 

(x - 6) 2/3 - 0 
= lim 

x—>6 X — 6 


= lim 


1 


nm 7 TTiA 

a->6 (x - 6) 1/3 


Does not exist. 
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69. h(x) = (x + 5), c = —5 
h'{- 5) = lim h{x) ~/ i( ~ 5) 

- lim l* + 5 l"° 
x—>— 5 X + 5 


= lim 


\x + 5 


5 X + 5 

Does not exist. 


71. /( x) is differentiable everywhere except at x = — 3. 
(Sharp turn in the graph.) 


73. fix) is differentiable everywhere except at x = — 1. 
(Discontinuity) 


75. fix) is differentiable everywhere except at x = 3. 
(Sharp turn in the graph) 


77. f{x) is differentiable on the interval (1, oo). 
(At x = 1 the tangent line is vertical) 


79. fix) is differentiable everywhere except at x = 0. 
(Discontinuity) 


81. fix) — \x — 1 1 

The derivative from the left is 

Urn M -/(« , , |n , l*-fc° = — 

x — >1 X 1 x — >1 X 1 

The derivative from the right is 

Um fW— /U) . , |m h— 


*1 + X — 1 


x->l + X — 1 


The one-sided limits are not equal. Therefore, /is not 
differentiable atx = 1. 


83. fix) = 


(x - 1)\ x < 1 


(x — l) 2 , X > 1 
The derivative from the left is 

Urn - lim ", ° 

x — >1 X 1 x — >1 X 1 

= lim (x - l) 2 = 0. 

X— 

The derivative from the right is 

lim MxM , |im & - l) 2 - 0 

x->l + X — 1 x— >1+ X — 1 

= lim (x — 1) = 0. 

X->1 + 

These one-sided limits are equal. Therefore, /is 
differentiable at x — 1. (/'(I) = 0) 


85. Note that /is continuous at x = 2. fix) = 

fix) ~/( 2) _ .. jx 2 + 1) - 5 


x 2 + 1, x < 2 
4x — 3, x > 2 


The derivative from the left is lim 


— „ = lim 

x-»2- X — 2 x- >2- X — 2 


= lim (x + 2) = 4. 

x — >2 


The derivative from the right is lim ^ = lim — — = lim 4 = 4. 

x— >2+ X — 2 x— >2+ X — 2 x— >2+ 

The one-sided limits are equal. Therefore,/is differentiable atx = 2. (/'( 2) = 4) 


87. (a) The distance from (3, 1) to the line mx — y + 4 = 0 is 
|Axj + By j + C | 


(b) 


d = 


JA 2 + B 2 

mi 3) - 1(1) + 4| 1 3m + 3| 


Jm 2 + 1 


s/m 2 + 1 



The function d is not differentiable at m = — 1. This corresponds to the line 
y — — x + 4, which passes through the point (3, 1). 
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89. False, the slope is lim 

Ax— >0 


/( 2 + Ax) -/( 2) 
Ay 


91. False. If the derivative from the left of a point does not equal the derivative from the right of a point, then the derivative does 
not exist at that point. For example, if fix) = |y|, then the derivative from the left at x = 0 is — 1 and the derivative from the 
right at x = 0 is 1. At x — 0, the derivative does not exist. 


93. fix) 


jvsin(l/x), x + 0 

[0, y = 0 


Using the Squeeze Theorem, we have — |y| < x sin(l/x) < \x\, x ¥= 0. Thus, lim x sin(l/jc) = 0 = /( 0) and/is continuous at 
x = 0. Using the alternative form of the derivative we have 


lim fix) ~{ (0) 

x— >0 X — 0 


lim 

x— >0 


jrsin(l/.v) — 0 
x — 0 


= lim ( sin— 

->o 


Since this limit does not exist (it oscillates between — 1 and 1), the function is not differentiable at x = 0. 

, , \x 2 sin(l/.r), x # 0 

^ ) = l0, y = 0 

Using the Squeeze Theorem again we have — x 2 <y 2 sin(l/x) < x 2 ,x # 0. Thus, lim x 2 sin(l/x) = 0 =/( 0) and/is continu- 
ous at x = 0. Using the alternative form of the derivative again we have 


lim 

. v— >0 


/(*) ~/(Q) 

x — 0 


lim 

x— >0 


x 1 sin(l/,Y) — 0 
x 0 


lim x sin- = 0. 

A->0 x 


Therefore, g is differentiable at x = 0, g '(0) = 0. 


Section 2.2 Basic Differentiation Rules and Rates of Change 


1. (a) ;y = x l/2 


y — 2 
y '( !) = \ 


= lx- 1 ' 2 


(b) y = x 3 ' 2 

y' = y< 
yXD = I 


(c) y = x 2 
y' = 2x 

,v'(l) = 2 


(d) 


y = xr 


y'= 3x 2 

T'(1) = 3 


3. y = 8 

y' = o 


5. y = x 6 
y' = 6y 5 


i. y = j = x~ 


y'= -7x~ 8 = 


-7 


9. y 


= 5/7 = yl/5 


V ' = Ty — 4/5 = 1 

y 5' V 5.U/5 


11. f{x) = X + 1 
fix) = 1 


13. fit) = -2f~ + 3t - 6 
fix) = -4# + 3 


15. g)x) = x 2 + 4x 3 
g\x) = 2x + I2x 2 


17. 5(r) = t 3 - 2t + 4 
s'(t) = 3f 2 - 2 


7 T 

19. y = — sin 9 — cos 0 


y' = — cos 9 + sin 6 


21. y = x 2 — - cos x 


y' = 2x + — sin x 
J 2 


23. y = 3 sin y 


, 1 , 

V = — ^ — 3 cos x 
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Function 

Rewrite 

Derivative 

Simvlifv 


5 _ 2 
* = ? 

y'= — 5x -3 

, -5 

<1 

V! 

II 

^ U> 

3 _ 3 
V= 8 X 

, -9 _ 4 

.v = 4 

V 

II 

OO | I 

^IvO 

VO 

V! 

II 

* 

1 

X 

II 

I 

II 

, 1 

y “ 2x 3 / 2 

31. f{x) = y = 

3x“ 2 , (1,3) 

33. fix) = 

-2 + ¥ (»• - 


fix) = -6x“ 3 = J f'{x) = yx 2 

m = _ 6 m = 0 


35. y = (2x + l) 2 , (0. 1) 
= 4x 2 + 4x + 1 
y' = 8x + 4 
y'(o) = 4 


37 . /(e) = 4 sin e - e, (o, o) 
/'(e) = 4 cos e - i 

/'(0) = 4(1) -1=3 


39 fix) = x 2 + 5 — 3x 2 
f'(x) = 2 x + 6 x -3 = 2 x + 


41. g(f) = l 2 - ^ = f 2 - At 3 
<?'(/) = 2l + 12r~ 4 = 2t + y 


43. /(x) 

/'(•*) 
47. fix) 
fix) 


x 3 — 3x 2 + 4 


x - 3 + 4x“ 2 



x/x — 6 # = x*/ 2 — 6x‘/ 3 


|x“ 1/2 + 2x“ 2/3 


1 2 

2 v/x x 2 / 3 


45. y = x(x 2 + 1) = x 3 + x 
y' = 3x 2 + 1 


49. /i(i’) = s 4 / 5 — i 2 / 3 

/!'( i ) = y - 4 / 5 - y ->/ 3 = 


4 

5.S 1 / 5 


2 

3^/ 3 


51. /(x) 
fix) 


6 ^ + 5 cos x = 6x*/ 2 + 5 cos x 
3 

3x“ '/ 2 — 5 sin x = — 7= — 5 sin x 


53. (a) y = x 4 — 3x 2 + 2 
y ' = 4x 3 — 6x 

At (1,0): y'= 4(l) 3 - 6(1) = -2. 
Tangent line: y — 0 = — 2(x — 1) 


2x + y — 2 = 0 



55. (a) fix) = -77=5 = 2x 3/4 

Vr 


— 3 —3 

f'(y) = — v 7/4 _ _ 

J W 2 * 2x 7 / 4 


At (1, 2), /'(l) = 


-3 


Tangent line: 


y - 2 = --(x - 1) 


3 7 

y = — -x + - 
2 2 


3x + 2y — 7 = 0 
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59. y = A = x “ 2 
x- 

— 2 

y' = — 2 .x -3 — — cannot equal zero. 
Therefore, there are no horizontal tangents. 


61. y = x + sin x, 0 < x < 2n 
y ' = 1 + cos x = 0 
cos x = — 1 => x = 7 T 
At x = TT,y = IT. 

Horizontal tangent: (n, tt) 

k 3 

65. - = — — x + 3 Equate functions 


— = — — Equate derivatives 


3 4' -3 3 3 3 

Hence, k = -x 2 and = — — x + 3 => — x = — — ; r + 3 => -x = 3 => x = 2 ^ k = 3. 

4 x 4 4 4 2 


63. x 2 — kx = 4.x — 9 Equate functions 
2x — k = 4 Equate derivatives 

Hence, k = 2x — 4 and 

x 2 - (2x - 4)x = 4x - 9 => -x 2 = -9 => x = ±3. 
For x = 3, k = 2 and for x = ~3,k= — 10. 


57. y = .x 4 - 8 x 2 + 2 
y'= 4x 3 - 1 6.v 
= 4x(x 2 - 4) 

= 4x(x — 2)(.x + 2) 
y'= 0 x = 0,±2 

Horizontal tangents: (0, 2), (2, — 14), (—2, — 14) 


67. (a) The slope appears to be steepest between A and B. 

(b) The average rate of change between A and B is 
greater than the instantaneous rate of change at B. 


(c) 


y 



69. g(x) = f(x) + 6 => g\x) = f(x) 71. 



If/ is linear then its derivative is a constant function. 
fix) — ax + b 

fix) = a 
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73. Let (x v }’|) and (x 2 , y 2 ) be the points of tangency on y = x 2 and y = —x 2 + 6x — 5, respectively. The derivatives of 
these functions are 




x 2 = 2 => y 2 = 3, x t = 1 and y 1 = 1 
Thus, the tangent line through (2, 3) and (1, 1) is 

y- i = (|— [)(* ^ !) => y = 2x - l 


75. f(x) = Vx, (-4,0) 77. /'(1) = -1 



4 + x = 2^/x^/x 
4 + x — 2x 

x = 4, y = 2 

The point (4, 2) is on the graph off. 

Tangent line: y — 2 = — - — — (v — 4) 

4y — 8 = x — 4 

0 = x - 4y + 4 
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79. (a) One possible secant is between (3.9, 7.7019) and (4, 8): 
,, 8 - 7.7019, 


4 - 3.9 
y - 8 = 2.98 l(x - 4) 
y = S(x) = 2.981*— 3.924 


(x ~ 4) 


(b) f'{x) = -x x ' 2 


m = 2<2) = 3 


T(x) = 3(x - 4) + 8 = 3* - 4 

S(x) is an approximation of the tangent line T(x). 

(c) As you move further away from (4, 8), the accuracy of the 




approximation T gets worse. 


Av 

-3 

-2 

-1 

-0.5 

-0.1 

0 

0.1 

0.5 

1 

2 

3 

/( 4 + A*) 

1 

2.828 

5.196 

6.548 

7.702 

8 

8.302 

9.546 

11.180 

14.697 

18.520 

r(4 + Ax) 

-1 

2 

5 

6.5 

7.7 

8 

8.3 

9.5 

11 

14 

17 


81. False. Let/(x) = x 2 and g(x) = x 2 + 4. Then 
fix) = g'(x) = 2x, but f(x) A g(x). 

85. True. If g(x) = 3 fix), then g'(x) = 3 f'{x). 

87. f(t) = 2r + 7, [1, 2] 
fit) = 2 

Instantaneous rate of change is the constant 2. 
Average rate of change: 

/( 2) ~ /(l) [2(2) + 7] - [2(1) + 7] 

2-1 1 

(These are the same because/is a line of slope 2.) 


83. False. If y = t t 2 , then dy/dx = 0. (t t 2 is a constant.) 
89. /(,)- - i. [1.2] 

rw - j 


Instantaneous rate of change: 

( 1 ,- 1 ) =>/{!) = 1 



Average rate of change: 

/( 2) ~/(l) (-1/2) - (-1) = 1 


2 - 1 


2 - 1 
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91 . (a) s(t) = -16r 2 + 1362 
v(t) — —32 1 
s(2) ~ s( 1) 


(b) 


= 1298 - 1346 = -48 ft/sec 


2 - 1 

(c) v(t) = s'(t) = —32 1 

When t = 1: v(l) = —32 ft/sec. 
When t = 2: v(2) = — 64 ft/ sec. 

(d) - 16 1 2 + 1362 = 0 
1362 


r z = 


16 


>/l362 

t = ~ 9.226 sec 


(e) vl 


/ 71362) _ _„/yi362\ 


\ 4 ) A j 

= —8^1362 « -295.242 ft/s 


93 . i(f) = — 4.9/ 2 + v 0 f + s 0 
= -4.9/ 2 + 120/ 
v(f) = -9.8/ + 120 
v(5) = -9.8(5) + 120 = 71 m/sec 
v(10) = -9.8(10) + 120 = 22 m/sec 


95 . 


~ 20 
> 


2 4 6 8 10 

Time (in minutes) 


(The velocity has been converted to miles per hour) 


97. i' = 40 mph = f mi/min 
(f mi/min)(6 min) = 4 mi 
v = 0 mph = 0 mi/min 
(0 mi/min) (2 min) = 0 mi 
t' = 60 mph = 1 mi/min 
(1 mi/min) (2 min) = 2 mi 



99. (a) Using a graphing utility, you obtain 
R = 0.167v - 0.02. 

(c) T = R + B = 0.00586v 2 + 0.1431v + 0.44 

(e) dT = 0.01172v + 0.1431 
dv 

For v = 40, r(40) = 0.612. 

For v = 80, r(80) = 1.081. 

For v = 100, r(100) = 1.315. 


(b) Using a graphing utility, you obtain 

B = 0.00586v 2 - 0.0239/’ + 0.46. 



(f) For increasing speeds, the total stopping distance 
increases. 


A A 

101 . A = s 2 ,— = 2s 
ds 

When s = 4 m, 

dA 0 , 

— = 8 square meters per meter change in i - . 
ds 


103 . 


c= 1,008.000 + 63Q 


dCf 

dQ 


Q 

1,008,000 

Q 2 


+ 6.3 


C(351) - C(350) « 5083.095 - 5085 » -$1.91 

j/i 

When Q = 350, — => —$1.93. 


105 . (a) /'(1.47) is the rate of change of the amount of gasoline sold when the price is $1.47 per gallon, 
(b) /'(1.47) is usually negative. As prices go up, sales go down. 
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107. y = ax 2 + bx + c 

Since the parabola passes through (0. 1) and (1, 0), we have 
(0, 1): 1 = a(0) 2 + b{ 0) + c => c = 1 
(1, 0): 0 = a(l) 2 + fo(l) + 1 => b = —a — 1. 

Thus, y = ax 2 + ( — a — 1)* + 1. From the tangent line y = x — 1, we know that the derivative is 1 at the point (1, 0). 
y' = lax + ( — a — 1) 

1 = 2a(l) + (-a - 1) 

1 = a - 1 
a = 2 

b = —a — 1 = — 3 
Therefore, y = 2x 2 — 3* + 1 . 


109. y = x 3 - 9x 
y' = 3x 2 - 9 

Tangent lines through (1, —9): 

y + 9 = {3x 2 - 9)(x - 1) 

(x 3 — 9x) + 9 = 3x 2 — 3x 2 — 9x + 9 

0 = lx 3 — 3x 2 = x 2 (lx — 3) 

A 3 

x = 0 or x = 5 

The points of tangency are (0, 0) and (|, — y). At (0, 0) the slope is y'(P) = —9. At (§, — y) the slope is y '(!) = — 
Tangent lines: 

y ~ 0 = ~9(x - 0) and y + y = —\{x ~ f) 

n 9 27 

y = —9x y = - 4 X - 4 - 

9x + y = 0 9v + 4y + 27 = 0 


111 . f(x) 


ax 3 , x < 2 

x 2 + b, x > 2 


/must be continuous at x = 2 to be differentiable at x = 2. 
lim f(x) = lint ax 3 = 8 a ] 8a 4 + 

x — >2 x—>2 l. 

lim fix) = lim (x 2 + b) = 4 + b \ ^ a ^ ^ 

x—>2 + x—>2 + 


fix) 


{ 3 ax 2 , x < 2 

2 x, x > 2 


For/to be differentiable at x = 2, the left derivative must equal the right derivative. 
3a(2) 2 = 2(2) 


12a = 4 
1 

a = 3 

b = 8a - 4 = -f 



Section 2.3 The Product and Quotient Rules and Higher-Order Derivatives 67 


113. Let fix) = cosx. 

fix + Ax) - fix) 


fix) = lim 

Ax-»0 


= lim 

Ax—>0 


Ax- 

cos x cos Ax — sin x sin Ax — cos x 


Ax 


cos x(cos Ax — 1) 

= lim lim sinx| 

Av— »0 Ax Av— »0 


sin Ax 

Ax 


= 0 — sinx(l) = — sinx 


Section 2.3 The Product and Quotient Rules and Higher-Order Derivatives 


1. gix) = (x 2 + l)(x 2 — 2x) 

g\x) = (x 2 + l)(2x — 2) + (x 2 — 2x)(2x) 
= 2x 3 — 2x 2 + 2x — 2 + 2x 3 — 4x 2 
= 4x 3 — 6x 2 + 2x — 2 


5. f{x ) = x 3 cos x 

fix) = x 3 (— sinx) + cosx(3x 2 ) 
= 3x 2 cos x — x 3 sin x 


3. hit) = fftifi + 4) = f\t 2 + 4) 


h'it) = t'/\2t) + (f 2 + 4)^r- 2 / 3 


= 2 r 4 / 3 + 


t 1 + 4 
3t 2/i 


It 1 + 4 

3t 2 / 3 


7 - ™ - _?TT 

„ , _ (x 2 + 1)(1) — x(2x) 1 - x 2 

} [X> ~ (x 2 + l) 2 ~ (x 2 + l) 2 


..1/3 


9 h(x) = 

y> X 3 + 1 X 3 + 1 


h\x) = 


(x 3 + l)|x 2 ^ 3 — x 1 / 3 (3x 2 ) 

(x 3 + l) 2 

(x 3 + 1) — x(9x 2 ) 

3x 2 / 3 (x 3 + l) 2 

1 - 8x 3 


ii i \ 

n. gix) = 

,, . x 2 (cos x) — sin x(2x) x cos x — 2 sin x 
g(x) = = x 3 


3x 2 / 3 (x 3 + l) 2 


13. fix) = (x 3 — 3x)(2x 2 + 3x + 5) 

fix) — (x 3 — 3x)(4x + 3) + (2x 2 + 3x + 5)(3x 2 — 3) 
= 10x 4 + 12x 3 - 3x 2 - 18x - 15 
fiO) = - 15 


15. fix) 


x 2 - 4 
x — 3 


\ = (x ~ 3)(2x) - (x 2 - 4)(1) 
1 ’ (x - 3) 2 


2x 2 — 6x — x 2 + 4 

^3P 

x 2 — 6x + 4 
(x - 3) 2 


A 1) 


1-6 + 4 
(1 - 3) 2 


4 


17. fix) — x cos x 

fix) = (x)(— sinx) + (cosx)(l) = cosx — xsinx 



72 

2 




it) 
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Function 

Rewrite 

x 2 + 2x 

1 2 4 . 2 

i9. y = — 3 — 

- v = 3 x + ? 

7 

7 , 

^ = 3Y 3 

.V = 3 ,- 

23. y = 4 ^ /2 

y = 4 s/x, x > 0 


25. f(x) 
fix) 


3 — 2x — x 2 


x 2 - 1 

(y 2 — 1)(— 2 — 2x) — (3 — 2x — x 2 )(2x) 

(y^P 

2x 2 - 4x + 2 _ 2{x - l) 2 
(y 2 - l) 2 " (Y 2 - l) 2 


Derivative 



y' = —7x~ 4 
y'= 2x~ l/2 


Simplify 


y' 


2x + 2 
3 


y' = 


Y 4 


y' = 


2 

Vx 


27. M - .v(. - jf) 


= Y — 


4x 

x + 3 


29. fix) 


2x + 5 
s/x 


2y'/ 2 + 5x ~ 1/2 


fix) = 1 - 


(y + 3)4 - 4y(1) 
(* + 3) 2 


(y 2 + 6y + 9) — 12 
(.^ + 3) 2 


fix) = Y- 1 / 2 



y 2 + 6y — 3 
Jx + 3) 2 


2y - 5 
2xfx 


31. his ) = (s 3 — 2) 2 = s 6 — 4s 3 + 4 
h Is) = 6s 5 - 12i 2 = 6s 2 is 3 - 2) 


2 - 


1 


33. fix) = 


fix) = 


2y - 1 


2y - 1 


y — 3 y(y — 3) y 2 — 3y 

(y 2 — 3y)2 — (2y — 1)(2y — 3) _ 2y 2 — 6y — 4y 2 + 8y — 3 


(y 2 - 3y) 2 


(y 2 - 3y) 2 


— 2y 2 + 2y — 3 _ 2y 2 — 2y + 3 

(y 2 - 3y) 2 “ y 2 (y - 3) 2 


35. fix) — (3y 3 + 4y)(y — 5)(y + 1) 

fix) = (9y 2 + 4)(y — 5)(y + 1) + (3y 3 + 4y)(1)(y + 1) + (3y 3 + 4y)(y — 5)(l) 

= (9y 2 + 4)(y 2 — 4y — 5) + 3y 4 + 3y 3 + 4y 2 + 4y + 3y 4 — 15y 3 + 4y 2 — 20y 
= 9y 4 — 36y 3 — 41y 2 — 16y — 20 + 6y 4 — 12y 3 + 8y 2 — 16y 


= 15y 4 - 48y 3 - 33y 2 - 32y - 20 


37. fix) 



fix) 


(y 2 — c 2 )(2y) — (y 2 + c 2 )(2y) 
(y 2 - c 2 ) 2 


— 4yc 2 
(y 2 - c 2 ) 2 


39. fix) = t 2 sin t 

fit) = t 2 cos t + 2t sin t 
= t)t cos t + 2 sin t) 


2x — 5 
~2xf r 


Vo | (N 
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and Quotient Rules and Higher-Order Derivatives 69 



— 2 esc x cot x 
(1 — esc x) 2 



70 Chapter 2 Differentiation 


63. (a) f(x) — (y 3 — 3x + 1)(y + 2), (1, —3) 

f'(x) = (y 3 — 3y + l)(l) + (y + 2)(3y 2 — 3) 

= 4y 3 + 6y 2 — 6x — 5 
/'( 1) = — 1 = slope at (1, —3). 

Tangent line: y + 3 = —l(x~ 1) => v = — x — 2 



65. (a) fix) = 
fix) = 

m = 


r> (2,2) 

x — 1 

(y - 1)(1) - y(1) 

(* - l) 2 

-1 




(2 - l) 2 
Tangent line: y — 2 = — 


-1 

' (x ~ l) 2 
slope at (2, 2). 

1(y — 2) y = — y + 4 



67. (a) fix) = tan x, ( 1 j 
f\x) = sec 2 Y 

/'(f) = 2 = sl °P e at (f> ! )- 

Tangent line: 


T - 1 = 2y - f 
4y — 2y — TT + 2 = 0 


(b) 



60. fix) = ^ 

, (y - 1)(2y) - y 2 (1) 

/ W (y - l) 2 

y 2 — 2y y(y — 2) 

fix) = 0 when y = 0 or x = 2. 

Horizontal tangents are at (0, 0) and (2, 4). 


71- fix) 


(x + 2)3 - 3y(1) 

(y + 2) 2 


6 

(y + 2) 2 


(y + 2)5 - (5y + 4)(1) 6 

g W (y + 2) 2 (y + 2) 2 


g(x) 


5y + 4 

(y + 2) 


3y 2y + 4 

(y + 2) (y + 2) 


= fix) + 2 


/ and g differ by a constant. 


73. fix) = x" sin x 

fix) = x" cosy + nx"~ l sin.Y 
= x"~ 1 (y cos y + n sin y) 

When n = 1 : f\x) = y cos y + sin y. 

When n = 2: /'(y) = y(ycosy + 2 sinY). 
When n = 3: /'(y) = y 2 (y cos y + 3 sin y). 
When n = 4: fix) — y 3 (y cos x + 4 sin y). 

For general n, fix) = y"“ 1 (y cos y + n sin x). 


75. Area = A(f) = (2f + 1) Vt = 2i 3 / 2 + t 1/2 


= 3t 1/2 + -r 1 / 2 
2 


+ 1 
2Vf 


cm 2 /sec 
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77. C = ml 20 * + 
x 


2 ' x + 30 
30 


, I < x 


dC = / 400 

dx \ x 3 + (x + 30) 2 

(a) When x = 10: ^ = -$38.13. 
dx 


(b) When x = 15: ^ = -$10.37. 

dx 

(c) When x = 20: ^ = -$3.80. 

dx 

As the order size increases, the cost per item 
decreases. 


79. P{t) = 500 
P\t) = 500 


1 + 


4 1 


50 + f 2 
(50 + r 2 )(4) - (Mm 


= 500 


= 2000 


(50 + t 2 ) 2 

200 - \t T 

L (50 + t 2 ) 2 _ 

50 = t 2 


_(50 + t 2 Y-_ 

P\ 2) ~ 31.55 bacteria per hour 


81. (a) sec x = 


d r d 

& [seC - Y] = Zr I 


1 

COS X 


(cos -O(o) - ( 1 )( — sin x ) _ sin x 1 sin x 


(cos x) 2 


cos x cos x cos x cos x 


= sec x tan x 


(b) esc x = — 
d 


dx 


— [ 
dx l 


[csc x] = 


sin x 


d 

1 

- 

dx 

sin 


COS X 


sin x 


d 

cos 

X 

dx 

sin 

X 


(sinx)(0) — (l)(cosx) _ cosx 


1 cos x 


(sin x) 2 


= — esc x cot x 


sin x sin x sin x sin x 


sinx(— sinx) — (cosx)(cosx) _ sin 2 x + cos 2 x _ 1 

(sinx) 2 sin 2 x sin 2 


= — csc~x 


83. /(x) = 4x 3 / 2 
f{x) = 6x'/ 2 

f\x) = 3x-'/ 2 = 4 


85. f{x) = 
fix) = 
fix) = 


X — 1 

(x - 1)(1) - x(l) _ - 1 


(X - l) 2 


(X - l) 2 


(X - 1) 3 


87. fix) — 3 sin x 
fix) = 3 cos x 
fix) = — 3 sin x 


89. fix) = x 2 
fix) = 2x 


91. fix) = 2^x 

/W(x) = i(2)x-'/ 2 = 4 


93. y 



95. fx) = 2 gix) + h(x) 

97. fix) 

fix) = 2 g\x) + h\x) 

ft 2) = 2gX2) + h\ 2) 

fix) 

= 2( — 2) + 4 
= 0 

/'( 2) 


g (-0 

h(x) 

hjx)g\x) - gjx)h\x) 
lhix)Y 

h(2)g\2) - g{2)h\2) 

[M2)] 2 

(-!)(- 2) - (3)(4) 

(-D 2 


/( 2) = 0 

One such function is/(x) = (x — 2) 2 . 


= -10 
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101 . v(f) = 36 - t 2 , 0<t<6 
a(t) = —2t 
i'(3) = 27 m/sec 
a{3) = — 6 m/sec 

The speed of the object is decreasing. 


It appears that /is cubic; so/' would be quadratic and 
/"would be linear. 


103 . v(t) 


100 1 
2 1 + 15 


(a) a( 5) 


1500 

[2(5) + 15? 


2.4 ft/sec 2 


. _ (2f + 15)(100) - (100?) (2) 
a[t> (2 1 + 15) 2 


(b) a(10) 


1500 

[2(10) + 15? 


= 1.2 ft/sec 2 


1500 

(2 1 + 15) 2 


(c) a( 20) 


1500 

[ 2 ( 20 ) + 15 ? 


~ 0.5 ft/sec 2 


105 . f(x) = g(x)h(x) 

(a) f\x) = g(x)h\x) + h(x)g'(x) 

f"(x) = g(x)h"(x) + g'(x)h'{x) + h(x)g\x ) + h\x)g\x) 

= g(x)h\x) + 2 g\x)h\x) + h(x)g'{x) 

f"'(x) = g{x)h"'(x) + g'(x)h"(x) + 2 g\x)h\x) + 2 g%x)h'(x) + /t(x)g '"(.*) + h\x)g"{x) 


= g(x)h'"(x) + 3g '(*)/»%*) + 3g"(x)h'(x) + g"'(x)h(x) 
f (4 \x) = g(x)/i ( %) + g'W/tlr) + 3g'(x)h"'(x) + 3 g'\x)h"(x) + 3 g'{x)h"(x) + 3 g"'{x)h'{x) 
+ g"'(x)h'(x) + g^\x)h{x) 


= g(x)h < - 4 \x) + 4 g'(x)h"\x) + 6 g'\x)h"(x) + 4g'"(x)h'(x) + g( 4 \x)h(x) 


(b) fW(x) = g(x)h in) (x) + 

1L (« 


1 )(« 
1 )(« 


2 ) ■ ■ • ( 2 )( 1 ) 
2 ) ’ ’ 1 ( 2 )( 1 ) 


g '(jr)M" ^(x) + 


n(n — 

(2)(1)[(« 


1)(" ~ 
- 2 )(n 


2 ) • • • ( 2 )( 1 ) 

- 3) • • • (2)( 1 )] 


g\x)hf' 2) (jt) 


n(n ~ 1 )(« ~ 2 ) • ■ • ( 2 )( 1 ) 

(3)(2)(l)[(n - 3 )(n - 4) • • • (2)(l) 


’(x)h (n 3 \x) + • • • 


+ 


n(n ~ l)(n ~ 2) • • • (2)(l) 

[(» - D(» - 2) • • • (2)(1)](1) 


gin l \x)h\x) + g (,!) (.r)/i(j:) 


= g(x)li M (x) + u ^"- iy 8\x)h ( " l) {x) + 2! ( w ”l 2 )\ 8 ^ h(n 2) W + ’ • ' 


+ („ _ /Z 1 ); 1 l 8 tn l \x)h\x) + g M (x)h(x) 
Note: n\ = n(n — 1) . . . 3 • 2 • 1 (read “n factorial.”) 



Section 2.4 The Chain Rule 73 


n\ 77 1 

/ — = cos — = — 
J \3 ) 3 2 


107. fx) = COS X 
f'{x) = — sin* 
fix) = — cosy 

\ ->/ 

(a) P^x) =f'ia)ix - a) + fa) = -—( r - — 


J 77 \ .77 n/3 

/ Uj = - Sin 3 = “T“ 


77 \ 77 1 

J \3 3 2 


2 l* 3 j + 2 


J’jto = o /"(«)(* - a) 2 +f'ia)ix ~ a) + fa) 


1/ 77^2 f}( 77 

~~ _ 4\ ~~ 3 1 


2 \ X 3 ) + 2 


(c) P 0 is a better approximation. 


(b) 


f: X 





(d) The accuracy worsens as you move farther away 
from* = a = itr/3). 


109. False. If y = fix)gix), then 
dy 


dx 


= fix) g'ix) + gix)f\x). 


111. True 

h'ic) =fc)g'ic) + gic)f\c) 
= /(c)(0) + gic)i 0) 

= 0 


113. True 


115. fix) = x\x\ 


[x 2 , ifx > 0 
[ — x 2 , ifx < 0 


fix) 

fU) 


f 2x, if x > ol 
[ — 2x, ifx < Oj 

f 2, if x > 0 
[ — 2, ifx < 0 


2\x\ 


f"i 0) does not exist since the left and right derivatives 
are not equal. 


Section 2.4 The Chain Rule 


y = figix)) 

u = g(x) 

.v = fu) 


1. y = (6x — 5) 4 

u = 6x — 5 

y = u 4 


Vi 

II 

i 

u = x 2 — 1 

y = Vu 


5. y — esc 3 x 

U = CSC X 

II 


v: 

II 

1 

^4 



9- gix) 

V' = 3(2* - 7) 2 (2) 

1 

£ 

VD 

II 


g'ix) 


3(4 - 9x) 4 
12(4 - 9x) 3 (— 9) 


- 108(4 - 9.x) 3 


11. fx) = (9 - x 2 ) 2 / 3 


13. ft) = (1 - f)'/ 2 


fix) = |(9 - x 2 ) x f-2x) 


4x 

3(9 - x 2 ) 1 / 3 


/'« = |a-r i/2 (-D 


i 


2fl - t 
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15. y = (9* 2 + 4) 1 / 3 


y' = 9x 2 + 4) - 2 / 3 (l 8x) 


6x 

(9x 2 + 4) 2 /3 


19. y = (x - 2)-' 

y,= " 1(2 “- t) " 2(1) = (^V 


23. y = (* + 2)-'/ 2 


dy 

dx 


~^X + 2 )- 3/ 2 = 


1 

2(* + 2)3/2 


17. y = 2(4 - ^2)1/4 

y' = 2^)(4 - x 2 )- 2/ \~2x) 

— ~ X 

21 . /(f) = (r - 3)-2 

/'(f) = -2(f - 3)-3 = 

25. f(x) = * 2 (* — 2) 4 

f'{x) = * 2 [4(* - 2)3(1)] + (* - 2) 4 (2x) 
= 2 *(* — 2 ) 3 [ 2 * + (* — 2 )] 

= 2*(* - 2) 3 (3* - 2) 


27. y = xVl ~ x 2 = *(1 - x 2 )!/ 2 

1 


y =x\ 


HI -*2)-i/2(-2x) 


+ (1 - * 2 ) 1/2(1) 


= * 2(1 - x 2 ) — I/ 2 + (1 - x 2 )l/2 

= (1 - *2) l/ 2 [ *2 + (1 - x 2 )] 
_ 1 - 2*2 
Vl “ *2 


3L g(*) = ( 


* 2 + 2/ 

+ 5 V (* 2 + 2) — (* + 5)(2*)\ 




(*2 + 2)2 


/ 


2(* + 5)(2 — 10* — * 2 ) 
(* 2 + 2)3 


ic Vx + 1 

35. y = , 




* 2 + 1 

1 — 3*2 — 4*3/2 
2 ^(*2 + 1)2 


The zero of y ' corresponds to the point on the graph of 
y where the tangent line is horizontal. 


29. y = 


\fx 2 + l 


= *(* 2 + 1 ) 1 / 2 


y' = * 


~\{X 2 + 1 ) — 3/2(2*) 


+ (* 2 + I ) - 3 / 2 ( 1 ) 


= * 2 (*2 + I) - 3/2 + ( t 2 + I) - 1/2 

= (* 2 + l) _ 3/2[ — x 2 + (x 2 + 1)] 

1 

~~ (* 2 + l ) 3 / 2 

34 CnY’ 

n ,1 = Y 1 - + v)(-2) - U - 2y) 

n) ll+vA (l+v)2 


-9(1 - 2v) 2 
(1 + v) 4 

3f 2 

>/f2 + 2f — 1 

3t(t 2 + 3f — 2) 
(f 2 + 2f - 1)3/2 


37. ffW = 
g'W = 


The zeros of g ' correspond to the points on the graph of 
g where the tangent lines are horizontal. 



-2 





.w— 


-2 
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39. y = 



fix + \)/x 
2x(x +1) 


y'has no zeros. 



41. 


s(t) = 
s\t) = 


-2(2 - t)V I + t 


ym 


The zero of i '( ? ) corresponds to the point on the graph of 
s(t) where the tangent line is horizontal. 



43. y = 


COS 7 TX + 1 


dy _ — irx sin t tx — cos t tx — 1 
dx x 2 

TTX sin T TX + COS 7 TX + 1 




The zeros of y ' correspond to the points on the graph of y where the tangent lines are horizontal. 


45. (a) y = sin x 
y' = cos x 

y'(o) = 1 

1 cycle in [0, 2 77 ] 


(b) y = sin 2x 
y ' = 2 cos 2x 

y'i 0) = 2 

2 cycles in [0, 277 ] 

The slope of sin ax at the origin is a. 


47. y = cos 3x 49. g(x) — 3 tan 4x 

dy s'(x) = 12 sec 2 4x 

— = — 3 sin 3x 
dx 

51. y = sin (7j\t) 2 = sin(7r 2 x 2 ) 

y' = cos (tt x 2 )[2tt 2 x] = 2n 2 x cos(tt 2 x 2 ) 


53. h(x) — sin 2x cos 2x 

h '(.r) = sin 2x( — 2 sin 2x) + cos 2x(2 cos 2.t) 
= 2 cos 2 2x — 2 sin 2 2x 
= 2 cos 4.r. 

Alternate solution: h(x) = ^ sin 4x 


55. f(x) 


cot X _ COS X 
sin x sin 2 x 


fix) 


sin 2 x(— sin x) — cos ,r(2 sin x cos x) 
sin 4 x 


— sin 2 x — 2 cos 2 x 
sin 3 x 


— 1 — cos 2 y 
sin 3 x 


h '{x) = — cos 4x(4) = 2 cos 4x 
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57. y = 4 sec 2 * 

y ' = 8 sec x • sec x tan x = 8 sec 2 x tan x 


59. f(0) = \ sin 2 20 = |(sin 20) 2 

f\e) = 2 (i)( sin 20) (cos 20) (2) 

= sin 20 cos 20 = \ sin 40 


61. /(x) = 3 sec 2 (T rt — 1) 

f\i) = 6 sec(i Tt — 1) sec(nt — 1) tan(Trt — l)(7r) 

6Trsin(7rf — 1) 


= 67rsec 2 (iTf — 1) tan(irf — 1) = 


cos 3 (t Tt — 1) 


63. y = */x + — sin(2x) 2 
= Jx + ^ sin(4x 2 ) 

= ^x _1/2 + ^ cos(4x 2 )(8x) 


73. y = 37 - sec 3 (2x), (0, 36) 

y' = — 3 sec 2 (2x)[2 sec(2x) tan(2x)] 
= — 6 sec 3 (2x) tan(2x) 

,v'(0) = 0 


2 ~Jx 


+ 2x cos(2x) 2 


65. y = sin(cos x) 
dy 


dx 


= cos(cosx) • ( — sinx) 


= — sm x cos 1 


(cos x) 


f ^ ^ 25 


67. s{t) = (f 2 + 2 1 + 8) 1 / 2 , (2, 4) 
s\t) 


1 



*'(2) 

(-1,-5) 

71. /(f) 

4)-W) - -(^ 9 f 4)I 

f\t) 


= -(t 2 + 2t + 8 )- l ' 2 {2t + 2) 
t + 1 

t 2 + 2? + 8 


3 

4 

3t + 2 
f - 1 ’ 


( 0 , - 2 ) 


(f - l)(3) - (3 t + 2)(1) 
(f - l ) 2 


f\0) = -5 


75. (a) /(x) = V3x 2 - 2, (3, 5) 

/'(x) = ^(3x 2 - 2)-‘/ 2 (6x) 

3* 

~~ V3x 2 - 2 
/'( 3 ) - ? 

Tangent line: 

y — 5 = |(x - 3) => 9x - 5v - 2 = 0 


\ 


A 



77. (a) /(x) = sin 2x, ( tt , 0) 

/'(x) = 2 cos 2x 
/'(tt) = 2 
Tangent line: 

y = 2(x — tt) => 2x — y — 



-5 

(t ~ l) 2 


217= 0 
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79. f(x) = 2(x 2 - l) 3 
f\x) = 6(x 2 - l) 2 (2x) 

= I2x(x 4 — 2x 2 + 1) 
= 12x 5 - 24x 3 + I2x 

f"[x) = 60x 4 - 72jc 2 + 12 
= 12(5x 2 - l)(x 2 - 1) 


81. fix) = sin* 2 
fix) = 2x cos x 2 

fix) = 2x[2x(— sinx 2 )] + 2cosx 2 
= 2[cos x 2 — 2x 2 sin x 2 ] 


83. y 85. 




The zeros of/' correspond to the points where the graph 
of/has horizontal tangents. 

87. gix) = /( 3x) 

g'(x) = /'(3x)(3) =>g'(x) = 3/'(3x) 

89. (a) fix) = g(x)h(x) 

fix) = gix)h\x) + g'ix)hix) 
fi 5) = ( — 3)( — 2) + (6) (3) = 24 

\ = h(x)g'(x) - gjxih'jx) 

H> [hixf 

. = (3)(6) ~ (~ 3)(— 2) = 12 4 

7 U J (3) 2 9 3 


The zeros off correspond to the points where the graph 
of/has horizontal tangents. 


(b) fx) = gihix)) 

fix) = g\hix))h\x) 

fi 5) = g'(3)(— 2) = — 2g '(3) 

Need g'(3) to fmd/'(5). 

(d) fx) = [g(.r)] 3 
fix) = 3[g(x)] 2 g'(.r) 

/'(5) = 3(— 3) 2 (6) = 162 


91. (a) /= 132.400(331 - v)” 1 

/'= (- 1)(132, 400)031 - v)“ 2 (-l) 

_ 132,400 

_ (331 — v) 2 

When v = 30,/'= 1.461. 


(b) /= 132,400(331 Tv)” 1 

/'= (— 1)(132,400)(331 + v)“ 2 (l) 

-132,400 
“ (331 + v) 2 

When v = 30,/'= -1.016. 


93. 6 = 0.2 cos 8 1 

The maximum angular displacement is 9 = 0.2 (since 
— 1 < cos 8 1 < 1). 

d6 

— = 0.2[— 8 sin 8t] = — 1.6 sin 8r 


95. 5 = CiR 2 - r 2 


dS J^ p dR dr 

= C 2R 2 r — 

dt \ dt dt 


Since r is constant, we have dr/dt = 0 and 
= (1-76 x 10 5 )(2)(1.2 x 10 _2 )(10“ 5 ) 


When t = 3, dO/dt = — 1.6 sin 24 = 1.4489 radians per 
second. 


= 4.224 x 10~ 2 = 0.04224. 
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97. (a) x = — 1 . 6372? 3 + 19 . 3120/ 2 - 0 . 5082 ? - 0.6161 
( b ) C = 60x + 1350 

= 60 (- 1 . 6372? 3 + 19 . 3120? 2 - 0 . 5082 ? - 0 . 6161 ) + 1350 
^ = 60 ( — 4 . 9116? 2 + 38 . 624 ? - 0 . 5082 ) 

= — 294 . 696? 2 + 2317 . 44 ? - 30.492 

The function y 2 - is quadratic, not linear. The cost function levels off at the end of the day, perhaps due to fatigue. 


99. f(x) = sin fix 

(a) fix) = [3 cos px 
f"(x) = — p 2 sin px 
fix) = — P 3 cos px 

/ (4) = P 4 sin Px 

(b) f"(x) + p 2 fix) = — p 2 sin Px + p 2 {sin Px) = 0 

(c) /(2fc)( x ) = ( — 1 )* s i n p x 
/( 2t_ i)(x) = (— l)* + 1 p 2k ~ l cos Px 


101. (a) r\x) = f'(g(x))g'(x) 

r'i 1) =/'(g(l))g'(l) 

Note that g(l) = 4 and f\A) = = | 

Also, g'(D = 0. Thus, r'(l) = 0 
( b ) ,'(*) = g'(f(x))f(x) 

= g’(f( 4))/' (4) 

Note that /(4) = 1^1)= |^| = | and 

m = J 

Thus,, '(4) = 0) = f. 


103. g = Vx(x + n) 

= Vx 2 + nx 

— = -(x 2 + «x) -1 / 2 ( 2x + n) 
ax 2 

2 x + n 
2Vx 2 + nx 
_ (2x + n)/2 
n/x(x + n) 

_ [x + (x + rc)]/2 
Vx(x + n) 

_ a 

g 


105. g(x) 
g'(x) 


|2x - 3| 


2x — 3 \ 
|2x - 3 | / 


x A 


3 

2 


107. /?(x) = |x|cosx 


/? \x) 


— |x| sin x + 


x 

TV COS X, 

\x\ 


x ^ 0 
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109 . (a) /(. x) = tan - 


/'(*) = Jsec 2 ^ 


/'(l) = f(2) = f 


n T? 2 TT.X TTX TT) 

fra = — sec 2 — — • tan — — — 

J w 2 4 4 4 


/"(l)=f(2)(D=J 


Pfx) =/'( l)(x - 1) +/(1) = -(* - 1) + 1. 


F - !) 2 +/'(!)(* - 1 ) +/( 1 ) = - l ) 2 + - 1 ) + 1 



(c) P 2 is a better approximation than P t 

(d) The accuracy worsens as you move away from x = c = 1. 


111 . False. If y = (1 — x) 1 ^ 2 , theny' = i(l — x) l /\— 1). 


113 . True 


Section 2.5 Implicit Differentiation 


1. x 1 + y 1 = 36 
2x + 2 yy' = 0 


*1/2 + yi /2 = 9 

\xr i/ 2 + \y~ i/ 2 y'= 0 


, AT ” 1 / 2 

>’ = “y^ 


.r 3 — xv + y 2 = 4 
3X 2 - xy' - y + 2yy’ = 0 

(2y - x)y' = y - 3.r 2 

2v — x 


* 3 y3 — y _ * = 0 

3x 3 y 2 y ' + S^y 3 — y ' - 1 =0 

(3^r 3 y 2 — I )y ' = 1 — 3x 2 y 3 

, _ 1 — 3x 2 y 3 
3x 3 y 2 — 1 


9 . x 3 — 3.r 2 + 2xy 2 = 12 

3.v 2 — 3x 2 y' - 6xv + 4xyy' + 2y 2 = 0 
(4xy — 32: 2 )y' = 6xy — 3x 2 — 2 y 2 


j _ 6 xy - 3x 2 — 2 y- 
4x y — 3x 2 


11 . sin x + 2cos 2y = 1 
cos x — 4(sin 2y)y ' = 0 


4 sin 2y 
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13 . sin* = x(\ + tany) 

cos x = x(sec 2 y)y' + (1 + tany)(l) 

, _ cos x — tan y — I 
^ x sec 2 y 

17 . (a) x 2 + v 2 = 16 

y 2 = 16 — x 2 

_v = ± yi6 — x 2 


(c) Explicitly: 

+x = -X = -X 

~ yi6 - x 2 ± yi6 - x 2 y 

19. (a) 16y 2 = 144 - 9x 2 

y 2 = 3^(144 - 9x 2 ) = ^(16 - x 2 ) 

y = ±^716 - x 2 
(c) Explicitly: 

f x = ±|(16 - x 2 )-^ 2 (-2x) 

3x = -3.x = —9x 

4s/l6 — x 2 4(4/3)y 16v 


15 . y — sin(xy) 

y' = [xy' + y] cos(xy) 

y ’ — x cos(xy)y ' = y cos(xy) 

, = v cos(xy) 

1 — x cos(xy) 

(b) y 



(d) Implicitly: 

2x + 2yy' = 0 




(d) Implicitly: 

18x + 32yy ' = 0 

y' = — 

r 16y 


21 . xy = 4 

xy' + y(l) = 0 
xy' = -y 


23 . y 2 


x 2 - 4 
x 2 + 4 


2yy' = 


{x 2 + 4)(2x ) — (x 2 
(x 2 + 4) 2 


4)(2x) 


y' = 


-y 

X 


2yy' 


16x 

(x 2 + 4) 2 


At (-4, -1): y' 


1 

4 


• V y(x 2 + 4) 2 
At (2, 0), y ' is undefined. 
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25 . x 2 / 3 + y 2 / 3 = 5 


27. tan(x + y) = x 



At (8, 1): y'= ~ 


(1 + y') sec 2 (x + y) = 1 


, _ 1 — sec 2 (x + y) 
sec 2 (x + y) 

— tan 2 (x + y) 
tan 2 (x + y) + 1 


x 2 + 1 


— sin 2 (x + y) 


At (0,0): y'= 0. 


29. (x 2 + 4)y = 8 

(x 2 + 4)y ' + y(2x) = 0 


y = 


— 2xy 
x 2 + 4 

— 2x[8/(x 2 + 4)] 

x 2 + 4 

— 16x 


At (2. 1): y' = 


(x 2 + 4) 2 

-32 _ 1 

64 “ 2 


Or, you could just solve for y: y = , 


8 

x 2 + 4 


33. tan y = x 
y'sec 2 y = 1 

y' 


2 = cos 2 y. 


sec^ y 

sec 2 y = 1 + tan 2 y = 1 + x 2 

1 

1 + x 2 


77 77 

2 <y< 2 


y 


37. x 2 - y 2 = 16 

2x — 2yy' = 0 


y = 


y 


x — yy ' = 0 

1 -yy"- (vO 2 = 0 




y 2 — y 3 y" = x 2 


y = 


y 2 -x 2 


-16 

v 3 


31 . (x 2 + y 2 ) 2 = 4x 2 y 

2(x 2 + y 2 )(2x + 2yy ') = 4x 2 y' + y(8x) 

4x 3 + 4x 2 yy ' + 4xy 2 + 4y 3 y ' = 4x 2 y ' + 8xy 

4x 2 yy ' + 4y 3 y ' — 4x 2 y ' = 8xy — 4x 3 — 4xy 2 

4y '(x 2 y + y 3 — x 2 ) = 4(2xy — x 3 — xy 2 ) 

, _ 2xy — x 3 — xy 2 
y x 2 y + y 3 — x 2 

At (1, 1): y'= 0. 


35 . x 2 + y 2 = 36 
2x + 2yy ' = 0 



y(— 1) + xy' 

r 


-y + x| 



39. y 2 = x 3 
2 yy' = 3x 2 

, _ 3x^ _ 3x^ xy _ 3y x^ __ 3y 

^ 2y 2y ,xy 2x y 2 2x 

„ 2x(3y Q - 3y(2) 

y 4x 2 

_ 2x[3 • (3y/2x)] — 6y 

4x 2 

_ 3y _ 3x 
4x 2 4y 
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41 . Vx + Vy = 4 
l ... 1 

r* + 2 


-x~ 1 ' 2 + -y-V2y' = 0 
2 T } 


At (9, l),y'= - 


1 


Tangent line: y — 1 = — — (x — 9) 


- V “ .V" 4 


x + 3y — 12 = 0 



43 . x 2 + y 2 = 25 



At (4, 3): 

-4 

Tangent line: y — 3 = ^ (x — 4) => 4x + 3v — 25 = 0 

3 

Normal line: y — 3 = —(x — 4) => 3x — 4v = 0. 

At (-3, 4): 

3 

Tangent line: y — 4 = ~(x + 3) 3x — 4y + 25 = 0 
— 4 

Normal line: y — 4 — + 3) => 4* + 3y = 0. 


6 




9 


9 


45 . x 2 + y 2 = r 2 
2x + 2yy ' = 0 

— X 

y ' = — = slope of tangent line 

y 

- = slope of normal line 

x 

Let (x 0 , y 0 ) be a point on the circle. If x 0 = 0, then the tangent line is horizontal, the normal line is vertical and, hence, passes 
through the origin. If x 0 A 0, then the equation of the normal line is 

y°. v 

y-yo = —(x- -*o) 



which passes through the origin. 
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47. 25.tr 2 + 16y 2 + 200x - 160v + 400 = 0 

50.r + 32 yy' + 200 - 1 60y ' = 0 

, _ 200 + 50rr 
y ~ 160 - 32y 

Horizontal tangents occur when x = — 4: 

25(16) + 16y 2 + 200(— 4) - 160y + 400 = 0 

y(y - 10) = 0=>y = 0, 10 
Horizontal tangents: (—4, 0), ( — 4, 10). 

Vertical tangents occur when y — 5: 

25.tr + 400 + 200.V - 800 + 400 = 0 

25x(x + 8) = 0 => x = 0, — 8 
Vertical tangents: (0, 5), (— 8, 5). 


y 



49. Find the points of intersection by letting y 2 = 4x in the equation Xx 2 + y 2 = 6. 
2x 2 + 4x = 6 and ( x + 3)(.r — 1) = 0 


The curves intersect at (1, ±2). 4 |y2 = 4 .t| 


Ellivse: 

Parabola: 

-6 

r 


4x + 2 yy' = 0 

II 

A 

S4 1 -- 2 ) 

, 2x 

y = — 

? 


\2x 2 +y 2 = 6\ 


y' = - 



\ 

y 

y 




At (1, 2), the slopes are: 





y'= -i 

y'= i. 




At (1, —2), the slopes are: 





y'= i 

y' — -i. 





Tangents are perpendicular. 

51. y = —x and* = sin y 
Point of intersection: (0, 0) 

y = ~x: x = sin y: 

y ' = — 1 1 = y ' cos y 

y ' = sec y 

At (0, 0), the slopes are: 

y'=-\ y' = l. 

Tangents are perpendicular. 



53. xy = C 


x 2 — y 2 = K 


xy' + y = 0 2x — 2yy' = 0 


At any point of intersection (x, v) the product of the 
slopes is ( — y/x)(x/y) = — 1. The curves are orthogonal. 
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55. 2y 2 - 3.x 4 = 0 


(a) 4yy' - 12x 3 = 0 

4yy ' = I2x 3 

, 12.x 3 3x 3 

y 


(b)4v^- 12^4 = 0 
dt dt 


y 


dy 

dt 


3x 3 


dx 

dt 


57. cos Try — 3 sin ttx = 1 

(a) — 7 t sin (7 Ty)y' — 3ir cos ttx = 0 


y = 


— 3 COS TTX 
sin iry 


(b) — 7 t sin(7rv) 


dy 

dt 


37 T COs(7 Tx)~p = 0 
dt 

— sin(7TV 4 = 3 cos(77\x) 
’ dt 


dx 

dt 


59. A function is in explicit form if y is written as a function 
of x: y = fix). For example, y = x 3 . An implicit equation 
is not in the form v = fix). For example, x 2 + y 2 = 5. 


61. (a) x 4 = 4(4x 2 — y 2 ) 


4y 2 — 16.x 2 — x 4 

y2 = 4 X 2 - 1*4 

4 



10 


c.\ 

r\ 

w 



-10 


(b) y = 3 => 9 = 4x 2 - ^x 4 

36 = 16.r 2 — x 4 
x 4 — 16x 2 + 36 = 0 

e = 16 ± 756^44 . 8 ± 

Note that x 2 = 8 ± 728 = 8 ± 277 = (l ± 77) 2 . 

Hence, there are four values of x: 

-1- 77, 1- 77, -1 + 77, 1 + 77 

To find the slope, 2yy ' = 8x — x 3 => y ' = \ 

For x = — 1 — 77, y ' = |( 77 + 7), and the line is 

Ti = 1(77 + l)(x + 1 + 77) + 3 = j[(77 + l)x + 877 + 23)]. 

For.r = 1 — 77, y' = 1(77 — 7), and the line is 

y 2 = 1(77 - l)(x - 1 + 77) + 3 = l[(77 - l)x + 23 - 877]. 

For x = — 1 + 77, y ' = — 1( 77 — l), and the line is 

y 3 = ~\{Jl ~ i)(x + 1 - 77) + 3 = -|[(T7 - l)x - (23 - 877)]. 
For x = 1 + 77, y' = — 1( 77 + 7), and the line is 

y 4 = —M77 + i)(x - 1 - 77 ) + 3 = — 1[(77 + i)x - (877 + 23 )]. 



—CONTINUED— 


-10 
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61. —CONTINUED— 

(c) Equating y 3 and y 4 , 

-|(V7 - l)(x + 1 - 77) + 3 = -\{Jl + l)(x - 1 - Jl) + 3 

(77 - i)[x + 1 - Jl) = (77 + 7)(x -1-77) 

77x + s/l — 1 — lx — 1 + 1-Jl = T7x - Jl-l + lx-1- ijl 
1677 = 14x 
877 


If x = — — — , then y = 5 and the lines intersect at I — — — , 5 I. 


63. Let/(x) = x" = x p ^ q , where p and q are nonzero integers and q > 0. First consider the case where p = 1. The derivative of 
/(x) = x 1 / 9 is given by 

-f [*/«] = hm /(x + M -/(*> = lim 

dx a*— > o Ax t — x 

where t = x + Ay. Observe that 

f{t) - f(x) = t 1/q - x l/q = t 1/l? - y7 

r - x t - x (t' ,q ) q - {x l/q ) q 

;!/-? - x l/q 

( t l/q - X 1 /®)^ 1- * 1 /*) + f t-(2lq) x \lq + . . . + t t/q x l-(Vq) + 

_ 1 

;!-(!/«) + ft-(2/q) x t/q + fl/q x l-(2/q) _|_ 

As f— >x, the denominator approaches qx' ~6/q)_ That 

— rvi/O = 1 = *v(i/?)-i 

t/x L J qx'-Wd q 

Now consider /(x) = x p ! q = (x p ) 1,,? . From the Chain Rule, 

f'(x) = V) (1/?) “ lJ rM = -(■ 7) (1/ * )_1 px f ’ _1 = -x [(p / ? )- p ] +(p -i) = -x (p/q) ~ trs nx n ~ 1 (n = 

q dx q q q \ q) 
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1. y = 7x 

rfy = / 1 \dx 
dt \27 x) dt 

^ = 2 Sx d J 

at dt 

(a) When x = 4 and dx/d? = 3, 

dt 274 1 4' 

(b) When x = 25 and rfy/rff = 2, 

^ = 2 725(2) = 20. 
dt 


xy = 4 

dy , * 

X— + V— = 0 
dt ' <r/f 

<r/y _ ( y\dx 
dt \ x) dt 

dx _ l x\cly 
dt \ y/dt 

(a) When x = 8, y = 1/2. and dx/dt = 10, 

i = _y? (10 ).-5. 

dt 8 1 8 

(b) Whenx = l,y = 4, and dy/dt = — 6, 

dx 1 . 3 

7=- 4 (- 6) = 2 - 
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5. y = x 2 + 1 
dx 

= 2 

dt 

dy „ dx 
-f — 2x — 
dt dt 

(a) When x = — 1, 


-7- = 2(— l)(2) = — 4 cm/sec. 
dt 


7. v = tan x 
dx 


dt 


= 2 


rfy , dx 
-f- = sec- x — 
dt dt 

(a) When x = — 7 t /3 
dy 


dt 


= (2) 2 (2) = 8 cm/sec. 


(b) When x = 0, 
dy 


— = 2(0)(2) = 0 cm/sec. 


(b) When x = — tt/4. 


c/f 


= ( n /2) 2 (2) = 4 cm/sec. 


(c) Whenx = 1, 

= 2(l)(2) = 4 cm/sec. 

„ , dx . dy 

9. (a) — negative => — positive 
dt dt 

,, , dy . . dx 
(b) — positive => — negative 
dt dt 


(c) When x = 0, 
dy 


dt 


= (l) 2 (2) = 2 cm/sec. 


.. dy dx 

11. Yes, v changes at a constant rate: -7- = a • — . 

dt dt 

dy dx 

No, the rate — is a multiple of — . 

dt dt 


13. D — s/ x 2 + y 2 — -J x 2 + (x 2 + l) 2 — -n/.x 4 + 3x 2 + 1 
dx 


dt 


= 2 


f = ^x 4 + 3x 2 + 1) — 1 / 2 (4x 3 + 6x)^ = + ^ g = , f + 

dt 2 dt v/x 4 + 3x- + 1 dt Jx 4 + 3x 2 + 1 


15. A = 7 T ?' 2 


. e (1/2)* , „ . 0 

17. (a) sin — = => * = 2s sin - 

2 s 2 


T = 3 

dt 


eh, 9 

cos — = - => h = s cos — 
2 s 2 


dA dr 

— = 2777 - — 

dt dt 

(a) When r — 6, 


= 2tt(6)(3) = 3677 cm 2 / min. 


(b) When r = 24, 


r/A 


— = 27t( 24)(3) = 14477cm 2 /min. 


„ 1,, l/„ . 0V d 

A = —0/7 = — 2s sin — 5 cos — 

2 2 \ 2/1 2 


„ . „ . e e\ s 2 . „ 

= — 2 sm — cos — = — smfl 

2 V 2 2/2 



r/A 


V0 


r/0 1 


(b) — = — cos 6 — where — = — rad/min. 
dt 2 dt dt 2 


When 9 = 


When 9 = 


77 dA _ 

6 ’ ~dt ~ 2 \ 2 

77 dA s 2 ( 1 \/l 


V3s 


3’ dt 2 \2j\2j 8 

(c) If d9j dt is constant, dA/dt is proportional to cos 9. 
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4 dV 

19. V = -nr 3 , — = 800 
3 dt 


dV r. dr 
— = 4nr 2 — 
dt dt 


dr _ 1 fdV 

dt 4nr 2 \ dt 


4 nr 


2 (800) 


(a) When r = 30, f = 4^(800) = ^cm/min. 

(b) When r = 60, g = (800) = ^ cm/min. 


23. V = ^-7rr 2 /z = ^-7r^/z 2 ) /i [since 2r = 3/z] 


3 IT , 3 




= 10 


dV _ 9n dh dh _ 4(dV/dt) 
dt 4 dt dt 9 nh 2 


When h = 15, ^ 


dt 9tt(15) 2 405' 


- ft/min. 


21 . i = 6x 2 


dx 

dt 


= 3 


ds , „ dx 
— = \2x — 
dt dt 


(a) When x = 1, 

f = 12(1X3) 

(b) When jc = 10, 


§- .2,101,3) 


36 cm 2 / sec. 


360 cm 2 /sec. 



25. 12 


(a) Total volume of pool = ^-(2)(12)(6) + (l)(6)(12) = 144 m 3 

Volume of lm. of water = ^(l)(6)(6) = 18 m 3 

(see similar triangle diagram) 

% pool filled = i^(100%) = 12.5% 

(b) Since for 0 < h < 2, b = 6 h, you have 

V = \bh{ 6) = 3 bh = 3(6 h)h = 18/? 2 



dV = dh = 1 dh = _J_ = 1 

dt dt 4 dt 144/? 144(1) 
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(a) When x = 7, y = V576 = 24, ^ ^ = -jy ft/s 


(b) A = -xy 


When x = 15, y = 7400 = 20, -f = — ~ ^ - - = — ft/sec. 


When x — 24, y = 7, ~~ — 
dt 


dt 20 
dy __ -2(24) _ -48 


ft/ sec. 


dA _ l( dy 
dt 


-\ x t + y 


dx 

dt 


dx 


From part (a) we have x = 7, y = 24, — = 2, 

tfy 7 

and — = — — . 
dt 12 


Thus, 


c/A 

r/t 


7 - 


12 


+ 24(2) 


527 

= —f « 21.96 ft 2 /sec. 
24 ' 


(c) 


tan 6 = - 

y 

d6 1 dx 


sec 2 0 — = 
dt 

dO 

dt 


y dt y 


x dy 
2 dt 


1 dx 

Lv dt y 


x dy 
2 dt 



tt ■ _ t/x dy 7 24 r/0 

Using x = 7, v = 24, — = 2, — = — — and cos 0 = — , we have — = 

5 2 dt dt 12 25 dt 


24)2 

25 


-L( 2) - — 

.24' ^ (24) 2 


= — rad/sec. 

12 


29. When y = 6, x = 7l2 2 — 6 2 = 6 73, and 
i = 7x 2 + (12 — y) 2 
= 7108 + 36 = 12. 

x 2 + (12 — y) 2 = s 2 



2t | + 2(12 _, )( _ 1) | = 2s | 

dx , ,^\dy ds 

x— + (y - 12)— = s — 
r/t r/t dt 


Also, x 2 + y 2 = 12 2 

„ o/x „ dy ,, dy —x dx 

2x — + 2y — = 0=> — = -. 

dt ’ dt dt y dt 


Thus, x^ + (y — 12)f 


— x 
y 


(A 

r/f 


<it 

t/f 


x — x + 


12x 

y J 


t/x rfx _ xy r/.s 

dt 


dt 12x dt (12)(6>/3) 

dy —xdx — 673 (— 73) 1 , , . 1N 

— = — = — - — • - — — — - = — m/sec (vertical). 

dt y dt 6 15 5 


ll2)(6) (-0.2). 


5 73 


-73 

15 


m/sec (horizontal) 
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31. (a) s 2 = x 2 + y 2 
dx 


dt 


= -450 


~ 600 
dt 

„ ds „ dx „ dy 

2s — = 2a- — + 2v — 
dt dt ' dt 

ds _ x(dx/dt) + y(dy/dt) 

dt s 


When x = 150 and y — 200, s = 250 and 
ds _ 150(— 450) + 200(— 600) 


dt 

250 


250 


= —750 mph. 


1 . 


(b) ' = 750 = 3 hr = 20mln 


33. 


s 2 = 90 2 + x 2 
x = 30 

f =-28 

dt 

ds dx 

2s — = 2x — - 
dt dt 


ds 

dt 


dx 

dt 


When x = 30, 

i = 790 2 + 30 2 = 30710 


ds 

dt 


30 


30710 

y 


(-28) = 


-28 


35. (a) 15 = 

6 y — x 


yio 

15;y — 15* = 6y 


— 8.85 ft/sec. 


y = 3* 

dx _ 

~dt ~ ~ 


dy 5 dx 5 . 25 . 

(b) 7 " = * - f - f - 5 - ft/sec 

dt dt dt 3 3 



Distance (in miles) 


2nd 




y 
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1 Trt 

37. x(t) = - sin — , x 2 + y 2 = 1 


27 T 

(a) Period: — 77 =12 seconds 
7776 


(b) When x = — , y = 


1 V3 


l 2 - t = 


Lowest point: I 0 


(c) When x = — , y = 


V3 


1 - 


17 yis 


and t = 1 


dx 1 tt\ irt 7 T TTt 

— = - — cos — = — cos — 

dt 2\ 6 / 6 12 6 

x 2 + y 2 = 1 


rfr dy dy -x dx 

2x— + 2y— = Q => — = 

t// iff r/f y dt 


Thus. 


dy 

dt 


Speed = 


1/4 77 

“Tlf/d ‘ 12 C 76y 

— 77-/1 Vn/3 _ — 77 1 _ — s/StT 

Vf5U2/T" “ "24" V5 “ 120 • 


~ s/5v\ 
120 


V5r 

120 


m/sec 


41. pV 13 = k 

1.3 pV°- 3 ^f+ V 1 - 3 Cl y = 0 
dt dt 


t 3 p f--vf 

dt dt 


43. 




dy 

dt 


= 3 m/sec. 


2 ,, dt) 1 dy 

SeCd '* = 30Jt 


dO 1 2 rfy 

dt 30 dt 

When y = 30, 0 = tt/ A and cos 6 = V2/2. Thus, 


37 = 37 UK 3 ) = 37 rad/sec. 


1 H 


dt 30 V 2 


20 


39. Since the evaporation rate is proportional to the surface 
area, dV/dt = kiAirr 2 ). However, since V = (4/3) 7 rr 3 , 
we have 


dV , dr 
— = 477-r 2 — . 
dt dt 


Therefore, 


kfAirr 2 ) = 47T7' 2 


dr 

dt 


■k = 


dr 

dt 


y 
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45. tan 0 = y = 5 


— = —600 mi/hr 
dt 




,-T 


7 = 5 


b0 


5 dx 


(sec 2 0b: = “3 • 37 


dt 

dO 

dt 


x - dt 


, i 5 \<r/.r .t 2 / 5 W.v 

= C0S "Vbjb = M“bJb 


■©©S = ( “ sin2e) © ( - 600) = i2 ° sin2e 


(a) When 0 = 30°, ^ = 30 rad/hr = ^ rad/min. 


(b) When 9 = 60°, 7^ = 120(7) = 90 rad/hr = 7 rad/min. 

dt \4/ 2 


df) 

(c) When 9 = 75°, — = 120 sin 2 75° « 111.96 rad/hr « 1.87 rad/min. 


dO 

47. — = (10 rev/sec)(27rrad/rev) = 2077rad/sec 


(a) cos 9 = 


30 


. n d9 1 dx 
— sm 9 — = — — 
dt 30 rfr 

7^ = —30 sin 0^7 = —30 sin 0(2 Ott) = — 6007rsin 0 
dt dt 




(c) |<it:/<it| = | — 6007T sin 0| is greatest when sin 0 = 1 => 0 = (77 / 2) + mtt (or 90° + ;t • 180°) 

\dx/dt\ is least when 0 = mr(prn • 180°). 

dx 1 

(d) For 0 = 30°. — = — 600-77 sin(30°) = — 6OO17- = — 300i7 cm/sec. 

dt 2 

] ■ F\ — 

For 0 = 60°. -7 = — 600t 7 sin(60°) = —600777b = — 300^3 i7cm/sec 
dt 2 


49. tan 0 = — => x = 50 tan 0 


dx 2 d9 

— = 50 sec 2 0 7- 
r/t dt 


2 = 50 sec 2 0 


d9 

dt 


U{J 1 7 /I 'I 71 

7- = — cos 2 0, -— < 0 < — 

dt 25 4 4 
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t d 2 y 

51 . x 2 + v 2 = 25; acceleration of the top of the ladder = — -tt- 

clt 2 


dx dy 

First derivative: 2x 1- 2y — = 0 

dt ’ dt 

dx ,dy 
x — + y — = 0 

dt ' dt 

_ , , . . d 2 x , dx dx d 2 y dy dy 

Second derivative: x — r H • 1- v— r H — • — = 0 

dt 1 dt dt ’ dt 2 dt dt 


db_(l 


d 2 x / dx \ 2 / dy \2 

dt 2 X dt 2 \dt) \dt) 

dy 7 dx dx d 2 x 

When x = 7, y = 24, — = — — , and — = 2 (see Exercise 27). Since — is constant, r = 0. 

dt 12 dt dt dt 2 

fl . -Li- 7( „) - < 2) > - (-V1 = ±f-4 - £1 - Jd-fn - -0.1808 ft/sec 2 

dt 2 24 \ 12/ 24 144 24 144 


53. (a) Using a graphing utility, you obtain m(s) = — 0.88U 2 + 29.10.S — 206.2 

(h) d^ = djnds = (- l 762s + 2 9A0) df 

at as dt dt 

ds 

(c) lit = s (1995), then s = 15.5 and — = 1.2. 

dm 

Thus, — = (- 1.762(15.5) + 29.10)(1.2) « 2.15 million. 
dt 


Review Exercises for Chapter 2 

1. f(x) = x 2 — 2x + 3 

f(x) = lim f{X + y - f{x) 

J Iho Ax 

[(x + Ax) 2 — 2(x + Ax) + 3] — [x 2 — 2x + 3] 

= lUll 7 

Aa->o Ax 

_ (x 2 + 2x(Ax) + (Ax) 2 — 2x — 2(Ax) + 3) — (x 2 — 2x + 3) 

Aa-->o Ax 

2x(Ax) + (Ax) 2 — 2(Ax) . 

= lim t = lim (2x + Ax — 2) = 2x — 2 

Aa-->o Ax Aa— » o 


3. /(x) = ^fx + 1 

f\x) = lim /k±Mr^M 
Ajc— > 0 Ax 

(>/x + Ax + 1) — (v^r + 1) 

= lim t 

A.v-»0 Ax 

Vx + Ax — ~/x Jx + Ax + s/x 

= lim 7 • — , - 7 = 

Ax Vx + Ax + Vx 

(x + Ax) — x 

= lim , 7=7 

a*— > o Ax( Vx + Ax + Vx) 


5. /is differentiable for allx # — 1. 


= lim 


1 


11111 , — /— 

Aa— > o Vx + Ax + Vx 2Vx 
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7. f(x) = 4 - \x ~ 2 1 

(a) Continuous at x = 2. 

(b) Not differentiable at x = 2 because of the sharp turn 
in the graph. 


9. Using the limit definition, you obtain g '(x) = —x — — . 

3 6 

At* =-!,*'(— 1) = — f— l 6 =^ 


y 



11. (a) Using the limit defintion, f'(x) = 3x 2 . 

At * = — 1 1) = 3. The tangent line is 
y — (—2) = 3(x — (— 1)) 
v = 3* + 1 



.3. S ',2) - 1 

x — >2 X 2 

x 2 (x - 1) - 4 
= lim 

jt— »2 ^ — 2 

.. x 3 — x 2 — 4 

= lim 

x—>2 X — 2 

_ (x — 2)(x 2 + * + 2) 
x—>2 X — 2 


= lim (x 2 + x + 2) = 8 

x— >2 



21. hit) = 3r 4 
h\t) = 12t 3 


23. fix) = x 3 — 3x 2 

fix) = 3x 2 — 6* = 3x(x — 2) 


25. /t(x) = 6fx + 3-2/x = 6* 1 / 2 + 3* 1 / 3 


h'ix) = 3* '/ 2 + x 2 / 3 = 



1 


27. g(t) = |r 2 



-4 

3f 3 


31. /(6) = 3 cos 6 - 


f\e) = —3 sin 9 — 


cos 9 


29. /(0) = 26 - 3 sin 9 
f\9) = 2 - 3 cos 9 


4 
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33. F = 200 7r 
F'(t) = ^ 

■Jr 

(a) When T = 4, F'(4) = 50 vibrations/sec/lb. 

(b) When T = 9, F'(9) = 33t vibrations/sec/11 


35. i(f) = — 16f 2 + 5 0 

5(9.2) = - 16(9. 2) 2 + 5 0 = 0 
5 0 = 1354.24 

The building is approximately 1354 feet high (or 415 m). 



Total horizontal distance: 50 
(b) 0 = x — 0.02.x 2 

0 = x^ 1 — implies x = 50. 


(c) Ball reaches maximum height when x = 25. 

(d) y = x - 0.02x 2 
y' = 1 — 0.04x 

y'(o) = 1 
y'(10) = 0.6 
y '(25) = 0 
>•'(30) = -0.2 
y '(50) = -l 

(e) y '(25) = 0 


39. x(t) = t 2 - 3t + 2 = (t - 2 )(t - 1) 

(a) v(t) = x'(t) = 2t — 3 
a(t) — v'(t) = 2 
(c) v(t) = 0 for t = | • 

- = (I - 2)(§ - l) = (-|)G) = 

41. /(x) = (3x 2 + 7)(x 2 — 2x + 3) 

f\x) = (3x 2 + 7)(2x — 2) + (x 2 — 2x + 3)(6x) 
= 2(6x 3 — 9x 2 + 16x — 7) 

45. /(x) = 2x — x -2 

f\x) = 2 + 2x“ 3 = 2^1 + ^ j 
_ 2(x 3 + l) 

“ (J 


49. /(x) = (4 - 3.x 2 ) -1 

f'(x) = “(4 - 3x 2 ) _2 (— 6.x) = 

53. y = 3.x 2 sec x 

y ' = 3x 2 sec x tan x + 6x sec x 


6x 


(4 - 3x 2 ) 2 


(b) v(t) < 0 for t < |. 

(d) x(f) = 0 for f = 1,2. 

|v(l)| = |2(1) - 3| = 1 
I v(2) | = 1 2(2) - 3| = 1 

The speed is 1 when the position is 0. 

43. h(x) = s/x sin x = x 1 / 2 sin x 

h '(x) = — -i= sin x + Vx cos x 
2 vx 


47. f(x) = 
f'(x) = 


X 2 + X — 1 
X 2 — 1 

(x 2 — l)(2x + 1) — (x 2 + x — l)(2x) 


(x 2 - l) 2 


~(.r + 1) 

(x 2 - l) 2 


51- y = 


, _ cos x (2.x) — x 2 (— sin x) _ 2x cos x + x 2 sin x 


y 


55. y = —x tan x 

y' = — xsec 2 x — tanx 
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57 . y = x cos x — sin x 

y ' = —x sin x + cos x — cos x = — x sin x 


59 . g(t) = t 3 - 3t + 2 
S'M = 3f 2 - 3 
= 6f 


61 . /( e ) = 3 tan 6 
f(e) = 3 sec 2 e 

fid) = 6 sec 9 (sec 9 tan 9) = 6 sec 2 9 tan 0 


65 . /(x) = (1 - x 3 ) 1 / 2 

/'(■*) = |(1 “ x 3 ) _1/2 (— 3x 2 ) 

= 3x 2 

2Vl — x 3 


63 . y = 2 sin x + 3 cos x 
y' = 2 cos x — 3 sin x 
y" = — 2 sin x — 3 cos x 

y" + y = — (2 sin x + 3 cos x) + (2 sin x + 3 cos x) 
= 0 


67 . h[x) = 


x — 3 
x 2 + 1 



(x 2 + l)(l) — (x — 3)(2x) 
(x 2 + l) 2 


2(x — 3)(— x 2 + 6x + 1) 
(x 2 + l) 3 


69. f(s) = (s 2 — l) 5 / 2 (x 3 + 5) 71. y = 3 cos(3x + 1) 

f(s) = (s 2 - l) 5 / 2 (35 2 ) + (s 3 + 5)(f)(^ 2 - l) 3 / 2 (2i) y' = -9 sin(3x + 1) 

= i(^ 2 — l) 3 / 2 [3i(s 2 — 1) + 5(x 3 + 5)] 

= x^ 2 — l) 3 / 2 (8s 3 — 3s + 25) 


73 . y = — esc 2x 
2 

y' = ~( esc 2x cot 2x)(2) 

= — esc 2x cot 2x 

77 . y — ~ sin 3 / 2 x sin 7 / 2 x 

7 3 7 

y ' = sin 1 / 2 x cos x — sin 5 / 2 x cos x 
= (cos x) x/sin x(l — sin 2 x) 

= (cos 3 x) s/sin x 

81. fit) = t\t - l) 5 

fit) = t{t - \)\it - 2 ) 

The zeros of/' correspond to the points on the graph of/ 

where the tangent line is horizontal. 


0.1 



-0.1 


75 . 


y = 


y' = 


x sin 2x 

2 4— 

T - ^ cos 2x(2) 
^(1 — cos 2x) = 


sin 2 x 


79 . y 


sin ttx 
x + 2 


, _ (x + 2)7tcos ttx — sin 7rx 
(x + 2) 2 


83 . g(x) = 2x(x + 1 ) ‘/ 2 
x + 2 


g'ix) = 


(x + I ) 3 / 2 


g ' does not equal zero for any value of x in the domain. 
The graph of g has no horizontal tangent lines. 
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85. /(f) = (/ + i y/\t + l) 1 / 3 = (/ + 1) 5 / 6 
f ' (t) = 6 (f + l)'/ 6 

f does not equal zero for any x in the domain. The 
graph of/ has no horizontal tangent lines. 


87. y = tan Pi — x 

, _ sec 2 Vl — x 

y 271 - x 

y ' does not equal zero for any x in the domain. The graph 
has no horizontal tangent lines. 



89. y = 2* 2 + sin 2x 
y ' — 4* + 2 cos 2x 
y" - 4 ~ 4 s i n 2 X 


91. f(x) = cot* 

f\x) = — CSC 2 .* 

f"= 2 esc x( esc x 

— 2 esc 2 x cot x 


• cot*) 


93. ft) 


t 


fit) 


t + 1 


fit) 


2 it + 2) 
(i - r ) 4 


95. giO) = tan 3 9 - sin(0 - 1) 
g\0) = 3 sec 2 36 — cos(0 — 1) 
g"id) = 18 sec 2 39 tan 36 + sin(9 — 1) 


97. r= 700(f 2 + At + 10)- 1 

-1400(1 + 2) 
it 2 + At + 10) 2 


(a) When t = 1, 


- 1400(1 + 2) 
(1 + 4 + 10) 2 


— 18.667 deg/hr. 


(c) When t = 5, 


- 1400(5 + 2) 
(25 + 30 + 10) 2 


-3.240 deg/hr. 


(b) When t = 3, 


- 1400(3 + 2) 
(9 + 12 + 10) 2 


-7.284 deg/hr. 


(d) When t = 10, 


-1400(10 + 2) 
(100 + 40 + 10) 2 


-0.747 deg/hr. 


99. x 2 + 3xy + y 3 = 10 

2x + 3xy' + 3v + 3y 2 y' = 0 

3(jc + y 2 )y ' = -(2* + 3y) 

= -j2x + 3y) 
• V 3(* + y 2 ) 


101 . 


yjx — xVy — 16 

y(f- l/2 ) + x 1/2 y' ~ x i^ rl/ 2 y) - y l/2 = 0 


-^=V=v 5 -^= 


Uyf 

2jxy — . 

2 Jy 


2 Jx 
2 Jxy - y 
2jx 

2 Jxy - y 


2 Jy 


2s/x 2Vxy — 


2 yj~x - yjy 

2xVy — x^fx 
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103 . 


107 . 


109 . 


x sin y = y cos x 

(x cos y)y ' + sin y = — y sin x + y ' cos x 

y'(xcosy — cosx) = — ysinx — siny 

, _ y sin x + sin v 
' V cos x — x cos y 


y = Vx 

-r- = 2 units/sec 
dt 

dy = _L* _ * = 7 = 4 n. 

dt 2 7x dt dt ' dt 

1 rfx . — 

fa) When x = — , — = 2 v 2 umts/sec. 

2 r/f 


dx 

(b) When jc = 1 , — = 
dt 


dx 

(c) When x = 4, — = 
dt 


4 units/sec. 
8 units/sec. 



Width of water at depth li : 


>v = 2 + 2s = 2 + 21 —h ] = 


4 + h 


V= 2 I2 + 


4 + h 
2 


h = h8 + h)h 
4 


dV 5. , , .dh 

lit - 2 (4 + *>* 

eft _ 2{dV/dt) 
dt ~ 5(4 + h) 

When h = 1, “r = ~ m/min. 
dt 25 



105 . x 2 + y 2 = 20 
2x + 2yy ' = 0 



At (2, 4): y' = 
Tangent line: y — 4 = 



4 (* - 2) 


x + 2y — 10 = 0 
Normal line: y — 4 = 2(x — 2) 
2x — y = 0 


111 . s(t) = 60 - 4.9 1 2 
s'(t) — —9.8 1 
5 = 35 = 60 - 4.9f 2 


4.9r 2 = 25 


5 

749 


tan 30° 


1 

73 


x(f) 


sijf 

x(i) 

735(f) 



s(<) 


x(l) 


dx 

dt 



73(-9.8) 


5 

749 


~ —38.34 m/sec 
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CHAPTER 2 
Differentiation 

Section 2.1 The Derivative and the Tangent Line Problem 

Solutions to Even-Numbered Exercises 


2. (a) m = 


1 


4 

(b) m = 1 


4. (.) * 1 


/(4) "/(3) _ 5 - 4.75 


4-3 


1 


= 0.25 


Thus /(4)~/(l) . /(4)~/(3) 

’ 4-1 4-3 

(b) The slope of the tangent line at (1, 2) equals /'(l). 
This slope is steeper than the slope of the line 
through (1, 2) and (4, 5). Thus, 


3 3 

6. g(x) = — x + 1 is a line. Slope = — 


/( 4) -/(!) 

4 - 1 


8. Slope at (2, 1) = lim 

Av— xO 


< /'(I)- 

g(2 + Ax) - g( 2) 

Ax 

5 - (2 + Ax) 2 - 1 


= lim 

Ax— >0 


Ax 


= lim 

Ax— >0 


5 - 4 - 4(Ax) - (Ax) 2 - 1 
Ax 


= lim (-4 - Ax) = -4 

Av— >o 


10. Slope at (-2, 7) = lim k( 2 + Af) M 2) 

r A/— >0 At 

(-2 + At) 2 + 3 — 7 

= lim : 

A?— >0 At 

4 - 4(Af) + (Ar) 2 - 4 
— lim 7 

A/— »o Ar 

= lim (-4 + At) = -4 

A?— >0 


12. g(.x) = -5 


g'{x) = lim 

Ax^O 


= lim 

Ax— >0 


g(x + Ax) - g(x) 

Ax 

-5 - (-5) 


Ax 


0 


= lim — = 0 

Av— >0 A.X 


14. /(x) = 3x + 2 

fix + Ax) - /(x) 


f\x) = lim 

Av— >0 


= lim 

Av— >0 


Ax 

[3(x + Ax) + 2] - [3x + 2] 


Ax 


3 Ax 

= lim — — 

Av— x0 Ax 


= lim 3 = 3 

Av— x0 


16. fix) = 9 - -x 


fix) = lim 

Ax— >0 


= lim 

Ax— >0 


fix + Ax) - /(x) 

Ax 

[9 - (l/2)(x + Ax)] - [9 - (l/2).x] 


Ax 


= lim I -i) = 

Ax— >0 \ 2/ 2 


330 



Section 2.1 The Derivative and the Tangent Line Problem 331 


18. fix) = 1 — x 2 

f \x) = um /(* + y - /(*) 

Ax— >0 Ax 

.. [1 - (^ + Ax) 2 ] - [1 - x 2 ] 

= lim t 

Ax— >0 Ax 

1 — x 2 — 2xAx — (Ax) 2 — 1 + x 2 

= lim t 

Av— >0 Ax 

— 2xAx — (Ax) 2 , . , . 

= lim = lim ( — 2x — Ax) = —2x 

Ax— >0 Ax Aa;— >0 


20. f{x) = x 3 + x 2 

fix) = lim + 

Ax — >0 Ax 

_ [(x + Ax) 3 + (x + Ax) 2 ] — [x 3 + x 2 ] 

A-I — >0 Ax 

_ x 3 + 3x 2 Ax + 3x(Ax) 2 + (Ax) 3 + x 2 + 2xAx + (Ax) 2 — x 3 — x 2 
Av ->0 Ax 

3x 2 Ax + 3x(Ax) 2 + (Ax) 3 + 2xAx + (Ax) 2 

= lim : 

Av — >0 Ax 

= lim (3X 2 + 3xAx + (Ax) 2 + 2x + (Ax)) = 3x 2 + 2x 

Ax— >0 


22. fix) = -j 


24. fix) = -y 


fix) = lim 

Ax— >0 Ax 


fix) = lim f(* + *x)-fU) 
J a_mo Ax 


1 


J_ 

(x + Ax) 2 x 2 

= lim 7 

Aa — >o Ax 


= lim 

Ax— »0 


Jx + Ax Jx 

Ax 


x 2 - (x + Ax) 2 
Ax— >0 Ax(x + Ax) 2 x 2 

— 2xAx - (Ax) 2 
A™() Ax(x + Ax) 2 x 2 

— 2x — Ax 

= lim ; t , 

Ax — >0 (x + Ax) XT 

— 2x 


_ Ajx — 4^x + Ax / Jx + Jx + Ax 
Amo Ax JxJx + Ax \ Jx + Jx + Ax 

lim 4x ~ 4 ^ x + ^ 

Ax— >0 Axjxjx + Ax( n /x + Jx + Ax) 


= lim 


-4 


Am() JxJx + A.x(v^x + Jx + Ax) 


-4 


-2 


+ Jx) xjx 
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32. (a) fix) = 


x + 1 


r fix + Ax) - fix) 

/(a) = lim t 

Aa— > o Ax 


1 


1 


= lim 

AmO 


x + Ax + 1 x + 1 

Aa 


{x + 1) — (x + Ax + 1) 

AmO Ax(x + Ax + l)(.T + 1) 

Av— aO (x + Ax + 1 ) (x + l) 

1 

ix + l ) 2 

At (0, 1), the slope of the tangent line is 

m = (orV = " L 

The equation of the tangent line is y = — x + 1. 


(b) 


(0, 1) 


34. Using the limit definition of derivative, f\x) = 3x 2 . Since 
the slope of the given line is 3, we have 

3a 2 = 3 

A 2 = 1 => A = ± 1 . 

Therefore, at the points (1,3) and (—1, 1) the tangent 
lines are parallel to 3a — y — 4 = 0. These lines have 
equations 

y — 3 = 3(x — 1) and y — 1 = 3(a + 1) 
y = 3a y = 3 a + 4 


36. Using the limit definition of derivative, /'(a) = 


-1 

2 (a - 1) 3/2 ' 


Since the slope of the given line is — — , we have 


-1 _ _1 
2(x - 1) 3/2 “ 2 

1 = (a - 1) 3/2 

l=x — 1 =>a = 2 

At the point (2, 1), the tangent line is parallel to 
a + 2y + 7 = 0. The equation of the tangent line is 

y — 1 = ~\{x ~ 2 ) 

1 i o 

y = ^ a + 2 


38. h(— 1) = 4 because the tangent line passes through (— 1, 4) 


h'i-l) 


6-4 _ 2 _ 1 

3 — (— 1) “ 4 ” 2 


40. /(a) = a 2 => f'(x) = 2a (d) 


y 



42. f does not exist at a = 0. Matches (c) 


44. 


Answers will vary. 
Sample answer: y = x 
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46. (a) Yes. lim /( * + ^ ~ f(x) = lim = f(x) 

Ay— >0 2 Dx Ac— >0 Ax 

(b) No. The numerator does not approach zero. 

(c) Yes lim ^ + M ~ /(■* ~ ^ = lim /(* + Ax) - fjx) - fjx - Ax) + fjx) 

Aa — >0 2Ax Ax— >o 2 Ax 


= lim 

Ax— >0 


f(x + Ax) ~f(x)_ + f(x - Ax) -/(*)] 


2Ax 


2(— Ax - ) 


= |/'(*) + |/'W = /'(*) 


(d) Yes. lim /(^ + y-/M = , (x) 
Ay— *0 Ax 


48 . Let (x 0 , y 0 ) be a point of tangency on the graph of/. By the limit definition for the derivative, /'(x) = 2.x. The slope of the line 
through (1, —3) and (x 0 , y 0 ) equals the derivative of/at x 0 : 

~ 3 ~ y 0 . - 

1 - x 2X ° 

I x () 

”3 - y 0 = (! “ *0)2x0 

— 3 — x 0 2 = 2x 0 — 2x 0 2 
x 0 2 — 2x 0 — 3 = 0 



(x 0 - 3)(x 0 + 1) = 0 


*0 = 3, - 1 


Therefore, the points of tangency are (3, 9) and (— 1, 1), and the corresponding slopes are 6 and —2. The equations of 
the tangent lines are 

y + 3 = 6(x — 1) y + 3 = — 2(x — 1) 
y = 6x — 9 y = — 2x — 1 


50 . (a) f{x) = x 2 


fix) = lim + **) -fix) 

Ax— »0 Ax 

(x + Ax) 2 - X 2 
Av->0 Ax 

x 2 + 2x(Ax) + (Ax) 2 — x 2 

= lim 7 

Av— Ax 

Ax(2x + Ax) 

= lim 7 

Av^o Ax 


lim 81 u + y~« w 

Ax —>0 Ax 

(x + Ax) 3 - X 3 

= lim 7 

Av— >0 Ax 

x 3 + 3x 2 (Ax) + 3x(Ax) 2 + (Ax) 3 — x 3 

= lim 7 

Av — >0 Ax 

Ax(3x 2 + 3x(Ax) + (Ax) 2 ) 

Ai— »o Ax 

= lim (3X 2 + 3x(Ax) + (Ax) 2 ) = 3.x 2 

Ax— >0 


= lim (2x + Ax) = 2x 

Ay— y0 

At x = — 1 ,/'(— 1) = — 2 and the tangent line is 
y — 1 = — 2(x +1) or y = — 2x — 1. 

At x = 0, /'( 0) = 0 and the tangent line is y = 0. 

At x = 1,/'(1) = 2 and the tangent line is y = 2x — 1. 


2 



For this function, the slopes of the tangent lines are 
always distinct for different values of x. 


At x = — 1, g\— 1) = 3 and the tangent line is 
y + 1 = 3(x +1) or y = 3x + 2. 

At x = 0, g'(0) = 0 and the tangent line is y = 0. 
At x = 1, g '(1) = 3 and the tangent line is 
y — 1 = 3(x — 1) or y = 3x — 2. 


2 



-2 


For this function, the slopes of the tangent lines are 
sometimes the same. 
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52. f(x) = kx 2 

By the limit definition of the derivative we have fix) = x. 



-2 

-1.5 

-1 

-0.5 

0 

0.5 

1 

1.5 

2 

fix) 

2 

1.125 

0.5 

0.125 

0 

0.125 

0.5 

1.125 

2 

fix) 

-2 

-1.5 

-1 

-0.5 

0 

0.5 

1 

1.5 

2 



54 . g(x) 


f(x + 0.01) -f(x) 

0.01 

{3jx + 0.01 - 373)100 



56. /(2)=^(2 3 ) = 2, /(2.1) = 2.31525 
2 31525 - 2 

/'( 2) ~ ~ 2 " _ 2 - = 3.1525 [Exact: /'(2) = 3] 


The graph of g(x) is approximately the graph of/'(x). 



60. f(x) = x + — 
x 

„ / \ f(2 + Ax)-f(2) (2 + Ax) + 2 - ^ - - 

Sa* W = ^ (x ~ 2) + /( 2) = — {x ~ 2 

2(2 + Ax) 2 + 2 - 5(2 + Ax) 5 (2Ax + 3) _ . 5 

2(2 + Ax) Ax ’ 2 2(2 + A xf* ’ 2 

(a) Ax = 1: = |(x - 2 ) + | * + | 

Ax = 0.5: S Al = |(x^) + | = |x+^ 

Ax = 0.1: .S'^ = yy(x: r 2) + ^ = yyx + yy 
^ 21 2 21 42 

(b) As Ax— >0, the line approaches the tangent line to/at (2, §). 


5 

2 



62. g (x) = x(x — 1) = x 2 — x, c = 1 


,?'(!) = lim 

X — > 1 


g(x) - g(l) 

X — 1 


x 2 — x — 0 

lim 

jc-» 1 x — 1 


lim 

X — > 1 


x(x — 1) 

X — 1 


= lim x = 1 

JC — > 1 
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64. f(x) = x 3 + 2 x, c = 1 


/'(l) = lim 

X —> 1 


/(*) ~/(l) 

x — 1 


x 3 + 2x — 3 

lim 

x — > 1 X 1 



l)(x 2 + x + 3) 
x — 1 


lim (x 2 + x + 3) = 5 

X — > 1 


66. /(v) = c = 3 


3 — x 


/« - lim - lim ti& ~ 11/31 - lim ^ ^ - lim ( - 

jc ->3 x — 3 t ->3 X — 3 x — >3 3* X — 3 *-»3 \ 3x 


68. g (x) = (x + 3) 1 / 3 , c — — 3 

g'(—3) = lim g(x) ~ g ( ~ 3) lim (A + 3)1/ !~° = lim 

x—>—3 X — (— 3) x—>—3 X + 3 x—>—3 (x + 3) 2 / 3 


Does not exist. 


70. /(x) = |x - 4|, c = 4 


/'( 4) = lim 

x — >4 


/(*) ~/( 4) 

x - 4 


lim 

x— »4 


|x - 4| - 0 
x - 4 


lim 


l*~4| 

x - 4 


Does not exist. 


72. /(x) is differentiable everywhere except at x = +3. (Sharp turns in the graph.) 
74. f(x) is differentiable everywhere except at x = 1. (Discontinuity) 

76. f{x ) is differentiable everywhere except at x = 0. (Shaip turn in the graph) 


78. fix) is differentiable everywhere except at x = +2. (Discontinuities) 


80. fix) is differentiable everywhere except at x = 1. (Discontinuity) 


82. fix) = yr^ 


The derivative from the left does not exist because 


,. fix) ~ fi 1) ,. V 1 - x 2 - 0 

lim = lim = lim 


yi — x 2 yi — x 2 


X — 1 


X — 1 


»i- x — 1 


yr^ 


= lim — 


1 + x 

yi — x 


— — oo. (Vertical tangent) 


The limit from the right does not exist since /is undefined for x > 1. Therefore, /is not differentiable at x = 1. 


84. fix) = , v2 


X, X < 1 
X 2 , X > 1 


The derivative from the left is 

lim = lim ^4 - lim 1 - 1. 

*-»l _ X — \ x -^\~ x — 1 a;— >1“ 


The derivative from the right is 

Uni = i im T^i = lim (x +1) = 2. 

*->l + X — 1 X-»l + X — 1 a— >1 + 


These one-sided limits are not equal. Therefore, /is not differentiable at x = 1. 
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86. Note that/is continuous at x = 2 .fix) 


\x + 1, x < 2 
n/Zt, x > 2 


The derivative from the left is 


lim 

x— >2 


/(*) ~f(2) 

x — 2 


lim 

X— >2 


(Ir + l) - 2 

x — 2 


lim 

x— >2 


K* - 2 ) 

x — 2 


1 

2 ' 


The derivative from the right is 


lim 

.i-»2 + 


fW - fi 2) = 

% — 2 


lim 

x— >2 + 


V2x - 2 

x — 2 


*j2x + 2 
~j2x + 2 


= lim 

.i->2 + 


2x - 4 

(x - 2)(V2x + 2} 


2(x - 2) 

( x - 2)(V2 x + 2) 


lim 

x->2 + 


2 

~j2x + 2 


1 

2 ' 


The one-sided limits are equal. Therefore, /is differentiable at.r = 2. (f'( 2) = 


88. (a) f(x) = x 2 and/'(.v) = 2x 



(b) g(.v) = x 3 and g '(.*) = 3x 2 


y 



(c) The derivative is a polynomial of degree 1 less than the original function. If h(x ) = x", then h'(x) = nx" ' . 

(d) If f{x) = x A , then f\x) = lim — + ^ — - 

Ax-^O 


(x + Ax) 4 - X 4 

= lim : 

a.v— Ar 

_ x 4 + 4x 3 (Ax) + 6x 2 (Ax) 2 + 4x(Ax) 3 + (Av) 4 — x 4 

A.v->0 A.X 

At(4x 3 + 6x 2 (Ax) + 4x(Ax) 2 + (Ar) 3 ) 

A.(— Av 


= lim (4x 3 + 6x 2 (Av) + 4x(Ax) 2 + (At) 3 ) = 4x 3 

A.v-^0 


Hence, if/(x) = x 4 , then/'(x) = 4x 3 which is consistent with the conjecture. However, this is not a proof, since you must 
verify the conjecture for all integer values of n, n > 2. 


90. False, y = |x — 2| is continuous at x = 2, but is not differentiable at x = 2. (Sharp turn in the graph) 


92. True — see Theorem 2.1 


94 . 


As you zoom in, the graph of y x = x 2 + 1 appears to be locally the graph of a horizontal line, whereas the graph of 
y 2 = |x| + 1 always has a sharp corner at (0, 1). y 0 is not differentiable at (0. 1). 
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Section 2.2 Basic Differentiation Rules and Rates of Change 


2. (a) y = x 1/2 

(b) y = x~ 1 

(c) y = x 3 / 2 

(d) y = x- 2 

V 

II 

1 

1 

w 

y'= -x~ 2 

y'= -|x“ 5/2 

y' = — 2x -3 

y'(i) = 

y'O) = -1 

y'(l) = 

y'(l) = -2 

4. /(x) = -2 

6. y = x 8 

8. y = -i = x- 8 

10. y = fx = x 1 / 4 

fix) = 0 

y' = 8x 7 

y ,= 8x “ 9 = 

II 

T 

-h|V 

II 

V. 

12. g(x) = 3x — 1 

14. y = t 2 + 2t - 3 

16. y = 8 - x 3 

18. fix) = 2x 3 — x 2 + 3x 

g'W = 3 

y' = 2t + 2 

y'= — 3x 2 

fix) — 6x 2 — lx + 3 

20. g(f) = 1 T cos t 

22. y = 5 + sinx 

24 >, = (2x) 3 + 2c ° SX= 8 X 

3 + 2 cos x 

g \t) = — tt sin t 

y' = cos x 

y' = -(— 3)x -4 — 2 sinx = 

O 

-15 . . 

~Sx* 2 Sm X 

Function 

Rewrite 

Derivative Simplify 



2 -2 
y = ? 

4 4 

V ' 3 V ' V " .V 


28 ‘ y “ (3x) 2 

TT _2 
y=9 x 

. 2tt , . 27t 

* = ^ = ~9x? 


O 

Vi 

II 

y = 4x 3 

y' = 12x 2 y' = 12x 2 



3 ( 3 


32 ‘ fit) = 3 ~5f 5’ 2 


m = ^ 




34. y = 3x 3 - 6, (2, 18) 
y'=9x 2 

y'( 2) = 36 


36. fix) = 3(5 - x) 2 , (5, 0) 
= 3x 2 - 30x + 75 
/'(x) = 6x — 30 

m = o 


38. g(f) = 2 + 3 cos t, (it, — 1) 
g '(/) = — 3 sin t 

s'W = o 


40. fix ) = x 2 — 3x — 3x 2 
fix) = 2x — 3 + 6x~ 3 

= 2x - 3 + 4 


, , , , . 2x 2 — 3x + 1 „ „ _ , 

44. /;(x) = = 2x — 3 + x 1 


, „ 1 2x 2 - 1 

h (x) = 2 - ^ = ^ 


42. fix) = x + x 2 
fix) = 1 - 2x“ 3 


= i-4 

x 3 


46. y = 3x(6x — 5x 2 ) = 18x 2 — 15x 3 
y' = 36x - 45x 2 


48. fx) = 2 fx+^~x = x 1 / 3 + x 1 / 5 

f'tr) = -v-2/3 + — v - 4/5 = 1 _J 

1 W 3+ + 5* 3x 2 / 3 5x 4 / 5 


50. /(f) = f 2 / 3 - f 1 / 3 + 4 


f\t) = -r 1 / 3 - — r -2/3 = _2l L_ 

1 W 3 3 3// 3 3 f 2 / 3 
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52 . f(x) = ~ + 3 cos x = 2x + 3 cos x 


— 2 —2 
f\x) = -y-x -4 / 3 — 3 sin x = fffA/i ~ ^ s i n x 


54 . (a) y = x 3 + x 
y' = 3x 2 + 1 

At (-1, -2): y' = 3(-l) 2 +1=4. 
Tangent line: y + 2 = 4(x + 1) 

4x - y + 2 = 0 



56. (a) y = (x 2 + 2x)(x + 1) 

= x 3 + 3x 2 + 2x 
y ' = 3x 2 + 6x + 2 

At (1, 6): y' = 3(l) 2 + 6(1) + 2=11. 
Tangent line: y — 6 = 11 (x — 1) 

0 = 1 lx - y - 5 


58 . y = .t 3 + x 

y ' = 3j: 2 +1 > 0 for all x. 

Therefore, there are no horizontal tangents. 


(b) 



60 . y = x 1 + 1 

y' = 2x = 0 => .v = 0 
At ,y = 0, y = 1. 

Horizontal tangent: (0, 1) 


62. y = s/3x + 2 cos x, 0 < x < 2 it 
y ' = n/ 3 — 2 sin x = 0 




77 2tT 

x = — or 
3 3 


. 7 T s/StT + 3 

At x = — , y = . 

3 7 3 


Atx = T ,y = 


277 2^377 -3 


Horizontal tangents: ( — , ^ 


v/377 + 3 


/2t7 2^377 - 3 
V 3 ’ 3 


64 . k — x 2 = — 4x + 7 Equate functions 
— 2x = — 4 Equate derivatives 

Hence, x — 2 and k — 4 = — 8 + 7 => k — 3 


66 . ksfx = x + 4 Equate functions 
k 

— 7= = 1 Equate derivatives 

2jx 

Hence, k = 2 >/x and 

(2 >/x) n/x = x + 4 => 2x = x + 4 => x = 4 => k = 4 


68 . The graph of a function/ 
such that/' > 0 for all x and 
the rate of change the function 
is decreasing (i.e./ // < 0) 
would, in general, look like the 
graph at the right. 






340 Chapter 2 Differentiation 


70. g(x) = — 5f(x) => g '(x) = -5 f\x) 



If/is quadratic, then its derivative is a linear function. 
f(x) — ax 2 + bx + c 
f\x) = 2 ax + b 


74. m l is the slope of the line tangent to y = x. m 2 is the slope of the line tangent to y = 1/x. Since 

__ , . _ , , 1,-1 -1 
y = x => y = 1 => m l = 1 and v = — => y = — ; — m-, = — — . 

The points of intersection of y = x and y = 1 /x are 


x 

At x = ±1, m 2 — ~ 1. Since m 2 — ~ I /m , , these tangent lines are perpendicular at the points intersection. 


76. f(x) = | (5, 0) 

fix) = 

_ 2_ = 0 - y 
x 2 5 — x 

— 10 + 2x — —x 2 y 

— 10 + 2x — —x 2 (^j 

— 10 + 2x = — 2.r 

4x = 10 

5 4 

- V= 2’ y = 5 

The point (I, f) is on the graph off. The slope of the 
tangent line is /'(§) = — 

Tangent line: y - | = -^rbc - 

25v — 20 = — 8x + 20 


78. /'( 4) = 1 



8x + 25v - 40 = 0 
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80 . (a) Nearby point: (1.0073138,1.0221024) 

„ , 1.0221024 - 1, 

Secantline:y— l = 1 0073138 1 (x-l) 

y = 3.022(.r - 1) + 1 
(Answers will vary.) 2 



y ( i,D 

■7 



(b) f\x) = 3v 2 

T(x) = 3(x - 1) + 1 = 3* - 2 

(c) The accuracy worsens at you move away from (1, 1). 


2 




f 

r 


-2 



-3 

-2 

-1 

-0.5 

-0.1 

0 

0.1 

0.5 

1 

2 

3 

/W 

-8 

-1 

0 

0.125 

0.729 

1 

1.331 

3.375 

8 

27 

64 

Tix) 

-8 

-5 

-2 

-0.5 

0.7 

1 

1.3 

2.5 

4 

7 

10 


The accuracy decreases more rapidly than in Exercise 59 because y = x 3 is less “linear” than y = x 3 ^ 2 . 


82 . True. If/(v) = g(jr) + c, then/'(.r) = g'(x) + 0 = g'(x). 84 . True. If y = x/tt = (I/ 7 r) • x, then dy/dx = (l/7r)(l) = I/ 7 r. 


86. False. If f(x) = ~ — x ", then fix) = — nx " 1 = — ”, 


88. ft) = t 2 - 3, [2, 2.1] 
fit) = 2 1 

Instantaneous rate of change: 

(2, 1) =* /'( 2) = 2(2) = 4 

(2.1, 1.41) /'(2.1) = 4.2 

Average rate of change: 

/(2.l)-/(2) 1.41-1 

2.1 - 2 0.1 


90 . f(x) = sin x, 


0, 


7 T 
6 . 


fix) = COS X 

Instantaneous rate of change: 

(o, 0) => no) = 1 



73 


0.866 


Average rate of change: 

fjn/6)-f0) (1/2) -0 3 

( tt /6) — 0 (77/6) — 0 7 t 


92. s-(r) = -16 1 2 - 22 1 + 220 

v(f) = -32l - 22 
i'(3) = — 118 ft/sec 
sit) = -16 1 2 - 22 1 + 220 

= 112 (height after falling 108 ft) 

- 16 f- - 22 1 + 108 = 0 
-2(1 - 2)(8l + 27) = 0 
1 = 2 

v(2) = -32(2) - 22 
= — 86 ft/sec 


94 . s(t) = — 4.9i 2 + v 0 l + ^ 

= — 4.9l 2 + s 0 = 0 when 1 = 6.8. 
s 0 = 4.9i 2 = 4.9(6.8) 2 = 226.6 m 
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96. 


50 — 
40 — 
30 — 
20 — 


10 + 



2 4 6 8 10 

Time (in minutes) 


(The velocity has been converted to miles per hour) 


98. This graph corresponds with Exercise 75. 



100 . s(t) = — ^at 2 + c and s '(t) = — at. 

A , . s(t 0 + At) - s(t 0 - A t) [— (l/2)a(t 0 + At) 2 + c] - [-(l/2)a(t 0 - At) 2 + c)] 

Average veloctty: ^ ^ ^ _ Af) = 2A7 

— (l/2)£t(tQ 2 + 2f 0 At + (At) 2 ) + (l/2)a(t 0 2 — 2t 0 At + (At) 2 ) 

2At 

— 2at 0 At 
“ 2At 


= -a'o 

= j '(t 0 ) Instantaneous velocity at t = t 0 


102. V = 



= 3i 2 


When 5 = 4 cm. 


dV 

ds 


48 cm 2 . 


104. C = (gallons of fuel used)(cost per gallon) 


15,000 

x 


(1.25) 


18,750 

x 


dC = 18,750 

dx x 2 



10 

15 

20 

25 

30 

35 

40 

c 

1875 

1250 

537.5 

750 

625 

535.71 

468.75 

dC 

dx 

-187.5 

-83.333 

-46.875 

-30 

-20.833 

-15.306 

-11.719 


The driver who gets 15 miles per gallon would benefit more from a 1 mile per gallon increase in fuel efficiency. 
The rate of change is larger when x = 15. 
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108 . y = -, x > 0 
x 


y =-*2 


At (a, b ), the equation of the tangent line is 


11,, x 2 

y = — 2 (x - a) or y = — 2 + 

a a~ a a 


The x-intercept is (2a, 0). 

2 


The y-intercept is I 0. 


The area of the triangle is A = ^ bh = ^(2a)^— j 


= 2 . 


y 



110 . y = x 2 

y' — 2x 

(a) Tangent lines through (0, a): 
y — a = 2x(x — 0) 
x 2 — a = 2x 2 



The po ints of tangency are (± J —a, — a). At ( J—a, — a) the slope is y '( V~a) = 2 V — a. At ( — J—a, — a) the slope is 
y'( — J—a) = — 2j —a. 

Tangent lines: y + a = 2 J— a(x — J— a) and y + a = — 2 ^/— a(x + -J— a) 
y = 2 J —cix + a y — —2 J —ax + a 

Restriction: a must be negative. 

(b) Tangent lines through (a, 0): 
y — 0 = 2x(x — a) 
x 2 = 2x 2 — 2ax 
0 — x 2 2 ax = x(x — 2a) 

The points of tangency are (0, 0) and (2a, 4a 2 ). At (0. 0) the slope is y '(0) = 0. At (2a, 4a 2 ) the slope is y '(2a) = 4a. 
Tangent lines: y - 0 = 0(x - 0) and y - 4a 2 = 4 a(x - 2a) 
y = 0 y = 4ax — 4a 2 

Restriction: None, a can be any real number. 


n2. m = i sin x\ is differentiable for all x A mr, n an integer. 

/ 2 W = sin |.v| is differentiable for all x A 0. 

You can verify this by graphing/) and/ 2 and observing the locations of the sharp turns. 
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Section 2.3 The Product and Quotient Rules and Higher-Order Derivatives 


2 . fix) = (6x + 5)(x 3 - 2) 

f'(x) = (6x + 5)(3x 2 ) + (x 3 — 2)(6) 
= 18x 3 + 15x 2 + 6x 3 — 12 
= 24x 3 + 15x 2 - 12 


6- g(x) 
g'ix) 


/x cos x + sin x 


V2V*) 


/x cos x H sin x 

2jx 


4 . g(s) = Vs(4 — s 2 ) = s‘/ 2 (4 — s 2 ) 

gXs) = s'/ 2 (— 2s) + (4 - = -2s 3 / 2 + 

_ 4 — 5s 2 
“ 2 s 1 / 2 


,, , (2t - 7) (2 1 ) - (f 2 + 2) (2) 2/ 2 - 14f - 4 

(27^7? (2, - 7)» 


i«. Ms) - V— r 

Vs — 1 


/i'(s) = 


(Vs - 1)(1) - s^s >/ 2 j 

u-l ) 2 


Vs - 1 - ^ Vs 
( V( - i) 2 


Vs — 2 
2( Vs — if 


14 . /(x) = (x 2 — 2x + l)(x 3 — 1) 

fix) — (x 2 — 2x + l)(3x 2 ) + (x 3 — l)(2x — 2) 
= 3x 2 (x — l) 2 + 2(x — l) 2 (x 2 + x + 1) 

= (x — l) 2 (5x 2 + 2x + 2) 

/'(l) = 0 


tc ft \ smjf 

18 - fix) = — 

= (x)(cosx) - (sin x)(l) 


x cos x — sin x 


X 2 


•^ ( 6/ 


(tt/6)( V3/2) - (1/2) 
7t 2 /36 

3V3t t - 18 


_ 3( V3t t - 6) 


12 . fit) = 


cos t 


fit) = 


t\— sin f) — cos f(3f 2 ) 


t sin 1 + 3 cos t 

? 


16 . fix) 


fix) 


m 


x + 1 
x — 1 

(x - 1)(1) - (x + 1)(1) 
(x - l) 2 

X — 1 — X — 1 

(x-1) 2 

2 

(.V - l) 2 


(2 - l) 2 


Function 


Rewrite 


Derivative Simplify 


20. y 


5x 2 - 3 




y' = 


5x 

2 


4 



Section 2.3 
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42. fix) 
fix) 
46. h(s) 


sin x 
x 

x cos x — sin x 

10 esc i 

s 


h \s) = — - + 10 esc s cot s 


50. y = x sin x + cos x 

y ' = x cos x + sin x — sinx = x cos x 

54. h(0) = 56 sec 6 + 0tan 0 

h \6) = 56 sec 6 tan 6+5 sec 6+6 sec 2 6 + tan 6 


58. f(6) 


sin 6 

1 — cos 6 


f\6) 


1 _ cos 6—1 

cos 6—1 (1 — cos 6) 2 


(form of answer may vary) 


44. y = x + cot x 

y' = 1 — csc 2 x = — cot 2 * 


48. y = 


y = 


x sec x tan x — sec x 


sec .r(.v tan * — 1) 


52. f{x) = sin x cos x 

fix) = sin x{— sinx) + cos.t(cosjt) 

= cos 2x 

56. f(x) = ( * t 3 )(x 2 + -v + 1) 

M -i + 2 .t 3 + 2x 2 -2 

j (x) = 2 9 (form of answer may vary) 

60. fix) = tanx cot.v = 1 
fix) = 0 
/'(l) = 0 


62. fix) — sin v(sin x + cos x) 

fix) — sin *(cos x — sin x) + (sin x + cos *)cos x 
= sin x cos x — sin 2 x + sin x cos x + cos 2 x 
= sin 2x + cos 2x 


J \ tt TT 

f — = sm — + cos — = 1 
J \ 4 / 2 2 

64. (a) fix) = (x - l\x 2 - 2 ), ( 0 , 2 ) 

fix) = ix — l)(2x) + ix 2 — 2)(l) = 3 x 2 — 2 x — 2 
fi 0) = — 2 = slope at (0, 2). 

Tangent line: y — 2 — — 2 x => y = — 2 x + 2 

66 . (a) fix)=f^\, (2,3) 

. (v + 1)(1) ~ (* ~ 1)(1) 2 

1 W ix + l) 2 ix + l) 2 

/'( 2) = | = slope at ^2, |j. 


(b) 

-4 


(b) 




Tangent line: y 
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68 . (a) fix) = sec x, 2 j 
fix) = sec x tan x 

/{?) = 2v ^ = slo P e at (f> 2 )' 

Tangent line: 

.V - 2 = 2s/3^x - j) 

6f3x — 3y + 6 — 2 fin = 0 

™. m - -ff 

„ (x 2 + l)(2x) — (x 2 )(2x) 2x 

f W “ (x 2 + l) 2 “ (x 2 + l) 2 

f(x) = 0 when x = 0. 

Horizontal tangent is at (0. 0). 


(b) 



72. f(x) = 


x(cosx — 3) — (sinx — 3x)(l) _ x cos x — sinx 


. _ x(cosx + 2) — (sinx + 2x)(l) _ x cos x — sin % 

8 W 7 7 

X Z X 1 


, x sin * + 2.x sin x — 3x + 5.x v , _ 
g(x) = = = fix) + 5 

/ and g differ by a constant. 


_ , . cos x 

74. fix) — = x " cos x 

x' 1 

/'(x) = —x~ n sinx — nx~ n ~ l cosx 
= — x _ " _1 (x sinx + ncosx) 
x sin x + n cos x 


When n = 1 : f\x) 
When n = 2: /'(x) 
When « = 3: /'(x) 
When n — 4: /'(x) 
For general n, /'(x) 


x sin x + cos x 


x sin x + 2 cos x 


x sin x + 3 cos x 


x sin x + 4 cos x 


x sin x + n cos x 


76. V = 7 rr 2 li= i r(t + 2)^yrj 

= |(f 3 /2 + 2d I 22 ) IT 

V'it) = — ^f 1 / 2 + r“ 1 / 2 j'7r = 7r cubic inches/sec 

78. F = | 

dP k 

dV ~ V 2 


80. fix) = sec x 

g(x) = esc x, [0. 2 tt) 
fix) = g'(x) 


sec x tan x 

sin 3 x 
cos 3 x 


— esc x cot x = 


sec x tan x 
esc x cot x 


= -1 : 


1 

sin x 

COS X 

cos X 

1 

cos % 

sin % 

sin x 


= -1 


-1 : 


• tan 3 x = — 1 => tan x = — 1 


x = 


37 t Itt 
4 ’ 4 
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82 . (a) n(t) = -9.6643 1 2 + 90.74 14/ + 77.5029 

v(t) = — 276.4643/ 2 + 2987.6929/ + 1809.9714 

v(/) — 276.46/ 2 + 2987.69/ + 1809.97 

( n(/) — 9.66/ 2 + 90.74/ + 77.50 


A represents the average retail value (in millions of 
dollars) per 1000 motor homes. 

. 40.46(y 2 - 2.09y + 17.83) 

W (y 2 - 9.39v - 8.02) 2 


86. fix) 


x 2 + 2x — 1 „ 1 

= x + 2 

X X 


/'« = 1+^2 

rw - -f 


84 . /(y) = y + 


/'(y) = 1 - 


64 


/'W 


192 

Y 4 


88. /(y) = sec y 

/'(y) = sec y tan x 

fix) = secx(sec 2 x) + tan Y(sec x tan x) 
= sec Y(sec 2 x + tan 2 x) 


90 . fix) = 2- 2y -1 
f"\x) = 2y“ 2 = ^ 


y 



92 . /M(y) = 2y + 1 
/ (5) (y) = 2 

/ (6) W = 0 


94 . The graph of a differentiable func- 
tion/such that / > 0 and/' < 0 
for all real numbers x would in 
general look like the graph below. 


96 . fix) = 4 — h{ x) 
fix) = -h\x) 

f'i 2) = {2) = -4 


98 . /(y) 
fix) 
A 2) 


= gix)hi x) 100 . 


= gix)h% x) + hix)g'ix) 

V- 

r/jf 

= g(2)ft'(2) + ft(2)g '(2) 

\ 

- / j ' 

= (3) (4) + (— l)(— 2) 

-2 -1 

-1 - 

V /l 3 4 

= 14 

y 



/- 



It appears that /is quadratic; so/' 
would be linear and /"would be 
constant. 


102 . sit) = — 8.25z 2 + 66/ 


v(/) = — 16.50/ + 66 
ait) = - 16.50 


/(sec) 

0 

1 

2 

3 

4 

sit) (ft) 

0 

57.75 

99 

123.75 

132 

v(/) = 5 '(/) (ft/ sec) 

66 

49.5 

33 

16.5 

0 

a)t) = v\t) (ft/sec 2 ) 

-16.5 

-16.5 

-16.5 

-16.5 

-16.5 


Average velocity on: 


[0, 1] is 
[1, 2] is 
[2, 3] is 
[3, 4] is 


57.75 - 0 = 
1-0 

99 - 57.75 
2-1 

123.75 - 99 
3-2 


132 - 123.75 


57.75. 

= 41.25. 
= 24.75. 
= 8.25. 


4-3 
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104. (a) fix) — x" 

f" (*) = n(n - 1 )(n - 2) • • • (2)(l) = n\ 


Note: n\ = n(n — 1) • • • 3 • 2 • 1 (read “ n factorial”) 


(b) f(x)=\ 

fM{x) = (~ l)"(»)(n ~ 1 )(n -2)- (2)(1) 

_ (— \) n n\ 
x n+l 


106. \xf(x )] ' = xf'(x) + f(x) 

[•*/(*)]"= xf'(x) + f(x) + fix) = xf"(x) + 2 f(x) 
W(x)Y" = xf"\x) + f\x) + 2 f\x) = xf"'(x) + 3 f\x) 
In general. \xf(xj^ = xf^ n \x) + nf^"~ l) (x). 

108. fix) = sin .V f(^\ = 1 

f'(x) = cos x f{^j = 0 

f'\x) = -sinjr ) = - ! 



(c) P-, is a better approximation than P l . 

77 

(d) The accuracy worsens as you move farther away from x = a = — . 


110. True. y is a fourth-degree 
polynomial. 


d”y 

dx" 


0 when n > 4. 


112. True 


114. True. If v(t) = c then 
af ) = v\t) = 0. 


116. (a) ifg ' - f'g) ’ = fg" + f'g ' - f'g ' -f"g 
= fg" ~ fg True 
(b) (fg)"= (fg'+fg)' 

= fg" + f'g' + f'g' + fg 
= fg"+ fg'+fg 

* fg" + f'g False 
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Section 2.4 The Chain Rule 


y = figix)) 

u = g(x) 

'IS' 

II 

2. y = -r- 1 

7x + 1 

U = X + 1 

y — u 1 t 2 

4 . y = 3 tan(Trx 2 ) 

M = 7TX 2 

y = 3 tan u 

. 3x 

6. v = cos — 
2 2 

31™ 

II 

3 

y = cos u 

8. y = (2x 3 + l) 2 



y' = 2(2x 3 + l)(6x 2 ) 

= 12x 2 (2x 3 + 1) 



10. y = 3(4 — x 2 ) 5 

y' = 15(4 - x 2 )(—2x) = — 30x(4 - x 2 ) 


12 . /(/) = ( 9 1 + 2) 2 / 3 
fit) = |(9 1 + 2) _1 / 3 (9) 


6 

79t + 2 


14. g(x) = 75 - 3x = (5 - 3x)'/ 2 

g'(x) = ^(5 - 3x) _1/2 (— 3) = - ~ 3 
s 2' 275 - 3x 


16. g(x) = 7x 2 — 2x + 1 = 7(x — l) 2 = \x — 1| 


18. f{x) = -3(2 - 9.x) 1 / 4 


gU) 


f 1, x > 1 

j— 1, X < 1 


fix) 


-|(2 - 9x)“ 3 / 4 (— 9) 


27 

4(2 - 9x) 3 / 4 


20. s(t) = {t 2 + 3 1- I)" 1 

s\t) = -l(f 2 + 3 1- l)“ 2 (2f + 3) 


-(2 1 + 3) 
(t 2 + 3 1 - l) 2 


22. y= -5{t+ 3) -3 


y' = 15(r + 3) -4 = 


15 

it + 3) 4 


24. git) = (r 2 - 2)- 1 / 2 

= -^ 2 - 2) -3/2 (2r) = - (f ^ 2 p 72 


28. y = — x 2 7l6 — x 2 

y' = |x 2 (|(16 - x 2 ) _ly,2 (— 2x)j + x(16 - x 2 ) 1 / 2 


2 s/16 — x 2 


+ x 7 1 6 — 


— x(3x 2 - 32) 
27l6 — x 2 


32. fc(f) 


f 2 

t 3 + 2 


2 



t 2 

t 3 + 2 


it 3 + 2)(2 1) - t 2 {3t 2 )\ 
it 3 + 2) 2 ) 


2t 2 {4t - t 4 ) _ 2f 3 (4 - r 3 ) 
(r 3 + 2) 3 “ {t 3 + 2) 3 


26. fix) = x(3x — 9) 3 

fix) = x[3(3x - 9)-(3)] + (3x - 9) 3 (l) 
= (3x - 9) 2 [9x + 3x - 9] 

= 27 (x - 3) 2 (4x - 3) 


30. 


x 

' V ~~ + 4 

(x 4 + 4) 1 / 2 (l) - x^(x 4 + 4)->/ 2 (4x 3 ) 


x 4 + 4 — 2x 4 _ 4 - x 4 

(x 4 + 4) 3 / 2 ~~ (x 4 + 4) 3 / 2 
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34. g(x) = 
g'(x) = 3 


( 3.t 2 - 2 \ 3 
V 2x + 3 , 


f 3 x 2 - 2\ 

1 (2x + 3)(6x) - (3.r 2 - 2)(2)\ 

V 2x + 3 ) 

\ ( 2.x + 3) 2 / 


3(3* 2 — 2) 2 (6x 2 + 18* + 4) _ 6(3x 2 — 2) 2 (3* 2 + 9x + 2) 


(2* + 3) 4 


(2* + 3) 4 


36. y = 



~j2x[x + l) 3 / 2 


y'has no zeros. 


38. f(x) = n/*(2 — x) 2 

/w - 

The zeros of f' correspond to the points on the graph of 
/ where the tangent lines are horizontal. 


7 


J 

L/ 





-2 


40. y = (f 2 - 9) Jt + 2 

, = 5f 2 + 8/ - 9 
' V 2jt + 2 


42. *(x) 
g'W 


V* — 1 + Jx + 1 
1 1 
2>/ x 1 2 V* + 1 


The zero of y ' corresponds to the point on the graph of y 
where the tangent line is horizontal. 


15 



[4 . . 


V 


-15 


g ' has no zeros. 



44. v = x 2 tan - 
x 

dy \ ,1 

— = 2x tan sec — 

ax x x 

The zeros of y ' correspond to the points on the graph of 
y where the tangent lines are horizontal. 



46. (a) y = sin 3* 
y ' = 3 cos 3x 
y'(o) = 3 
3 cycles in [0, 2 tt] 


(b) y = sinm 



Half cycle in [0, 2 it] 

The slope of sin ax at the origin is a. 
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50. h(x) — sec(x 2 ) 

h '(x) = 2x sec(x 2 ) tan(x 2 ) 

52. y = cos (1 — 2 a:) 2 = cos ((1 — 2x) 2 ) 

y' = —sin (1 — 2x) 2 (2(l — 2x)(— 2)) = 4(1 — 2x) sin(l — 2x) 2 



COS V 

= cos v • sin v 

esc v 

cos v(cos v) + sin v(— sin v) = cos 2 v — sin 2 v = cos 2v 


56. g(v) = 
g\v) = 


48. y = sin ttx 


dy 

— =TT COS 7T X 

dx 


58. y = 2 tan 3 x 

y ' = 6 tan 2 x • sec 2 x 


60. g(t) = 5 cos 2 T Tt = 5(cos 1 Tt) 2 
g\t) = 10 cos Trt(— sin Ttt)(Tr) 

= — 10ir(sin Trf)(cos i Tt) — 


62. h(t) = 2 cot 2 (ir t + 2) 

h\t) = 4 COt(7 rt + 2)(— csc 2 (t Tt + 2)(tt)) 
= — 47TCOt(7rt + 2) csc 2 (irt + 2) 


66. y = sinx 1 / 3 + (sinx) 1 / 3 

y' = cos x 1 / 3 (^x _2 ^ 3 j + ^(sin x) -2 / 3 cos x 


1 COS X 1 / 3 COS X 

3 _ x 2 / 3 (sin x) 2 / 3 


/w - («4) 

/'(*) = -2(.v 2 - 2 a! '(2a a! - f 

m - 

74. y = - + 7cos x, ( -g-, — ] 

X \ 2 177 

, _ 1 sin x 

* 2 2Vcos x 


64. >’ = 3x — 5 cos(ttx) 2 
= 3x — 5 cos(ir 2 x 2 ) 

^ 7 - = 3 + 5 sin(Tr 2 x 2 )(27r 2 x) 
dx 

= 3 + 10ir 2 x sin(7rx) 2 

68. >> = (3x 3 + 4.x) 1 / 5 , (2, 2) 

y' = j(3x 3 + 4x) _4 / 5 (9x 2 + 4) 

_ 9x 2 + 4 

~~ 5(3x 3 + 4x) 4/5 

,V'(2) = \ 

72 - ™ = ir=i- (2 ’ 3) 

,,, v = (2x - 3)(l) - (x + 1)(2) 
1 W (2x - 3) 2 

ft 2 ) = “5 


5irsin 2irt 


-5 

(2x - 3) 2 


y\n/2) is undefined. 
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76. (a) fix) = 
fix) = 


/'( 2 ) = 

Tangent line: 

y - 2 = y(x - 2) => 13x - 9y - 8 = 0 
(b) e 



^xVx 2 + 5, (2, 2) 

+ 5)->/ 2 (2x) 


+ ^( x 2 + 5) 1 / 2 


+ -Jx 2 + 5 


3VX 2 + 5 3 

4 1 /o, 13 

3(3) + 3 (3 ~ 9 


78. (a) f{x) = tan 2 x, lj 
f\x) = 2 tan x sec 2 x 
/(f) = 2(1) (2) = 4 
Tangent line: 

y — 1 = 4 (* - 4x - y + (1 - tt) = 0 


A 


/ 

f 


-4 


80. /(x) = (x — 2) _1 
/'(x) = -(x - 2)- 2 = 

fix) = 2(x - 2) -3 = ^ ^ 2 p 

82. fix) = sec 2 7rx 

/'(*) = 2 sec Trx(T7" sec irx tan irx) 

= 27 r sec 2 7rx tan 7rx 

/"(x) = 277 sec 2 77x(sec 2 7rx)(7r) + 277 tan 77x(277sec 2 77X tan 77x) 
= 2 ir 2 sec 4 77 X + 477 2 sec 2 77x tan 2 irx 
= 2 ir 2 sec 2 77x(sec 2 irx + 2 tan 2 77x) 

= 2 ir 2 sec 2 77 x( 3 sec 2 77X — 2) 


84. ^ 



/is decreasing on (— oo, — 1) so/' must be negative 
there. /is increasing on (1, oo) so/' must be postive 
there. 


86 . 



The zeros of/' correspond to the points where the graph 
of/has horizontal tangents. 


88. g(x) =/(x 2 ) 

g'ix) =/'(x 2 )( 2x) =>g\x) = 2x/'(x 2 ) 
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90. (a) g(x) = sin 2 x + cos 2 x = 1 => g'(.x) = 0 
g \x) = 2 sin x cos x + 2 cos x(— sin x) = 0 

(b) tan 2 x + 1 = sec 2 x 
g(x) + 1 =f(x) 

Taking derivatives of both sides, 
g'(x) =f'{x). 

Equivalently, f'(x) = 2 sec x • sec x • tan x and 
g '(x) = 2 tan x • sec 2 x, which are the same. 


92. y = | cos lit — | sin 1 2/ 

v = y' — j[— 12 sin 12?] — |[12 cos 12?] 

= —4 sin 12? — 3 cos 12? 

When ? = 7 t/8, y = 0.25 feet and v = 4 feet per second. 


94. y = A cos tot 


(a) Amplitude: A = ^ = 1.75 
y = 1.75 cos cot 
Period: 10 => w = ^ = j- 

i 771 

y = 1 .75 cos — 


96. (a) Using a graphing utility, or by trial and error, you 
obtain a model of the form 


/ cjrt 

T(t) = 64.18 - 22.15 sin ( — + 1 



(b) v = y' = 1.75 


77 . 77 ? 

"5 sin y 


= —0.35 77 sin 


( 77 ? 
— + 



/ tt7 

= —11 .60 cos( — + 1 


20 



(d) The temperature changes most rapidly when ? ~ 4. 1 
(April) and ? ~ 10.1 (October). The temperature 
changes most slowly {T\t) = 0) when ? ~ 1.1 
(January) and ? ~ 7. 1 (July). 


98. (a) g(x) = f(x)~ 2 => g'(x) = f'(x) 

(b) h(x) = 2 f(x) =^> h \x) = 2 f\x) 

(c) r{x) = f(—3x) => r'(x) =/'(- 3x)(-3) = -3f'(~3x) 
Hence, you need to know/'(— 3x). 


r'(0) = — 3/'(0) = (— 3)(— |) = 1 
r'(~ 1) = — 3/'(3) = (— 3)(— 4) = 12 

(d) i(x) = f{x + 2) =>s'(x) = f\x + 2) 
Hence, you need to know/'(x + 2). 

«'(-2) =/'(0) = — |, etc. 


X 

-2 

-l 

0 

1 

2 

3 

f\x) 

4 

2 

3 

1 

3 

-1 

-2 

-4 

g\x) 

4 

2 

3 

1 

3 

-1 

-2 

-4 

h '(x) 

8 

4 

3 

2 

3 

-2 

-4 

-8 

r\x) 


12 

i 




s\x) 

1 

3 

-1 

-2 

-4 
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100 . f(x + p) = fix) for all x. 

(a) Yes ,f\x + p) = fix), which shows that/' is 
periodic as well. 

(b) Yes, let g(x) =/( 2x), so g'(x) = 2f\2x). 
Since/' is periodic, so is g'. 


102 . If /(— x) = —f(x), then 

/'(-*)(- 1 ) = -f'(x) 
f'(-x) = f'(x). 
Thus,/'(.v) is even. 




106 . f(x) = \x 2 - 4\ 

f(x) = 2x(-^-_ r^j).**± 2 


108 . f{x) = | sin x | 


/'(■*) 


l sin x\ 

= COS X\ 7^ r , X # k TT 

\ stn.v / 


110 . (a) fix) = sec(2.v) 

f\x) = 2(sec 2.v)(tan Zx) 

f"(x) = 2[2(sec 2.v)(tan 2x)] tan Zx + 2(sec 2.v)(sec 2 2.v)(2) 
= 4[(sec 2.v)(tan 2 2x) + sec 3 2x] 



/ (f) = S6C (f) = 2 
/ {f) = 2seC (f) tan (f) =4y2 

/"(f) = 4[2(3) + 2 3 ] = 56 
Pfx) = 473^ - + 2 

Pfx) = |(56)(x - + 4 >/3^ - ^ + 2 

= 28 (x - f)- + 473^ - j) + 2 


(c) P 2 is a better approximation than P v (d) The accuracy worsens as you move away 

from x = 7 t/ 6. 

112 . False. If/(.v) = sin 2 2x, then fix) — 2(sin 2x)(2 cos 2x). 

114 . False. First apply the Product Rule. 
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Section 2.5 Implicit Differentiations 


2. x 2 - y 2 = 16 


2x — 2 yy' = 0 


y' = 


X 


4. x 3 + f = 8 
3x 2 + 3 y 2 y' = 0 



6 . x 2 y + y 2 x = - 2 

x 2 v' + 2xy + y 2 + 2yxy' = 0 

(x 2 + 2xy)y ' = ~(y 2 + 2xy) 

= -y(y + 2x) 
x(x + 2y) 


8. ( xy )*/ 2 — x + 2v = 0 

^(xy)“ 1/2 (xy' + y) - 1 + 2y' = 0 


JL =y' + ^ L 


■ - 1 + 2y'= 0 


2 Try 2x/xy 
xy' + y — 27xy + 47xy y' = 0 

, = 2 ^xy ~ y 

4 Jxy + x 


10 . 


2 sin x cos y = 1 
2[sinx(— sin v)v' + cosy(cosx)] = 0 

. COS X cos v 

y = —■ 

sin x sin y 
= cot x cot y 


12. (sin 7 tx + cos 7ry) 2 = 2 

2(sin 7rx + cosT7y)[TT cos 7rx — 7r(simry)y'] = 0 
7T cos 7TX — T?(sin try)y ' = 0 

. COS 7TX 

y = 

sm try 


14. cot y = x — y 

(—esc 2 y)y' = 1 — y' 

, _ 1 
^ 1 — esc 2 y 


1 

— cot 2 ) 1 


— tan 2 y 


16. x = sec— 

y 


i y' i i 

1 = — sec- tan — 


sec(l/y) tan(l/y) 



18. (a) (x 2 - 4x + 4) + (y 2 + 6y + 9) = -9 + 4 + 9 

(x - 2) 2 + (v + 3) 2 = 4 (Circle) 

(y + 3) 2 = 4 - (x - 2) 2 

y = — 3± J 4 - (x - 2) 2 


(c) Explicitly: 


f = ±'[4 - (x - 2) 2 ]^ 1 / 2 (— 2)(x - 2) 
ax 2 

+ (* - 2 ) 

(74 - (x - 2) 2 

= ~(* - 2 ) 

± 74 - (x - 2) 2 

= -(* ~ 2) 

-3 ± 74 - (x - 2) 2 + 3 
_ -(* ~ 2) 


(b) ? 



(d) Implicitly: 

2x + 2yy' — 4 + 6y' = 0 

(2y + 6)y ' = — 2(x — 2) 

y'— ~ {x ~ 2) 

J y + 3 


y + 3 
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20 . (a) 9y 2 = x 2 + 9 



x 2 + 9 
9 


y = 


± Jx 2 + 9 
3 



d +\(x 2 + 9)-'/\2x) 

(c) Explicitly: g = — 3 

(d) Implicitly: 9y 2 — x 2 — 9 

18yy' — 2x = 0 


18yy ' = 2x 

, 2x 
y ~ 18y 


x_ 

9y 


+x _ ±X _ X 

3jx 2 + 9 3(±3y) 9y 


22 . x 2 — y 3 = 0 
2x - 3y 2 y ' = 0 


y = 


2x 
3 v 2 


At (1. 1): y' = 


26 . x 3 + y 3 = 4xy + 1 
3x 2 + 3y 2 y' = 4xy' + 4y 
(3v 2 - 4x)y ' = 4y - 3x 2 


y' 

At (2, 1), y' - 


4y - 3 jc 2 
" (3y 2 - 4x) 

4-12 _ 8 
3 - 8 “ 5 


30 . (4 — x)y 2 = x 3 

(4-.*)(2yy0+y 2 (-l) = 3x 2 

, _ 3x 2 + y 2 
• V 2y(4 - x) 


24 . {x + y) 3 = x 3 + y 3 

x 3 + 3x 2 y + 3xy 2 + y 3 = x 3 + y 3 
3x 2 y + 3xy 2 = 0 
x 2 y + xy 2 = 0 
x 2 y' + 2xy + 2xyy' + y 2 = 0 

{x 2 + 2xy)y ' = — (y 2 + 2ry) 


.V' 

At (— 1, 1): y'= -1. 


y(y + 2x) 
x(x + 2 y) 


28 . x cos y = 1 

,v[ — y' siny] + cosy = 0 


>’ = 


cos y 
xsiny 


1 

— cot y = 
x 


cot y 
x 


At 



1 

2 73 ' 


32 . x 3 + y 3 — 6xy = 0 

3X 2 + 3y 2 y ' - 6xy' - 6y = 0 

y'(3y 2 — 6x) = 6y — 3x 2 

, _ 6y — 3x 2 _ 2y — ,y 2 
■ V “ 3y 2 - 6x ~ y 2 - 2x 


(4 8\ (16/3) - (16/9) 32 4 

\3’ 3/' - V (64/9) - (8/3) 40 5' 


At (2, 2): y'= 2. 
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34. cosy = x 

— sin y • y ' = 1 

y ' = . 1 , 0 < y < 7 t 
sin y 

sin 2 y + cos 2 y = 1 

sin 2 y = 1 — cos 2 y 


sin y 


= 71 — cos 2 y = 71 — 


-1 


• v = 7f^y 


, — 1 < X < 1 


36. 


4xy 2 


x 2 y 2 - 2x = 3 
2x 2 yy' + 2xy 2 — 2 = 0 
x 2 yy' + xy 2 —1=0 

, 1 - xy 2 

y 

2 xyy' + x 2 {y') 2 + x 2 yy" + 2xyy' + y 2 = 0 
4xvy ' + x 2 (y') 2 + x 2 yy” + y 2 = 0 


± j 1 4 2 4 + ( L= ^ + 
x x~y 

4x 2 y 4 + 1 — 2xy 2 + x 2 y 4 + x 4 y 3 y" + x 2 y 4 = 0 


x 4 y 3 y" = 

y" = 


2x 2 y 4 - 2xy 2 - 1 
2x 2 y 4 - 2xy 2 - 1 


38. 1 — xy = x — y 
y — xy = x — 1 
x — 1 

y 


= -l 


42. 


r = 


2yy' = 


At 2. 


1 — X 

y' = o 
y" — o 

x — 1 

X 2 + 1 

(x 2 + l)(l) — (x — l)(2x) 
(x 2 + l) 2 

x 2 + 1 — 2x 2 + 2x 
(x 2 + l) 2 

1 + 2x — x 2 
2y(x 2 + l) 2 

ys\ 


1+4-4 


: ,v = 


[(2V5)/5](4 + l) 2 1075' 

1 


Tangent line: y - ^ = ^^ (x - 2) 

10y5y - 10 = x - 2 
x — 10y5y + 8 = 0 


40. y 2 = 4x 
2yy' = 4 


y' 

y" 


2 

y 

— 2y~ 2 y ’ 




-1 
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46 . / = Ax 

2yy' — 4 

y ' = — = 1 at (1, 2) 

Equation of normal at (1, 2) is y — 2 = — \(x — 1), y = 3 — x. The centers of the circles must be on the normal and at 
a distance of 4 units from (1,2). Therefore, 

(x — l) 2 + [(3 — x) — 2] 2 = 16 

2(x - l) 2 = 16 

x — 1 ± 2^2. 

Centers of the circles: (l + 2s/2, 2 — 2s/2.) and (l — 2s/2, 2 + 2 s/ 2 ) 

Equations: (x — 1 — 2j~2 ) 2 + {y — 2 + 2 s/2 ) 2 = 16 
(x ~ 1 + 2 s/ 2) 2 + (y - 2 - 2s/2] 2 = 16 


48. 4,r 2 + y 2 - Sx + Ay + 4 = 0 

8x + 2 yy' - 8 + Ay' = 0 

, _ 8 - 8x _ 4 - Ax 
y ~ 2v + 4 “ y + 2 

Horizontal tangents occur when x = 1 : 

4(l) 2 + f - 8(1) + Ay + 4 = 0 

T 2 + 4y = y(y + 4) = 0 => y = 0, -4 
Horizontal tangents: (1, 0), (1, —4). 

Vertical tangents occur when y — — 2: 

4x 2 + (— 2) 2 - Sx + 4(— 2) +4 = 0 

4x 2 — 8x = Ax(x — 2) = 0 => x = 0, 2 



Vertical tangents: (0, —2), (2, —2). 
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50 . Find the points of intersection by letting y 2 = x 3 in the equation 2x 2 + 3y 2 = 5. 
Zx 2 + 3x 3 — 5 and 3x 3 + 2x 2 — 5 = 0 

Intersect when x = 1. 


Points of intersection: (l,±l) 

y 2 = x 3 : 

Zyy' = 3x 2 
, 3x 2 

y ^ 

At (1. 1), the slopes are: 

, 3 

y =2 

At (1, — 1), the slopes are: 

, 3 

y = “2 

Tangents are perpendicular. 


lx 2 + 3y 2 = 5: 
4x + 6yy' = 0 
2x 



52 . Rewriting each equation and differentiating, 
x 3 = 3(v - 1) x(3y - 29) = 3 


7 3 + 1 


>’ ‘ 50 + 29 


y' = x 2 


y = 



For each value of x, the derivatives are negative reciprocals of each other. Thus, the tangent lines are orthogonal at both points 
of intersection. 


54 . 


x 2 + y 2 = C 2 y = Kx 
Zx + Zyy ' = 0 y' = K 


At the point of intersection (x, y) the product of the 
slopes is (~x/y)(K) = (~x/Kx)(K) = — 1. The curves are orthogonal. 



3 



56. x 2 — 3xy 2 + y 3 = 10 

(a) 2x — 3y 2 - 6 xyy ' + 3y 2 y ' = 0 

(— 6xy + 3y 2 )y ' = 3y 2 - 2x 


.v' 


3y 2 - 2x 
3y 2 — 6xy 


< l » 2 *f-^ 


dx 

dt 



+ 3y 2 


dy 

dt 


= 0 


(2x - 3y 2 )f = (dry - 3y 2 ) J 


58. (a) 4 sin x cos y = 1 

4 sin x(— sin y)y ' + 4 cos x cos y = 0 
, cos x cos y 

y = -■ ■ ' 

sin x sin y 


\ dy dx 

(b) 4 sin x( — sin y)-= + 4 cos x — cos y = 0 
' dt dt 


dx 


dy 


cos ^ cos y — = sin x sin y - , 
dt dt 
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60. Given an implicit equation, first differentiate both sides 
with respect to x. Collect all terms involving y ' on the left, 
and all other terms to the right. Factor out y ' on the left 
side. Finally, divide both sides by the left-hand factor that 
does not contain y 



Use starting point B. 


64. Jx + s/y — V~c 

-^ + J- c -!y = 0 

2jx ijy dx 

dy _ Vy 

dx Px 
Tangent line at (x 0 , y 0 ): 

'fyp , \ 

y - y o = — 7=u ~ -hi) 

V Xg 

x-intercept: (x 0 + VXgVyg, 0) 
y-intercept: (o, y 0 + VxgVyg) 

Sum of intercepts: 

( x o ^Xo^/yo) (to = x o "*■ 2VxoVjo Jb = ( '^ x o = ( vP) = c - 

Section 2.6 Related Rates 


y = 

2(x 2 - 

- 3x) 



4^. 

+ 

II 

■■ 25 


dy = 
dt 

(4x - 

6) f 



„ dx „ dy 
2x— + 2yp = 
dt ’ dt 

0 


dx 

1 




dy = 

(~- 

px 

dt 

4x - 

6 dt 



dt 

V y/ 


(a) When x 

= 3 and 

dx 

dt 

- 2, j t = [4(3) - 6](2) = 12 

dx 

dt 

p-' 

V x/ 

py 

hit 


(b) When x = 1 and = 5, = , } — r(5) = — 7 

dt dt 4(1) - 6 2 


(a) When x = 3, y = 4, and dx/dt = 8, 

(b) When x = 4, y — 3, and dy/dt — — 2, 

— = = - 
dt 4 ’ 2' 
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6- y — 


l + x 2 


dx = 
dt 


dy 

dt 


— 2x 


(1 + x 2 ) 2 

(a) When x = — 2, 


dx 

dt 


dy — 2 (— 2 )( 2 ) 8 

— = — = — cm/sec. 

dt 25 25 


(b) When x = 0, 


d y n / 

— = 0 cm/ sec. 
dt 


(c) When x = 2, 


dy —2(2) (2) -8 , 

— = — = — 7- cm/ sec. 

dt 25 25 


8. y = sin x 

dx 


dt 

dy 


= 2 


dx 


, = cosx- 

r/r r/t 


(a) When x = 77/6, 


= (cos ^(2) = V3 cm/sec. 


(b) When x = tt/4, 


c/f 


= ^cos^-j(2) = J2 cm/sec. 


(c) When x = tt/3. 


^ = (cosyj(2) = 1 cm/sec. 


„„ , ' dx . dy 
10 . (a) — negative => — negative 
dt dt 


12. Answers will vary. See page 145. 


dy dx 

(b) — positive => — positive 
dt dt 


14. D = Vx 2 + y 2 = Vx 2 + sir 


dx = 
dt “ 


^ ^ (x 2 + sin 2 x) '/ 2 (2x + 2 sin x cos x)-j- = 


dx x + sin x cos x dx 2 + 2 sin x cos x 


dt 2 


dt Jx 2 + sin 2 x dt Vx 2 + sir 


16. A = Ttr 2 

dA dr 

— = 2irr— 
dt dt 

If dr/dt is constant, dA/dt is not constant. 


dA , dr 

— — depends on r and — . 
rfr r/f 


18. V = —Ttr 2 


= 2 


dr 
dt 

dV , f/r 
dt dt 


dV 


(a) When r = 6. — = 47 t( 6) 2 (2) = 28877 in 3 /min. 
dt 


When r = 24, = 4tt(24) 2 (2) = 460877 in 3 /min. 

(b) If dr/dt is constant, dV/dt is proportional to r 2 . 


20. V = x 3 
dx 


dt 


= 3 


— = Sr 2 — 
dt dt 


(a) When x = 1 
dV 


dt 


= 3(l) 2 (3) = 9 cm 3 /sec. 


(b) When x =10, 
dV 


— = 3(10) 2 (3) = 900 cm 3 / sec. 
dt 
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22. V = rr 2 h = -^7rr 2 (3r) = 77 r 3 


„ 1 1 25 , 2577 , 

24. V = -nr>h = -n— IS = 


y = 2 

dt 


_ . . . r h 5 

By similar triangles, — = — => r = — /z. 


dV dr 

— = 3irr z — 
dt dt 


f=10 

dt 


(a) When r = 6, 

dV 

— = 3tt( 6) 2 (2) = 21677 in 3 /min. 

(b) When r = 24, 

dV 

— = 377(24) 2 (2) = 345677 in 3 /min. 


26. V = — £>/i(12) = 6/7/7 = 6h 2 (since Z? = /?) 

i/F dh dh 1 

dt dt dt 12 h dt 

When h = I and ^7- = 2,-^- = 77777(2) = 7 ft/min 
dt dt 12(1)' 6 

(b) If 77 = 7 and h = 2, then —7 = 12(2)f = 9 ft 3 /min. 

dt 8 dt \8/ 



JV _ 2577 2 rffc dh _ / 144 W 

dt 144 if? dt \ 25 77/7 2 / dt 

dh 1 44 9 

When h = 8, — = , , (10) = 7— ft/min. 

<# 25tt<64) v IO 77 



When x = 2.5, 




y 





718.75 

2.5 


0.15 ~ —0.26 m/sec 


30. Let L be the length of the rope. 


( a ) L 2 = 144 + x 2 


dL dx 

2 L — = 2,v — 
dt dt 

dx L dL AL . dL 

— = — • — = since — = — 4 

dt x dt x dt 

When L = 13, 

x = JL 2 - 144 = Vl69 - 144 = 5 

dx 4(13) 52 in/lr . 

— = = — — = - 10.4 ft/ sec. 

dt 5 5 


ft/sec. 



dx 

(b) If — = —4, and L = 13, 
dt 


dL 

dt 


x dx 
L dt 


Tr 


-20 

13 


ft/sec 


As L -4 0, — 


n dL - 
0, — increases. 

dt 


Speed of the boat increases as it approaches the dock. 
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32. x 2 + y 2 = s 2 

r,dx ds 

2x b 0 = 2s — 

dt dt 


dx _ s ds 
dt x dt 


( ■ dy - n 
since — = 0 

\ dt 


When s = 10, x = VlOO - 25 = 775 = 5 73 

d * = K ’ (-240) = = -160 73 = -277.13 mph. 

dt 573 73 


34. s 2 = 90 2 + x 2 
x = 60 

^ = 28 
dt 

ds _ x dx 
dt s dt 

When x = 60, 

i = 790 2 + 60 2 = 307l3 




ds 


dt 30713 


“ (28) . * 


v/l3 


15.53 ft/sec. 


36. (a) 


20 


6 y — x 

20y — 20x = 6y 

14y = 20x 
10 

y = T * 


dx 

dt 


= -5 



dy 10 dx 10 , , — 50 . 

j-tstt'- 5 '-— ,1/s “ 


„ , d(y - x) dy dx - 50 , ^ —50 , 35 

(h) ^d^ = j t -Jt = — - { - 5) = — + T = 


-15 


ft/ sec 


3 

38. x(t) = — sin 77 1, x 2 + y 2 = 1 


2tt 

(a) Period: — = 2 seconds 

77 


(b) When jc = |, y = 1 - = |m. 


Lowest point: I 0 


(c) When x = — , y = 




yi5 


and 


3 3. . 1 1 

— = — Sin 77f => Sin 77t — — => t = — 
2 6 


10 

dx 


, — — 77 COS 77f 

dt 5 


x 2 + y 2 = 1 


dx dy 
2x — + 2y — = 0 : 
<7f ’ <7? 


rfv _ — x dx 
dt y dt 


T1 rfy -3/10 3 
Thus, — = . — • -( 

dt Vl5/4 5 

— 977 — 9v/577 


Speed = 


2575 125 

- 9^77 


125 


0.5058 m/sec 
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40 . 


_j_ _ _j_ J_ 

R ~ R x + R 2 


dR l 

dt 


dR n 
dt 


= 1.5 


1 dR _ 1 dR l 1 dR 2 

R 2 dt Rf dt R 2 dt 

When R ] = 50 and R 2 = 75, 


R = 30 


dR 

dt 


(30) ; 


(50) : 


: (1) + (75P (L5) 


= 0.6 ohms/sec. 


42 . rg tan 9 = v 2 

32r tan 6 — v 2 , r is a constant. 


, r/0 „ dv 

32 r sec-0— = 2 v— 
dt dt 


dv 

dt 



dd 

dt 


Likewise, 

dt 



dv 

dt' 


44 . 


sin 9 = 


10 


dx 

dt 


= (— l)ft/sec 


fll cW l 

cosei-i^ 


— 10 dx 
x 2 dt 


d9 — 10 dx. , 


dt 


x~ dt 
-10 


25 2 


(-D 


25 

v/25 2 - 10 2 


10 1 
25 5721 


2 _ 2y/2T 

25 s/2l ~ 525 


0.017 rad/sec 



46 . 




de 

dt 


= 30(2 tt) = 60Trrad/min = tt rad/sec 


sec 2 9 


dd\ _ l f dx 


dt 


50\ dt 


dx 


— = 50 sec 2 0 — 




rf0 


dt j 

dx 200 77 , 


(a) When 0 = 30°, 7 = ^7^ ft/sec. 

dt 3 


dx 

(c) When 0 = 70°, — * 427. 43 77 ft/sec. 
dt 





(b) When 0 = 60°, — = 20077 ft/sec. 


48 . sin 22° = - 

y 


x dy + I rf.r 

y 2 dt y dt 


C J± = -I. C ]X = ( S i n 22°) (240) « 89.9056 mi/hr 
<r/7 y dt 


50 . (a) dy/dt = 3 (dx/dt) means that y changes three times as 
fast as x changes. 

(b) y changes slowly when x ~ 0 or x ~ L. y changes 
more rapidly when x is near the middle of the 
interval. 
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52. L 2 = 144 + x 2 ; acceleration of the boat = 


d 2 x 

dt 2 ' 


„ , . . „ dx 

First derivative: 2 L — = 2x — 
dt dt 

dL dx 

L— — x — 
dt dt 


Second derivative: L - 


dL 

dL _ 

d 2 x dx 

dt 

dt 

+ 

X 


d 2 x 

(l\ 

T ^ 


dt 2 

(*) 

dt 2 


dt 


dt 


When L = 13, x = 5, = “ 10.4, and — = — 4 (see Exercise 30). Since — is constant, ^ \ = 0. 

dt dt dt dt 2 

ff = |[13(0) + (-4P - (- 10.4P] 


= j[16 - 108.16] = j[ — 92.16] = -18.432 ft/ sec 2 


54 . y(f) = — 4.9f 2 + 20 

^ = — 9.8f 
dt 

>■(1) = -4.9 + 20 = 15.1 
y'(D = -9.8 

20 y 

By similar triangles, — = — 

x x — 12 

20x — 240 = xy. 

When y = 15.1, 20* - 240 = *(15.1) 
(20 - 15.1)* = 240 
240 


4.9’ 


20* — 240 = xy 

dx dy dx 

20— = * , + y— 
dt dt ’ dt 


dx 

dt 


dy 


« . dx 

U ~ l ’ ~dt ~ 20 - 15.1 


20 — y dt 
240/4.9 


(-9.8) « -97.96 m/sec. 


y 
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t d 2 y 

51 . x 2 + v 2 = 25; acceleration of the top of the ladder = — -tt- 

clt 2 


dx dy 

First derivative: 2x 1- 2y — = 0 

dt ’ dt 

dx ,dy 
x — + y — = 0 

dt ' dt 

_ , , . . d 2 x , dx dx d 2 y dy dy 

Second derivative: x — r H • 1- v— r H — • — = 0 

dt 1 dt dt ’ dt 2 dt dt 


db_(l 


d 2 x / dx \ 2 / dy \2 

dt 2 X dt 2 \dt) \dt) 

dy 7 dx dx d 2 x 

When x = 7, y = 24, — = — — , and — = 2 (see Exercise 27). Since — is constant, r = 0. 

dt 12 dt dt dt 2 

fl . -Li- 7( „) - < 2) > - (-V1 = ±f-4 - £1 - Jd-fn - -0.1808 ft/sec 2 

dt 2 24 \ 12/ 24 144 24 144 


53. (a) Using a graphing utility, you obtain m(s) = — 0.88U 2 + 29.10.S — 206.2 

(h) d^ = djnds = (- l 762s + 2 9A0) df 

at as dt dt 

ds 

(c) lit = s (1995), then s = 15.5 and — = 1.2. 

dm 

Thus, — = (- 1.762(15.5) + 29.10)(1.2) « 2.15 million. 
dt 


Review Exercises for Chapter 2 

1. f(x) = x 2 — 2x + 3 

f(x) = lim f{X + y - f{x) 

J Iho Ax 

[(x + Ax) 2 — 2(x + Ax) + 3] — [x 2 — 2x + 3] 

= lUll 7 

Aa->o Ax 

_ (x 2 + 2x(Ax) + (Ax) 2 — 2x — 2(Ax) + 3) — (x 2 — 2x + 3) 

Aa-->o Ax 

2x(Ax) + (Ax) 2 — 2(Ax) . 

= lim t = lim (2x + Ax — 2) = 2x — 2 

Aa-->o Ax Aa— » o 


3. /(x) = ^fx + 1 

f\x) = lim /k±Mr^M 
Ajc— > 0 Ax 

(>/x + Ax + 1) — (v^r + 1) 

= lim t 

A.v-»0 Ax 

Vx + Ax — ~/x Jx + Ax + s/x 

= lim 7 • — , - 7 = 

Ax Vx + Ax + Vx 

(x + Ax) — x 

= lim , 7=7 

a*— > o Ax( Vx + Ax + Vx) 


5. /is differentiable for allx # — 1. 


= lim 


1 


11111 , — /— 

Aa— > o Vx + Ax + Vx 2Vx 
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7. f(x) = 4 - \x ~ 2 1 

(a) Continuous at x = 2. 

(b) Not differentiable at x = 2 because of the sharp turn 
in the graph. 


9. Using the limit definition, you obtain g '(x) = —x — — . 

3 6 

At* =-!,*'(— 1) = — f— l 6 =^ 


y 



11. (a) Using the limit defintion, f'(x) = 3x 2 . 

At * = — 1 1) = 3. The tangent line is 
y — (—2) = 3(x — (— 1)) 
v = 3* + 1 



.3. S ',2) - 1 

x — >2 X 2 

x 2 (x - 1) - 4 
= lim 

jt— »2 ^ — 2 

.. x 3 — x 2 — 4 

= lim 

x—>2 X — 2 

_ (x — 2)(x 2 + * + 2) 
x—>2 X — 2 


= lim (x 2 + x + 2) = 8 

x— >2 



21. hit) = 3r 4 
h\t) = 12t 3 


23. fix) = x 3 — 3x 2 

fix) = 3x 2 — 6* = 3x(x — 2) 


25. /t(x) = 6fx + 3-2/x = 6* 1 / 2 + 3* 1 / 3 


h'ix) = 3* '/ 2 + x 2 / 3 = 



1 


27. g(t) = |r 2 



-4 

3f 3 


31. /(6) = 3 cos 6 - 


f\e) = —3 sin 9 — 


cos 9 


29. /(0) = 26 - 3 sin 9 
f\9) = 2 - 3 cos 9 


4 
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33. F = 200 7r 
F'(t) = ^ 

■Jr 

(a) When T = 4, F'(4) = 50 vibrations/sec/lb. 

(b) When T = 9, F'(9) = 33t vibrations/sec/11 


35. i(f) = — 16f 2 + 5 0 

5(9.2) = - 16(9. 2) 2 + 5 0 = 0 
5 0 = 1354.24 

The building is approximately 1354 feet high (or 415 m). 



Total horizontal distance: 50 
(b) 0 = x — 0.02.x 2 

0 = x^ 1 — implies x = 50. 


(c) Ball reaches maximum height when x = 25. 

(d) y = x - 0.02x 2 
y' = 1 — 0.04x 

y'(o) = 1 
y'(10) = 0.6 
y '(25) = 0 
>•'(30) = -0.2 
y '(50) = -l 

(e) y '(25) = 0 


39. x(t) = t 2 - 3t + 2 = (t - 2 )(t - 1) 

(a) v(t) = x'(t) = 2t — 3 
a(t) — v'(t) = 2 
(c) v(t) = 0 for t = | • 

- = (I - 2)(§ - l) = (-|)G) = 

41. /(x) = (3x 2 + 7)(x 2 — 2x + 3) 

f\x) = (3x 2 + 7)(2x — 2) + (x 2 — 2x + 3)(6x) 
= 2(6x 3 — 9x 2 + 16x — 7) 

45. /(x) = 2x — x -2 

f\x) = 2 + 2x“ 3 = 2^1 + ^ j 
_ 2(x 3 + l) 

“ (J 


49. /(x) = (4 - 3.x 2 ) -1 

f'(x) = “(4 - 3x 2 ) _2 (— 6.x) = 

53. y = 3.x 2 sec x 

y ' = 3x 2 sec x tan x + 6x sec x 


6x 


(4 - 3x 2 ) 2 


(b) v(t) < 0 for t < |. 

(d) x(f) = 0 for f = 1,2. 

|v(l)| = |2(1) - 3| = 1 
I v(2) | = 1 2(2) - 3| = 1 

The speed is 1 when the position is 0. 

43. h(x) = s/x sin x = x 1 / 2 sin x 

h '(x) = — -i= sin x + Vx cos x 
2 vx 


47. f(x) = 
f'(x) = 


X 2 + X — 1 
X 2 — 1 

(x 2 — l)(2x + 1) — (x 2 + x — l)(2x) 


(x 2 - l) 2 


~(.r + 1) 

(x 2 - l) 2 


51- y = 


, _ cos x (2.x) — x 2 (— sin x) _ 2x cos x + x 2 sin x 


y 


55. y = —x tan x 

y' = — xsec 2 x — tanx 
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57 . y = x cos x — sin x 

y ' = —x sin x + cos x — cos x = — x sin x 


59 . g(t) = t 3 - 3t + 2 
S'M = 3f 2 - 3 
= 6f 


61 . /( e ) = 3 tan 6 
f(e) = 3 sec 2 e 

fid) = 6 sec 9 (sec 9 tan 9) = 6 sec 2 9 tan 0 


65 . /(x) = (1 - x 3 ) 1 / 2 

/'(■*) = |(1 “ x 3 ) _1/2 (— 3x 2 ) 

= 3x 2 

2Vl — x 3 


63 . y = 2 sin x + 3 cos x 
y' = 2 cos x — 3 sin x 
y" = — 2 sin x — 3 cos x 

y" + y = — (2 sin x + 3 cos x) + (2 sin x + 3 cos x) 
= 0 


67 . h[x) = 


x — 3 
x 2 + 1 



(x 2 + l)(l) — (x — 3)(2x) 
(x 2 + l) 2 


2(x — 3)(— x 2 + 6x + 1) 
(x 2 + l) 3 


69. f(s) = (s 2 — l) 5 / 2 (x 3 + 5) 71. y = 3 cos(3x + 1) 

f(s) = (s 2 - l) 5 / 2 (35 2 ) + (s 3 + 5)(f)(^ 2 - l) 3 / 2 (2i) y' = -9 sin(3x + 1) 

= i(^ 2 — l) 3 / 2 [3i(s 2 — 1) + 5(x 3 + 5)] 

= x^ 2 — l) 3 / 2 (8s 3 — 3s + 25) 


73 . y = — esc 2x 
2 

y' = ~( esc 2x cot 2x)(2) 

= — esc 2x cot 2x 

77 . y — ~ sin 3 / 2 x sin 7 / 2 x 

7 3 7 

y ' = sin 1 / 2 x cos x — sin 5 / 2 x cos x 
= (cos x) x/sin x(l — sin 2 x) 

= (cos 3 x) s/sin x 

81. fit) = t\t - l) 5 

fit) = t{t - \)\it - 2 ) 

The zeros of/' correspond to the points on the graph of/ 

where the tangent line is horizontal. 


0.1 



-0.1 


75 . 


y = 


y' = 


x sin 2x 

2 4— 

T - ^ cos 2x(2) 
^(1 — cos 2x) = 


sin 2 x 


79 . y 


sin ttx 
x + 2 


, _ (x + 2)7tcos ttx — sin 7rx 
(x + 2) 2 


83 . g(x) = 2x(x + 1 ) ‘/ 2 
x + 2 


g'ix) = 


(x + I ) 3 / 2 


g ' does not equal zero for any value of x in the domain. 
The graph of g has no horizontal tangent lines. 






96 Chapter 2 Differentiation 


85. /(f) = (/ + i y/\t + l) 1 / 3 = (/ + 1) 5 / 6 
f ' (t) = 6 (f + l)'/ 6 

f does not equal zero for any x in the domain. The 
graph of/ has no horizontal tangent lines. 


87. y = tan Pi — x 

, _ sec 2 Vl — x 

y 271 - x 

y ' does not equal zero for any x in the domain. The graph 
has no horizontal tangent lines. 



89. y = 2* 2 + sin 2x 
y ' — 4* + 2 cos 2x 
y" - 4 ~ 4 s i n 2 X 


91. f(x) = cot* 

f\x) = — CSC 2 .* 

f"= 2 esc x( esc x 

— 2 esc 2 x cot x 


• cot*) 


93. ft) 


t 


fit) 


t + 1 


fit) 


2 it + 2) 
(i - r ) 4 


95. giO) = tan 3 9 - sin(0 - 1) 
g\0) = 3 sec 2 36 — cos(0 — 1) 
g"id) = 18 sec 2 39 tan 36 + sin(9 — 1) 


97. r= 700(f 2 + At + 10)- 1 

-1400(1 + 2) 
it 2 + At + 10) 2 


(a) When t = 1, 


- 1400(1 + 2) 
(1 + 4 + 10) 2 


— 18.667 deg/hr. 


(c) When t = 5, 


- 1400(5 + 2) 
(25 + 30 + 10) 2 


-3.240 deg/hr. 


(b) When t = 3, 


- 1400(3 + 2) 
(9 + 12 + 10) 2 


-7.284 deg/hr. 


(d) When t = 10, 


-1400(10 + 2) 
(100 + 40 + 10) 2 


-0.747 deg/hr. 


99. x 2 + 3xy + y 3 = 10 

2x + 3xy' + 3v + 3y 2 y' = 0 

3(jc + y 2 )y ' = -(2* + 3y) 

= -j2x + 3y) 
• V 3(* + y 2 ) 


101 . 


yjx — xVy — 16 

y(f- l/2 ) + x 1/2 y' ~ x i^ rl/ 2 y) - y l/2 = 0 


-^=V=v 5 -^= 


Uyf 

2jxy — . 

2 Jy 


2 Jx 
2 Jxy - y 
2jx 

2 Jxy - y 


2 Jy 


2s/x 2Vxy — 


2 yj~x - yjy 

2xVy — x^fx 




Review Exercises for Chapter 2 97 


103 . 


107 . 


109 . 


x sin y = y cos x 

(x cos y)y ' + sin y = — y sin x + y ' cos x 

y'(xcosy — cosx) = — ysinx — siny 

, _ y sin x + sin v 
' V cos x — x cos y 


y = Vx 

-r- = 2 units/sec 
dt 

dy = _L* _ * = 7 = 4 n. 

dt 2 7x dt dt ' dt 

1 rfx . — 

fa) When x = — , — = 2 v 2 umts/sec. 

2 r/f 


dx 

(b) When jc = 1 , — = 
dt 


dx 

(c) When x = 4, — = 
dt 


4 units/sec. 
8 units/sec. 



Width of water at depth li : 


>v = 2 + 2s = 2 + 21 —h ] = 


4 + h 


V= 2 I2 + 


4 + h 
2 


h = h8 + h)h 
4 


dV 5. , , .dh 

lit - 2 (4 + *>* 

eft _ 2{dV/dt) 
dt ~ 5(4 + h) 

When h = 1, “r = ~ m/min. 
dt 25 



105 . x 2 + y 2 = 20 
2x + 2yy ' = 0 



At (2, 4): y' = 
Tangent line: y — 4 = 



4 (* - 2) 


x + 2y — 10 = 0 
Normal line: y — 4 = 2(x — 2) 
2x — y = 0 


111 . s(t) = 60 - 4.9 1 2 
s'(t) — —9.8 1 
5 = 35 = 60 - 4.9f 2 


4.9r 2 = 25 


5 

749 


tan 30° 


1 

73 


x(f) 


sijf 

x(i) 

735(f) 



s(<) 


x(l) 


dx 

dt 



73(-9.8) 


5 

749 


~ —38.34 m/sec 
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Problem Solving for Chapter 2 

1. (a) x 2 + (y — r) 2 = r 2 Circle 

x 2 = y Parabola 

Substituting, 

iy — r) 2 = r 2 — y 
y 2 — 2 ry + r 2 — r 2 — y 
y 2 — 2 ry + y = 0 

y(y - 2r + 1) = o 

Since you want only one solution, let 1 — 2r = 0 => r = \ 

Graph y = x 2 and x 2 + [y ~ 2 / = 4 

(b) Let (x, y) be a point of tangency: x 2 + (v — b ) 2 = 1 => 2x + 2(y — b)y' = 0 => y' = — : — (circle). 

b — y 


y = x 2 - 


■ y ’ = 2x (parabola). Equating, 

2x = 

b — y 

2 (b - y) = 1 

, 1 , 1 
b~y = 2 ^b = y + 2 

Also, x 2 + (y — b) 2 = 1 and y = x 2 imply 

y + (y — b) 2 = 1 => y + ^ ^ 

Center: ( 0. ^ 



y ~ y + 


= 1 => y — — = 1 => y = — and b = 

• O -'A A 


( 5\ 2 

Graph y = x 2 and x 2 + I y — — I =1 


3 . (a) f(x ) = cos.r 
/( 0 ) = 1 
m = 0 

P t (x) = 1 


P,(.r) = a 0 + ape 
PM = ay => a 0 = 1 
P ',(0) = ^ = 0 


(b) fix) = cos x 

AO) = 1 
no) = 0 
no) = - 1 

P 2 (x) = 1 — \x 2 


(C) 


* 

-1.0 

-0.1 

-0.001 

0 

0.001 

0.1 

1.0 

cos % 

0.5403 

0.9950 

= 1 

1 

« 1 

0.9950 

0.5403 

p 2 ix) 

0.5 

0.9950 

= 1 

1 

« 1 

0.9950 

0.5 


P 2 {x) = a 0 + apx + apt 2 
Pl(0) — Qq 2 = i 

P 2(0) = a, => Oj = 0 
P" 2 (0) = 2 a 2 => a 2 = —\ 


P-iix) is a good approximation of fix) = cos x when x is near 0. 


fix) = sinx 

Py(x) = 

a 0 + apt + a 2 

AO) = 0 

pm = 

a 0 => a 0 = 0 

no) = 1 

P' 3 (0) = 

a { => a l = 1 

0 

II 

3 

p n m = 

2 => a 2 = 0 

f"X 0) = - 1 

P'"(0) = 

6 a 3 => a 3 — — 

Jo 

II 

* 

1 

OM — 








Problem Solving for Chapter 2 99 


5. Let p(x) — Ax 3 + Bx 2 + Cx + D 
p\x) = 3 Ax 2 + 2 Bx + C 

At (1, 1): A + B + C + D = 1 Equation 1 

3A + 2B + C =14 Equation 2 

At (— 1, —3): —A + B — C + D = — 3 Equation 3 

3A — 2B + C — —2 Equation 4 

Adding Equations 1 and 3: 25 + 2D = — 2 
Subtracting Equations 1 and 3: 2A + 2C = 4 

Adding Equations 2 and 4: 6A + 2 C =12 
Subtracting Equations 2 and 4: 46 = 16 

Hence, 6 = 4 and D = ^(—2 — 25) = — 5 

Subtracting 2A + 2C = 4 and 6A + 2C = 12, you obtain 4A = 8 => A = 2. Finally, C = f(4 — 2A) = 0 
Thus, p(x) = 2x 3 + Ax 2 — 5. 
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(b) ? 



Line determined by (0, 30) and (90, 6): 

30 — 6 94 4 4 

y ■ 30 = o^w (jc - 0) = ■ 90* = “ I? => ■ y = “ T? r + 30 


-4 10 

When x = 100, y = -y^-(lOO) + 30 = — > 3 => Shadow determined by man. 


Line determined by (0, 30) and (60, 6): 

y - 30 = - 0) = -§*=>y = -§* + 30 

— 2 

When x = 70, y = -^-(70) + 30 = 2 < 3 => Shadow determined by child. 


(c) Need (0, 30), (d, 6), ( d + 10, 3) collinear. 


6-3 


30-6 


0 - d d- (d+ 10 ) 


?4 3 

• =7 = — => d = 80 feet 
d 10 


dx 


(d) Let y be the length of the street light to the tip of the shadow. We know that — = 
For x > 80, the shadow is determined by the man. 


-5. 


x = y ~ -* 

30 6 


5 , dy 5 dx — 25 

• y = tx and — = - — = — — . 
4 dt 4 dt 4 


For x < 80, the shadow is determined by the child. 


JL _ 

30 

Therefore, 


y — x — 10 


10 100 J dy 

' y = V X ~9~ and dt 


10 dx = ^50 
9 dt 9 ' 


dy 

dt 


-25 

-50 

~9~ 


x > 80 
0 < x < 80 


dy 

— — is not continuous at x = 80. 
dt 


11 . L\x) = lint 

4m0 


= lint 

AmO 


L(x + Ax) — L(x) 

Ax 

L(x) + L(Ax) — L(x) 


Ax 


L(Ax) 

Ax —*0 Ax 


= lint 


Also, L '(0) = lint 

Ax— >0 


L(Ax) - L(0) 
Ax 


But, L(0) = 0 because L(0) = L(0 + 0) = L(0) + L(0) => L(0) = 0. 
Thus, L'(x) = L'(0), for all x. 

The graph of L is a line through the origin of slope L'(0). 
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Z (degrees) 

0.1 

0.01 

0.0001 

sin z 

z 

0.0174524 

0.0174533 

0.0174533 


sin 7 

(b) lim -« 0.0174533 

z— >o z 


t ,■ smz 77- 

In fact, lim 

z— >0 Z 


(c) -7-(sin z) = lim 
az Az ->o 


180 

sin (z + Az) - sin z 

Az 


= lim 

Az ->0 


= lim 

Az — >0 


sin z • cos Az + sin Az • cos z — sin z 


Az 


[ cos Az — 1 


sin zl - 


Az 

/ 


+ lim 

Az — >0 


COS Z 


sin Az 
Az 


= sin z(0) + cos z — = — cos 


V 180 


180 


(d) 5(90) = sin( — 90 = sin - = 1; C(180) = cos| 
180 


180 


180 = — 1 


y5(z) = y sin(cz) = c • cos(cz) = Ty;C(z) 
az dz 180 


(e) The formulas for the derivatives are more complicated in degrees. 


15 . j(t) = a '(f) 

(a) j(t) is the rate of change of the acceleration. 

(b) From Exercise 102 in Section 2.3, 
s(t) = —8.25 1 2 + 66 1 

v(t) = — 16.5f + 66 
a{t) = — 16.5 
a V) = j(t) = 0 
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Review Exercises for Chapter 2 


2- fix) 


X + 1 
-X — 1 


fix) 


lim + y -/(*> 
Ac->0 Aa 


lim 

Ac— *0 


x + Ax + 1 
x + Ax — 1 

a7 


X + 1 
X — 1 


(a + Aa + 1)(a — 1) — (x + Ax — 1)(a + 1) 
iS Ay(a + Aa — 1)(a — 1) 

(a 2 + xAx + x — x — Ax — 1) — (a 2 + aAa — a + a + Aa — 1) 
a™o Aa(a + Ax — 1)(a — 1) 


= lim 

4. fix) = 


— 2 Ax 


-2 


a™() Aa(a + Aa — 1)(a — 1) a™o (a + Aa — 1)(a — 1) (a — l) 2 
2 


fix) = Km /fr + y-.fl*) 
Ac— >o Aa 


6. /is differentiable for all a t 4 —3. 


= lim 

Ax — >0 


= lim 


a + A.r a 

Aa 

2a — (2a + 2Aa) 


mil 7 7 — 7 

Ac— >0 A.a(a + Aa)a 

— 2A.r 


= lim 


= lim 


mu — — ; t — — 

Ac— >0 A.i(a + Aa)a 

-2 


— _2 
.2 


mil 7 7 — 7— — 

Ac— lO (A + Aa)a A 

o \ \x 2 + 4a + 2, if a < — 2 

8 - f(x) |1 - 4a - A' 2 , if A > -2 

(a) Nonremovable discontinuity at a = — 2. 

(b) Not differentiable at a = — 2 because the function is 
discontinuous there. 


10. Using the limit defintion, you obtain h '(a) = 


At a = -2, At- 2) = | - 4(— 2) =§. 



12. (a) Using the limit definition, /'(a) 


-2 

(* + i) 2 ' 


At a = 0,/'(0) = — 2. The tangent line is 

y — 2 = — 2(a - 0) 
y = — 2 a + 2 



OO I OA 
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14. f\ 2) = lim 

x —*2 


Ax) -/( 2 ) 

.t — 2 


1 1 


x + 1 3 

= um — 

x->2 x — 2 


(.v - 2)(x + 1)3 

= lim 77— = — 7- 

x —>2 (x + 1)3 9 


18. y = —12 

y' = o 

24. g(s) = 4i 4 — 5s 2 
g'(s) = 16s 3 — 10i 


16. 



20 . g(jr) = .v 12 


22. fit) = —St 5 


g'(x) = 12* 11 


f(t) = — 40f 4 


26. f(x) = x 1 ' 2 - x - 1 / 2 


/'(*) 



,.-3/2 = 


x + 1 
lx 5 ’ 2 


28. h(x) 



h '(.*) 


-4 _ 3 ^ -4 

9 X 9.t 3 


30. g(a) = 4 cos a + 6 
g'(a) = —4 sin a 


32. g(a) 

5 sin a 

- 2 a 

3 

g\a) 

5 cos a 

- 2 

3 


34. s = — 16t 2 + s Q 
First ball: 

- 16r 2 + 100 = 0 


t 



2.5 seconds to hit ground 


Second ball: 


- 16r 2 + 75 = 0 
2 = /75 _ 5V3 

r ~ ~~ V 16 ~~ 4 


2.165 seconds to hit ground 


Since the second ball was released one second after the first ball, the first ball will hit the ground first. The second ball will hit 
the ground 3.165 — 2.5 = 0.665 second later. 


36. s(t) = - 16 1 2 + 14,400 = 0 
16t 2 = 14,400 
t — 30 sec 

Since 600 mph = | mi/sec, in 30 seconds the bomb will move horizontally Q)(30) = 5 miles. 
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38 . .>' 



(a) y = x ~x 2 = x 1 ~^x 

V \ V / 

v 0 2 

= 0 if x = 0 or x = — . 

32 

Projectile strikes the ground when x = v 0 2 /32. 

Projectile reaches its maximum height at x = v 0 2 / 64. 
(one-half the distance) 


(c) y 




= 0 


when x = 0 and x = .r 0 2 /32. Therefore, the range is 
x = t' 0 2 /32. When the initial velocity is doubled the 
range is 

_ (2v 0 ) 2 _ 4v 0 2 


or four times the initial range. From part (a), the 
maximum height occurs when x = t' 0 2 /64. The 
maximum height is 


/ V \ = 32/^\ 2 _ v 0 2 v 0 2 _ v 0 2 

' V \ 64 / 64 v 0 2 \64/ 64 128 128' 


If the initial velocity is doubled, the maximum 
height is 



(2v„) 2 = (fl) 

128 \ 128 / 


or four times the original maximum height. 


64 

(b) y'= 1 x 

V 


V o 2 / , 64 /v 0 2 ' 

When x = — , y = 1 ^ — 

64 J v 0 2 \ 64 


= 0 . 


(d) v 0 = 70 ft/sec 


Range: x 


32 


( 20 ) 2 
32 


153.125 ft 



38.28 ft 



(e) As the speed increases, the stopping distance increases at an increasing rate. 
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42 . g(*) = ( * 3 — 3x)(x + 2) 44 . f(t) = t 3 cos t 

g\x) = (* 3 — 3*)(l) + ( x + 2)(3* 2 — 3) f'(t) = f 3 (— sin t) + cos t(3t 2 ) 

= x 3 — 3x + 3x 3 + 6x 2 — 3x — 6 = — t 3 sin t + 3 1 2 cos / 

= 4* 3 + 6x 2 — 6x — 6 


46 . fix) 


X + 1 
X — l 


f ,< _ (x - 1 )( 1 ) - {x + 1 )( 1 ) 

1 { > (x - l) 2 

-2 

~ (X - l) 2 


50 . f(x) = 9(3x 2 - 2x)~ l 

f\x) = — 9(3x 2 - 2x)~ 2 (6x - 2) = 


54 . y = 2x — x 2 tan x 

y ' = 2 — x 2 sec 2 x — 2x tan x 


58. v(t) = 36 — t 2 , 0 < t < 6 
a(t) = v'(t) = —2 1 
i'(4) = 36 — 16 = 20m/sec 
fl(4) = — 8 m/sec 

62 . h(t) = 4 sin t — 5 cos / 
h \t) = 4 cos t + 5 sin t 
h"(t) = —4 sin t + 5 cos t 


66. f(x) = {x 2 — l) 1 / 3 

fix) = \{x 2 - l)~ 2/3 (2.v) 
2x 

~ 3(x 2 - l) 2 / 3 


48 . f(x) = 


6x — 5 
x 2 + 1 


. = (x 2 + 1)(6) ^ (6.v ~ 5)(2 jt) 
1 W (x 2 + l) 2 

_ 2(3 + 5jc - 3x 2 ) 

(r + II 2 


52 . y = 


, (.t 2 ) cos x — (sin x)(2x) x cos x — 2 sin x 

y ~ ? “ ^ 


56 . y = 


1 + sinx 


y 


1 — sinx 

, _ (1 — sin*) cos* — (1 + sin*)( — cos*) 


(1 — sin*) 2 


2 cos * 

(1 — sin*) 2 


60 . /(*) = 12* 1 / 4 
fix) = 3*-V 4 


f"(x) 



-9 

4* 7 /4 


64 . 


y = 


(10 — cos *) 


*y + cos* = 10 
xy ' + y — sin * = 0 

xy ' = sin * — y 

xy' + y = (sin x — y) + y = sin * 


68 . f(x) = ^* 2 + 


fix) = 5 * 2 + - 2* - 


5 
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70 ‘ m = (TTW 

, la = (1 - e) 3 - e[3(i - oV-j-i)] 

; (e) (i - e) 6 

= (1 - fl) 2 (l - 6 + 36 ) = 20 + 1 
(i - e ) 6 (i - ey 


74. y = esc 3x + cot 3x 

y' = — 3 esc 3x cot 3x — 3 esc 2 3x 
= — 3 esc 3x(cot 3x + esc 3x) 


78. fix) 


fix) 


3* 

X 2 + 1 

3(x 2 + 1)‘/ 2 - 3x|(x 2 + 
x 2 + 1 

3(x 2 + 1) - 3x 2 

(x 2 + 1 )V 2 


3 

(. t 2 + 1 ) 3 / 2 


72. y = 1 — cos 2x + 2 cos 2 .v 
y ' = 2 sin 2 jt — 4 cos y sin y 

= 2[2 sin x cos .x] — 4 sin x cos x 
= 0 


76. 


y = 


sec 7 x 
7 


sec 5 x 
5 


y ' = sec 6 x(sec x tan x) — sec 4 x(sec x tan x) 
= sec 5 x tan x(sec 2 x — 1) 

= sec 5 x tan 3 x 


_ cos(x — 1) 
x — 1 

_ — (x — 1) sin(x — 1) — cos(x — l)(l) 

= — ^ — ir [(x — 1) sin(x — 1) + cos(x — 1)] 


82. fix) = [(x — 2)(x + 4)] 2 = (x 2 + 2x — 8) 2 
f'{x) = 4(x 3 + 3x 2 — 6x — 8) 

= 4(x — 2)(x + l)(x + 4) 

The zeros off correspond to the points on the graph of/where the tangent line is horizontal. 



5 


84. gix) = x(x 2 + l)'/ 2 


86. y = V3x(x + 2) 3 


g'(x) 


2.x 2 + 1 

Vx 2 + 1 


g ' does not equal zero for any value of x. The graph of g 
has no horizontal tangent lines. 



, = 3(x + 2) 2 (7x + 2) 

■ V lj3x 

y ' does not equal zero for any * in the domain. 
The graph has no horizontal tangent lines. 

75 



-25 
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88 . y = 2 esc 3 (Vt) 

y' = — 7 = esc 3 ^xcot Jit, 

Jx 

The zero of y ' corresponds to the 
point on the graph of y where the 
tangent line is horizontal. 



90. y = x~ 1 + tan x 
y' = ~x~ 2 + sec 2 x 
y" = 2x -3 + 2 sec x(sec x tan x) 


= + 2 sec 2 x tan x 

x 3 


96. h(x) = xjx 2 — 1 
2x 2 - 1 


h\x) — 
h\x) = 


Jx 2 — 1 

x(2x 2 — 3) 
(x 2 - l) 3 / 2 


92. y 

y'- 

y" 


94. g(x) - ^ 


2 sin x cos x = sin 2x 
2 cos 2x 


g'M = 

g"(*) = 


X 2 + 1 

2(— 3x 2 + 5x + 3) 

(x 2 + l) 2 

2(6x 3 — 15x 2 — 18x + 5) 


(x 2 + l) 3 


98. v = Jlgh = J2(32)h = Sjh 
civ _ 4 

dh Jh 

(a) When h = 9, — = — ft/sec. 

dh 3 

(b) When h = 4, ^77 = 2 ft/sec. 

dh 


100. x 2 + 9v 2 - 4x + 3y = 0 
2x + 18yy'- 4 + 3y' = 0 

3(6y + I )y ' = 4 - 2x 
4 - 2x 


102 . 


y = 


3(6v + 1) 


104. cos(x + y) = x 

— (1 + v') sin(x + y) = 1 

— y'sin(x + y) = 1 + sin(x + y) 

, _ 1 + sin(x + v) 

sin(x + y) 

= — csc(x + 1) — 1 


y 2 = x 3 — x 2 y + xy — y 2 

0 = x 3 — x 2 y + xy — 2y 2 

0 = 3x 2 — x 2 y ' — 2 xy + xy ' + y — 4vy ' 

(x 2 - x + 4y)y ' = 3x 2 - 2xy + y 

, _ 3x 2 — 2xy + y 
- V _ x 2 - x + 4 v 

106 . x 2 — y 2 = 16 10 

2x — 2 yy' — 0 
x 


y = 


y 



At (5, 3): y' = - 


Tangent line: y — 3 = — (x — 5) 

5x - 3y - 16 = 0 

3 

Normal line:y — 3 = — — (x — 5) 
3x + 5y — 30 = 0 


108. Surface area = A = 6x 2 , x length of edge. 
dx 


dt 


= 5 


-7- = 12x ~ = 12(4. 5)(5) = 270cm 2 /sec 
dt dt 
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110. tan 0 = x 

cW 


dt 


= 3(2 it) rad/min 



/d0\ 

dx 

X 

\ dt / 

dt 



= (tan 2 6 + 1)(6 tt) = 677 {x 2 + 1) 


1 dx 


15it, 


When x = — , — = 6tt\ — + 1 ) = —g— km/rnin = 4507T km/hr. 


Problem Solving for Chapter 2 


2 . 



Let ( a , a 2 ) and ( b , —b 2 + 2b — 5) be the points of tangency. 

For y = x 2 , y' — 2x and for y — —x 2 + 2x — 5, y' = —2x + 2. 

Thus, 2a = — 2b + 2 => a + b = 1, or a = 1 — b. Furthermore, the slope of the common 
tangent line is 

a 2 - ( -b 2 + 2b - 5) _ (1 - b) 2 + b 2 - 2b + 5 


a — b (1 — b) — b 

1 - 2b + b 2 + b 2 - 2b + 5 


= -2b + 2 


1 - 2b 

=> 2 b 2 — 4b + 6 = 4b 2 — 6b + 2 
=> 2b 2 - 2b - 4 = 0 
=> b 2 — b — 2 = 0 
=> (b - 2 )(b + 1) = 0 
b = 2, - 1 


= -2b + 2 


For b = 2, a = 1 — b = — 1 and the points of tangency are (— 1, 1), (2, —5). The tangent line has slope —2: 
y — 1 = — 2(x = 1) =>y = — 2x — 1 

For b = — 1 , a = 1 — b = 2 and the points of tangency are (2, 4) and (— 1, — 8). The tangent line has slope 4: 
y — 4 = 4(x - 2) => y = 4x - 4. 


4. (a) y = x 2 , y' = 2x. Slope = 4 at (2, 4). 

Tangent line: y — 4 = 4(x — 2) 
y = 4x - 4 

(b) Slope of normal line: — 

Normal line: y — 4 = —\(x — 2) 

y = -4* + 2 

y = — 4X + f = x 2 => 4r 2 + x — 18 = 0 => (4x + 9){x — 2) = 0 
x = 2,-4. Second intersection point: ( — 4, fg) 

(c) Tangent line: y = 0 
Normal line: x = 0 


—CONTINUED— 
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4 . —CONTINUED— 

(d) Let (a, a 2 ), a A 0, be a point on the parabola y = x 2 . Tangent line at {a, a 2 ) is y = 2 a(x — a) + a 2 . Normal line at ( a , a 2 ) is 
y = — — (x — a) + a 2 . To find points of intersection, solve 

x 2 = — — a) + a 2 

,1 ,1 
x~ + — x — a- + - 
2 a 2 

, 1 1,11 

X + Ta X+ \6a 2 ~ a ~ + 2 + \6a 2 


1 f 1 

x H — = a + — 

4 a J V 4a 


1 l 1 

x H — — — ± [a + — 
4a \ 4a 


x + — = a + — => x = a (Point of tangency) 


1 ( 1 \ 1 2a 2 + 1 

jc + — =— a + — =>x=— a — — = 

4 a \ 4a J 2 a 2 a 


The normal line intersects a second time at x = — 


2 a 2 + 1 
2 a 


6. f{x) = a + b cos cx 

f\x) — —be sin cx 

At (0, 1): a + b = 1 

. I IT 3\ , ( ctt\ 3 

At — , — : a + b cos — — = — 
\4 2 \ 4 / 2 


Equation 1 
Equation 2 


— be sin I -j- ) = 1 
4 


Equation 3 


From Equation 1, a = 1 — b. Equation 2 becomes (1 — b) + b cos 


From Equation 3, b = 


-1 


CTT 

~4 

I CTT) 1 . f CTT 

l- cos l T =2 CSln U 


. Thus — r- H j- — , cos. 

. CTT\ . I CTT \ V 4 

csm M csin U 


CTT 

4 J 2 

CTT\ 1 


, , CTT 1 

— b + b cos — — = — 
4 2 


Graphing the equation g(c) = ^ c sin (^~J + cos — ' ’ y° u see ^ at m any values of c will work. 


One answer: c = 2, b = — — , a = — => fix) = — — — cos 2 .t 
2 2 J w 2 2 
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8. (a) b 2 v 2 = x 3 {a — x); a, b > 0 

v3/ 


y 2 = 


x \a — x) 


b 2 


(b) a determines the x-intercept on the right: (a, 0). 
b affects the height. 


_ , 7x 3 (a — x) , 7x 3 (a — x) 

Graph V! = - and y 2 = - 

(c) Differentiating implicitly. 

2b 2 yy'= 3 x 2 {a — x) — x 3 = 3 ax 2 - 4x 3 

, _ (3 ax 2 - 4x 3 ) __ 

• V ~~ 2i7y 

=> 3 ax 2 = 4x 3 

3 a = 4x 

3 a 


,, , 3 a\ 3 3 a\ 21a 3 1 

b-y 2 = — a — — - 7 T-\ ~a 

\ 4 / V 4 64 \4 


21a 4 


7 256 b 2 

Two points: 


• y = ±- 


373a 2 


16 b 


/ 3a 3 73a 2 \ 

(3a - 

3 73a 2 \ 

l 4 ’ 16 b f 

V 4 ’ 

16 b ) 


10 . (a) y = x 1 / 3 => d y = \x~ 2 ' 3 ^ 
7 dt 3 dt 

1= >- 2/3 f 


dx 

dt 


= 12 cm/sec 




(c) tan 9 = - => sec 2 6 • — — 
x dt 


dx dy 
x— + y ^T 
dt ' dt 

Jx 2 + y 2 

8(12) + 2(1) = _98_ = 49 
764 + 4 768 717 

<r/y t/x 
x— _ Ttt 

r/t ' if/ 


cm/ sec. 



From the triangle, sec 6 = v ^ . Hence ^ = ^ rad/sec 

8 dt g4(°°' os 17 
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12. E\x ) = lim 

iv-iO 


= lim 

Ax— >0 


= lim E(x) 

Ax->0 


= E(x ) lim 

Ax— >0 


E(x + Ax) — E)x) 

Ax 

E{x)E{Ax) — E{x) 
Ay 

E{ Ax) - 1 


Ax 

E{Ax) - 1 
Ax 


x, E(Ax) - E(0) E(Ax) - 1 

But, E\ 0) = lim — — — = lim — — / = 1. 

Ar— >o Ay At->o Ay 

Thus, E\x) = E(x)E'(0) = E(x) exists for all x. 

For example: £(.y) = e x . 


14. (a) v(i) = — — t + 27 ft/sec 

a(t) = — ^ft/sec 2 

27 27 

(b) v(i) = — — t + 27 = 0 => — t = 27 => f = 5 seconds 

5(5) = -y^(5) 2 + 27(5) + 6 = 73.5 feet 

(c) The acceleration due to gravity on Earth is greater in 
magnitude than that on the moon. 
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CHAPTER 3 
Applications of Differentiation 

Section 3.1 Extrema on an Interval 

Solutions to Odd-Numbered Exercises 


1- /(■*) 


x 2 + 4 


, , 27 27 

3. f{x) = x + — = x + —x - 


,, . _ [x 2 + 4)(2x) — (x 2 )(2x) _ 8x 
/ W “ ix 2 + 4) 2 " ix 2 + 4) 2 

/'(O) = 0 


/'(x) = 1 — 21x 3 = 1 — ^ 

m = i - § = i - 1 = o 


5 - /(■*) = (x + 2) 2 / 3 
/'W = \{x + 2)“‘/ 3 

/'( — 2) is undefined. 

9. Critical numbers: jc = 1, 2, 3 
x = 1,3: absolute maximum 
x = 2: absolute minimum 


13. g(t) = f>/4 — t , t < 3 


g'(t) = t 


|(4 - 0“ 1/2 (- 1) 


+ (4 - f) 1 / 2 


= j(4 - t)-‘/ 2 [-f + 2(4 - f)] 


8-3 1 
~ 2j4 - t 

8 

Critical number is t = — . 


17. fix) = 2(3 - x), [- 1, 2] 

f\x) = — 2 => No critical numbers 
Left endpoint: (— 1, 8) Maximum 
Right endpoint: (2, 2) Minimum 


7. Critical numbers: x = 2 
x — 2\ absolute maximum 


11. /(.r) = x\x - 3) = x 3 — 3x 2 
fix) = 3x 2 — 6x = 3x(x — 2) 

Critical numbers: x = 0, x = 2 

15. /i(x) = sin 2 x + cosx, 0 < x < 2 tt 

h '(x) = 2 sin x cos x — sin x = sin x(2 cos x — 1) 

77 5 77 

On (0, 27 t), critical numbers: x = —,x — n,x = — 


19. fix) = -x 2 + 3x, [0. 3] 
fix) = — 2x + 3 
Left endpoint: (0, 0) Minimum 
Critical number: (|, |) Maximum 
Right endpoint: (3, 0) Minimum 


103 
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21. fix) = x 3 - |x 2 , [- 1, 2] 
f\x) — 3x 2 — 3x = 3x(x — 1) 

Left endpoint: Minimum 

Right endpoint: (2, 2) Maximum 
Critical number: (0, 0) 

Critical number: ^1, — 


25. = 


6 1 


(t 2 + 3) 2 


8\t) = 


Left endpoint: I — 1, — I Maximum 
Critical number: (0, 0) Minimum 


Right endpoint: (1,-1 Maximum 


29. fix) = cos 77X, 


0 , 


6 


fix) = — 7T sin TTX 

Left endpoint: (0, 1) Maxim 

Right endpoint: -7^- j IV 


33. (a) Minimum: (0, —3) 
Maximum: (2, 1) 

(b) Minimum: (0, -3) 

(c) Maximum: (2, 1) 

(d) No extrema 


23. fix) = 3.x 2 / 3 — 2x, [— 1, 1] 

fix) = 2x _1/3 - 2 = ~ ^ 

ITx 

Left endpoint: (— 1, 5) Maximum 
Critical number: (0. 0) Minimum 
Right endpoint: (1,1) 


27. his) = [0, I] 

5-2 


h \s) 


-1 

(* - 2 ) 2 


Left endpoint: 



Maximum 


Right endpoint: (1, — 1) Minimum 


31. y = — + tan-^, [1, 2] 

X o 

, -4 77 2 TTX 

V = + — sec- — = 0 


77 , 77X 4 

- sec- Y - 


On the interval [1, 2], this equation has no solutions. 
Thus, there are no critical numbers. 

Left endpoint: (l. V2 + 3) ~ (1. 4.4142) Maximum 

Right endpoint: (2, 3) Minimum 


35. fix) = x 2 — 2x 

(a) Minimum: (1, —1) 
Maximum: (— 1, 3) 

(b) Maximum: (3, 3) 

(c) Minimum: (1, —1) 

(d) Minimum: (1, - 1) 
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Left endpoint: (0, 2) Minimum 
Right endpoint: (3, 36) Maximum 



39. f{x) = — , (1, 4] 

Right endpoint: (4, 1) Minimum 



41 . (a) 


( 0 . 4398 ,- 1 . 0613 ) 


Maximum: (1, 4.7) (endpoint) 
Minimum: (0.4398,-1.0613) 


fix) = 3.2x 5 + 5.x 3 - 3.5x, [0, 1] 

fix) = 16.x 4 + 15x 2 — 3.5 

16.x 4 + 15.x 2 - 3.5 = 0 

, -15 ± 7(15) 2 - 4(16)(— 3.5) 

V 2(16) 

_ - 15 + 7449 
32 

m = o 

/(l) = 4.7 Maximum (endpoint) 

./ -15 t.-^ ). -1.0613 


Minimum: (0.4398,-1.0613) 


43. fix) = (1 + x 3 ) 1 / 2 , [0, 2] 

45 . fix) 

fix) = |x 2 (l + X 3 )-'/ 2 

fix) 

fix) = |(X 4 + 4x)(l + X 3 )- 3 / 2 

fU) 

fix) = - lix 6 + 20x 3 - 8)(1 + x 3 )- 5 / 2 
8 

fix) 

Setting/"' = 0, we have x 6 + 20x 3 — 8 = 0. 

f (4 \x) 

, -20 ± 7400 - 4(1)(— 8) 

* 2 

f (5 Kx) 


x = V - 10 ± 7l08 = 73-1 
In the interval [0, 2], choose 
x = 10 + 7 IO 8 = 73 - 1 « 0.732. 


|/i 4) (0) | = — is max i mum value. 
8 1 


/"( $/— 10 + 7108 ) ~ 1.47 is the maximum value. 
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47. f(x) = tan x 

f is continuous on [0, 7t/ 4] but not on [0, 7r], lim tan x = oo. 

X — > 7 t /2 


49. y 



51. (a) Yes 
(b) No 


53. (a) No 
(b) Yes 


55. P = VI - RI 2 = 12/ - 0.5 1 2 , 0 < / < 15 

P = 0 when 1 = 0. 

P = 67.5 when I = 15. 

P' = 12 - 1 = 0 

Critical number: / = 12 amps 

When / = 12 amps, F = 72, the maximum output. 

No, a 20-amp fuse would not increase the power output. 
P is decreasing for I > 12. 


57. 


S = 6hs + 


3 s 2 / s/3 — cos 0 
2 l sin 6 /’ 6 


71 <0<Z 


^ - y3csc 9 cot 0 + esc 2 O) 

d 6 2 


3i : 


esc — v/3cot 9 + esc 9) = 0 


esc 9 = V3cot 9 
sec 9 = ^3 

9 = arcsec ^3 ~ 0.9553 radians 




S (f) = « s + f(V5) 


o 2 

s(arcseCv/3) = 6 hs -+ — ^-(n/2) 


5 is minimum when 9 = arcsec V3 ~ 0.9553 radians. 


59. (a) y = ax 2 + bx + c ■>’ 

y' = 2ar + fo 

The coordinates of B are (500, 30), and those of A are (—500, 45). 

From the slopes at A and B, 

-1000fl + b = -0.09 

1000a + b = 0.06. 

Solving these two equations, you obtain a = 3/40000 and b = —3/200. From the points (500, 30) and (—500, 45), 
you obtain 

30 ■ a* + 500 (ii) + c 

45 - 40Sk. 500! - 500 (2s) + C - 

75 

In both cases, c = 18.75 = — . Thus, 

4 

3,3 75 

y " 40000 1 200 ' T + 4 ’ 



—CONTINUED— 
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59. —CONTINUED— 

(b) 

For —500 < x < 0, d = {ax 1 + bx + c) — (— 0.09a). 

For 0 < x < 500, d = {ax 1 + bx + c) — (0.06a). 

(c) The lowest point on the highway is (100, 18), which is not directly over the point where the two hillsides come together. 

61. True. See Exercise 25. 63. True. 

Section 3.2 Rolle’s Theorem and the Mean Value Theorem 



1. Rolle’s Theorem does not apply to f{x) = 1 — \x — 1| 
over [0, 2] since /is not differentiable at x = 1. 


5. f{x ) = a 7a + 4 

A-intercepts: (—4,0), (0,0) 

/'( x) = x|(a + 4)-'/2 + ( x + 4)'/ 2 
= {x+ 4)->/ 2 (| + (a + 4)) 
f\x) = (§A + 4 j(v + 4)-‘/2 = Oat a = -| 


3. /(a) = a 2 — a — 2 = (a — 2)(a + 1) 

A-intercepts: (— 1, 0), (2, 0) 

/'(a) = 2a — 1 = 0 at a = 

7. /(a) = a 2 - 2a, [0, 2] 

/( 0 ) =/( 2 ) = 0 

/is continuous on [0, 2]. /is differentiable on (0, 2). 
Rolle’s Theorem applies. 

/'(a) = 2a — 2 

2a — 2 = 0 => a = 1 

c value: 1 


9 - fix) = (a - 1)(a - 2) (a - 3), [1, 3] 

/(l) =/(3) = 0 

/is continuous on [1, 3], /is differentiable on (1, 3). 
Rolle’s Theorem applies. 

/(a) = a 3 — 6a 2 + 11a — 6 


/'(a) = 3 a 2 - 12a + 11 
3a 2 — 12a + 11 = 0=>x = — ~ 

6-73 6+73 

: ^ > c = 


11 . /(a) = x 2 ' 1 — 1 , [—8, 8] 

/(— 8) =/( 8) = 3 

/is continuous on [—8, 8]. /is not differentiable on 
(—8, 8) since/'(0) does not exist. Rolle’s Theorem does 
not apply. 
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y2 — 9y — 3 

13. fix) = ’ [_ 1>3 ] 

J x + 2 

/(-l) =/(3) = 0 

/is continuous on [— 1, 3]. (Note: The discontinuity, x = —2, is not in the interval. )/is differentiable on (— 1, 3). Rolle’s 
Theorem applies. 

(x + 2)(2x - 2) - (x 2 - 2x - 3)(l) 

/W= (x^W 2 = ° 

x 2 + 4x - 1 
(x + 2) 2 


c value: — 2+75 


-4 ± 275 


-2 ± 75 


15. fix) = sin x, [0, 2 u] 

/(0) =/(2tt) = 0 

/is continuous on [0, 2ir]./is differentiable on (0, 2 tt). 
Rolle’s Theorem applies. 

/'(x) = cos a: 

, 7r 3 t t 
c values: — , — 

2 2 


17. f(x ) = — — 4 sin 2 x, 

T T 



f(0) =/(j) = 0 


/is continuous on [0, rr/6]./is differentiable on (0. ir/6). 
Rolle’s Theorem applies. 


fix) = 8 sin x cos x = 0 

TT 


— — 8 sin x cos x 
7 T 


3 1 ■ 9 

v — = — sin 2x 

4tt- 2 


— = sin 2x 

2l T 


1 

— arcsin 
2 



x « 0.2489 
c value: 0.2489 


19. f(x) = tan x, [0, 7r] 

/( 0 ) =/( 77 -) = 0 

/is not continuous on [0, tt] since /(7r/2) does not exist. 
Rolle’s Theorem does not apply. 


21. fix) = I A- 1 - 1, [- 1, 1] 

/(-l) =/(l) = 0 

/is continuous on [ — 1, l]./is not differentiable on 
(—1, 1) since /'(0) does not exist. Rolle’s Theorem does 
not apply. 


i 
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23. fix) = Ax — tan t tx. 



1 I 

4’ 4 


/is continuous on [— 1/4, 1/4]. /is differentiable on 
(— 1/4, 1/4). Rolle’s Theorem applies. 

f'(x) =4—77- sec 2 7 TX = 0 

2 4 
sec 7 TTX = — 

7 T 


2 

sec TTX — 

V 7 T 

1 2 
x = ±— arcsec — -j= 

TT V 77 


~ ±0.1533 radian 
c values: ±0.1533 radian 


0.5 



-0.5 


1 

= ±— arccos 

77 




2 


25 . /(f) = - 16f 2 + 48 1 + 32 

(a) /( 1) =/( 2) = 64 

(b) r’ = /'(f) must be 0 at some time in (1, 2). 

/'(f) = -32f + 48 = 0 

f = — seconds 
2 


27 . 


tangent line 



/ \ b 

tangent line secant line 


29 ‘ /W = [0, 6] 

/has a discontinuity at jc = 3. 


31 . f(x) = .v 2 is continuous on [—2, 1] and differentiable on 

(- 2 , 1 ). 

/(I) ~ /(— 2) 1-4 

1 - (-2) 3 

/'(.t) — 2x = — 1 when x = — — . Therefore, 


c = 


1 

2 ' 


33. /(*) = a 2 / 3 is continuous on [0, 1] and differentiable on 

(0, 1). 

/(l)~/(0) . 

1 - 0 

fix) = ft-/ 3 = 1 


X = 


c = 



27 


_ 8 _ 

27 
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35. f(x) = 72 — x is continuous on [—7, 2] and 
differentiable on (—7, 2). 


/(2) ~ /(— 7) 0-3 _1 

2 - (-7) 9 3 


/'(*) 


-1 _ 1 
2J2 - X 3 

2j2 - x = 3 


J2 — x = 


3 

2 


2 — x = 


9 

4 


x = 


J. 

4 


c = 


I 

4 


37. f(x) = sin x is continuous on [0, 7 7 ] and differentiable on 
(0, 77). 

Air) -AO) 0-0 Q 

77 — 0 77 

fix) = COS X = 0 
77 



(b) Secant line: 


slope = 


/( 2 ) ~ /(— 1 / 2 ) 

2 - (- 1 / 2 ) 


2/3 - (-1) = 2 
5/2 3 


y - 


2 

3 


f(,-2) 


3y - 2 = 2x - 4 


(c) /'(x) = 


1 _ 2 
(.v + l) 2 " 3 

+ 1) ! = ( 


2 “2 


x = - 1 ± 

In the interval [— 1/2, 2], c = — 1 + ( f6/2). 


ft A = + (>/ 6 / 2 ) = - 2+76 = ^2 

[-1 +(76/2)]+ 1 76 76 


Tangent line: y — 1 + 


76 


76 


+ 1 


, ^ 76 2 76 2 

7 3 3 3 3 

3y - 2x - 5 + 276 = 0 


3v — 2x + 2 = 0 
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41. f(x) = Jx, [1, 9] 
(1,1), (9, 3) 

3-1 1 



0 = x — 4y + 3 


(c) 


fix) 


1 

2 Jit 


/( 9) ~/(l) _ 1 
9-1 4 

1 _ 1 
2jc ~ 4 

Vc = 2 


c = 4 

(c,/(c)) = (4,2) 

m = /'(4) = | 

Tangent line: y — 2 = — (,v — 4) 


y = i* + 1 

0 = x - 4y + 4 


43. s(t) = — 4.9f 2 + 500 

43) - .v(0) _ 455.9 - 500 


(a) Vavg 3-0 


= — 14.7 m/sec 


(b) s(t) is continuous on [0. 3] and differentiable on (0, 3). 
Therefore, the Mean Value Theorem applies. 

v(t) = s'(t) = —9.8 1 = —14.7 m/sec 
-14.7 i * 

t = — =1.5 seconds 


45. No. Let/(jr) = x 1 on [— 1, 2], 
fix) = 2x 

f'i 0) = 0 and zero is in the interval (—1,2) but 

/(-l) *fi 2). 


47. Let S(t) be the position function of the plane. If t = 0 corresponds to 2 P.M., 5(0) = 0, 5(5.5) = 2500 and the Mean Value 
Theorem says that there exists a time t 0 , 0 < t 0 < 5.5, such that 

. . , 2500 - 0 

S ( f o) — v ( f o) — j g _ q 454.54. 

Applying the Intermediate Value Theorem to the velocity function on the intervals [0, f 0 ] and [f 0 , 5.5], you see that there are at 
least two times during the flight when the speed was 400 miles per hour. (0 < 400 < 454.54) 
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49. (a) /is continuous on [— 10, 4] and changes sign, 

(/(— 8) > 0, /(3) < 0). By the Intermediate Value 
Theorem, there exists at least one value of x in 
[— 10, 4] satisfying f(x) = 0. 


(b) There exist real numbers a and b such that 

— < a < b < A and/(a) = f(b) — 2. Therefore, 

by Rolle’s Theorem there exists at least one number c 
in ( — 10, 4) such that /'(c) = 0. This is called a criti- 
cal number. 




(e) No,/' did not have to be continuous on [— 10, 4], 


51. /is continuous on [—5, 5] and does not satisfy 53. False. /(.v) = 1 /x has a discontinuity at x = 0. 

the conditions of the Mean Value Theorem. 

=>/is not differentiable on (—5, 5). 

Example: f(x) = |.r| 



55. True. A polynomial is continuous and differentiable everywhere. 


57. Suppose that p(x) = x 2n+ 1 + ax + b has two real roots x l and x 2 . Then by Rolle’s Theorem, since p(x t ) = p(xf) = 0, there 
exists c in (x v xf) such that p '(c) = 0. But p '(.*) = (In + I )x 2 " + a A 0, since n > 0, a > 0. Therefore, p(x) cannot have two 
real roots. 


59. If p(x) = Ax 2 + Bx + C, then 

,, ) = 2 Ax + B = ^ ~ + Bb + C) - (Aa 2 + Ba + C) 

1 ' b — a b — a 

_ A(b 2 — a 2 ) + B(b — a) 
b — a 

_ (b — a)[A(b + a) + B\ 
b — a 

= A(b + ci) + B. 

Thus, 2Ax = A(b + a) and x = (b + a)/ 2 which is the midpoint of [a, b\. 

61. f(x) = \ cos x differentiable on (— oo, oo). 
f(x) = — v sin x 

— s < f\x) < 2 =>f'(x) < 1 for all real numbers. 

Thus, from Exercise 60, /has, at most, one fixed point, (x ~ 0.4502) 
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Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 


1. fix) = x 2 — 6x + 8 
Increasing on: (3, oo) 
Decreasing on: (— 00 , 3) 



Increasing on: (— 00 , —2), (2, 00 ) 
Decreasing on: (—2,2) 


5- f(x) = ~ 2 = x- 2 
XT 

fix) = ^ 


Discontinuity: x = 0 


Test intervals: 

— 00 < x < 0 

0 < x < 00 

Sign of fix): 

f > 0 

f < 0 

Conclusion: 

Increasing 

Decreasing 


Increasing on ( — 00 , 0) 
Decreasing on (0, 00 ) 


7. g(x) — x 2 — 2x — 8 
g'(x) = 2x - 2 
Critical number: x = 1 


Test intervals: 

— 00 < x <1 

1 < x < 00 

Sign of g\x): 

g' <0 

g' > 0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (1, 00 ) 
Decreasing on: (— 00 , 1) 


9. y = xf\6 — x 2 Domain: [—4,4] 


= -2(x 2 - 8) = ~2 , 

Vl6 — x 2 Vl6 — x 2 

Critical numbers: x = ±2*/l 


x — 


2V2)(x + 2^2.) 


Test intervals: 

— 4 < x < —2^2 

— 2^2 < x < 2^2 

2v/2 < x < 4 

Sign ofv': 

y' < 0 

y' > 0 

y' < 0 

Conclusion: 

Decreasing 

Increasing 

Decreasing 


Increasing on ( — 2 f2, 2 J2 ) 
Decreasing on ( — 4, —2^2), (2^/2, 4) 


11. f(x) = x 2 — 6x 
f\x) = 2x — 6 = 0 
Critical number: x = 3 


Test intervals: 

— 00 < x < 3 

3 < x < 00 

Sign of fix): 

f < 0 

f > 0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (3, 00 ) 
Decreasing on: (— 00 , 3) 
Relative minimum: (3, — 9) 


13. fix ) = — 2.r 2 + 4x + 3 
fix) = ~4x + 4 = 0 
Critical number: x = 1 


Test intervals: 

— 00 < x < 1 

1 < x < 00 

Sign of fix): 

f > 0 

f < 0 

Conclusion: 

Increasing 

Decreasing 


Increasing on: (— 00 , 1) 
Decreasing on: (1, 00 ) 
Relative maximum: (1,5) 
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15. f(x) = 2x 3 + 3x 2 — I2x 

f'(x) — 6x 2 + 6x — 12 = 6(x + 2)(x — 1) = 0 

Critical numbers: x = — 2, 1 


Test intervals: 

— oo < x < — 2 

— 2 < x < 1 

1 < x < oo 

Sign of f'(x): 

f > o 

f < o 

/' > o 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on: ( — oo, —2), (1, oo) 
Decreasing on: (—2,1) 

Relative maximum: (—2,20) 
Relative minimum: (1,-7) 

17. f(x) = .r 2 (3 — x ) = 3.v 2 — x 3 
fix) = 6x — 3x 2 — 3x(2 — x) 
Critical numbers: x = 0, 2 


Test intervals: 

— oo < x <0 

0 < x < 2 

2 < x < oo 

Sign of f'{x): 

/' <o 

f >o 

/' <o 

Conclusion: 

Decreasing 

Increasing 

Decreasing 


Increasing on: (0, 2) 

Decreasing on: (— oo, 0), (2, oo) 
Relative maximum: (2, 4) 
Relative minimum: (0, 0) 



/'(■*) = x 4 - 1 

Critical numbers: x = —1,1 


Test intervals: 

— oo < x < — 1 

— 1 < x < 1 

1 < x < oo 

Sign of f\x): 

r > o 

r < o 

f > o 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on: ( — oo, — 1), (1, oo) 
Decreasing on: (— 1, 1) 

Relative maximum: ( — 1, |) 
Relative minimum: (l, — |) 
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21 . fix) = x 1 / 3 + 1 

^>4- 2/3 = dv3 

Critical number: x — 0 


Test intervals: 

— 00 < x < 0 

0 < x < 00 

Sign of/'(x): 

/' > 0 

f > 0 

Conclusion: 

Increasing 

Increasing 


Increasing on: (— 00 , 00 ) 
No relative extrema 


25 . f(x) = 5 - |x ~ 5| 


fix) 


x-5 \ h 

k“ 5 l 1-1, 


Critical number: x = 5 


x < 5 
x > 5 


Test intervals: 

— 00 < x < 5 

5 < x < 00 

Sign of/'(x): 

f > 0 

f < 0 

Conclusion: 

Increasing 

Decreasing 


Increasing on: (— 00 , 5) 
Decreasing on: (5, 00 ) 
Relative maximum: (5, 5) 



Increasing on: ( — 00 , — 1), (1, 00 ) 
Decreasing on: (— 1, 0), (0, 1) 
Relative maximum: (—1, —2) 
Relative minimum: (1,2) 
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23 . fix) = ix - 1) 2/3 

= 3(x - I ) 1 / 3 
Critical number: x = 1 


Test intervals: 

— 00 < x < 1 

1 < x < 00 

Sign of/'(x): 

/' < 0 

r > 0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (1, 00 ) 
Decreasing on: (— 00 , 1) 
Relative minimum: (1,0) 


0 < x < 1 

f'< 0 

Decreasing 


1 < x < 00 

r > 0 

Increasing 
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29 . f(x) = 
fix) = 


x 2 -9 

{x 2 — 9){2x) — {x 2 )i2x) __ — 18.r 


(x 2 - 9) 2 
Critical number: x = 0 
Discontinuities: x = — 3, 3 


(x 2 - 9) 2 


Test intervals: 

— oo < x < — 3 

— 3 < x < 0 

0 < x < 3 

3 < x < oo 

Sign off(x): 

f > o 

f > o 

f < o 

f < o 

Conclusion: 

Increasing 

Increasing 

Decreasing 

Decreasing 


Increasing on: ( — oo, —3), (—3, 0) 
Decreasing on: (0, 3), (3, oo) 
Relative maximum: (0, 0) 


„ , {x + l)(2x — 2) — (x 2 — 2x + l)(l) _ x 2 + 2x — 3 _ (x + 3)(x — 1) 
f (X) ~ (x + l) 2 “ (x + l) 2 “ (x + l) 2 


Critical numbers: x = —3,1 
Discontinuity: x = — 1 


Test intervals: 

— oo < x < — 3 

— 3 < x < — 1 

— 1 < x < 1 

1 < x < oo 

Sign of fix): 

f > o 

f < o 

f < o 

f > o 

Conclusion: 

Increasing 

Decreasing 

Decreasing 

Increasing 


Increasing on: ( — oo, —3), (1, oo) 
Decreasing on: (—3, — 1), (— 1. 1) 
Relative maximum: (-3,-8) 
Relative minimum: (1,0) 


X 

33. f(x) = — + cos.r, 0 < x < 2t t 
fix) = - - sin x = 0 


Critical numbers: x = — , — 
6 6 


Test intervals: 

« 77 
0 < x < — 
o 

7 t 5tt 

6 <X< T 

577 

— < X < 277 
0 

Sign of fix): 

f > o 

f < o 

f > o 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on: 
Decreasing on: 



/ 7 t 5tt\ 

\6’ ~6J 


Relative maximum: 


Relative minimum: 


I TT TT + 6 y/3 \ 

\ 6 ’ 12 J 

/5t t 5t t — 673\ 

\6' 12 I 
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35. /(* ) = sin 2 * + sin*, 0 < * < 2 t t 

/'(*) = 2 sin * cos * + cos * = cos *(2 sin * + 1) = 0 

_ . . , , tt lir 3i t 1 1 7 T 

Critical numbers: * = — , — , — , — — 

2 6 2 6 


Test intervals: 

« 77 
0 < * < — 
2 

tt lir 

2 <X< T 

7t t 3t t 

T <X< Y 

3ir 1177 

T < * < TT 

1 1 77 

— — < X < 2l T 
6 

Sign of/'(*): 

f > o 

f < o 

f > o 

f < o 

/' > 0 

Conclusion: 

Increasing 

Decreasing 

Increasing 

Decreasing 

Increasing 


Increasing on: (o, f ), f ), 

^ . ( TT 1tt\ ( 3 TT 1 1 7r\ 

Decreasing on: 

„ , . . . (lir 1 

Relative minima: — , — — 

\ 6 4 

Relative maxima: ( — , 2 ), ( — — , 0 
\2 ) \ 2 ’ 



37 . /(*) = 2*V9 - * 2 , [-3, 3] 


(a) /'(*) = 


2(9 - 2* 2 ) 

79 - * 2 



39. /(f) = f 2 sin f, [0. 2 tt] 

(a) /'(f) = f 2 cos t + 2t sin f 

= f(f cos f + 2 sin f) 

(b) I 



(c) 


2(9 - 2* 2 ) 


Critical numbers: * = 

72 


± 


372 

2 


(d) Intervals: 



3 72 372 \ 
2 ’ 2 / 



/'(*) < 0 /'(*) > 0 /'(*) < 0 


Decreasing Increasing Decreasing 

/is increasing when/' is positive and decreasing 
when/' is negative. 


(c) f(f cos f + 2 sin f) = 0 

f = 0 or f = — 2 tan f 
f cot f = — 2 

f ~ 2.2889, 5.0870 (graphing utility) 
Critical numbers: f = 2.2889, f = 5.0870 

(d) Intervals: 

(0, 2.2889) (2.2889, 5.0870) (5.0870, 2ir) 

/'(f) > 0 /'(f) < 0 /'(f) > 0 

Increasing Decreasing Increasing 

/is increasing when/' is positive and decreasing when 
/' is negative. 
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41. f{x) = 


4x 3 + 3x _ (x 2 — l)(x 3 — 3x) 


X 2 - 1 X 2 - 1 

fix) = gix) = x 3 — 3x for all x # ± 1 . 
fix) = 3x 2 — 3 = 3ix 2 — 1), x ^ ± 1 fix) # 0 
/symmetric about origin 
zeros off: (0, 0), (± ~J3, o) 


= x 3 — 3x, x + ±\ 


y 



No relative extrema 


Holes at (— 1, 2) and (1, —2) 


43. fix) = c is constant =>/'(x) = 0 

y 

4 — 

2 — 

- /' 

-4 -2.-2 4 

-2 -- 

-4 -- 


45. /is quadratic =>/' is a line. 





47. /has positive, but decreasing slope 

y 


4 — 
2 — 



-4 -2 -L 2 4 


-2 -- 
-4 -- 


In Exercises 49-53, /'(x) > 0 on (— oo, 

49. gix) = fix) + 5 
g'ix) =fix) 
g'iO) — f\0) < 0 


— 4 ),/'(x) < 0 on (—4, 6) and fix) > 0 on (6, oo). 

51- gix) = -fix) 53. 

g'ix) = -/'(x) 
g'(-6) = -/'(— 6) < 0 


g(x) = fix - 10) 
,?'(x) =/'(x - 10) 

g'(0) =/'(— 10) > 0 


( > 0, x < 4 =>/is increasing on (— oo, 4). 

undefined, x = 4 

<0, x > 4 =>/is decreasing on (4, oo). 

Two possibilities for/(x) are given below. 
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57. The critical numbers are in intervals (—0.50, —0.25) and 
(0.25, 0.50) since the sign off' changes in these intervals, 
/is decreasing on approximately (— 1, —0.40), (0.48. 1), 
and increasing on (—0.40, 0.48). 

Relative minimum when x ~ — 0.40. 

Relative maximum when x ~ 0.48. 



59. f(x) = x, g(*) = sin x, 0 < x < n 



0.5 

1 

1.5 

2 

2.5 

3 

fix) 

0.5 

1 

1.5 

2 

2.5 

3 

g(x) 

0.479 

0.841 

0.997 

0.909 

0.598 

0.141 


fix) seems greater than g(x) on (0. tt). 

(b) £ , 

0 


x > sin x on (0, tt) 



(c) Let h(x) = f(x) — g(x) = x — sin x 

h\x) = 1 — cos* > 0 on (0. tt). 

Therefore, h(x) is increasing on (0. tt). Since 
h(0) — 0. h(x) > 0 on (0, tt). Thus, 

x — sin* > 0 

x > sin* 

f(x) > g(x) on (0, tt). 


61 . v = k(R — r)r 2 = k(Rr 2 — r 3 ) 
v' = k(2Rr - 3r) 

= kr{2R - 3 r) = 0 
r — 0 or f R 

2 

Maximum when r = ^R. 


63 . 


P = 


vR\R-, 

W, + r 2 ) 2 


, v and R t are constant 


dP = (R l + R 2 ) 2 (vR l ) - vR t R 2 [2(R l + R 2 )(l)] 
dR- ~ (A’ • A’,) ; 


vRfR, - R 2 ) 
(R, + R 2 ) 3 


= o R 2 = R 1 


Maximum when R { = R 2 . 


65 . (a) B = 0.1198/ 4 - 4.4879t 3 + 56.9909R - 223.0222? + 579.9541 
(b) 1500 



(c) B' = 0 for t ~ 2.78, or 1983, (311.1 thousand bankruptcies) 
Actual minimum: 1984 (344.3 thousand bankruptcies) 


67 . (a) Use a cubic polynomial 

f(x) = a 3 x 3 + a^x 2 + a x x + a 0 . 

(b) /'(*) = 3 a 3 x 2 + 2 a 2 x + a x 


(0, 0): 

0 = a 0 

(/( o) 


0 = a x 

(Ao) 

(2, 2): 

2 = 8 a 3 + 4 a 2 

(/( 2) 


0 = \2a 3 + 4a-, 

(/'( 2) 


(c) The solution is a 0 = a x 



1 

2 ' 


fix) = ~\x 3 + 



(d) 


(0,0) 


(2,2) 
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69. (a) Use a fourth degree polynomial fix) = a 4 x 4 + a 3 x 3 + a 2 x 2 + a x x + a 0 . 
(b) fix) = 4 a 4 x 3 + 3 a 3 x 2 + 2a-,x + a x 


(0, 0): 

0 = 

«o 


(/( 0) 

= o) 


0 = 

a i 


(/'( 0) 

= 0) 

(4, 0): 

0 = 

256a, 

4 + 64a 3 + 16 a 2 

(/( 4) 

= 0) 


0 = 

256 a. 

^ + 48a 3 + 8fl 2 

(/'(4) 

= 0) 

(2,4): 

4 = 

16 a 4 

+ 8^3 + 4^2 

(/( 2) 

= 4) 


0 = 

32 a 4 

+ 12a 3 + 4^2 

(ft 2) 

= 0) 

The solution is a 0 = 

II 

p 

6? 

II 

P 

tP 

= -2, 

a 4 = 


f(x ) = -.t 4 — 2x 3 + 4x 2 



71. True 

Let h(x) = f(x ) + g(.v) where /and g are increasing. Then 
h\x) = f'(x) + g'(x) > 0 since f'(x) > 0 and g '(x) > 0. 


73. False 

Let/(.r) = .r 3 , then//*) = 3* 2 and /only has one 
critical number. Or. let/(x) = x 3 + 3x + 1, then 
f'(x) = 3(x 2 + 1) has no critical numbers. 


75. False. For example, f(x) — x 3 does not have a relative extrema 
at the critical number x = 0. 

77. Assume that//*) < 0 for all x in the interval (a, b) and let x t < x 2 be any two points in the interval. By the Mean Value 
Theorem, we know there exists a number c such that x x < c < x 2 , and 

= /(-v) ~ /Uh) 

Since /'(c) < 0 andx 2 — x x > 0, then/(x,) — f(x x ) < 0, which implies that/(.w,) < f(x j). Thus,/is decreasing on the 
interval. 

79. Let/(tr) = (1 + x) n — nx — 1. Then 
f\x) = n( 1 + x)”-' — n 

= n[(l + x) n ~ l — 1] > 0 since x > 0 and n >1. 

Thus,/(.r) is increasing on (0, oo). Since/(0) = 0 =>/(*) > 0 on (0, oo) 

(1 + x)" — nx — 1 >0 => (1 + x)" > 1 + nx. 
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Section 3.4 Concavity and the Second Derivative Test 


1. y = x 2 - x - 2, y" = 2 
Concave upward: (— oo, oo) 


3- fix) = 


24 


: 2 + 12 ’' 


- 144(4 - x 1 ) 
(x 2 + 12) 3 


Concave upward: ( — oo, —2), (2, oo) 
Concave downward: (—2,2) 


5. fix) = 


x 2 + 1 

.v 2 - r 


4(3x 2 + 1) 
(x 2 ~ l) 3 


Concave upward: (— oo, — 1), (1, oo) 
Concave downward: (— 1, 1) 


7. f(x) = 3x 2 — x 3 
fix) = 6x — 3x 2 
fix) = 6 — 6x 
Concave upward: ( — oo, 1) 
Concave downward: (1, oo) 


9. y = 2x — tan x, 

y' — 2 — sec 2 x 
y " = — 2 sec 2 x tan jc 

( ^ 

Concave upward: I — — , 0 
Concave downward: 




11. fix) = x 3 — 6x 2 + I2x 

fix) =3x 2 - I2x + 12 

f"(x) = — 2) = 0 when x — 2. 

The concavity changes at x = 2. (2, 8) is a point of 
inflection. 

Concave upward: (2, oo) 

Concave downward: (— oo, 2) 


13. 


fix) = f* 4 - 2x 2 

fix) = x 3 — Ax 
fix) = 3x 2 - 4 


fix ) 


3x 2 — 4 = 0 when x = ± 


2 

v/3' 


Test interval: 

2 

— oo < X < 7 = 

73 

2 2 

7 = < X < —j= 

73 73 

2 

— 7= < X < OO 

73 

Sign of fix ) : 

fix) > 0 

fix) < 0 

fix) > 0 

Conclusion: 

Concave upward 

Concave downward 

Concave upward 




Points of inflection: 
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15 - fix) = x(x - 4) 3 

fix) = A?ix ~ 4) 2 ] + ix - 4) 3 
= ix ~ 4) 2 (4x - 4) 

fix) = 4(x - l)[2ix - 4)] + 4(x - 4) 2 
= 4{x - 4)[2(x - 1) + ix - 4)] 

= 4(x — 4)(3x — 6) = 12(x — 4)(x - 2) 
f'\x) = 1 2(x — 4)(x — 2) = 0 whenx = 2, 4. 


Test interval: 

— oo < x < 2 

2 < x < 4 

4 < x < oo 

Sign of fix): 

fix) > 0 

fix) < 0 

fix) > 0 

Conclusion: 

Concave upward 

Concave downward 

Concave upward 


Points of inflection: (2, — 16), (4, 0) 


17. fix) = xjx + 3, Domain: [— 3, co) 

m - »(;)(» + 3 '- 1,1 + -^+3 - 

\ _ 6 x + 3 — 3(x + 2)(x + 3) -1 / 2 _ 3(.x + 4) 

} (X) ~ 4(x + 3) "" 4(x + 3) 3 / 2 

fix) > 0 on the entire domain of/(except forx = — 3, for which fix) is undefined). There are no points of inflection. 
Concave upward on (— 3, oo) 


ix 2 + l) 2 

fix) — ~ 7 ~t — = 0 when x = 0, ± 73 
(x + 1) 


Test intervals: 

- oo < x < - 73 

— 73 < x < 0 

0 < x < 73 

73 < x < oo 

Sign of/'(x): 

f"< o 

/"> o 

/"< o 

f"> o 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 

Concave upward 


Points of inflection: ^ 73 , ^ (0, 0), ^ 73 , ^ 


Test interval: 

0 < x < 2ir 

2t t < x < 4t t 

Sign of/"(x): 

f" < o 

f"> o 

Conclusion: 

Concave downward 

Concave upward 


fix) = -^sin(|) 


fix) = 0 when x = 0. 2tt, 4ir. 
Point of inflection: (2ir, 0) 
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23. f(x) = secyc — -~j, 0 < * < 477 
f'{x) = secfx - tan(x - 

f"{x) — sec 3 ^x — — j + sec^x — j tan 2 ^x — y j # 0 for any x in the domain off. 

Concave upward: (0, 7 r), (2 tt, 37t) 

Concave downward: (it, 2tt), (3t t, 47t) 

No points of inflection 


25. /(.x) = 2 sin x + sin 2x, 0 < x < 2t t 
f'(x) = 2 cos x + 2 cos 2x 

f"(x) — — 2 sin x — 4 sin 2x = — 2 sin x( 1 + 4 cos x) 
f"(x) = 0 whenx = 0. 1.823, ir. 4.460. 


Test interval: 

0 < x < 1.823 

1.823 < x < tt 

7 t < x < 4.460 

4.460 < x < 2 tt 

Sign of/"(x): 

r< o 

/"> o 

f"< o 

f"> o 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 

Concave upward 


Points of inflection: (1.823, 1.452), (tt, 0), (4.46, — 1.452) 


27 . f(x) =x 4 - 4x 3 + 2 

f(x) = 4x 3 - 12x 2 = 4x 2 (x - 3) 
f"(x) = 12x 2 — 24x = 12x(x - 2) 


29 . fix) = (x- 5 ) 2 
f'{x) = 2{x - 5) 
f'(x) = 2 


Critical numbers: x = 0, x = 3 


Critical number: x = 5 


However, /"(0) = 0, so we must use the First Derivative 
Test./'(x) < 0 on the intervals ( — oo, 0) and (0, 3); hence, 
(0, 2) is not an extremum. f"(3) > 0 so (3, —25) is a 
relative minimum. 


/"( 5 ) > 0 

Therefore, (5, 0) is a relative minimum. 


31 . fix) = x 3 — 3x 2 + 3 

f\x) = 3x 2 — 6x = 3x(x — 2) 
f"{x) = 6x — 6 = 6(.r — 1) 

Critical numbers: x = 0, x = 2 

no) = -6 < o 

Therefore, (0, 3) is a relative maximum. 
/"( 2 ) = 6 > 0 

Therefore, (2, — 1) is a relative minimum. 


33 . g(x) = x 2 (6 — x) 3 

g\x) = x(x — 6) 2 (12 — 5x) 

g"(x) = 4(6 — x)(5.x 2 — 24x +18) 

12 

Critical numbers: x = 0, y, 6 
g"(0) = 432 > 0 

Therefore, (0, 0) is a relative minimum. 

gir) = -155.52 <0 
Therefore, (y, 268.7) is a relative minimum. 
g"( 6) = 0 

Test fails by the First Derivative Test, (6, 0) is not 
an extremum. 
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35. /(*) = x 2 / 3 — 3 


f\x) 


2 

3.T 1 / 3 


/'to 


-2 

9^/3 


Critical number: jc = 0 

However, /"( 0) is undefined, so we must use the First 
Derivative Test. Since f\x) < 0 on (— 00 , 0) and 
f'(x) > 0 on (0, 00 ), (0, —3) is a relative minimum. 


37. f(x) = x + 



x 2 - 4 


f"(x) = 


X 


3 


Critical numbers: x = +2 

r(-2) < 0 

Therefore, (—2, —4) is a relative maximum. 

/"( 2 ) > 0 

Therefore, (2, 4) is a relative minimum. 


39. f(x) = cos x — x, 0 < x < 4 tt 
f\x) = — sin x — 1 <0 

Therefore, /is non-increasing and there are no relative extrema. 


41. f(x) = 0.2x 2 (x - 3) 3 , [- 1, 4] 

(a) f\x) — 0.2r(5v — 6)(.r — 3) 2 
f"(x) = (x — 3)(4.r 2 — 9.6x + 3.6) 

= 0.4(.r - 3)(10x 2 - 24.r + 9) 

(b) /"( 0) < 0 => (0, 0) is a relative maximum. 

/"(f) > 0 => (1.2, — 1.6796) is a relative minimum. 
Points of inflection: 

(3, 0), (0.4652. -0.7049), (1.9348, -0.9049) 



/is increasing when/' > 0 and decreasing when 
/' < 0. /is concave upward when/" > 0 and con- 
cave downward when/" < 0. 


43. f(x ) = sin.r — -^-sin 3.r + ^-sin 5,r, [0, 7 r] 

(a) fix) = cos x — cos 3x + cos 5.r 

f'(x) = 0 when x = - 7 , x = x = 

6 2 6 

f"(x) = — sin x + 3 sin 3x — 5 sin 5.r 

f"(x) = 0 when.r = x = -p-,x ~ 1.1731, x ~ 1.9685 
6 6 


(b) /' 


< 0 = 


1.53333 I is a relative maximum. 


Points of inflection: (^r, 0.2667 j, (1.1731, 0.9638), 


(1.9685,0.9637), (^,0.2667 



The graph of/ is increasing when/' > 0 and decreas- 
ing when/' < O./is concave upward when/" > 0 
and concave downward when/" < 0. 


Note: (0, 0) and (tt, 0) are not points of inflection 
since they are endpoints. 
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45. (a) 



/' < 0 means /decreasing (b) 

/' increasing means 
concave upward 



/' > 0 means /increasing 

/' increasing means 
concave upward 




/"is linear. 

/' is quadratic. 


/is cubic. 

/concave upwards on ( — oo, 3). downward on (3, oo). 
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59. (a) n = 1 : 

fix) = x - 2 
fix) = 1 
fix) = 0 
No inflection points 


6 



n = 2 : 

/(*) = (x - 2) 2 

/'M = 2(x - 2) 

rw = 2 

No inflection points 

Relative minimum: 

(2,0) 


6 



\J 




-6 


n = 3: 

fix) = ix - 2) 3 
/'(•*) = 3(y - 2 ) 2 
fix) = 6(y - 2) 
Inflection point: (2, 0) 


6 



J 


{ \ 

J Point of 
inflection 


-6 


n = 4: 

/(*) = (Jf - 2) 4 

/'(■*) = 4(y - 2) 3 

f{x) = 12 (x - 2) 2 

No inflection points: 

Relative minimum: 

(2, 0) 


6 



Conclusion: If n > 3 and n is odd, then (2, 0) is an inflection point. If n > 2 and n is even, then (2, 0) is a relative minimum, 
(b) Let f[x) = ix — 2) n , f\x) = nix — 2)" -1 , f\x) = n(n — l)(x — 2)" -2 . 

For n > 3 and odd, « — 2 is also odd and the concavity changes at x = 2. 

For n > 4 and even, 77 — 2 is also even and the concavity does not change at x = 2. 

Thus, x = 2 is an inflection point if and only if 77 > 3 is odd. 


61. fix) = oy 3 + bx 2 + cx + d 
Relative maximum: (3, 3) 

Relative minimum: (5, 1) 

Point of inflection: (4, 2) 
fix) = 3ax 2 + 2 bx + c,/"(y) = 6ay + 21? 
/(3) = 27a + 9b + 3c + d = 3 


/( 5) = 125a + 25b + 5c + d = 1 
/'( 3) = 27a + 6b + c = 0, /"( 4) = 24a + 2b = 0 
49a + + c = — 1 24a + 2b = 0 

21a + 6/7 + c = 0 22 a + 2 & = — 1 


98a + 16& + 2c = —2 => 49a + 8b + c = — 1 


22 a + 2b 


= -1 


2a 


= 1 


a = \,b = — 6 , c = y,r/= — 24 
fix) = 5 Y 3 — 6y 2 + yY — 24 
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63. fix) = ax 3 + bx 2 + cx + d 
Maximum: (—4. 1) 

Minimum: (0, 0) 

(a) f'(x ) = 3 ax 2 + 2 bx + c, f"(x) = 6 ax + 2b 

fi 0 ) = o => d = 0 

/(— 4) = 1 => -64a + 16b - 4c = 1 
/'(— 4) = 0 => 48a — Sb + c — 0 

fi 0 ) = 0 ^ c = 0 

1 3 

Solving this system yields a = ys and b = 6 a = jg. 

/(*) = 15* 3 + T * 2 


(b) The plane would be descending at the greatest rate at 
the point of inflection. 

3 3 

f "(x) = 6 ax + 2 b = —x 3 — = 0 => x = — 2 . 
16 8 

Two miles from touchdown. 


65. D = 2x3 — 5 Lx 3 + 3 L 2 x 2 

D' = 8x 3 — 15L.v 2 + 6 L 2 x = x(8x 2 — 15L.V + 6 L 2 ) = 0 

„ 15L ± V33 L (\5± v/33\ r 

x = 0 or x = = | |L 


16 


16 


By the Second Derivative Test, the deflection is 
maximum when 

'15 _ /TT N 

x = | | L « 0.578L. 

16 


67. C = 0.5x 2 + 15x + 5000 

- C _ 5000 

x x 

C = average cost per unit 


dC 


5000 


— = 0.5 5 — = 0 when x = 100 

dx x 

By the First Derivative Test, C is minimized when 
x = 100 units. 


69. 


S = 


S\t) = 


S"(t) = 


5000f 2 
8 + f- 

80,000t 

(8 + f -) 2 

80,000(8 - 3t 2 ) 


(8 + f -) 3 

S"(t) = 0 for t = V8/3 « 1.633. 

Sales are increasing at the greatest rate at t 


1.633 years. 


71. fix) 

fix) 

fix) 

P,(x) 
P\ \x) 
P 2 ix) 

p 2 \x) 
P 2 \x) 


2 (sinx + cosx), 
2 (cos x — sin x), 
2 (— sin x — cos x). 


2j2 + 0 (x - - I = 2^2 


At =2V ~ 2 


/It =0 


r(-j = -2V2 


2V2 + 0 (x - j) + |(- 2 V 2 )(x - f ) 2 = 2V2 - Jl(x - j ) 2 


-2f2[x~- 

-2j2 



2 IT 


The values of f P v P n , and their first derivatives are equal at x = tt/4. The values of the second derivatives of/and P n are 
equal at x = tt/4. The approximations worsen as you move away from x = tt/4. 
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The values of/, P v P 2 , and their first derivatives are equal at x = 0. The values of the second derivatives of/and P 2 are equal 
at x = 0. The approximations worsen as you move away from x = 0. 



When x > < 0, so the graph is concave downward. 


77. Assume the zeros of/are all real. Then express the function asf(x) = a(x — r t )(x — r 2 )(.v 
distinct zeros off. From the Product Rule for a function involving three factors, we have 

f'(x) = a[(x - rjix - r 2 ) + (x - r 3 )(x - r 3 ) + (x - r 2 ){x - r 3 )] 

fix) = a[(x - r / + (x - r 2 ) + (x - i\) + (x - r 3 ) + (x - r 2 ) + (x - r 3 )] 

= a[6x — 2(/-j + r n + r 3 )]. 

Consequently, f"(x) = 0 if 


2 (ri + r 2 + r 3 ) _ r t + r 2 + r 3 


= (Average of r v r,, and r 3 ). 


r 3 ) where r v r 2 , and r 3 are the 


79. True. Let y = ax 3 + bx 2 + cx + d, a # 0. Then y" — 6 ax + 2b = 0 when x — —(b/3a), 
and the concavity changes at this point. 
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81 . False. 83 . False. Concavity is determined by/". 

f(x) = 3 sin x + 2 cos x 
fix) — 3 cos x — 2 sin x 
3 cos x — 2 sin x = 0 

3 cos x = 2 sin x 

3 

2 = tanx 

Critical number: x = tank'd) 

/(tan -1 1) ~ 3.60555 is the maximum value of v. 

Section 3.5 Limits at Infinity 


1- fix) 


3x 2 

x 2 + 2 


No vertical asymptotes 
Horizontal asymptote: y = 3 
Matches (f) 


3 - fix) 


X 

x 2 + 2 


No vertical asymptotes 
Horizontal asymptote: y = 0 
Matches (d) 


5 . fix) 


4sin x 
x 2 + 1 


No vertical asymptotes 
Horizontal asymptotes: y = 0 
Matches (b) 


7 - fix) 


4x + 3 
2x - 1 



lim fix) = 2 

X—^OO 



lim fix) = -3 

x — >oo 



lim fix) = 5 

x—>oo 










130 Chapter 3 Applications of Differentiation 


13. (a) h(x) = J ~ y Y = 


f{x) _ 5 a 3 - 3x 2 + 10 


JT X- 

lim h{x) = oo (Limit does not exist) 


= 5x - 3 + ^ 


(b) h(x) = 


fix) _ 5x 3 - 3x 2 + 10 _ , 3 10 


= 5 - - + 


lim hix) = 5 


,, ,,S /to 5x 3 - 3a 2 + 10 5 3 , 10 

(c) hix) = —r = j = r + — 


.v 4 

lim h)x) = 0 


xf 


x 4 


15. (a) lim 

X—^OZ 

(b) lim 

x — »oc 

(c) lim 


a 2 + 2 

x—>co X 3 1 

x 2 + 2 

x—>co X~ 1 

x 2 + 2 
x — 1 


= 0 


= 1 


= oo (Limit does not exist) 


5 - 2x 3/2 

17. (a) lim — ^ — = 0 

x—>oo 3a — 4 

5 — 2a 3 / 2 2 

^^3x37^4= “3 

5 - lx 3 ' 2 

(c) lim — — = — oo (Limit does not exist) 

x—>oo 3x — 4 


2x - 1 2 - (1/a) 2-0 2 

X — »00 3X + 2 x — >00 3 + (2/jc) 3 + 0 3 


21 . lim 


= lim 


1/a 


-1 .v-oo 1 - (1/a 2 ) 1 




5x^ 

23. lim — ; — — = lim 


5x 


mu _ — mil „ /_ , \ 

X — > — oo X + 3 A ->-oo 1 + (3/a) 
Limit does not exist. 


25. lim 


= lim 


“°° V.t 2 — A A ^ OO ^/x 2 — 


, ( for A' < 0 we have a = — Vx 2 ) 


= lim 1 = = - 1 

x^-<x Vl — (1 /a) 


2+1 2 + - 

. 2 x + 1 x / / — « \ 

27. lim — , „ = lim - 7 — r ~ -\ (for x < 0, x = — vx j 


Va 2 — . 


y.v 2 — . 


-2 - (1/a) 

= lim , ( = -2 

a->oo Va + (1/a) 


29. Since (—1 /a) < (sin(2A))/A < (l/A)forallA + 0, we 
have by the Squeeze Theorem, 

lim _I < lim < lim I 

x — >oo X x — >co X x — >co X 

sin( 2 x) 

0 < lim — — < 0 . 


31. lim 


1 


a — ^oo 2 a + sin a 


= 0 


Therefore, lim S111 ^ = 0. 

x — >oo X 
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„ .1 sm t 

35. lim x sm - = lim = 1 

A' ->00 X HO* t 

(Let* = 1/f.) 





39. lim (* — 

x — >oo 





= lim / = 

x -»oo x + v* + * 



1 

2 
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45. (a) 



(b) lim f(x) = 3 lim f'(x) = 0 

X — >oo x — >oo 

(c) Since lim f(x) = 3, the graph approaches that of a 

x — >oo 

horizontal line, lim f(x) — 0. 

x — >oo 


47. Yes. For example, let f(x) 


6\x — 2\ 
•f(x — 2) 2 + 1 


y 



49. V 


2 + x 
1 — x 


Intercepts: (—2,0), (0,2) 

Symmetry: none 

Horizontal asymptote: y = — 1 since 

2 + x , 2 + x 

lim = — 1 = lim . 

x —y—co 1 X x — >oo 1 X 

Discontinuity: x = I (Vertical asymptote) 



51. y 



53. y = 


x 2 


x 2 + 9 


Intercept: (0, 0) 

Symmetry: origin 
Horizontal asymptote: y = 0 


Intercept: (0, 0) 

Symmetry: y-axis 

Horizontal asymptote: y = 1 since 
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Intercept: (0, 0) 

Symmetry: y-axis 
Horizontal asymptote: y = 2 
Vertical asymptote: x = ±2 


y 



Intercept: (0, 0) 

Symmetry: none 

Horizontal asymptote: y — —2 since 
lim = -2 = lim 

x—y—oo 1 — X x —>oo 1 — X 

Discontinuity: x = 1 (Vertical asymptote) 



Symmetry: none 
Horizontal asymptote: y = 3 
Vertical asymptote: x — 0 


57. xy 2 = 4 

Domain: x > 0 

Intercepts: none 

Symmetry: x-axis 

Horizontal asymptote: y = 0 since 



Intercepts: (± J3/2, 0) 

Symmetry: v-axis 

Horizontal asymptote: y = 2 since 


lim (2 — = 2 = lim (2 — 

A->-Oo\ X-/ A — £CO y X- ) 

Discontinuity: x = 0 (Vertical asymptote) 
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Domain: (— 00 , — 2), (2, 00 ) 

Intercepts: none 

Symmetry: origin 

Horizontal asymptote: none 

Vertical asymptotes: x = ±2 (discontinuities) 


y 


; J 

1 16- 

1 12- 

! 8_ 
1 4- 

11/ 

1 

1 

—5—4—3—; 

/I 

2- i 

1 -8- 

! _12 ~ 
-16- 

| -20- 

J 2 3 4 5 

1 

1 

l 

1 


v , 1 5x 2 - 1 

67 . f{x) = 5 - -5 = 5 — 

Domain: (— 00 , 0), (0, 00 ) 

. 2 

/ (x) = — => No relative extrema 

f"(x) = — -j => No points of inflection 

Vertical asymptote: x = 0 
Horizontal asymptote: y = 5 



69 ‘ /M = ^ 


/'to = 


rto = 


(x 2 — 4) — x(2x) 

(x 2 - 4) 2 

-(x 2 + 4) 

# 0 for any x in the domain of f. 
(x 2 — 4) 2 (— 2x) + (x 2 + 4)(2)(x 2 — 4)(2x) 



2x(x 2 +12) 


(x 2 - 4) 2 


= 0 when x = 0. 


(x 2 - 4) 3 

Since /"(x) > 0 on (—2, 0) and/"(x) < 0 on (0, 2), then (0, 0) is a point of inflection. 
Vertical asymptotes: x = ±2 
Horizontal asymptote: y = 0 


x 2 — 4x + 3 (x — l)(x — 3) 

„ , _ (x 2 — 4x + 3) — (x — 2)(2x — 4) _ — x 2 + 4x — 5 

/ W “ (x 2 - 4x + 3) 2 “ (x 2 - 4x + 3) 2 

, _ (x 2 — 4x + 3) 2 (— 2x + 4) — (—x 2 + 4x — 5)(2)(x 2 — 4x + 3)(2x — 4) 

/ “ (x 2 - 4x + 3) 4 


2(x 3 — 6x 2 + 15x — 14) 
(x 2 — 4x + 3) 3 


0 when x = 2. 



Since /"(x) > 0 on (1, 2) and/"(x) < 0 on (2, 3), then (2, 0) is a point of inflection. 
Vertical asymptote: x = 1, x = 3 
Horizontal asymptote: y = 0 
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3x 


n - m ■ Tim 

3 


f'(x) = 


(■ 4x 2 + l) 3 /2 ' 


• No relative extrema 


— 36x 

/"M = (4y 2 + |)5/2 = 0 When * = 0. 

Point of inflection: (0, 0) 

3 

Horizontal asymptotes: y = ±— 

No vertical asymptotes 

75. g(x) = sin 


\x — 2 
— 2 cos' 


, 3 < x < oo 


g\x) = 


X 

x — 2 


{x - 2)2 
Horizontal asymptote: y = 1 


X 77 277 

Relative maximum: = — x = ~ 5.5039 


x ~ 2 2 

No vertical asymptotes 


TT ~ 2 



v3 — "2 y2 -1-9 9 

77 -^ = -4^’^- + y0^3) 

(a) 



/=^ 




(c) 



(b) /(x) = 


x 3 - 3x 2 + 2 
x(x — 3) 

x 2 (x — 3) 2 


x(x — 3) x(x — 3) 
2 


= x + 


x(x — 3) 


= g(x) 


The graph appears as the slant asymptote y = x. 


79. C = 0.5x + 500 


C = ^ 
x 


C = 0.5 + 


500 


lim ( 0.5 + —| = 0.5 

x 
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81. line: mx — y + 4 = 0 


83. (a) Tft) = — 0.003/ 1 2 + 0.677f + 26.564 


y 



lA.nr, + fiy, + C| _ \m(3) - 1(1) + 4| 

7 a 2 + K- Jm 2 + 1 

1 3m + 3| 

Jnf + 1 



(c) lim rf(m) = 3 = lim d(m) 

m — >oo m —y—oo 

The line approaches the vertical line x = 0. Hence, the 
distance approaches 3. 



t 2 


1451 + 86 t 
58 + / 


(d) T,(0) = 26.6 
r 2 (0) » 25.0 

(e) lim J 2 = ^ = 86 

(f) The limiting temperature is 86. 
T, has no horizontal asymptote. 


85. Answers will vary. See page 195. 


87. False. Let/(x) 


2x 

> Jxr + 2 


(See Exercise 2.) 


Section 3.6 A Summary of Curve Sketching 


1. /has constant negative slope. Matches (D) 

5. (a) f'(x) = 0 for x = — 2 and x = 2 

/'is negative for —2 < jc < 2 (decreasing function). 

/' is positive for .r > 2 and x < —2 
(increasing function). 

(b) f"{x) = 0 at x = 0 (Inflection point). 

/"is positive for x > 0 (Concave upwards). 

/"is negative for x < 0 (Concave downward). 


3. The slope is periodic, and zero at x — 0. Matches (A) 

(c) /'is increasing on (0, oo). (/" > 0) 


(d) f'{x) is minimum at x = 0. The rate of change of/ at 
x = 0 is less than the rate of change of/ for all other 
values of x. 
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Horizontal asymptote: y = 

i 




y 

y' 

y" 

Conclusion 

— oo < x < — 1 


- 

- 

Decreasing, concave down 

X = — 1 

1 

4 

- 

0 

Point of inflection 

— 1 < x < 0 


- 

+ 

Decreasing, concave up 

x = 0 

0 

0 

+ 

Relative minimum 

0 < x < 1 


+ 

+ 

Increasing, concave up 

X = 1 

1 

4 

+ 

0 

Point of inflection 

1 < .* < oo 


+ 

- 

Increasing, concave down 



Vertical asymptote: x = 2 
Horizontal asymptote: y = — 3 
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13 ‘ g(x) = x + 


x 2 + 1 


g'(x) = 1 - 


8.v 


(x 2 + l) 2 


xf + 2x 2 — 8x + 1 
(x 2 + l) 2 

73 


= 0 when x ~ 0.1292, 1.6085 


8(3jt 2 - 1) 

S (x) = (v 2 + j)3 = 0 when = ± 3 

g"(0.1292) < 0, therefore, (0.1292, 4.064) is relative maximum. 
g"(1.6085) > 0, therefore, (1.6085, 2.724) is a relative minimum. 


/3 

Points of inflection: ( — — , 2.423 ), 

Intercepts: (0, 4), (— 1.3788, 0) 

Slant asymptote: y = x 


73 


3.577 


( 0 . 1292 , 4 . 064 ) 



15 . f(x) = * 2 + 1 =x + - 

X X 

f'{x) = 1—^ = 0 when x = ± 1. 

fix) =1*0 

Relative maximum: (—1, —2) 
Relative minimum: (1, 2) 

Vertical asymptote: x = 0 
Slant asymptote: y = x 


17 . 


y'= i - 


- 6x + 12 
x - 4 

4 

(x ~ 4) 2 



(x — 2)(x - 6) 

(x ~ 4) 2 


0 when x = 2, 6. 


- V (x ~ 4) 3 
y" < 0 when x = 2. 

Therefore, (2, — 2) is a relative maximum. 
y" > 0 when x = 6. 

Therefore, (6, 6) is a relative minimum. 
Vertical asymptote: x = 4 
Slant asymptote: y = x — 2 


y 
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19 . y = xjx ~ 4, 
Domain: (— oo, 4] 
8 - 3x 


y 


, = 0 when x = — and undefined when x = 4. 

274 - * 3 


y" = — rr tttt = 0 when x = — and undefined when x = 4. 

7 4(4 - *) 3 / 2 3 

Note: x = y is not in the domain. 



y 

y' 

y" 

Conclusion 

8 

— 00 < x < - 


+ 

- 

Increasing, concave down 

8 

3 

16 

373 

0 

- 

Relative maximum 

8 

- < x < 4 


- 

- 

Decreasing, concave down 

x = 4 

0 

Undefined 

Undefined 

Endpoint 


y 



21* /;(*) = *79 — .v 2 Domain: — 3 < x < 3 

, , 9 - 2 * 2 „ , 3 3v/2 

h (x) — — = 0 when x — ± — 7 ^ = ±- 




V2 


h"(x) = = 0 when^- = 0 


(9 - *2)3/2 


Relative maximum: 


Relative minimum: — 


3 72 9 
2 ’2 

3 72 _9 
2 ’ 2 


Intercepts: (0, 0), (±3, 0) 


Symmetric with respect to the origin 
Point of inflection: (0, 0) 


y 



23 . y = 3*2/3 — 2* 
y ' = 2*- 1 / 3 - 2 = 


2(1 - -* 1 / 3 ) 


„!/3 


= 0 when * = 1 and undefined when * = 0. 
-2 


3.V 4 / 3 


< 0 when * i= 0. 


y 




y 

y' 

.V" 

Conclusion 

— 00 < * < 0 


- 

- 

Decreasing, concave down 

* = 0 

0 

Undefined 

Undefined 

Relative minimum 

0 < * < 1 


+ 

- 

Increasing, concave down 

X = 1 

1 

0 

- 

Relative maximum 

1 < * < 00 


- 

- 

Decreasing, concave down 
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25. y = x 3 — 3x 2 + 3 

y ' = 3x 2 — 6x = 3x(.x — 2) = 0 when x = 0, x = 2 
y" = 6x — 6 = 6(x — 1) = 0 when x = 1 



y 

.v' 

y" 

Conclusion 

— oo < x < 0 


+ 

- 

Increasing, concave down 

x = 0 

3 

0 

- 

Relative maximum 

0 < x < 1 


- 

- 

Decreasing, concave down 

X = 1 

1 

- 

0 

Point of inflection 

1 < x < 2 


- 

+ 

Decreasing, concave up 

x — 2 

-1 

0 

+ 

Relative minimum 

2 < x < oo 


+ 

+ 

Increasing, concave up 


27. y = 2 — x — x 3 

y'= -1 - 3x 2 

No critical numbers 

y" = — 6x = 0 when x = 0. 



y 

y' 

y" 

Conclusion 

— oo < x < 0 


- 

+ 

Decreasing, concave up 

x = 0 

2 

- 

0 

Point of inflection 

0 < x < oo 


~ 

~ 

Decreasing, concave down 


29. f(x) = 3x 3 — 9x + I 

/'(x) — 9x 2 — 9 = 9(x 2 — 1) = 0 whenx = +1 
f"{x) = 18x = 0 when* = 0 



fix) 

fix) 

fix) 

Conclusion 

— oo < x < — 1 


+ 

- 

Increasing, concave down 

X = — 1 

7 

0 

- 

Relative maximum 

— 1 < x < 0 


- 

- 

Decreasing, concave down 

x = 0 

1 

- 

0 

Point of inflection 

0 < x < 1 


- 

+ 

Decreasing, concave up 

X = 1 

-5 

0 

+ 

Relative minimum 

1 < X < oo 


+ 

+ 

Increasing, concave up 


y 



y 



y 
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31. y = 3.Y 4 + 4x 3 

y' = 12x 3 + I2x 2 = I2x 2 (x + 1) = 0 when x = 0, x = — 1. 
y" — 36x 2 + 24x = 1 2x( 3x + 2) = Owhenx = 0, x = — 



y 

y' 

y" 

Conclusion 

— co < X < — 1 


- 

+ 

Decreasing, concave up 

X = — 1 

-l 

0 

+ 

Relative minimum 

— 1 < .V < — | 


+ 

+ 

Increasing, concave up 

2 

* = -3 

16 

27 

+ 

0 

Point of inflection 

— f < x < 0 


+ 

- 

Increasing, concave down 

x = 0 

0 

0 

0 

Point of inflection 

0 < x < oo 


+ 

+ 

Increasing, concave up 





33. /(.*) = x 4 — 4x 3 + 16x 

/tx) = 4.v 3 — 12x 2 + 16 = 4(.r + l)(x — 2) 2 = 0 when x = — 1, x = 2. 
/"to = 12 .t 2 — 24x = 12x(x — 2) = 0 whenx = 0, x = 2. 



/(■*) 

/'to 

/"to 

Conclusion 

— oo < x < — 1 


- 

+ 

Decreasing, concave up 

X = — 1 

-11 

0 

+ 

Relative minimum 

— 1 < x <0 


+ 

+ 

Increasing, concave up 

x = 0 

0 

+ 

0 

Point of inflection 

0 < x < 2 


+ 

- 

Increasing, concave down 

x = 2 

16 

0 

0 

Point of inflection 

2 < x < oo 


+ 

+ 

Increasing, concave up 


y 



35. y = x 5 — 5x 

y' = 5x 4 - 5 = 5(x 4 - 1) = 0 when x = ±1. 
y" = 20.v 3 = 0 when x = 0. 



y 

y' 

y" 

Conclusion 

— oo < x < — 1 


+ 

- 

Increasing, concave down 

X = — 1 

4 

0 

- 

Relative maximum 

— 1 < x < 0 


- 

- 

Decreasing, concave down 

x — 0 

0 

- 

0 

Point of inflection 

0 < x < 1 


- 

+ 

Decreasing, concave up 

X = 1 

-4 

0 

+ 

Relative minimum 

1 < X < oo 


+ 

+ 

Increasing, concave up 


y 
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37. 


y=\2x- 3| 

, 2(2* ~ 3) 

y \2x - 3| 


undefined at x 


y" — o 


3 

2 ' 



y 

y' 

Conclusion 

3 

— OO < X < 2 


- 

Decreasing 

X = | 

0 

Undefined 

Relative minimum 

3 

2 < X < CO 


+ 

Increasing 


y 



39. y = sin x — — sin 3x, 0 < x < 2n 

18 

v ' = cos x — \ cos 3 y — 0 when x = — , — . 

6 2 2 

,, , 1 ■ - n . 77 5 77 lit 1177 

y = — sin .v + - sm 3y = 0 when x = 0, — , — , it, — , — — . 

2 6 6 6 6 


Relative maximum: 


77 19 
2’ 18 


Relative minimum: 


377 19 

2 ’ 18 


Inflection points: 


77 4 \ / 577 4 

6’ 9/’ l 6 ’ 9 


( 77 , 0), 


lit 4 \ / 1 1 77 4 



41. y = 2x — tan x, < x < 

7 2 2 

7T 

y' — 2 — sec 2 y = 0 when y = ±— . 

4 

y" = — 2sec 2 x tan x = 0 when y = 0. 

„ , / 77 77 \ 

Relative maximum: — , — — 1 

\4 2 ) 

Relative minimum: ( — — , 1 — — ] 

\ 4 2 / 

Inflection point: (0, 0) 

Vertical asymptotes: x = ±-^ 



43. y = 2(csc x + sec y), 0 < x < — 
y ' = 2(sec x tan x — esc x cot y) = 0 
Relative minimum: 4 J2 \ 

77 

Vertical asymptotes: x = 0, x = — 



x = 77/4 
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. , 3tt it 7 t 3tt 

Vertical asymptotes: x = — — , — — , — , — 

Intercepts: (— 77, 0), (0, 0), ( 77 , 0) 

Symmetric with respect to y-axis. 

Increasing on ^0, -g-'j and 


I 77 3 77 \ 

l r ~2 ) 


Points of inflection: (±2.80, 0) 




x = 0 vertical asymptote 

y = 0 horizontal asymptote 
Minimum: (-1.10,-9.05) 

Maximum: (1.10,9.05) 

Points of inflection: (— 1.84, —7.86), (1.84, 7.86) 



(any vertical translate of/will do) 
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(any vertical translate of/will do) 


57. Since the slope is negative, the function is decreasing on 
(2, 8), and hence/(3) > /( 5). 


59 . fix) 


4(x - 1 ) 2 
x 2 - 4x + 5 


Vertical asymptote: none 
Horizontal asymptote: y — 4 





The graph crosses the horizontal asymptote y = 4. If a 
function has a vertical asymptote at x = c, the graph 
would not cross it since /(c) is undefined. 


61 . hix) 


6 - 2x 
3 — x 

2(3 - jt) 
3 — x 


I 2, if x # 3 

[Undefined, ifx = 3 


The rational function is not reduced to lowest terms. 



hole at (3, 2) 


63 . fix) 



— x + 1 + 


3 


x — 2 



The graph appears to approach the slant asymptote 
y = -x + 1 . 


_ ,, \ COS- 7 TX , ., 

65 . fix) = 7 === , ( 0 , 4 ) 


y.v 2 + r 


(a) '4 


iAa 


/"\y 


. . . —cos 7r4.r cos T7W + 2tt(.t 2 + l)sin TTX) 

(b) /(x) = 0 ? + 1) 3/2 = 

Critical numbers ~ — , 0.97, 1.98, -, 2.98, -. 

2 2 2 2 


On (0, 4) there seem to be 7 critical numbers: 
0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5 


The critical numbers where maxima occur appear to 
be integers in part (a), but approximating them using 
/' shows that they are not integers. 
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67. Vertical asymptote: x = 5 
Horizontal asymptote: y = 0 

1 


69. Vertical asymptote: x = 5 
Slant asymptote: y = 3x + 2 

1 3x 2 - 1 3.v - 9 


y = 3x + 2 + 


x — 5 


.v — 5 


(a) The graph has a vertical asymptote at x = b. If 
a > 0, the graph approaches oo as x— >b. If a < 0, 
the graph approaches — co as x — > b. The graph 
approaches its vertical asymptote faster as |a| — >0. 


(b) As b varies, the position of the vertical asymptote 
changes: x = b. Also, the coordinates of the 
minimum (a > 0) or maximum (a < 0) are changed. 


3x" 

73. /W = ^ 

(a) For n even, /is symmetric about the v-axis. For n odd, 
/is symmetric about the origin. 

(b) The x-axis will be the horizontal asymptote if the 
degree of the numerator is less than 4. That is, 

n = 0. 1,2,3. 

(c) n = 4 gives y = 3 as the horizontal asymptote. 


(d) There is a slant asymptote y = 3x if n = 5: 
3x 5 0 3x 

^~n ~ ix ~ y^TT' 


n 

0 

1 

2 

3 

4 

5 

M 

1 

2 

3 

2 

1 

0 

N 

2 

3 

4 

5 

2 

3 



(b) When t = 10, V(10) « 2434 bacteria. 

(c) N is a maximum when t ~ 7.2 (seventh day). 

(d) N'\i) = 0 for t = 3.2 

13 250 

(e) lim N(t) = — — ~ 1892.86 

/— > OO / 

Section 3.7 Optimization Problems 


First Number, x 

Second Number 

Product, P 

10 

110 - 10 

10(110 - 10) = 1000 

20 

110-20 

20(110 - 20) = 1800 

30 

110-30 

30(110 - 30) = 2400 

40 

110-40 

40(110 - 40) = 2800 

50 

110-50 

50(110 - 50) = 3000 

60 

110-60 

60(110 - 60) = 3000 


—CONTINUED— 
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1. —CONTINUED— 


First Number, x 

Second Number 

Product, P 

10 

110 - 10 

10(110 - 10) = 1000 

20 

110-20 

20(110 - 20) = 1800 

30 

110-30 

30(110 - 30) = 2400 

40 

110-40 

40(110 - 40) = 2800 

50 

110-50 

50(110 - 50) = 3000 

60 

110-60 

60(110 - 60) = 3000 

70 

110-70 

70(110 - 70) = 2800 

80 

110-80 

80(110 - 80) = 2400 

90 

110-90 

90(110 - 90) = 1800 

100 

110 - 100 

100(110 - 100) = 1000 


The maximum is attained near x = 50 and 60. 
(c) P = x(l 10 — x) = 1 lOx — x 2 



The solution appears to be x = 55. 


(e) — = 1 10 — 2x = 0 when* = 55. 
dx 



P is a maximum when x = 110 — x = 55 
The two numbers are 55 and 55. 


3. Let x and y be two positive numbers such that xy = 192. 

e , 192 

6=x+y=xH 

x 

dS 192 , 

— = 1 , = 0 when x — Vl92. 

dx x 

d 2 S 384 „ , f— 

-j-j = — > Owhenx = V192. 

S is a minimum when x = y = Vl92. 


5. Let x be a positive number. 

1 


S = x + 


dS 


— = 1 x = 0 when x = 1 . 

dx x- 

d 2 S 2 n u 

—rx = — > 0 when x = 1. 

dx- x J 

The sum is a minimum when x = 1 and \/x = 1 . 


7. Let x be the length and v the width of the rectangle. 
2x + 2y = 100 

y = 50 - x 
A = xy = *(50 — *) 
dA 
dx 

d 2 A 
dx 2 

A is maximum when * = y = 25 meters. 


= 50 — 2x = 0 when * = 25. 
■ = — 2 < Owhen* = 25. 


9. Let x be the length and v the width of the rectangle. 

xy = 64 

64 

y = — 


p 0 , « o , J M \ o , 128 

P = 2x + 2 y = 2x + 2 — = 2x 4 

" \ x ) x 

dP „ 128 n , 

— = 2 r- = 0 when x = 8. 

dx x 


d 2 P _ 256 
dx 2 x 3 


> 0 when x = 8. 


P is minimum when x = y = 8 feet. 
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11 . d = y/ (x — 4) 2 + ( y/x — o ) 2 
= Vx 2 - lx + 16 

Since d is smallest when the expression inside the radical 
is smallest, you need only find the critical numbers of 

f(x) = x 2 — lx + 16. 
f'{x) = 2x - 7 = 0 



By the First Derivative Test, the point nearest to (4, 0) is 
(7/2, JlJl). 



13 . d = y/( x - 2 f + \x 2 - (1/2)] 2 
= y.r 4 - 4x + (17/4) 

Since d is smallest when the expression inside the radical 
is smallest, you need only find the critical numbers of 

f(x) — x 4 — 4x + (p. 
f\x) = 4x 3 - 4 = 0 
x = 1 

By the First Derivative Test, the point nearest to (2, i) is 

(1, 1). 



15. = kx(Q 0 — x) = kQfpc — kx 2 

d S = kQ ° ~ 2kx 

~ KQo ~ 2x) = 0 when x = 

—pp = — 2k < 0 when x = — . 
dx 3 2 

dQ/dx is maximum when x = Q 0 /2. 


17. xy = 180,000 (see figure) 

360,000 


S = x + 2y = I x + 
of fence needed. 


where S is the length 


dS 360,000 

— = 1 t . — = 0 when x = 600. 

dx xr 


d 2 S _ 720,000 

dx 2 x 3 


> 0 when x = 600. 


5 is a minimum when x = 600 meters and y = 300 
meters. 



19. (a) A = 4(area of side) + 2(areaofTop) 


(a) A = 4(3)(ll) + 2(3)(3) = 150 square inches 

(b) A = 4(5)(5) + 2(5)(5) = 150 square inches 

(c) A = 4(3.25)(6) + 2(6)(6) = 150 square inches 


(c) S = 4xy + 2x 2 = 150 => y = 


150 - 2x 2 
4x 


V = x 2 y = x 2 \ 


150 - 2x 2 \ 
4x ) 




x = +5 


(b) V = (length)(width)(height) 

(a) V = (3)(3)( 1 1) = 99 cubic inches 

(b) V = (5)(5)(5) = 125 cubic inches 

(c) V = (6)(6)(3.25) = 117 cubic inches 


X 



X 


By the First Derivative Test, x = 5 yields the maximum volume. Dimensions: 5 x 5 x 5. (A cube!) 
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L is minimum when x ~ 2.587 and L ~ 4.162. 


—CONTINUED— 
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By the First Derivative Test, the dimensions (x + 2) by (y + 2) are (2 + ^30) by (2 + y30) (approximately 7.477 by 
7.477). These dimensions yield a minimum area. 



—CONTINUED— 





150 Chapter 3 Applications of Differentiation 


31. —CONTINUED— 


(b) (c) S = 27? -r 2 + 2vrh 



The minimum seems to be about 43.6 for r = 1.6. 


33. Let x be the sides of the square ends and y the length of the package. 

P = Ax + y = 108 => y = 108 - Ax 
V = x 2 y = x 2 (108 - Ax) = 108.x 2 - 4x 3 

— = 2 1 6x — I2x 2 
ax 

= 12x(18 — x) = Owhen.x =18. 

d 2 V 

—pr ~ 216 — 24x = —216 < Owhenx = 18. 

The volume is maximum when x = 18 inches and y = 108 — 4(18) = 36 inches. 
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35. V = zrnx 2 h = zzm c 2 (r + Jr 2 — x 2 ) (see figure) 


& = H 7^7 + 2x[r + y ^ ) I = J7T^7- {2r2 + 2r ^^ 2 

2 r 2 + 2 rjr 2 — xr — 3x 2 = 0 

2 rjr 2 — x 2 = 3.r 2 — 2 r 2 

4 r 2 (r 2 — x 2 ) = 9.x 4 — 12 x 2 r 2 + 4i A 

0 = 9X 4 - 8x 2 r 2 = x 2 (9x 2 - 8 r 2 ) 

2j2r 
* = 0 ’ 3 

By the First Derivative Test, the volume is a maximum when 

2^2 r , , /-* ~ 4 r 

x = — - — and h = r + *Jr~ — x — — . 


3.v 2 ) = 0 

(0, r) 



Thus, the maximum volume is 


V= 1 /8r 2 \/4r 


327tt 3 

81 


cubic units. 


37. No, there is no minimum area. If the sides are x and y, then 2.r + 2y = 20 => y = 10 — x. 

The area is A(x) = x(10 — x) = lO.r — xr. This can be made arbitrarily small by selecting x ~ 0. 


39. V = 12 — — 7rr 3 + ttr 2 h 


, 12 - (4/3) irr 3 12 4 

^ 2 2 o 

7rr z 7 rr z 3 


/ 12 4 

5 = 4itt 2 + 2t rrh = 47rr 2 + 27tt — y — — r 

\7jt- 3 

, , 24 8 , 4 , 24 

= 4nr z 4 -7rr z = — 77 T- H 

r 3 3 r 


iS 8 24 3/ — , 

— = — nr y = 0 when r = <J9/ tt ~ 1.42 cm. 

dr 3 r 

d 2 S 8 48 . . 3/H7 - 

— y = —7 t H — y > 0 when r = ^9/7rcm. 
dr- 3 r 

The surface area is minimum when r = 79/ir cm 
and h = 0. The resulting solid is a sphere of radius 
r ~ 1.42 cm. 


41. Let x be the length of a side of the square and y the length 
of a side of the triangle. 


4x + 3y = 10 

2 , 1 /73 

= v z -I v 


A= * + 2 y VT y 


(10 - 3y) 2 73 2 

16 4 3 

% - s“° - + 7 ' 0 


-30 + 9y + 4j3y = 0 


y = 


30 


9 + 473 

d 2 A _ 9 + 473 
dy 2 ~ 8 


> 0 



A is minimum when 
30 


y = 


9 + 4^3 


and.r = 


1073 

9 + 473' 
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43. Let S be the strength and k the constant of proportionality. 
Given h 2 + w 2 = 24 2 , h 2 = 24 2 — w 2 , 

S = kwh 2 

S = kw(516 — w 2 ) = £(576w — w 3 ) 

-p- = £(576 — 3w 3 ) = 0 when w = 8 73, h — 8 76. 


d 2 S 


— —6 kw < 0 when w = 8 73- 


dw 2 

These values yield a maximum. 


Vn 2 

45 . R = — sin 26 
g 

dR 2v 0 2 „ , „ 77 377 

— = — cos 20 = 0 when 6 = -,—. 

g=_ 4v 2 2 sin2e<0when fl = f . 
d6 2 g 4 

By the Second Derivative Test, R is maximum 
when 6 = 7r/4. 


. h h 

47 . sin a — - => s = — — 
s 


„ 77 

, 0 < a < — 

sm a 2 


h 2 tan a 

tan a = — ^ h = 2 tan a => i = — : = 2 sec a 

2 sm a 


1 = 


£ sin a £ sin a £ . 


4 sec 2 a 4 


= — sm a cos a 


dl k 

— = —[sin a(— 2 sin a cos a) + cos 2 a(cos a)l 
da 4 


= —cos a[cos 2 a — 2 sin 2 a\ 
4 


= — cos a[ 1 — 3 sin 2 al 
4 


= 0 when a = cr, or when sin a = ±—i= . 

2 2 ’ 73 


Since a is acute, we have 
1 


sm a = 


n/3 


h = 2 tan a = 2( ] = 72 feet. 


Since ( d 2 l)/(da 2 ) = (£/4) sin a(9 sin 2 a — 7) < 0 when sin a 



1 / 73, this yields a maximum. 


49 . 


S = Jx 2 + 4, L = 7l + (3 - x-) 2 


Time = T 


Jx 2 + 4 7v 2 — 6v + 10 

2 4 


dT 

dx 


x + ar — 3 
27^ 2 + 4 47.x 2 “ 6 a' + 10 


= 0 


x 2 _ 9 — 6x + x 2 

xr + 4 A{x 2 — 6x + 10) 

x 4 — 6x 3 + 9x 2 + 8x — 12 = 0 



L = Vl + (3-Jt 2 ) 


i 1 

Q 


You need to find the roots of this equation in the interval [0, 3], By using a computer or graphics calculator, you can determine 
that this equation has only one root in this interval ( x = 1). Testing at this value and at the endpoints, you see that x = I yields 
the minimum time. Thus, the man should row to a point 1 mile from the nearest point on the coast. 



Section 3.7 Optimization Problems 153 


__ Jx 1 + 4 V* 2 — 6x + 10 

51. r=- + — 


x x — 3 


dT = 

<7* i' lV /x 2 + 4 t > 2 Vx 2 — 6x +10 
Since 


= 0 


jc jc — 3 

— , = sin 0. and — . = — sin ft, 

Vx 2 + 4 1 Jx 2 - 6x + 10 2 


we have 


sin ftj sin ft, sin ft j sin ft. 


Since 


d 2 F 


1 


<ix 2 Vj(x 2 + 4) 3 / 2 v 2 (x 2 — 6x + IO ) 3 / 2 

this condition yields a minimum time. 


> 0 



53. f(x) = 2 — 2 sin x 





(a) Distance from origin to y-intercept is 2. 

Distance from origin to x-intercept is tt/2 ~ 1.57. 

(b) cl = Vx 2 + y 2 = y.x 2 + (2 — 2 sin x) 2 


3 



^( 0 / 7967 * 097 ^ 




Minimum distance = 0.9795 atx = 0.7967. 

(c) Let/(x) = d 2 (x) = x 2 + (2 — 2 sinx) 2 . 

f\x) — 2x + 2(2 — 2 sin x)(— 2 cos x) 

Setting /'(x) = 0, you obtain x ~ 0.7967, which 
corresponds to d = 0.9795. 


55. Fcos ft = /t(lV - Fsin ft) 

F = 

cos ft + k sin ft 

clF _ — kW(k cos ft — sin ft) _ q 
eld (cos ft + k sin ft) 2 

k cos ft = sin ft => fc = tan ft => ft = arctan k 

Since 



cos ft + k sin ft = — , + 


k 2 

^/k 2 + 1 


the minimum force is 


VFTT, 


F = 


kW 

cos ft + k sin ft 


kW 

>/k 2 + 1 
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57 . (a) 


Base 1 

Base 2 

Altitude 

Area 

8 

8 + 16 cos 10° 

8 sin 10° 

= 22.1 

8 

8 + 16 cos 20° 

8 sin 20° 

= 42.5 

8 

8 + 16 cos 30° 

8 sin 30° 

= 59.7 

8 

8 + 16 cos 40° 

8 sin 40° 

= 72.7 

8 

8 + 16 cos 50° 

8 sin 50° 

= 80.5 

8 

8 + 16 cos 60° 

8 sin 60° 

= 83.1 


(c) A = {a + b)~ 

= [8 + (8 + 16 cos 0)] 


8 sin 0 


= 64(1 + cos 0)sin 9, 0° < 9 < 90° 
(e) ioo 



(b) 


Base 1 

Base 2 

Altitude 

Area 

8 

8 + 16 cos 10° 

8 sin 10° 

= 22.1 

8 

8 + 16 cos 20° 

8 sin 20° 

= 42.5 

8 

8 + 16 cos 30° 

8 sin 30° 

= 59.7 

8 

8 + 16 cos 40° 

8 sin 40° 

= 72.7 

8 

8 + 16 cos 50° 

8 sin 50° 

= 80.5 

8 

8+16 cos 60° 

8 sin 60° 

= 83.1 

8 

8 + 16 cos 70° 

8 sin 70° 

= 80.7 

8 

8 + 16 cos 80° 

8 sin 80° 

= 74.0 

8 

8 + 16 cos 90° 

8 sin 90° 

= 64.0 


The maximum cross-sectional area is approximately 
83.1 square feet. 

dA 

(d) — = 64(1 + cos 9) cos 9 + (—64 sin 0)sin 9 
du 

= 64(cos 9 + cos 2 9 — sin 2 9) 

= 64(2 cos 2 9 + cos 0—1) 

= 64(2 cos 0 - l)(cos 0+1) 

= 0 when 0 = 60°, 180°, 300°. 

The maximum occurs when 0 = 60°. 


59. C = 100 


200 


x + 30 


1 < x 


C' = 100 - 


400 


30 


(x + 30) 2 


Approximation: x ~ 40.45 units, or 4045 units 


61 . S 1 — (4m — l) 2 + (5m — 6) 2 + (10m — 3) 2 
dS x 


64 


— 1 = 2 (4m - 1)(4) + 2(5 m - 6)(5) + 2(10m - 3)(10) = 282 m - 128 = Owhenm = . 

dm 141 


i- 64 

Line: ? = M x 


5 = 


64 

141 


- 1 


5 (-St 1 - 6 


101 


256 , 


320 „ 


640 1 

141 

+ 

141- 6 

+ 

m 

1 

I 


64 

141 

858 

141 


- 3 


6.1 mi 


63 s ~ ~ 6 I + l 10m ~ 3 1 

3 Jnd + 1 Jrrif + 1 Jnf- + 1 
Using a graphing utility, you can see that the minimum occurs when x ~ 0.3. 
Line: y ~ 0.3x 

1 4(0.3) - 1| + 1 5(0.3) - 6| + 1 10(0.3) - 3| 

y ( 0 . 3) 2 + 1 “ 4 ' 5 mL 


*3 
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Section 3.8 Newton’s Method 


1- fix) = X 2 - 3 
f{x) = 2x 
x, = 1.7 


n 


f(x n ) 

/'(•*„) 

fix,,) 

„ fi x ,.) 

X n 

fix,,) 

" fix,,) 

i 

1.7000 

-0.1100 

3.4000 

-0.0324 

1.7324 

2 

1.7324 

0.0012 

3.4648 

0.0003 

1.7321 


3 . f{x) = sinx 
f\x) = cos x 
x x = 3 


n 

x„ 

fix,,) 

f\x„) 

fix,,) 


fix,,) 

" fix,,) 

i 

3.0000 

0.1411 

-0.9900 

-0.1425 

3.1425 

2 

3.1425 

-0.0009 

-1.0000 

0.0009 

3.1416 


5 . fix ) = x 3 + x — 1 
/'(*) = 3.r 2 + 1 

Approximation of the zero of/is 0.682. 


n 

x„ 

fix„) 

fix,,) 

fix,,) 

fix,,) 

fix,,) 
" fix,,) 

i 

0.5000 

-0.3750 

1.7500 

-0.2143 

0.7143 

2 

0.7143 

0.0788 

2.5307 

0.0311 

0.6832 

3 

0.6832 

0.0021 

2.4003 

0.0009 

0.6823 


7 . /(.r) = 3^1 — 1 — x 


fix) 



- 1 


Approximation of the zero of/is 1.146. 


n 

x„ 

fix,,) 

fix,,) 

fix,,) 

fix,,) 

„ fi X n) 
" fix,,) 

i 

1.2000 

0.1416 

2.3541 

0.0602 

1.1398 

2 

1.1398 

-0.0181 

3.0118 

-0.0060 

1.1458 

3 

1.1458 

-0.0003 

2.9284 

-0.0001 

1.1459 


Similarly, the other zero is approximately 7.854. 


9 . fix) = x 3 + 3 
fix) = 3x 2 

Approximation of the zero of/is — 1.442. 


n 


fix,,) 

fix,,) 

fix,,) 


X n 

fix,,) 

r 

" fix,,) 

i 

-1.5000 

-0.3750 

6.7500 

-0.0556 

-1.4444 

2 

-1.4444 

-0.0134 

6.2589 

-0.0021 

-1.4423 

3 

-1.4423 

-0.0003 

6.2407 

-0.0001 

-1.4422 


11 . fix) = x 3 - 3.9x 2 + 4.1 9 x - 1.881 
fix) = 3.r 2 - 7.8.v + 4.79 


n 

x„ 

fix„) 

fix,,) 

fix,,) 

fix,,) 

fix,,) 
" fix,,) 

i 

0.5000 

-0.3360 

1.6400 

-0.2049 

0.7049 

2 

0.7049 

-0.0921 

0.7824 

-0.1177 

0.8226 

3 

0.8226 

-0.0231 

0.4037 

-0.0573 

0.8799 

4 

0.8799 

-0.0045 

0.2495 

-0.0181 

0.8980 

5 

0.8980 

-0.0004 

0.2048 

-0.0020 

0.9000 

6 

0.9000 

0.0000 

0.2000 

0.0000 

0.9000 


Approximation of the zero of/is 0.900. 


—CONTINUED— 
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11. —CONTINUED— 


n 


fix,,) 

fix,,) 

/CO 

fix*) 

fix* ) 
" /'(O 

i 

i.i 

0.0000 

-0.1600 

-0.0000 

1.1000 

Approximation of the zero c 

)f/is 1.100. 



n 

X„ 

fix,,) 

fix,,) 

fix„) 

fix„) 

/(•*„) 
" /'UJ 

i 

1.9 

0.0000 

0.8000 

0.0000 

1.9000 


Approximation of the zero of/ is 1.900. 


13. fix) = x + sin(x + 1) 
fix) = 1 + cos(.r +1) 

Approximation of the zero of/is —0.489. 



15. h{x) = f{x) — gix) = 2x + 1 — Jx + 4 


h\x) — 2 — 


2jx + 4 


Point of intersection of the graphs of/ and g occurs 
when x ~ 0.569. 


17. hix) = fix) — gix) = x — tan x 
h '(x) = 1 — sec 2 x 

Point of intersection of the graphs of/ and g occurs 
when x ~ 4.493. 




23. x 


i+i 


3x, 4 + 6 
4x,. 3 



V6" « 1.565 
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25. f(x ) = 1 + cos x 
f\x) = — sin x 

Approximation of the zero: 3.141 


29 . y = — x 3 + 6x 2 — lOx + 6 = f(x) 
y’ = — 3x 2 + 12x — 10 =/'(x) 

X[ = 2 

x 2 = 1 
x 3 = 2 

x 4 = 1 and so on. 

Fails to converge 


27 . y = 2x 3 — 6x 2 + 6x — 1 = f(x) 
y’ = 6x 2 — 12x + 6 = f\x) 
x, = 1 

f\x) = 0; therefore, the method fails. 


n 

Xn 

f(x„) 

f(x n ) 

i 

1 

1 

0 


n 

x„ 

/(-O 

/'CO 

f(x„) 

fix,,) 

f(x n ) 

" /'(*„) 

i 

3.0000 

0.0100 

-0.1411 

-0.0709 

3.0709 

2 

3.0709 

0.0025 

-0.0706 

-0.0354 

3.1063 

3 

3.1063 

0.0006 

-0.0353 

-0.0176 

3.1239 

4 

3.1239 

0.0002 

-0.0177 

-0.0088 

3.1327 

5 

3.1327 

0.0000 

-0.0089 

-0.0044 

3.1371 

6 

3.1371 

0.0000 

-0.0045 

-0.0022 

3.1393 

7 

3.1393 

0.0000 

-0.0023 

-0.0011 

3.1404 

8 

3.1404 

0.0000 

-0.0012 

-0.0006 

3.1410 


31 . Answers will vary. See page 222. 

Newton’s Method uses tangent lines to approximate c such that f(c) = 0. 
First, estimate an initial x, close to c (see graph). 


Then determine x-, by x 2 = x. 


/W 

/W 


Calculate a third estimate by x 3 = x 2 


/fe) 

f(x 2 Y 


Continue this process until |x„ — x„ + 1 | is within the desired accuracy. 
Let x„ + j be the final approximation of c. 


y 



33. Let g(x) = /(x) — x — cos x — x 
g\x) = —sin x — 1. 


ft 

x„ 

g(x„) 

g'CO 

g(x„) 

g'ixj 

v g(x„) 
" g'ixj 

1 

1.0000 

-0.4597 

-1.8415 

0.2496 

0.7504 

2 

0.7504 

-0.0190 

-1.6819 

0.0113 

0.7391 

3 

0.7391 

0.0000 

-1.6736 

0.0000 

0.7391 


The fixed point is approximately 0.74. 






158 Chapter 3 Applications of Differentiation 


35 . f(x) = x 3 — 3x 2 + 3, fix) = 3x 2 — 6x 
(a) 4 



(C) *1 = ^ 

'■■""rw ~ 2 - 405 

Continuing, the zero is 2.532. 

(e) If the initial guess x l is not “close to” the desired zero 
of the function, the x-intercept of the tangent line may 
approximate another zero of the function. 


(b) x t = 1 

Continuing, the zero is 1.347. 



The x-intercepts correspond to the values resulting 
from the first iteration of Newton’s Method. 


37 . f(x) = - - a = 0 


fix) = -3 


X, 1 , = — 


(I/O - a , 1 1 

,, — ~ x„ + x„-\ a | = x„ + x„ 

- 1/0 


xfa = 2.r„ 


2 a = x„(2 - aO 


39. /(x) = x cos x, (0, 7 r) 

/'(x) = — jr sin x + cos x = 0 

Letting F(x) =/'(x), we can use Newton's Method as follows. 


[F'(x) = — 2 sin x + x cos x] 


n 

X„ 

OO 

0-0 

OO 

OO 

OO 
" OO 

1 

0.9000 

-0.0834 

-2.1261 

0.0392 

0.8608 

2 

0.8608 

-0.0010 

-2.0778 

0.0005 

0.8603 


Approximation to the critical number: 0.860 


y 
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41 . >> = f(x) = 4 - a 2 , (1, 0) 

d — VC* — l) 2 + (y — 0) 2 = V(x — l) 2 + (4 — x 2 ) 2 = Vx 4 — lx 2 — 2x + 11 
d is minimized when D = x 4 — lx 2 — 2x + 17 is a minimum. 
g(x) = D' = 4x 3 - 14x - 2 
g\x) = I2x 2 - 14 


n 


g(x„) 

g\x n ) 

g(x n ) 

v g(x n ) 

X n 

g\x„) 

" g'(x n ) 

i 

2.0000 

2.0000 

34.0000 

0.0588 

1.9412 

2 

1.9412 

0.0830 

31.2191 

0.0027 

1.9385 

3 

1.9385 

-0.0012 

31.0934 

0.0000 

1.9385 


x « 1.939 

Point closest to (1, 0) is ~ (1.939, 0.240). 


y 



43 . 


Minimize: T = 


T = 


Distance rowed Distance walked 


T’ = 


Rate rowed 

Rate walked 

v/A 2 + 4 s/A 2 ^ 

- 6a + 10 

3 

4 

X . 

x " 3 -o 


4x Vx 2 — 6a +10 = — 3(x — 3)Vx 2 + 4 
1 6x 2 (x 2 - 6x + 10) = 9(x — 3) 2 (x 2 + 4) 
7.P 4 - 42jc 3 + 43jc 2 + 216.r - 324 = 0 


Let fix) = 7-t 4 — 42X 3 + 43.r 2 + 2 1 6x — 324 and/'(jr) = 28.c 3 — I26x 2 + H6x + 216. Since /(l) 
solution is in the interval (1,2). 


n 


fix,,) 

/'(*„) 

/(■*„) 

„ f(x„) 

X n 

f'(x n ) 

n fix,,) 

i 

1.7000 

19.5887 

135.6240 

0.1444 

1.5556 

2 

1.5556 

-1.0480 

150.2780 

-0.0070 

1.5626 

3 

1.5626 

0.0014 

49.5591 

0.0000 

1.5626 


Approximation: x ~ 1.563 miles 


- 100 and/(2) = 56, the 


45 . 2,500,000 = -76a 3 + 4830a 2 - 320,000 

76a 3 - 4830a 2 + 2,820,000 = 0 
Let fix) = 76a 3 - 4830a 2 + 2,820,000 


f\x) = 228a 2 - 9660a. 

From the graph, choose x 1 = 40. 


n 

x„ 

/(*J 

/'CO 

/(•*n) 

/'(•*„) 

/(*„) 
" /'(•*„) 

i 

40.0000 

-44000.0000 

-21600.0000 

2.0370 

37.9630 

2 

37.9630 

17157.6209 

-38131.4039 

-0.4500 

38.4130 

3 

38.4130 

780.0914 

-34642.2263 

-0.0225 

38.4355 

4 

38.4355 

2.6308 

-34465.3435 

-0.0001 

38.4356 


The zero occurs when x ~ 38.4356 which corresponds to $384,356. 
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47. False. Let/(x) = ( x 2 — I )/(x — 1). x = 1 is a discontinuity. It is not a zero of/(.x). This statement would be true if 
fix) = p(*)M*) is given in reduced form. 


49. True 


51. f(x) — jx 3 — 3x 2 + §x — 2 
/'(-*) = f-* 2 ~~ 6.x + | 

Let X[ = 12. 



x„ 

/CO 

/'(a,) 

/(•*„) 

/'(•*„) 

„ fi*n) 

n fix,,) 

1 

12.0000 

7.0000 

36.7500 

0.1905 

11.8095 

2 

11.8095 

0.2151 

34.4912 

0.0062 

11.8033 

3 

11.8033 

0.0015 

34.4186 

0.0000 

11.8033 



Approximation: x ~ 11.803 


Section 3.9 Differentials 


1. fix) = X 2 
fix) = 2x 

Tangent line at (2, 4): y — /( 2) = /'(2)(x — 2) 
y 4 • 4(x ~ 2) 
y = 4x - 4 


3 : 

1.9 

1.99 

2 

2.01 

2.1 

II 

3.6100 

3.9601 

4 

4.0401 

4.4100 

r(x) = 4x - 4 

3.6000 

3.9600 

4 

4.0400 

4.4000 


3. /(x) = x 5 
fix) = 5.x 4 

Tangent line at (2, 32): y — /( 2) = /'(2)(x — 2) 
y - 32 = 80(x - 2) 
y = 80x — 128 


* 

1.9 

1.99 

2 

2.01 

2.1 

fix) = -x 5 

24.7610 

31.2080 

32 

32.8080 

40.8410 

T(x) = 80x - 128 

24.0000 

31.2000 

32 

32.8000 

40.0000 


5. /(x) = sinx 
f\x) = cos x 

Tangent line at (2, sin 2): 
y — /(2) =/'(2)(x - 2) 
y — sin 2 = (cos 2)(.x — 2) 
y = (cos 2)(.x — 2) 



1.9 

1.99 

2 

2.01 

2.1 

fix) = sin x 

0.9463 

0.9134 

0.9093 

0.9051 

0.8632 

T(x) = (cos 2)(.x — 2) + sin 2 

0.9509 

0.9135 

0.9093 

0.9051 

0.8677 


+ sin 2 


7. y = /(.x) = ^./'(x) = lx 2 , x = 2, Ax = dx = 0.1 
Ay = fix + Ax) - /(x) 

= /( 2 . 1 ) -/( 2 ) 


rfy = f\x)dx 

= fi 2)(0.1) 

= 6 ( 0 . 1 ) = 0.6 


= 0.6305 
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9. y = f(x) = ji 4 + l,/'(x) = 4x 3 , x = — 1, Ax = dx = 0.01 
4y = f(x + Ax) - f{x) 

— /(— 0.99) -/(-l) 

= [(— 0.99) 4 + 1] - [(— l) 4 + 1] « -0.0394 

11 . y = 3x 2 - 4 
dy = 6x dx 



21 . (a) /(1.9) =/( 2 - 0.1) «/(2) + /'(2)(-0.1) 

« 1 + (1)(— 0.1) = 0.9 
(b) /(2.04) =/(2 + 0.04) «/(2) +/'(2)(0.04) 

« 1 + (1)(0.04) = 1.04 

25 . (a) *(2.93) = g(3 - 0.07) « *(3) + g'(3)(-0.07) 

* 8 + (— 1)(— 0.07) = 8.035 
(b) s(3.1) = 2(3 + 0.1) - 2(3) + 2'(3)(0.1) 

= 8 + (-^)(0.1) = 7.95 

29 . A = x 2 
x = 12 

Ax = dx = 
dA = 2xdx 

A A~dA = 2(12)(±p) 

= ±| square inches 


dy = f'{x) dx 
— f\~ l)(0.01) 

= (— 4)(0.0l) = -0.04 


dy = (2^W dX 

17 . y — 2x — cot 2 x 

dy = (2 + 2 cot x esc 2 x)dx 
= (2 + 2 cot x + 2 cot 3 x)dx 


23 . (a) /(1.9) =/( 2 - 0.1) «/(2) +/'(2)(-0.l) 

“ 1 + ( §)( 0.1) = 1.05 
(b) /(2.04) =/(2 + 0.04) «/(: 2) +/'(2)(0.04) 

« 1 + (— i,)(0.04) = 0.98 

27 . (a) 2(2.93) = 2(3 - 0.07) - 20) + *{3)(-0.07) 

« 8 + 0(— 0.07) = 8 

(b) 20.1) = 20 + 0.1) - 20) + g'0)(O.l) 

« 8 + 0 ( 0 . 1 ) = 8 

31 . A = irr 2 
r= 14 

Ar = dr = ±| 

A A ~ dA = 2irr dr = 7t(28)(±|) 

= ± 7 7r square inches 
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33. (a) x = 15 centimeter 

Ax = dx — ±0.05 centimeters 

A = x 2 

dA = 2 xdx = 2(15)(±0.05) 


= ±1.5 square centimeters 
Percentage error: 


clA 

A 


±1.5 

( 1 5) 2 


= 0.00666. . . 


(b) 


dA 

A 


2x dx 


2 dx 
x 


0.025 


dx 

x 


< 


0.025 

2 


= 0.0125 = 1.25% 


35. r = 6 inches 

A r = dr — ±0.02 inches 


(a) 



dV — 47 rr 2 dr = 47?(6) 2 (±0.02) = ±2.8877 cubic inches 

(b) S = 47rr 2 

dS = Sttrdr = 87t( 6)(±0.02) = ±0.9677 square inches 

dV _ 477 r 2 dr _ 3dr 

(c) Relative error: ~y ~ (4/3) 7rr 3 — ~f~ 

= 7(0.02) = 0.01 = 1% 

6 

dS _ Sirrdr _ 2 dr 
Relative error: ~ 47J . ; ,2 _ ~ 


2 ( 0 . 02 ) 

6 


0.000666 . . . = |% 


37. V = Ttr 2 h = 4O777 2 , r = 5 cm, h = 40 cm, dr = 0.2 cm 
A.V ~ dV = 80 777 dr = 80tt( 5)(0.2) = 8077 cm 3 

39. (a) T = 2irjL/~g (b) (0.0025)(3600)(24) = 216 seconds 

77 =3.6 minutes 

dT = — 7== dL 

gVUg 

Relative error: 

dT = (77 dL)/(g *jLfg) 

T 2TtjLjg 

- c lk 

- 2 L 

= — (relative error in L) 

= ^(0.005) = 0.0025 

dT , 1 

Percentage error: —(100) = 0.25% = — % 


41. 9 = 26°45 ' = 26.75° 

7/6 = ±15' = ±0.25° 

(a) h = 9.5 esc 6 

dh = —9.5 esc Scot 9 d6 

7^ = -cot Odd 
h 


= (cot 26.75°)(0.25°) 




cot 9 d6 < 0.02 


dd 0.02 _ 0.02 tan 0 

9 ~ 9 { cot 9 ) 9 

dO < 0.02 tan 26.75° ^ 0.02 tan 0.4669 
9 ~ 26.75° ~ 0.4669 


~ 0.0216 = 2.16% (in radians) 


Converting to radians, (cot 0.4669)(0.0044) 
~ 0.0087 = 0.87% (in radians). 
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43. r = -^(sin 29) 

v 0 = 2200 ft/ sec 
9 changes from 10° to 1 1° 
(2200)/ 


dr = 


16 


-(cos 2 9)d6 


9 = 10 


180 


d6 = (11 - 10) 


180 


A r ~ dr 


= (2200) 2 r j20n) 

16 


C0S l 180 \ 180 


4961 feet 

V 1SU/V1SU/ 

~ 4961 feet 

47. Let/(x) = Vx,x = 625, dx = — 1. 

f{x + Ax) « fix) + fix) dx = Vx + 44 ^~3 dx 


fix + Ax) = 4/624 = 4/625 + 


4(4/625) 


(-D 


= 5-5oo = 3 4 * * * ." 8 


Using a calculator, 4/624 ~ 4.9980. 


45. Let fix) = Vx, x = 100, dx = —0.6. 
fix + Ax) = fix) + fix) dx 

= Vx H i=dx 

2Vx 

fix + Ax) = V99A 

« 7!oo + — ^(-0.6) 

27100 

Using a calculator: 799.4 ~ 9.96995 


49. Let f{x) = v/r, x = 4, rfx = 0.02, /'(x) = 
Then 

/(4.02) «/(4) +/'(4)& 

74)02 » 74 + ( 0 . 02 ) = 2 + 


51. In general, when Ax — > 0, t/v approaches Ay. 


53. True 


55. True 


Review Exercises for Chapter 3 

1. A number c in the domain of/is a critical number if /'(c) = 0 or f 
is undefined at c. 


y 



3. g(x) = 2x + 5 cos x, [0, 2ir] 
g '(x) = 2 — 5 sin x 

2 

= 0 when sin x = j . 

Critical numbers: x ~ 0.41, x ~ 2.73 
Left endpoint: (0, 5) 

Critical number: (0.41. 5.41) 

Critical number: (2.73, 0.88) Minimum 
Right endpoint: (2ir, 17.57) Maximum 



= 9.97 


1/(27*). 


^( 0 . 02 ). 
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5. Yes. /(— 3) =/( 2) = 0. /is continuous on [ — 3, 2], 
differentiable on (—3, 2). 

fix) = (y + 3)(3y — 1) = 0 for x = 3 . 
c = j satisfies f\c) — 0 . 


9- fix) 

fix) 
fib) ~ fja ) 

h — a 

fie) 


13. fix) = Ax 2 + Bx + C 

fix) = 2 Ax + B 

fjx 2 ) ~ fix 1 ) = A(x 2 2 - x 2 ) + B(x 2 - Yi) 

Y 2 — Yj Y 2 — Y) 

= A(yj + y 2 ) + B 
fic) = 2 Ac + B = A( y, + y 2 ) + B 
2 Ac = A(yj + y 2 ) 
x i + y 2 

c = — - — = Midpoint of [x v x^\ 


= Y 2 / 3 , 1 < X < 
1 

= -v-1/3 

3 


4 - 1 
8 - 1 


= - c — 1/3 = 1 

3 7 


'14\3 

,9 


2744 

729 


3.764 


7. fix) = 3 ~ |y - 4| 



(b) /is not differentiable at x = 4. 

11 . fix) — x — cosy, — 37 < y < 

■' v 2 2 

/'(y) = 1 + sin y 

/(b) — fja) = (tt/2) - (-7T-/2) = 
b — fl (7f/2) — (— 7r/2) 

/'(c) = 1 + sin c = 1 

c = 0 


ls - fix) = (y - 1) 2 (y - 3) 

/'(*) = U - 1) 2 (1) + (y - 3)(2)(y - 1) 
= (y - 1)(3y - 7) 

7 

Critical numbers: y = 1 and x = 3 


Interval: 

— 00 < Y < 1 

1 < Y < \ 

| < x < 00 

Sign of fix)'- 

fix) > 0 

fix) < 0 

/'(y) > 0 

Conclusion: 

Increasing 

Decreasing 

Increasing 


17. /i(y) = n/y(y — 3) = y 3 ^ 2 — 3y 1/,z 
Domain: (0, 00 ) 


h '(y) = '^.v 1/2 - ~x 1/2 

3 .3 3(y - 1 ) 

= ^ 1/2 (^ - 1 ) = 


2-Jx 


Interval: 

0 < Y < 1 

1 < Y < 00 

Sign of h '(y): 

h\x) < 0 

h\x) > 0 

Conclusion: 

Decreasing 

Increasing 


Critical number: y = 1 
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19. h(t) = \t 4 - 8 1 

h \t) = t 3 — 8 = 0 when t = 2. 
Relative minimum: (2, — 12) 


Test Interval:- 

00 < t < 2 

2 < t < 00 

Sign of h \t): 

h\t) < 0 

h'{t) > 0 

Conclusion: 

Decreasing 

Increasing 


21 . y = — cos( 12 f) — ^ sin( 12 f) 

i' = y' = —4 sin(12/) — 3 cos(12f) 

77 1 

(a) When t = — , y = — inch and v = y =4 inches/second. 
8 4 


(b) y' = — 4 sin(12f) — 3 cos(12f) = 0 when 


sin(l 2t) 
cos( 12 t) 


• tan(12f) = --. 


3 4 

Therefore, sin( 1 2f) = — — and cos(12f) = — . The maximum displacement is 


y = 


m. 


= 


(c) Period: — = — 
12 6 


Frequency: — 7 - = — 

TT/O TT 


23. fix) = x + cos x, 0 < x < 2 tt 
fix) = 1 — sin x 

f"(x) = —cos x — 0 when x = 77 , 

J w 2 2 

Points of inflection: 


/ 7T 7r\ ( 37 T 37t\ 

\2’ 2/’ \T’ Tj 


Test Interval: 

77 

0 < x < 2 

7 T 377 

— < x < — 
2 2 

377 

— < X < 277 

Sign of /"(*): 

f"ix) < 0 

f"ix) > 0 

fix) < 0 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 


25. ^(v) = 2,^(1 — x 2 ) 


g'(x) = —4x{2x 2 — 1) 
g"(x) = 4- 24x 2 


Critical numbers: x = 0, 




= 4 > 0 Relative minimum at (0, 0) 



= -8 <0 


Relative maximums at 



y 



y 



27 . 


29. The first derivative is positive and the second derivative is 
negative. The graph is increasing and is concave down. 
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31. (a) D = 0.0034/ 4 - 0.2352 1 3 + 4.9423 f- - 20.8641/ + 94.4025 



(c) Maximum at (21.9, 319.5) (=1992) 

Minimum at (2.6, 69.6) (—1972) 

(d) Outlays increasing at greatest rate at the point of inflection (9.8, 173.7) (— 1979) 


„ , 2* 2 ,.2 2 
33. hm , = lim . , = - 

a: — >oo 3x z + 5 * — >oo 3 + 5/x z 3 


35. 


,. 5 COS X n . Ir , 

lim = 0, since |5 cosx| 

x — >oo X 


< 5. 


37. h(x) = 


2x + 3 


x - 4 

Discontinuity: x — 4 

2x +3 2 + (3 /jc) „ 

X — »oo X — 4 A ->oo 1 — (4/X) 

Vertical asymptote: x = 4 
Horizontal asymptote: y = 2 


39. /(x) = ^ - 2 

Discontinuity: x = 0 



x — »oo \-£ / 

Vertical asymptote: x = 0 
Horizontal asymptote: y = — 2 



Relative minimum: (3, 108) 
Relative maximum: (—3, — 108) 


200 



-200 


Vertical asymptote: x = 0 

45. /(x) = 4x — x 2 = x(4 — x) 

Domain: (-oo, oo); Range: (-oo, 4) 
fix) = 4 — 2x = 0 when x = 2. 

/"(*) = -2 

Therefore, (2, 4) is a relative maximum. 
Intercepts: (0, 0), (4, 0) 


43. f(x) 


x — 1 
1 + 3.x 2 


Relative minimum: (—0.155, — 1.077) 
Relative maximum: (2.155,0.077) 


0.2 



Horizontal asymptote: y = 0 
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47 . f(x) = ,vVl6 — x 2 . Domain: [—4. 4], Range: [—8,8] 
Domain: [—4, 4]; Range: [—8,8] 


/'(*) 


16 - 2x 2 

yie — x 2 


= 0 when x = ±2 ~Jl and undefined when x — ±4. 


f\x) 


2x{x 2 - 24) 
(16 - x 2 ) 2 ' 2 


/'(- 2V2) > 0 

Therefore, ( — 2>/2, —8) is a relative minimum. 

r{ 2V2) < 0 

Therefore, (2^/2, 8) is a relative maximum. 

Point of inflection: (0, 0) 

Intercepts: (— 4, 0), (0, 0), (4, 0) 

Symmetry with respect to origin 


49 . f(x) = {x - l) 3 (v - 3) 2 

Domain: (— 00 , 00 ); Range: (— 00 , 00 ) 

f'{x) = (x — l) 2 (x — 3)(5.r — 11) = 0 when x = 1, 3. 

f"(x) = 4(x — l)(5x 2 — 22* + 23) = 0 when* = 1, 

/"( 3 ) > 0 

Therefore, (3, 0) is a relative minimum. 



Therefore, 


11 3456 ) 
5 ’ 3125/ 


is a relative maximum. 


Points of inflection: (1, 0), 0-60^, ^ , 0.46 

Intercepts: (0, —9), (1, 0), (3, 0) 



y 



51 . f(x) = x l !\x + 3) 2/,a 

Domain: (— 00 , 00 ); Range: (— 00 , 00 ) 
x + 1 


fix) = 
f"(x) = 


(x + 3)'/ 3 r 2 / 3 
-2 

^ 2 (x + 3) 4 / 3 


= 0 when x = —l and undefined when x = 
is undefined when* = 0, —3. 


-3,0. 


By the First Derivative Test ( — 3, 0) is a relative maximum and ( — 1, — 4/4) is 
a relative minimum. (0, 0) is a point of inflection. 

Intercepts: (—3,0), (0,0) 


y 
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53. fix) 


x + 1 

X — 1 


Domain: (— oo, 1), (1, oo); Range: (— oo. 1), (1, oo) 
fix) = ^ < 0 if -v * 1. 


/"(*) 


4 

(* ~ l) 3 


Horizontal asymptote: y = 1 
Vertical asymptote: x = 1 
Intercepts: (— 1, 0), (0, — 1) 


55. /(*) = 


Domain: (— oo, oo); Range: (0. 4] 



fix) = ^ + x2 y_ = 0 when x = 0. 

—8(1 — 3x 2 ) „ , , V3 

/ W = (1 + %2 y = 0 when .t = ±— . 


no) < o 

Therefore, (0, 4) is a relative maximum. 

Points of inflection: (±V3/3, 3) 
Intercept: (0. 4) 

Symmetric to the y-axis 
Horizontal asymptote: y = 0 



4 ) 


57. f(x) = x 3 + x ~\ — 
x 

10 - 

Ivy 

( 1 , 6 ) 

Domain: (— oo, 0), (0, oo); Range: ( — oo, — 6], [6, oo) 

5 - 

A 3 x ^ x~ — 4 

f{x) = 3x 2 +1 , = if =0 when x = ± 1 . 

-2 -1 
(- 1 ,- 6 ) — 5 - 

1 2 

1 

x z 

fix) = 6x + 8 = ^ t 8 * 0 

JC 3 X 3 

r\\ 

A * = 0 


/"(-l) < 0 

Therefore, (— 1, —6) is a relative maximum. 

/"( 1 ) > 0 


Therefore, (1, 6) is a relative minimum. 

Vertical asymptote: x = 0 
Symmetric with respect to origin 
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59. f{x) = \x 2 - 9| 

Domain: (— oo, oo); Range: [0, go) 

f'(x) = V = 0 when x = 0 and is undefined when x = ±3. 

\x 2 — 9\ 

f"(x) = is undefined at * = ±3. 

\x 2 — 9| 


no) < o 

Therefore, (0, 9) is a relative maximum. 

Relative minima: (±3, 0) 

Points of inflection: (+3, 0) 

Intercepts: (±3, 0), (0, 9) 

Symmetric to the y-axis 


y 



61. f[x) = x + cos x 

Domain: [0, 27 t]; Range: [1, 1 + 2ir] 
fix) = 1 — sin x > 0, /is increasing. 

fix) = — cos x = 0 when jc = — , — . 

J w 2 2 

Points of inflection: 

Intercept: (0, 1) 


/ 77 7r\ / 3 t t 3tt\ 

\ 2 ’ 2 ’\T’ T 


y 



63. .r 2 + 4y 2 - 2x - 16 y + 13 = 0 

(a) ix 2 - 2x + 1) + 4 (y 2 - 4v + 4) = - 13 + 1 + 16 
ix ~ l) 2 + 4(v - 2) 2 = 4 

(,v - l) 2 t (y ~ 2) 2 t 

4 1 


The graph is an ellipse: 
Maximum: (1, 3) 
Minimum: (1,1) 

(b) x 2 + 4y 2 - 2x - 16y + 13 


2x + 8y 




dy 

dx 


(By 


16) 


dy 

dx 


= 0 
= 0 

= 2 — 2x 

_ 2 — 2x 
~ 8y - 16 


1 — x 
4v - 8 


y 



The critical numbers are x = 1 and y = 2. These correspond to the points (1, 1), (1, 3), (2, — 1), and (2, 3). 
Hence, the maximum is (1, 3) and the minimum is (1, 1). 
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65. Let t = 0 at noon. 

L = d 2 = (100 - lit) 2 + (- 10/) 2 = 10,000 - 2400/ + 244/ 2 

— = -2400 + 488 1 = 0 when t = — « 4.92 hr. 
dt 61 

Ship A at (40.98, 0); Ship B at (0. -49.18) 

d 2 = 10,000 - 2400/ + 244/ 2 

~ 4098.36 when / ~ 4.92 ~ 4:55 P.M.. 
d ~ 64 km 


67. We have points (0, y), ( * , 0), and (1, 8). Thus, 


y - 8 0-8 

m — = or y = 

0-1 x - 1 7 


Let f(x) = L 2 = x 2 + • 


8* 


: - L 


'( X ) 

(* — 1) — * 

V* - 1 / 

L (x - D 2 J 


= 0 


_ 64* _ 

X (x - l) 3 ° 

*[(* — l) 3 — 64] = 0 when x = 0, 5 (minimum). 
Vertices of triangle: (0, 0), (5, 0), (0, 10) 


69 . A = (Average of bases) (Height) 


+ sA v/3s 2 + 2 sx — . 


(see figure) 


I s VHV • V) + y 3 ,2 + 25.f-.V 2 


dA _ 1 

dx 4 | s /3s 2 + 2 sx — x 2 

2(2 i — x)(s + x) 

4 s/3 s 2 + 2 sx — x 2 
A is a maximum when x = 2s. 


= 0 when x = 2s. 



y 




x 


71 . You can form a right triangle with vertices (0, 0), (.t, 0) and (0, y). 
Assume that the hypotenuse of length L passes through (4, 6). 


m 


y ~ 6 

0-4 



6x 

x - 4 


Let f(x) = L 2 = .r 2 + y 2 = _ t 2 + 


f'{x) = 2x + 72i 


-4 


- 4)\_(x - 4) 2 
x\{x — 4) 3 — 144] = 0 when* = 0 or* = 4 + 


J=° 

3/144. 


L « 14.05 feet 
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73. esc 9 



L 

dL 

de 


-p or L, =6 esc 6 (see figure) 

6 

or L 2 = 9 csc(f - oj 

Lj + L-, = 6 esc 0 + 9 csc^ — o\ = 6 esc 9 + 9 sec 9 
6 esc 9 cot 0 + 9 sec 9 tan 9 = 0 


tan 3 9 
sec 0 


• tan 9 = 


J/2 

V3 


Vl + tan 2 0 = - / 1 


+ I 


2/3 732/3 + 2 “/ 3 

3 1 / 3 


esc 0 


sec 9 _ 7 3 2/3 + 2 2/3 
tan 0 2 1 / 3 



_ r (3 2 / 3 + 2 2 / 3 )'/ 2 (3 2 / 3 + 2 2 / 3 ) 1 / 2 

L ~ 6 21/3 + ^ 31/3 


3(3 2 ^ 3 + 2 2 / 3 ) 3 / 2 ft » 21.07 ft (Compare to Exercise 72 using a — 9 and b = 6.) 


75. Total cost = (Cost per hour) (Number of hours) 

,2 


T = 


600 


+ 5 


110 

v 


llv 550 
60 + v 


dT _ 11 _ 550 _ llv 2 - 33.000 
dv 60 v 2 60v 2 

= 0 when v = 73000 = 10 730 ~ 54.8 mph. 

d 2 T _ 1100 

dv 2 v 3 


0 when v = 10 730 so this value yields a minimum. 


77. f(x) = x 3 - 3x ~ 1 

From the graph you can see that/(x) has three real zeros. 
/'(*) = 3x 2 - 3 


n 

X n 

/(*„) 

/'(•*„) 

/(*„) 

f'(x„) 

„ fan) 
" AO 

1 

-1.5000 

0.1250 

3.7500 

0.0333 

-1.5333 

2 

-1.5333 

-0.0049 

4.0530 

-0.0012 

-1.5321 


n 


/(O 

/'CO 

/(O 

f( x n ) 

X n 

f'(x„) 

" /'(O 

1 

-0.5000 

0.3750 

-2.2500 

-0.1667 

-0.3333 

2 

-0.3333 

-0.0371 

-2.6667 

0.0139 

-0.3472 

3 

-0.3472 

-0.0003 

-2.6384 

0.0001 

-0.3473 


n 

X„ 

/(O 

f'(x„) 

/(O 

AO 

fix,,) 

" A* n ) 

1 

-1.9000 

0.1590 

7.8300 

0.0203 

1.8797 

2 

1.8797 

0.0024 

7.5998 

0.0003 

1.8794 


The three real zeros of/(x) are x ~ — 1.532, x ~ —0.347, and x ~ 1.879. 
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CHAPTER 3 
Applications of Differentiation 

Section 3.1 Extrema on an Interval 

Solutions to Even-Numbered Exercises 


2. fix) = cos— 

/W= --srny 

/'( 0) = 0 
/'( 2 ) = 0 


4 . f[x ) = — ~ixjx + 1 


/'(.*) = >- 3.v 


|(x+ D ^ 1/2 


+ 'J x + 1 ( — 3 ) 


= ^ ’ /2 t* + 2 ^' y + ^ 


= -|(x + l)“'/ 2 (3* + 2) 


/I - 3 - 0 


6. Using the limit definition of the derivative, 

lim , |im (4 - M) - 4 , , 

x->0~ X — 0 x->0“ x 

lim M xM , Um (4-M)-4 ._ 1 

m 0 + x — 0 n--> 0 + x — 0 

/'( 0) does not exist, since the one-sided derivatives are 
not equal. 

10 . Critical numbers: x — 2, 5 
x = 2: neither 
x = 5: absolute maximum 


8. Critical number: x = 0. 
x = 0: neither 


12 . g(x) = x 2 {x 2 — 4) = x 4 — 4-x 2 
g'(x) = 4,r 3 — 8x = 4x(x 2 — 2) 
Critical numbers: x = 0, x = ± ^/2 


14 . fix) 


4x 

x 2 + 1 


. = (x 2 + 1)(4) - (4x)(2.r) = 4(1 - x 2 ) 
1 W ix 2 + l) 2 (x 2 + l) 2 

Critical numbers: x = ± 1 


16 . f(6 ) = 2 sec 9 + tan 0, 0 < 9 < 2t t 


f'(0) = 2 sec 9 tan 9 + sec 2 9 
= sec 0(2 tan 9 + sec 0) 


U sin d ) 

1 

| 

_“\cos 0/ 

cos 0 


= sec 2 0(2 sin 0 + 1) 

7 77 1 1 77 

On (0, 27 t), critical numbers: 0 = — , 0 = — 

6 6 


378 
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18 . /(x) = ^l,[0,5] 

. 2 

f (x) = — => No critical numbers 

Left endpoint: ^0, Minimum 
Right endpoint: (5, 5) Maximum 

22. f{x) = x 3 - I 2x, [0, 4] 

f\x) = 3x 2 — 12 = 3(x 2 — 4) 

Left endpoint: (0, 0) 

Critical number: (2, — 16) Minimum 
Right endpoint: (4, 16) Maximum 
Note: x = — 2 is not in the interval. 


20 . f(x) = x 2 + 2x — 4, [— 1 , 1 ] 

/'(x) = 2x + 2 = 2(x + 1) 

Left endpoint: (— 1, —5) Minimum 
Right endpoint: (1, — 1) Maximum 

24 . gix) = l/x, [- 1 , 1 ] 

S'W = 3^71 

Left endpoint: (— 1, — 1) Minimum 
Critical number: (0. 0) 

Right endpoint: (1, 1) Maximum 


26 . y = 3 - \t - 3 1 , [— 1, 5] 

From the graph, you see that t = 3 is a critical number. 



-4 


Left endpoint: ( — 1 , — 1) Minimum 
Right endpoint: (5, 1) 

Critical number: (3, 3) Maximum 


28 . = r-hr. [3. 5] 

h'it) = 


t - 2’ 
-2 


it ~ 2) 2 

Left endpoint: (3, 3) Maximum 


Right endpoint: 



Minimum 


30 . g(x) = sec x, 
g \x) = sec x tan x 


7 T 7 T 

(f 3 


Left endpoint: ( — ^r, -^= 


1.1547 

6 


Right endpoint: I — , 2 I Maximum 


Critical number: (0, 1) Minimum 


34 . (a) Minimum: (4, 1) 
Maximum: (1, 4) 

(b) Maximum: (1, 4) 

(c) Minimum: (4, 1) 

(d) No extrema 


32 . y = x 2 — 2 — cos x, [— 1, 3] 
y ' = 2x — sin x 
Left endpoint: (— l, 1 — 1.5403) 

Right endpoint: (3, 7.99) Maximum 
Critical number: (0. — 3) Minimum 


36. (a) Minima: (— 2, 0) and (2, 0) 
Maximum: (0, 2) 

(b) Minimum: (—2,0) 

(c) Maximum: (0, 2) 

(d) Maximum: (l, >/3) 
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38. f(x) = 


2 — x 2 , 1 < x < 3 


2 — 3x, 3 < x < 5 
Left endpoint: (1, 1) Maximum 
Right endpoint: (5, — 13) Minimum 




(b) fix) 
fix) 


-xj3 - x, [0, 3] 


(3 - jc)-'/2(-1) + (3 - x) 1/2 (l) 

|(3 - + 2(3 - *)] 

2(6 - 3x) = 6(2 - x) = 2(2 - x) 

3 v/3 — x 3V3 — x x/3 — x 


Critical number: x = 2 
/( 0) = 0 Minimum 
/(3) = 0 Minimum 


/( 2 ) 


8 

3 


Maximum: 



46. /(*) = ^,[-1,1] 

XT + 1 


, \ Z.'-tA, jL'-tA. , \ 

/ W = ^.2 + ( See Exercise 44.) 

(4) = 24(5x 4 - 10.Y 2 + 1) 

1 {> (x 2 + l ) 5 


f 5 \x) 


-240x(3.r 4 - l(k 2 + 3) 

(.t 2 + l ) 6 


40. /w = 2=~x ' [ °’ 2) 

Left endpoint: (0, 1) Minimum 


3 




/i 

I 

1 

1 

1 




44. f(x) = , 


1 


fix) = 

fU) = 

fix) = 


X 2 + 1 

— 2x 

(x 2 + l) 2 

-2(1 - 3.t 2 ) 
(x 2 + l) 3 

24x - 24x 3 


(x 2 + l) 4 
Setting/'" = 0, we have x = 0, ±1. 

[ADI = is the maximum value. 


48. Let/(.r) = I / x. f is continuous on (0. 1) but does not 
have a maximum. /is also continuous on (— 1, 0) but does 
not have a minimum. This can occur if one of the 
endpoints is an infinite discontinuity. 


y 



|/ (4) (0)| = 24 is the maximum value. 
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50. 



52. (a) No 
(b) Yes 


54. (a) No 
(b) Yes 


^ v 2 sin 26 tt „ „ „ 3t t 
56. x = — — — , — < 6 < — 
32 4 4 


58. 


C = 2x + 300 ’ 000 , 1 < x < 300 


d0. 

— is constant. 
dt 


dx 

dt 


dx d9 
dO dt 


(by the Chain Rule) 


C(l) = 300,002 
C(300) = 1600 


C' = 2 - 300t000 = 0 


_ v 2 cos 20 dO 
16 dt 

In the interval [tt/ 4, 3ir/4], 0 = tt/ 4, 3 ir/4 indicate 
minimums for dx/dt and 0 = it / 2 indicates a maximum 
for dx/dt. This implies that the sprinkler waters longest 
when 0 = tt/4 and 3 tt/4. Thus, the lawn farthest from 
the spinkler gets the most water. 


2x 2 = 300,000 
x 2 = 150,000 

x = 100^15 ~ 387 > 300 (outside of interval) 
C is minimized when x = 300 units. 

Yes, if 1 < x < 400, then x = 387 would minimize C. 


60. /(x) = JxJ 

The derivative of/ is undefined at every integer and is 
zero at any noninteger real number. All real numbers are 
critical numbers. 


y 

3 -- 
2 — 



- 2 — 


62. True. This is stated in the Extreme Value Theorem. 


64. False. Let/(x) = x 2 . x = 0 is a critical number of/. 
g(x) = /(x - k) 

= (x — k ) 2 


x = k is a critical number of g. 


Section 3.2 Rolle’s Theorem and the Mean Value Theorem 

2. Rolle’s Theorem does not apply to/(x) = cot(x/2) over 4. fix) = x(x — 3) 

\ir, 3 ttI since f is not continuous at x = 2 tt. ,,, 

x-mtercepts: (0, 0), (3, 0) 

3 

/ (x) — 2x — 3 = 0 at x = — . 

6 . fix) = —3 xVx + 1 

x-intercepts: (— 1, 0), (0, 0) 

fix) = -3x|(x + l)-'/ 2 - 3(x + 1 y/ 2 = — 3(x + l)-'/ 2 ^ + (x + l)j 
fix) = — 3(x + D“ 1/2 (fx + 1 j = 0 atx = 


382 Chapter 3 Applications of Differentiation 


8. f(x) = x 2 — 5x + 4, [1, 4] 

/(l) =/(4) = 0 

/is continuous on [1, 4]. /is differentiable on (1, 4). 
Rolle's Theorem applies. 
f\x) = 2x ~ 5 

2* — 5 = 0 => x = ^ 

c value: — 

2 

12. /(x) ' 3 — ;|.v 3 1 . 1 0. 6 1 

/( 0 ) =/( 6 ) = 0 

/is continuous on [0, 6]. /is not differentiable on (0, 6) 
since/'(3) does not exist. Rolle's Theorem does not apply. 


10. f(x) — (x — 3)(.r + l) 2 , [—1, 3] 

/(-l) =/(3) = 0 

/is continuous on [— 1, 3]. /is differentiable on (— 1, 3). 
Rolle's Theorem applies. 

f'{x) = (x- 3)(2)(x + 1) + (x + l) 2 

= (x + l)[2.v — 6 + x + 1] 

= (x + 1)(3.y — 5) 

c value: ^ 

14. f{ x )=^-, [-1.1] 

/(-l) =/(l) = 0 

/is not continuous on [— 1. 1] since /(0) does not exist. 
Rolle's Theorem does not apply. 


16. fix) = cos x, [0, 27t] 

/( 0) =/( 2tt) = 1 

/is continuous on [0, 2ir]./is differentiable on (0, 2 tt). 
Rolle's Theorem applies. 

f'(x) = — sin.r 

c value: tt 



f(x) = cos 2x, 

/r\ = 73 
12/ 2 




Rolle's Theorem does not apply. 


20. f{x) = sec x, 



f is continuous on [— it/ A, Tr/4]./is differentiable on 
(— ir/4, it/ A). Rolle's Theorem applies. 

f\x) = sec x tan x 

sec .v tan x = 0 

x = 0 

c value: 0 


22. f(x) = x~ x l '\ [0. 1] 
f(0) =/( 1) = 0 

/is continuous on [0, 1], /is differentiable on (0, 1). 
(Note: /is not differentiable at x = 0.) Rolle’s Theorem 
applies. 




c value: 


0.1925 





Section 3.2 Rolle’s Theorem and the Mean Value Theorem 383 


24. /« = § — sin^, [-1,0] 

/(-l) =/(0) = 0 

/is continuous on [— 1, 0]./is differentiable on (— 1, 0). 
Rolle’s Theorem applies. 

1 TT TTX 

/ ( x) = 2 - 6 C0S 6 -° 


TTX 3 
cos —r~ = — 

6 7 T 


6 3 

x = arccos — [Value needed in ( — 1, 0).] 

7 T 7 T 

~ —0.5756 radian 


c value: —0.5756 


0.02 



- 0.01 


“• CW - < + JTl) 

(a) 0(3) = C(6) = y 

(b) C'(.r) = lo( — ^2 + ( x + 3)2) = 0 

3 = J_ 

.r 2 + 6x + 9 x 2 

2x 2 - 6x - 9 = 0 

6 ± yi08 

* = 4 

_ 6 ± 6n/3 _ 3 + 3 V3 
“ 4 “ 2 

3 + 3 x/3 

In the interval (3, 6): c = ~ 4.098. 



32. f(x) = x(x 2 — x — 2) is continuous on [ — 1, 1] and 
differentiable on (— 1, 1). 

/(!)-/(-!) 

l-(-D 

f\x) = 3x 2 — 2x — 2 = — 1 
(3x + \ )(x - 1) = 0 


34. f(x) = (x + l)/x is continuous on [1/2, 2] and 
differentiable on (1/2, 2). 

/(2)-/(l/2) (3/2) — 3 _ _ 

2 - (1/2) 3/2 ‘ 

/'(*) = -J- = “ 1 

x 2 = 1 


c = 


1 

3 


c = 1 




384 Chapter 3 Applications of Differentiation 


36. f(x) = x 3 is continuous on [0, 1] and differentiable on 

(0, 1). 

/(!)—/( 0 ) 1-0 , 

1-0 1 


/'(.*) = 3y 2 = 1 



In the interval (0, 1): c = 


73 

3 ' 



(b) Secant line: 


slope 


/(tt) ~/(-7t) 
77 ( 7r) 


tr ~ (~7t) = 

277 


y — TT = 1 (.Y — 77) 


>’ = * 


42. /(y) = -y 4 + 4y 3 + 8y 2 + 5, (0, 5), (5, 80) 
80-5 


m = = 15 



(b) Secant line: y — 5 = 1 5(y — 0) 

0 = 15y — y + 5 
f'(x) = — 4y 3 + 12y 2 + 1 6x 

/( 5) ~/(l) _ ,, 

5 - l 

-4c 3 + 12c 2 + 16c = 15 

0 = 4c 3 - 12c 2 - 16c + 15 


38. f(x) — 2 sin x + sin 2x is continuous on [0, 77 ] and dif- 
ferentiable on (0. 77). 

/(77)-/(0) 0-0 Q 

77 — 0 77 

f\x) = 2 cos x + 2 cos 2.y = 0 
2[cos x + 2 cos 2 x — 1] = 0 
2(2 cosy — l)(cos y + 1) = 0 

1 

cos x = — 

2 

COS X = — 1 

77 577 

X = — , 77, — 

3 3 

In the interval (0, 77): c = ^ . 


(c) f'(x) = 1—2 cos x = 1 
cosy = 0 



Tangent lines: y — 


y ~ 



y = x + 2 


(c) First tangent line: y — fie) = mix — c) 

y - 9.59 = 15(y - 0.67) 

0 = 15y -y - 0.46 

Second tangent line: y — /(c) = w(y — c) 

y - 131.35 = 15(y - 3.79) 

0 = 15y — y + 74.5 


c ~ 0.67 or c ~ 3.79 
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44. 5(f) = 20o(5 - 

5(12) - 5(0) = 200[5 - (9/14)] - 200[5 - (9/2)] = 450 
12-0 12 7 

(w r«) - 2oo(^) - f 

1 _ J_ 

(2 + t) 2 ~ 28 

2 + t = 2jl 

t = 2s/l — 2 ~ 3.2915 months 
5 '(f) is equal to the average value in April. 

46. f(a) = fib) and /'(c) = 0 where c is in the interval (a, b). 


g(x) = fix) + k 

(b) gix) = fx - k) 

(c) gix) = fkx) 


g(a) = gib) = fid) + k 
g\x) = fix) =>g'(c) = 0 

gia + k) = gib + k) = fid) 
g'(x) = fix ~ k) 

g (f ) = g (f ) 

= f(a) 

Interval: [a, b\ 

g\c + k) =/'(c) = 0 

g'(x) = kfik.x) 

Critical number of g: c 

Interval: [a + k, b + k\ 

0<5 

11 

5 

2 

= 0 


Critical number of g: c + k 

Interval: 

a b 
1c k_ 




Critical number of g: 


48. Let T(t) be the temperature of the object. Then T(0) = 1500° and T(5) = 390°. The average temperature over the 
interval [0, 5] is 


390 - 1500 
5-0 


-222° F/hr. 


By the Mean Value Theorem, there exists a time to, 0 < t 0 < 5, such that T'(t 0 ) = — 222. 



(c) Since /(— 1) = /(l) = 0, Rolle's Theorem applies on 
[— 1, 1], Since /(l) = 0 and/(2) = 3, Rolle’s 
Theorem does not apply on [1, 2], 


(b) /and/' are both continuous on the entire real line. 


(d) lim f(x) = 0 

x— » 3 _ 

lim fix) = 0 

x— » 3 + 
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52. /is not continuous on [—5, 5], 
1/y, x # 0 


Example: /(y) = 


0 . 



54. False. /must also be continuous and differentiable on each 
interval. Let 


x = 0 


/(*) = 


4y 


x 2 - 1 


56. True 

58. Suppose /(y) is not constant on (a, b). Then there exists x l and x 2 in ( a , b) such that/(.Y[) + /( x 2 ). Then by the Mean Value 
Theorem, there exists c in (a, b) such that 

/ >. /(y 2 ) — /( Y.) 

f'(c) = + 0. 

Y 2 — Yj 

This contradicts the fact that/'(.Y) = 0 for all x in ( a , b). 

60. Suppose fix) has two fixed points Cj and c 2 . Then, by the Mean Value Theorem, there exists c such that 

\ /(c 2 ) - /(c i) c 2 - Ci 

T (cj = = = 1. 

c 2 — C J c 2 — Cj 

This contradicts the fact that/'(.Y) < 1 for all x. 


62. Let/(Y) = cos Y./is continuous and differentiable for all real numbers. By the Mean Value Theorem, for any interval [a, b\, 
there exists c in (a, b) such that 


= f\0 


f(b) - f{a) 
b — a 

cos b — cos a 

= — sin c 

b — a 

cos b — cos a = (— sin c){b — a) 

|cos b — cos a | = | — sin c| \b — n| 

|cosfo — cos a | < | b — a| since | — sin c | < 1. 
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Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 

2. y = -(x + l) 2 4. f{x) = x 4 ~ 2x 2 

Increasing on: (— 00 , — 1) Increasing on: (— 1, 0), (1, 00 ) 

Decreasing on: (— 1, 00 ) Decreasing on: (— 00 , — 1), (0, 1) 

. x 2 

6- y = 

x + 1 

, _ x(x + 2) 

- v “ (TTTj 2 


Critical numbers: x = 0, — 2 Discontinuity: x = — 1 


Test intervals: 

— 00 < x < — 2 

— 2 < x < — 1 

- 1 < x < 0 

0 < x < 00 

Sign of f'{x): 

O 

A 

V, 

y' <0 

y' < 0 

y' > 0 

Conclusion: 

Increasing 

Decreasing 

Decreasing 

Increasing 


Increasing on ( — 00 , —2), (0, 00 ) 
Decreasing on (—2, — 1), (— 1, 0) 


8. h(x) = 21 x — x 3 

h'(x) = 27 - 3x 2 = 3(3 - x)(3 + x) 
h'(x) = 0 

Critical numbers: x = ±3 


Test intervals: 

— 00 <x < — 3 

— 3 < x <3 

3 < x < 00 

Sign of h '(x): 

O 

V 

h' > 0 

h' <0 

Conclusion: 

Decreasing 

Increasing 

Decreasing 


Increasing on ( — 3, 3) 

Decreasing on (— 00 , —3), (3, 00 ) 


4 

10. y = * + - 
x 

= (x - 2){x + 2) 

V“ 


Critical numbers: x = ±2 Discontinuity: 0 


Test intervals: 

— 00 < x < — 2 

— 2 < x <0 

0 < x < 2 

2 < x <00 

Sign of y 

O 

A 

V, 

y' <0 

y' < 0 

y' > 0 

Conclusion: 

Increasing 

Decreasing 

Decreasing 

Increasing 


Increasing: ( — 00 , —2), (2, 00 ) 
Decreasing: (— 2, 0), (0, 2) 
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12. f(x) = x 2 + 8x + 10 
f'(x) = 2x + 8 = 0 
Critical number: x = — 4 


16. f(x) = x 3 — 6.x 2 + 15 

f'(x) = 3x 2 — 12x = 3x(x — 4) 
Critical numbers: x = 0, 4 


Test intervals: 

— oo < x <0 

0 < x < 4 

4 < x < oo 

Sign of f(x): 

r >o 

/'< o 

f >o 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on ( — oo, 0), (4, oo) 
Decreasing on (0, 4) 

Relative maximum: (0. 15) 
Relative minimum: (4, — 17) 

18. f(x) = (x + 2) 2 (x — 1) 
f\x) = 3x(x + 2) 

Critical numbers: x = — 2, 0 


Test intervals: 

— oo < x < — 2 

— 2 < x < 0 

0 < x < oo 

Sign of /'(x): 

f >o 

/' <o 

/' >0 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on: (— oo, —2), (0, oo) 
Decreasing on: (—2,0) 

Relative maximum: (—2,0) 
Relative minimum: (0, —4) 


Test intervals: 

— oo < x < —4 

— 4 < x < oo 

Sign of/'(x): 

/' < o 

/' > o 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (— 4, oo) 
Decreasing on: (— oo, — 4) 
Relative minimum: (-4,-6) 


14. f(x) = — (x 2 + 8x +12) 
f{x) = -2x - 8 = 0 
Critical number: x = — 4 


Test intervals: 

— oo < x < — 4 

— 4 < x < oo 

Sign of f'(x): 

/' >0 

r <o 

Conclusion: 

Increasing 

Decreasing 


Increasing on: (— oo, — 4) 
Decreasing on: (— 4, oo) 
Relative maximum: (—4,4) 
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20. fix) = x 4 - 32x + 4 

f'(x) = 4x 3 -32 = 4(.* 3 - 8) 

Critical number: x = 2 


Test intervals: 

— 00 < x < 2 

2 < x < 00 

Sign off'(x): 

f < 0 

f> 0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (2, oo) 
Decreasing on: (— oo, 2) 
Relative minimum: (2,-44) 


22. f(x) = x 2 / 3 — 4 

9 9 

f'( x ) = -v— 1/3 = 

1 W 3 3.T 1 / 3 

Critical number: x = 0 


Test intervals: 

— 00 < x <0 

0 < x < 00 

Sign of f\x): 

r <0 

/' >0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (0, 00 ) 
Decreasing on: ( — 00 , 0) 
Relative minimum: (0, —4) 


24. f(x) =(x- I ) 1 / 3 
f ' {x) = 3(x - I ) 2 / 3 

Critical number: x = 1 


26. /(*) = |x + 3 1 - 1 


f'(x) 


x + 3 
\x + 3| 


f 1, x > 

1 — 1 , X < 


Critical number: x = — 3 


-3 

-3 


Test intervals: 

— 00 < x < 1 

1 < x < 00 

Sign of f'(x): 

f > 0 

f > 0 

Conclusion: 

Increasing 

Increasing 


Increasing on: ( — 00 , 00 ) 
No relative extrema 


Test intervals: 

— 00 < x < — 3 

— 3 < x < 00 

Sign of fix) : 

f < 0 

f > 0 

Conclusion: 

Decreasing 

Increasing 


Increasing on: (—3, 00 ) 
Decreasing on: (— 00 , —3) 
Relative minimum: (-3,-1) 


28. f(x) = 

x + 1 

x (-Y + 1)(1) ~ (x)(l) = 1 

1 W (X + l ) 2 (X + l ) 2 


Discontinuity: x = — 1 


Test intervals: 

— 00 < x < — 1 

— 1 < x < 00 

Sign of f\x): 

f > 0 

f > 0 

Conclusion: 

Increasing 

Increasing 


Increasing on: (— 00 , — 1), (— 1, 00 ) 


No relative extrema 
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™ n i x + 3 1,3 

30. f(x) = — r— = - + — 

x 2 x x 2 

f'(x) = -- - - = ~ {X+ 6) 
1 W x 2 x 3 x 3 

Critical number: x = — 6 

Discontinuity: x = 0 


Test intervals: 

— oo < x < — 6 

— 6 < x < 0 

0 < x < oo 

Sign of/'(x): 

r < o 

r > o 

/' < o 

Conclusion: 

Decreasing 

Increasing 

Decreasing 


Increasing on: ( — 6,0) 

Decreasing on: (— oo, —6), (0, oo) 

Relative minimum: 



32. f(x) 


x 2 - 3x - 4 


x — 2 


. (x - 2)(2x - 3) - (x 2 - 3x - 4)(1) 
f{x) = 0^ 


x 2 - 4x + 10 

(x - 2) 2 


Discontinuity: x = 2 


Test intervals: 

— oo < x < 2 

2 < x < oo 

Sign of/'(x): 

r > o 

r > o 

Conclusion: 

Increasing 

Increasing 


Increasing on: ( — oo, 2), (2, oo) 
No relative extrema 


34. f(x) = sin x cos x = — sin 2x, 0 < x < 2 t t 
f\x) = cos 2x = 0 


_ . . , , it 3t t 5tt Itt 

Critical numbers: x = — . — — , — — , — 
4 4 4 4 


Test intervals: 

« 77 
0 < x < 4 

77 377 

— < X < — p 

4 4 

377 577 

— - < X < — 

4 4 

577 Itt 

— < x < — 

4 4 

7 77 

— < x < Itt 
4 

Sign of/'(x): 

f > o 

/' < o 

r > o 

/' < o 

f > o 

Conclusion: 

Increasing 

Decreasing 

Increasing 

Decreasing 

Increasing 


Increasing on: I 0. 


3tt 5 tt\ (Itt 

T’T 


2ir 


Decreasing on: 


7 T 3ir\ i 5 TT lit 
4’ ~A f W ’ ~4 


Relative maxima: 


77 1\ / 577 1 


4’ 2/’ \ 4 ’ 2 


377 
4 ’ 


Itt 

T' 


Relative minima: 
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36. f{x) = t — S ln X 0 . 0 < x < 2ir 


fix) = 


1 + cos 2 x 

cos x(2 + sin 2 x) 
(1 + cos 2 *) 2 


= 0 


Critical numbers: x = — , — 
2 2 


Test intervals: 

^ 77 
0<x<- 

77 3 77 

— <x <— 
2 2 

377 

— C X < 277 

Sign of f'(x): 

r >0 

/' <0 

/' >0 

Conclusion: 

Increasing 

Decreasing 

Increasing 


Increasing on: 



Relative maximum: 



Decreasing on: 


1 77 37r\ 

1 2’ ~2~j 


Relative minimum: 



38. f(x) = 10(5 - Jx 2 - 3x + 16), [0, 5] 
5(2 jc - 3) 


(a) f'(x) = - 


Vx 2 — 3x + 16 


, 5(2x - 3) 

(C) y.r 2 - 3x + 16 “ ° 


Critical number: x = — 


(b) 



(d) Intervals: 



fix) > 0 fix) < 0 


Increasing Decreasing 

/is increasing when/' is positive and decreasing 
when/' is negative. 


40. fix) = | + cos [0. 4 tt] 
(a)/'W=|-^sin| 


, . 1 1.x 

(c) - — - sin - = 0 

2 2 2 

sin — = 1 

2 

x _ 77 

2 “ 2 



(d) Intervals: 

(0, 77 ) ( 77 , 477 ) 

/'(x) > 0 f\x) > 0 

Increasing Increasing 


Critical number: x = 77 


/is increasing when/' is positive. 
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42. /(?) = cos 2 t — sin 2 ? — —2 sin 2 ? = g(t), —2 < t <2 
f'(t) = — 4 sin ? cos ? = — 2 sin 2? 

/symmetric with respect to y-axis 


zeros of /': ± . 

4 


44. f(x) is a line of slope ~ 2 =>/'(x) — 2. 


Relative maximum: (0, 1) 


Relative minimum: ( — — , — 1 , — 1 

2 ’ / \2 



46. /is a 4 th degree polynomial =>/' is a cubic polynomial. 48. / has positive slope 

y y 




In Exercises 50-54, /'(x) > 0 on (— oo, — 4),/'(x) < 0 on (—4, 6) and f'(x) > 0 on (6, oo). 
50. 


g(x) = 

3 f(x) ~ 3 

52. g(x) = 

-fix) 

54. 

g(x) ■- 

= /(x- 10) 

g'(x) = 

3 fix) 

g'ix) = 

-fix) 


g'(x) -- 

= f\x- 10) 

g%~ 5) = 

3/'(— 5) > 0 

g'(0) = 

-no) 

> 0 

g\ 8) ; 

= /'(- 2) < 0 

Critical number: x = 5 



58. s(f) = 4.9(sin 6)t 2 



m -- 

= — 2.5 =>/is decreasing at x 

= 4. 


(a) v(?) = 9.8(sin d)t 


speed = |! 


/'( 6) = 3 =>/is increasing atx = 6. 
(5,/(5)) is a relative minimum. 


(b) If 6 = tt/ 2, the speed is maximum, 
v(?) = 9.8 1 . 


60. C = — - , , t > 0 
27 + f 3 


(a) 


t 

0 

0.5 

1 

1.5 

2 

2.5 

3 

c{t) 

0 

0.055 

0.107 

0.148 

0.171 

0.176 

0.167 


The concentration seems greater near t = 2.5 hours. 

(b) 0.25 



The concentration is greatest when t ~ 2.38 hours. 


, , (27 + ? 3 )(3) - (3?)(3? 2 ) 

(c) c = 

_ 3(27 - 2f 3 ) 

(27 + ? 3 ) 2 

C' = 0 when ? = 3/ 4/2 ~ 2.38 hours. 

By the First Derivative Test, this is a maximum. 
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62. P = 2.44a- - ' - 5000, 0 < a < 35,000 


P' = 2.44 - 


10,000 


= 0 


x = 24,400 

Increasing when 0 < x < 24,400 hamburgers. 
Decreasing when 24,400 < x < 35,000 hamburgers. 


Test intervals: 

0 < a < 24,400 

24,400 < a < 35,000 

Sign ofP': 

P' > 0 

P' < 0 


64. R = VO.OOIT 4 -4 T + 100 

/ 0.004T 3 - 4 

(a) R = — == = 

2 v / 0.00ir 4 - 4 T + 100 

T = 10°, R = 8.3666X1 


(b) 



The minimum resistance is approximately 
R = 8.37X1 at T = 10°. 


66. f(x) = 2 sin (3 a:) + 4 cos(3a) 



The maximum value is approximately 4.472. You could use calculus by finding /'(a) and then observing that the maximum 
value of/occurs at a point where /'(a) = 0. For instance, /'(0. 154) ~ 0, and /(0. 154) = 4.472. 


68. (a) Use a cubic polynomial 

/(a) = « 3 a 3 + a 2 x 2 + ajA + fl 0 . 

(b) /'(a) = 3a 3 x 2 + 2a 2 a + a t 


(0, 0): 

0 = a 0 

(/( o) 


0 = a l 

(/'( o) 

(4, 1000): 

1000 = 64a 3 + 16a-, 

(/( 4) 


0 = 48a 3 + 8a-, 

(/'(4) 

The solution is 

375 

; a 0 = a l = 0, a 2 = 

-«3 = 


= 0 ) 

= 0 ) 

= 1000 ) 

= 0 ) 

-125 

4 


fix) 




(d) 


(4, 1000) 



-400 
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70 . (a) Use a fourth degree polynomial /(x) = a 4 x 4 + a 3 x 3 + a n x 2 + ape + a 0 . 
(b) f'(x) — 4 a 4 x 3 + 3 a 3 x 2 + 2 a 2 x + a x 


(1.2): 

2 = 

a 4 + a 3 + a 2 + a x 

+ a 0 

(/( 1 ) 

= 

2 ) 


0 = 

4a 4 + 3^3 + 2a 2 + 

a x 

(/( 1 ) 

= 

0 ) 

(-1.4): 

4 = 

a 4 — a 3 + a 2 — a x 

+ a 0 

(/(- 

1 ) 

= 4 ) 


0 = 

— 4 a 4 + 3a 3 — 2 a 2 

+ a x 

(/(- 

1 ) 

= 0 ) 

(3, 4): 

4 = 

81a 4 + 27 a 3 + 9 a 2 

+ 3 a x + 

(/(3) 

= 

4 ) 


0 = 

108a 4 + 27 a 3 + 6 a 

2 + a \ 

(/'(3) 

= 

0 ) 

The solution is a 0 

23 3 

— 8 » a \ ~ 2> a 2 

1 1 

— 4 , a 3 — 2 » a 4 

1 

— 8 




r ( \ 1 4 , 1 3 , 1 2 3 .23 

fix) = “8* + 2* + 4X- ~ 2* + T- 



-2 


72 . False 74 . True 

Let h(x) = f(x)g(x) where fix) = g(.v) = x. Then If/(x) is an nth-degree polynomial, then the degree of 

h(x) = x 2 is decreasing on (—00, 0 ). f(x) is n — 1 . 

76 . False. 

The function might not be continuous. 

78 . Suppose f'(x) changes from positive to negative at c. Then there exists a and b in I such that/'(.r) > 0 for all x in (a, c) and 
f'(x) < 0 for all x in (c, b). By Theorem 3.5, /is increasing on ( a , c) and decreasing on (c, b). Therefore, /(c) is a maximum of 
/on ( a , b) and thus, a relative maximum of/. 

Section 3.4 Concavity and the Second Derivative Test 

4 - /(x) = 27TT’ y 

Concave upward: ( — oo, — 5 ) 

Concave downward: ( — 5,00) 


6 . y = ^(-3v 5 + 4(k 3 + 135 x),y”= ~^~Ax ~ 2)(x + 2) 

Concave upward: (— 00 , —2), (0, 2) 

Concave downward: ( — 2, 0), (2, 00 ) 


8 . h(x) = A — 5x + 2 
h\x) = 5.U - 5 
h’\x) = 20x 3 
Concave upward: (0, 00 ) 
Concave downward: (— 00 , 0) 


2 . y = -x 3 + 3.r 2 - 2, y" = ~6x + 6 
Concave upward: (— 00 , 1) 

Concave downward: (1, 00 ) 
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10. y = x + 2 esc x, (— 7 t, 7r) 
y ' = 1 — 2 esc x cot x 

y" = — 2 esc x(— esc 2 x) — 2 cot x(— esc x cot x) 
= 2(csc 3 x + esc x cot 2 x) 

Concave upward: (0, tt) 

Concave downward: (— 7r, 0) 


12. f(x) = 2 x 3 — 3x 2 — \2x + 5 

fix) = 6x 2 — 6x — 12 
f"(x) = I2x - 6 

fix) = I2x — 6 = 0 whenx = 


Test interval 

-00 < X <\ 

\ < x < 00 

Sign of f\x) 

fix) < 0 

fix) > 0 

Conclusion 

Concave downward 

Concave upward 


Point of inflection: (^, — y) 


14. f(x) = 2x 4 - 8x + 3 
f'(x) = 8x 3 — 8 
f"(x) = 24x 2 = 0 when x = 0. 

However, (0, 3) is not a point of inflection since /"(x) > 0 for all x. 
Concave upward on (— 00 , 00 ) 


16. /(x) = x 3 (x — 4) 

f\x) = x 3 + 3x 2 (x - 4) 

= x 2 [x + 3(x - 4)] = 4x 2 (x - 3) 
f"(x) = 4x 2 + 8x(x — 3) = 4x[x + 2(x — 3)] = 12x(x — 2) = 0 
f"{x) = 1 2x(x — 2) = 0 whenx = 0. 2. 


Test interval 

— 00 < x < 0 

0 < x < 2 

2 < x < 00 

Sign of fix) 

fix) > 0 

fix) < 0 

fix) > 0 

Conclusion 

Concave upward 

Concave downward 

Concave upward 


Points of inflection: (0, 0), (2, — 16) 


18. f(x) = xVx + 1 , Domain: [— 1, 00 ) 

f\x) = (x) ~ (x + l)” 1 / 2 + Jx + 1 = -^j== 

£ 2y/X + 1 

. _ 6>/x + 1 — (3x + 2)(x + l) -1 / 2 _ 3x + 4 

f W " 4(x + 1) “ 4(x + I ) 3 / 2 

fix) > 0 on the entire domain of/(except forx = — 1, for which /"(x) is undefined). 
There are no points of inflection. 

Concave upward on (— 1, 00 ) 


20. f(x) 
fix) 
f"(x) 


X + 1 

Vx 

X — 1 

~2fi 2 

3 — x 
4x 5 / 2 


Domain: x > 0 



Test intervals 

0 < x < 3 

3 < x <00 

Sign of fix) 

/"> 0 

f"< 0 

Conclusion 

Concave upward 

Concave downward 


Point of inflection: 
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22. f(x) = 2 esc — , 0 < x < 2 tt 


f{x) = -3 esc ~~ cot ~~ 


f"(x) 


9 ( , 3x 2>x ~ 

— esc — + esc — cot - 
2 \ 2 2 



# 0 for any x in the domain of/. 


Concave upward: 



Concave downward: 
No points of inflection 


( Itt 47t\ 

It- tv 


24. f(x) — sinx + cosx, 0 < x < 2 it 
f\x) — cosx — sinx 
fix) = — sinx — cosx 


fix) = 0 when x = f. 

j \ / 4 4 


Test interval: 

n 377 

0 < * < T 

3tt Itt 

— < x < — 
4 4 

Itt 

— < x < 2tt 
4 

Sign of/"(x): 

/"to < 0 

/'to > 0 

/"to < 0 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 


Points of inflection: 0 j, 0 


26. f(x) = x + 2 cosx, [0, 2ir] 
f'(x) = 1 — 2 sin x 
f"(x) = — 2 cos .r 

/"(-*) = 0 when x = 


Test intervals: 

~ 77 
0<t< 2 

7 7 37 T 

— <•' < — 
2 2 

377 377 

— <x < — 

2 2 

Sign of f"(x): 

/"< 0 

/"> 0 

/'< 0 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 


Points of inflection: 


/ 77 7r\ / 3 t t 3tt\ 

\2- 2 r \T- T ) 


28. f(x) = x 2 + 3x — 8 
f'{x) = 2x + 3 
f"(x) = 2 

Critical number: x = — 2 

/"(-I) > 0 

Therefore, ( — §, — is a relative minimum. 


30. f(x) = ~{x - 5) 2 
f'{x) = —2(x - 5) 
f"{x) = -2 
Critical number: x — 5 

/"( 5 ) < 0 

Therefore, (5, 0) is a relative maximum. 
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32. fix) = x 3 — 9x 2 + Tlx 

f'{x) = 3x 2 - 18x + 27 = 3(x - 3) 2 
f"(x) = 6(x - 3) 

Critical number: x = 3 

However, /"( 3) = 0, so we must use the First Derivative 
Test./'(x) > 0 for all x and, therefore, there are no 
relative extrema. 


34. g(x) = -|(x + 2) 2 (x - 4) 2 

't ) ~(x ~ 4)(x - l)(x + 2) 

g (x) = 2 

g"(x) = 3 + 3* - |x 2 

Critical numbers: x = —2, 1, 4 
g"(~ 2) = -9 <0 
(—2, 0) is a relative maximum. 

g'X 1) = 9/2 > 0 

(1, — 10.125) is a relative minimum. 

g'X 4) = -9 <0 
(4, 0) is a relative maximum. 


36. f(x) = V* 2 + 1 


fXx) 


X 

X 2 + 1 


Critical number: x = 0 

= (x 2 + 1 )V 2 
/"( 0 ) = 1 > 0 

Therefore, (0, 1) is a relative minimum. 


38. f{x) = 
fix) = 


* — 1 
-1 

(x - l) 2 


There are no critical numbers and x = 1 is not in the 
domain. There are no relative extrema. 


40. fix) — 2 sin x + cos 2.r, 0 < x < 2 tt 

IT 7 T 5 7T 3 77 

f\x) = 2 cos x — 2 sin 2x = 2 cos x — 4 sin x cos x = 2 cos x(l — 2 sin x) = 0 when x = — , — , — , — . 

6 2 6 2 

/"(x) = — 2 sin x — 4 cos 2x 


fi” < o 


r\ 


2 

5 TT 

6 


> 0 


< 0 


/It > o 


r> i • • , 77 3\ / 577 3 

Relative maxima: — , — , , — 

' 6 2 / \ 6 2 


•• 3 77 

Relative minima: ( 22 1 I, ( — , — 3 
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42 . f(x) = x 2 76 — x 2 , [— 76, 76] 


( a ) /'(*) 


3x(4 - x 2 ) 
ye — x 2 


f'(x) = 0 when x — 0, x = ±2. 


f"(x) = 


e(x 4 - 9x 2 + 12) 
(6 - x 2 ) 3 / 2 


fix) = 0 when x = ± 



733 

2 


(b) f"{0) > 0 => (0, 0) is a relative minimum. 

/"(+ 2) < 0 => (±2, 4v/2) are relative maxima. 
Points of inflection: (±1.2758, 3.4035) 


44 . fix) = yix sin x, [0, 2tt] 

\ / — s * n x 

(a) / (x) = v 2x cos x -i -j= 

~J 2x 


Critical numbers: x ~ 1.84,4.82 


/'W 


— y2x sin x + 


cos x 
72x 


+ 


COS X 

y2x 


sin x 
2x72x 


2cos.v (4x 2 + l)sinjc 

72 x 2xy2x 


4xcosx — [4x 2 + l)sinx 
2 .t 72 x 


(b) Relative maximum: (1.84,1.85) 

Relative minimum: (4.82,-3.09) 

Points of inflection: (0.75, 0.83), (3.42, -0.72) 


46 . (a) > 



f < 0 means/ 
decreasing 

/' decreasing means 
concave downward 


48 . (a) The rate of change of sales is increasing. 

S" > 0 

(b) The rate of change of sales is decreasing. 

S' > 0,5" < 0 

(c) The rate of change of sales is constant. 

5'= C,S"= 0 

(d) Sales are steady. 

S = C,S’ = 0,5"= 0 

(e) Sales are declining, but at a lower rate. 

S' < 0,5" > 0 

(f) Sales have bottomed out and have started to rise. 

S' > 0 



The graph of/ is increasing when/' > 0 and 
decreasing when/' < 0. /is concave upward when 
/" > 0 and concave downward when/" < 0. 



/is increasing when/' > 0 and decreasing when 
/' < O./is concave upward when/" > 0 and 
concave downward when/" < 0. 



/' > 0 means/ 
increasing 

/' decreasing means 
concave downward 


50 . 
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52 . 




56 . 



60 . (a) /(x) = 3/x 

fix) = \x~ 2 ' 3 
f"(x) = 

Inflection point: (0, 0) 

(b) f"(x) does not exist at x = 0 . 



(b) Since the depth d is always increasing, there are no 
relative extrema. f\x) > 0 

(c) The rate of change of d is decreasing until you reach 
the widest point of the jug, then the rate increases 
until you reach the narrowest part of the jug’s neck, 
then the rate decreases until you reach the top of the 

jug- 


y 



62 . /(xj = ax 3 + bx 2 + cx + d 
Relative maximum: (2, 4) 

Relative minimum: (4, 2) 

Point of inflection: (3, 3) 

f\x) = 3 ax 2 + 2 bx + c,f"(x) = 6 ax + 2b 


/( 2) = 8 a + 4b + 2c + d = 4 
/( 4) = 64a + 16 b + 4c + d = 2 


56 a + 12 b + 2 c = —2 => 28a + 6 b + c = — 1 


/'( 2) = 12a + 4b + c = 0, /'( 4) = 48a + &b + c = 0, /"( 3) = 18a + 2b = 0 
28 a + 6b + c = — 1 18a + 2 b — 0 

12a + 4b + c = 0 16a + 2b = — 1 

16a + 2b = — 1 2 a =1 

a = 5 , ft = — |, c = 12 , = —6 

9 

2 -* 


/(x) = ^x 3 — lx 2 + 12 x — 6 
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64 . (a) line OA: y — — 0.06* slope: —0.06 

line CB : y = 0.04x + 50 slope: 0.04 

f(x) = ax 3 + bx 2 + cx + d 
f'(x) = 3 ax 2 + 2 bx + c 

(- 1000, 60): 60 = (- 1000) 3 a + (1000) 2 ft - 1000c + d 

-0.06 = (1000) 2 3a - 2000ft + c 
(1000, 90): 90 = (1000) 3 a + (1000) 2 ft + 1000c + d 

0.04 = (1000) 2 3fl + 2000ft + c 


y 



The solution to this system of 4 equations is a = — 1.25 x 10 8 , ft = 
(b) y = -1.25 x 10“ 8 x 3 + 0.000025* 2 + 0.0275* + 50 (c) 



0.000025, c = 0.0275, and d = 50. 


o.i 



-o.i 


(d) The steepest part of the road is 6% at the point A. 


66 . 


S = 


5/755 T 3 
10 s 


8.521T 2 

10 6 


+ 


0.654T 

10 4 


+ 0.99987, 0 < T < 25 


(a) The maximum occurs when T ~ 4° and S ~ 0.999999. 

(b) 



(c) 5(20°) = 0.9982 


68 . 


C = 2x + 


300,000 

x 


70. 


„ 100 1 2 

65 + t v 


t > 0 


C'= 2 - 300 ; 00 ° = 0 when x = 100VT5 = 387 

By the First Derivative Test, C is minimized when 
* ~ 387 units. 



35 


(b) S\t) = 


13,000f 
(65 + t 2 ) 2 


_ 13,000(65 - 3 1 2 ) _ 
[) (65 + t 2 ) 3 


t = 4.65 


S is concave upwards on (0, 4.65), concave 
downwards on (4.65, 30). 

(c) S\t) > 0 for t >0. 


As t increases, the speed increases, 
but at a slower rate. 
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72. fix) = 2(sin x + cos*), /( 0) = 2 

fix) = 2(cos x — sin x), /'( 0) = 2 

fix) — 2(— sin* — cos*), /"( 0) = — 2 

77 ) = 2 + 2 (* - 0 ) = 2(1 + *) 

Pit*) = 2 

P 2 (x) = 2 + 2(* - 0) + \(-2)(x - 0) 2 = 2 + 2x - x 2 
P 2 '(x) — 2 — 2x 
P 2 \x) = -2 



The values of/, P 1 ,P 2 , and their first derivatives are equal at x = 0. The values of the second derivatives of/and P 2 are equal 
at x = 0. The approximations worsen as you move away from x = 0. 


74. f(x) = 
fix) = 

7 ' 7 ) = 


x — V 

~7 + 1) 

2fx{x — l) 2 ' 

3x 2 + 6x — 1 
4x 3 / 2 {x — l) 3 ' 

3^2 


/( 2) = 72 
7 ( 2 ) = - 
/"( 2 ) = 


3 = 372 

272 4 

23 23 72 


P’iW = 72 + — (x - 2) = — x + 


872 16 

372 572 


P x '(-r) = - 


372 


372 


TiM = 72 + — (x - 2) + 


1/2372 


2\ 16 


7 - 2 ) 2 


pM = - 


372 , 2372 


77) = 


4 

2372 

16 


16 


7 - 2) 



72 


3 72 

4 


7 - 2) + 


2372 

32 


7 - 2 ) 2 


The values of / Pj, P-, and their first derivatives are equal at x = 2. The values of the second derivatives of/and /\ are equal 
at x — 2. The approximations worsen as you move away from x = 2. 


76. fix) = x7 — 6) 2 = x 3 — 12x 2 + 36x 

/' 7 ) = 3.v 2 — 24.v + 36 = 37 — 2)7 — 6) = 0 
fix) = 6x — 24 = 67 — 4) = 0 
Relative extrema: (2, 32) and (6, 0) 

Point of inflection (4, 16) is midway between the relative extrema off. 
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78. p(x ) = ax 3 + hx 2 + cx + d 

p'(x) = 3ax 2 + 2 hx + c 
p\x) = 6ax + 2b 
6 ax + 2b = 0 


3a 


The sign of p\x) changes at x = — b/3a. Therefore, ( —b/3a , p( — b/3a)) is a point of inflection. 


_A ) = J_JL) + b (J^ 


3a 


21a 3 } 


9a- 


+ c| — — | + d — 
3 a 


2b 3 be 
21a 2 3 a 


When p(x) = x 3 — 3x 2 + 2, a — 1 ,b— — 3, c = 0, and d = 2. 
-(-3) 


3(1) = ' 

2(— 3) 3 (— 3)(0) 


+ 2 = - 2 - 0 + 2=0 


y ° 27(l) 2 3(1) 

The point of inflection of p(x ) = x 3 — 3x 2 + 2 is (,r 0 , y 0 ) = (1,0). 


80. False. /(.v) = 1 / x has a discontinuity at x = 0. 

82. True 

y = sin(foc) 

Slope: y' = b cos [bx) 

— b<y'<b (Assume b > 0) 

84. False. For example, let f(x) = (,r — 2) 4 . 


Section 3.5 Limits at Infinity 


2- fix) 


2x 

x 2 + 2 


No vertical asymptotes 
Horizontal asymptotes: y = ±2 
Matches (c) 


4- fix) = 2 + -p^T 

No vertical asymptotes 
Horizontal asymptote: y — 2 
Matches (a) 


6- f(x) 


2x 2 — 3x + 5 

ATI 


No vertical asymptotes 
Horizontal asymptote: y = 2 
Matches (e) 


2x 2 

8 -^ = tt 


X 

10° 

10> 

10 2 

10 3 

10 4 

10 5 

10 6 

fix) 

1 

18.18 

198.02 

1998.02 

19,998 

199,998 

1,999,998 



lim fix) = 

x — >oo 


OO 


(Limit does not exist.) 
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lim f(x) = 8 

x — »oo 


12. f(x) = 4 + — 

x l + 2 


X 

10° 

10 1 

10 3 

10 3 

10 4 

10 5 

10 6 

fix) 

5 

4.03 

4.0003 

4.0 

4.0 

4 

4 


lim f{x) = 4 

x—>oo 
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28. 


lim 

X — > — oo 


~3x + 1 
s/x 2 + X 


lim — ^ + UA ) , (f OTX < q we have — s/x 2 = x ) 
Jx3 + x 

-Jf 2 


= lim 

x — > OO 


3 - (1/x) 
Vi + (i/x) 


= 3 


30. 


V — COS X 

lim 

x — »oo ^ 


lim 



= 1 - 0=1 


Note: 


COS X 

lim = 0 by the Squeeze Theorem since 

x — >oo X 

1 cos x 1 
x _ x ~ x 


32. lim cos 

x — >oo 


cos 0=1 


34. fix) 


3x 

s/x 2 + 2 


lim fix) = 3 

x — >oo 

lim fix) = -3 

X — > OO 



Therefore, y = 3 and y = — 3 are both 
horizontal asymptotes. 


36. lim .v tan - 

x — >oo JK 


tan f 
lim 

l->0 + t 


sin r 1 
lint • 

t -> 0 + t cos t 


(Letx = 1/?.) 


= (D(l) = 1 


38. lim (lx — J\x 2 + 1 ) 

x — >oo 


lim 

x — »oo 


( 2 x — Adx 2 + l) • 


2x + y 4x 2 + 1 
2x + y 4x 2 + 1 


lim 


-1 


°° 2 .x + y4x 2 + 1 


= 0 


40. lim (3.x + V9x 2 — x) = lim 


X — > — OO 


(3x + J9x 2 — x) 


3x — *j9x 2 — 
3x — J9x 2 — 


— lim 

x —>—co 3 * — C9x — x 


= lim 


-°° _ J9x 2 - x 


(for x < 0 we have x — — Jx 1 ) 


— V.T 

1 


~ — 00 3 + J9 - (1/x) 6 


X 

10° 

10 1 

10 2 

10 3 

10 4 

10 5 

10 6 

fix) 

1.0 

5.1 

50.1 

500.1 

5000.1 

50,000.1 

500,000.1 


.. x 2 — xjx — x x 2 + xyx 2 — x x 3 

llm 1 T / , = lim — - 

x 1 X + X V X X * X + X v x — X 



Limit does not exist. 






Section 3.5 Limits at Infinity 405 


X 

10° 

10 1 

10 2 

10 3 

10 4 

10 5 

10 6 

/(•*) 

2.000 

0.348 

0.101 

0.032 

0.010 

0.003 

0.001 


x + 1 

lim — 

x^/x 


= 0 
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46 . x = 2 is a critical number. 

/'(*) < 0 for x < 2. 
f'(x) > 0 for x > 2. 
lim f(x) = lim f(x) = 6 

X — > — OO x — >oo 

For example, let/(x) = Q + x + 6. 



48 . (a) The function is even: lim f(x) — 5 

X — > OO 

(b) The function is odd: lim f(x) — — 5 

X — > OO 


50 . y 


x — 3 
x — 2 


52 . y = 


2x 


Intercepts: (3, 0), 



Symmetry: none 

Horizontal asymptote: y = 1 since 

lim ^|=1= lim 
x — >~co X 2 x — >oo X 2 

Discontinuity: x — 2 (Vertical asymptote) 


y 



Intercept: (0. 0) 


Symmetry: origin 


Horizontal asymptote: y = 0 


Vertical asymptote: x = +3 


y 



54 -y = x^9 

Intercept: (0, 0) 

Symmetry: y-axis 

Horizontal asymptote: y = 1 since 

x 2 x 2 

lim — = 1 = lim -. 

x^-oor — 9 X >oo X^~ — 9 


y 



Discontinuities: x = ±3 (Vertical asymptotes) 
Relative maximum: (0, 0) 
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56 . 


y = 


2x 2 

x 2 + 4 


Intercept: (0. 0) 

Symmetry: v-axis 
Horizontal asymptote: y = 2 
Relative minimum: (0, 0) 


58. x 2 y = 4 

Intercepts: none 
Symmetry: v-axis 
Horizontal asymptote: y = 0 since 
4 4 

lim —r = 0 = lim —= . 
x—>—ooX Z x — >oo X Z 


y 



Discontinuity: x — 0 (Vertical asymptote) 


y 




Intercept: (0, 0) 

Symmetry: origin 

Horizontal asymptote: y = 0 since 

lim y = 0 = lim , . 

x— » — oo 1 — X~ x — »oo 1 — x 

Discontinuities: x = ± 1 (Vertical asymptotes) 


62 . y = 1 + - 

x 

Intercept: (—1,0) 

Symmetry: none 

Horizontal asymptote: y = 1 since 

lim ( 1 + - ) = 1 = lim ( 1 + - ). 

*->-oo\ xj x >oo y x) 

Discontinuity: x = 0 (Vertical asymptote) 


y y 




«• - 4 (' - j) 

Intercepts: (±1,0) 
Symmetry: v-axis 
Horizontal asymptote: y = 4 
Vertical asymptote: x = 0 



Domain: (— oo, —2), (2, oo) 
Intercepts: none 
Symmetry: origin 

Horizontal asymptotes: y = ±1 since 


y 



lim 


°° Jx 2 - 4 


= 1, 



- 1 . 


Vertical asymptotes: x — +2 (discontinuities) 


y 
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68. fix) = 


x 2 - 1 


,«■ X (x 2 - 1)(2*) - X 2 (lx) —2x 
j (x) = — — = — — = 0 when % = 0. 


fix) = 


(x 2 - l) 2 (x 2 - l) 2 

(x 2 — 1) 2 (— 2) + 2x(2)(x 2 — l)(2x) _ 2(3x 2 + 1) 



px 


— . — i — ■ — ■ 

[7=^1 \f 

"y~(0, 0) 


(x 2 ~ l) 4 


(x 2 - l) 3 


Since /"(0) < 0, then (0, 0) is a relative maximum. Since f"(x) # 0, nor is it undefined in the domain off, there are no points 
of inflection. 

Vertical asymptotes: x = ± 1 
Horizontal asymptote: y = 1 


70. fix) x 2 _ x _ 2 (x + l)(x — 2) 

rHS — (2.X — 1) „ , 1 

f * = (x 2 — x — 2) 2 = ° when X ~ 2' 

f"( \ = ( x2 ~ x ~ 2 ) 2 ( -2 ) + ( 2x ~ l)(2)(x 2 - x - 2)(2x - 1) 
1 ' ' * (x 2 — x — 2) 4 



_ 6(x 2 — x + 1) 

(x 2 — x — 2) 3 

Since f"(i) < 0, then (|, — §) is a relative maximum. Since /"(x) # 0, nor is it undefined in the domain off there are no 
points of inflection. 


Vertical asymptotes: x = — 1, x = 2 
Horizontal asymptote: y = 0 


72 . fix) = 


x + 1 

X 2 + X + 1 


fXx) = (X 2 '+ xVlV = ° When x = 0,-2- 

?(x 3 + lx 2 — H 

fix) = 1 -TT 2 = 0 whenx « 0.5321, -0.6527, -2.8794. 

(x 2 + x + l) 3 

/"( 0 ) < 0 

Therefore, (0, 1) is a relative maximum. 

/"(- 2 ) > 0 

Therefore, 

-2,- n 


(-0.6527, 0.4491) 



is a relative minimum. 

Points of inflection: (0.5321, 0.8440), (-0.6527, 0.4491) and (-2.8794, -0.2931) 
Horizontal asymptote: y = 0 
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74. 


g,( ' Y) = (3.T“ + l) 3 /2 
g ^ ~~ (3.T“ + l) 5 / 2 

No relative extrema. Point of inflection: (0, 0). 

2 

Horizontal asymptotes: y = ±—j= 

V 3 

No vertical asymptotes 


76. f(x) = 2 S1 ” 2X Hole at (0, 4) 

... . 4,r cos 2x — 2 sin 2x 

/W = ? 

There are an infinite number of relative extrema. In the interval 
(— 2 tt, 2tt), you obtain the following. 

Relative minima: (±2.25, —0.869), (±5.45, —0.365) 

Relative maxima: (±3.87,0.513) 

Horizontal asymptote: y = 0 

No vertical asymptotes 



6 




x 3 2x 2 2 

2X 2 ~ 2X 2 + 2? 


1 ,1 / , 

= ~2 X + 1 " ? = gW 


80. 


lim 

V,/v 2 — >GO 


100 


1 - 


1 

(vj/v 2 ) c _ 


100[1 - 0 ] = 100 % 


(c) 70 



-70 


The graph appears as the slant asymptote y = — \x + 1 . 


D „ 3.35H 2 + 42.461? - 543.730 

82 - y = 3 


(a) 


5 



100 


(b) Yes. lim y = 3.351 

t — >oo 
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84. 


100f 2 

65 + F 


t > 0 



30 


(b) Yes. lim S = -7— = 100 

t — >00 1 


86. lim ^ = lim + ' ' ' + a f + a » 

x ^00 q(x) x ^00 b m x"' + ■ ■ ■ + b l x + b 0 

Divide p(x) and q(x ) by x"'. 


d„ d 1 Cli\ 

1 h • ■ ■ H 1 1 - 

^ p(x) X m ~" X 

Case 1: If n < m: lim — — = lim 

q(x) .v->oc 


"'- 1 x m 0 + • ■ - + 0 + 0 __ 0_- 0 


h 1 ... _l_ /2 i I hi b m + • • ■ + 0 + 0 b m 

_r ' x m-\ ' x m 

d j d Q 

„ „ rr p(x) a " + + x m ~' + X m a „ + ■ ■ ■ + 0 + 0 a n 

Case 2: If m = n: lim -7-r = lim 7 7— = 7 , . , . = 7—. 

x — »°° q(x) b i h b m + • ■ ■ + 0 + 0 b m 

' ' x m 1 ' x m 


Case 3: If n > m : lim = lim 

x ->oo q(x) x 


a x n-m + . . . + 


d 1 d(\ 


rtn— 1 Y m 


x m ±00 + • • • + 0 


b + ■ ■ ■ + + h> K + ■ • • + 0 

m x „, - 1 x ,„ 


= ± 00 . 


88 . False. Let y l = hx + 1, then yj(O) = 1. Thus, yf — 1/(2 hx + 1 ) and Vj '(0) = 1/2. Finally, 


Ti ' 


■ 4 (X +1)3/2 and Vt°) = 


Let p = ax 2 + bx + 1, then p( 0 ) = 1 . Thus, p' — lax + b and p'( 0 ) = \ => b = Finally, p” = la and p\ 0 ) = — ^ 


Therefore, 


f(-l/ 8 )x 2 + (l/ 2 )x + 1 , x <0 

/(•*) = , — — ^ _ and/( 0 ) = 1 , 

[ Vi + 1 , x > 0 


|(l/2| (I/4U. .i<0 I 

/w 'li/(2 yrn), ,>„ “m®"?" 1 

, , r (-1/4), x < o , i 

/"(-*) = , and/"( 0 ) = --. 

[— l/(4(x + l) 3 ' 2 ), x > 0 4 


/"(.*:) < 0 for all real x, but/(x) incredses without bound. 
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Section 3.6 A Summary of Curve Sketching 

2. The slope of/ approaches oo as x^>0~, and approaches 4 - The slo P e is positive up to approximately x = 1.5. 

oo as x — > 0 + . Matches (C) Matches (B) 


6. (a) x 0 , x 2 , x 4 
(c) x, 

(e) x 2 , x 3 


(b) x 2 ,x 3 
(d) x 1 


8 - 2 


x 

x 2 + 1 


1 — X 2 _ (1 — x)(x + 1) 
(x 2 + l) 2 “ (x 2 + l) 2 


= 0 whenx = ±1. 


y" = — — -p — — 0 when x = 0, ± ^3. 
(a + 1 ) 


Horizontal asymptote: y = 0 



y 

y' 


Conclusion 

— oo < x < - s/3 


- 

- 

Decreasing, concave down 

x = — s/3 

s/3 

4 

- 

0 

Point of inflection 

— s/3 < x < — 1 


- 

+ 

Decreasing, concave up 

X = — 1 

1 

2 

0 

+ 

Relative minimum 

— 1 < x < 0 


+ 

+ 

Increasing, concave up 

x = 0 

0 

+ 

0 

Point of inflection 

0 < x < 1 


+ 

- 

Increasing, concave down 

X = 1 

1 

2 

0 

- 

Relative maximum 

1 < x < s/3 


- 

- 

Decreasing, concave down 

x = s/3 

73 

4 

- 

0 

Point of inflection 

s/3 < x < oo 


- 

+ 

Decreasing, concave up 


y 
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10 . 


y = 


X 2 + 1 


12 . fix) 


x + 2 
x 



x 


y' = 

/' = 


— 20x 
(x 2 - 9) 2 


= 0 


60{x 2 + 3) 
(x 2 - 9) 3 


<0 


when x = 0 


when x — 0 


f\x) = — — < 0 when x + 0. 

/"(*) = ^ + 0 


Therefore, 



is a relative maximum. 


Intercept: 



Intercept: ( — 2,0) 

Vertical asymptote: x = 0 
Horizontal asymptote: y = 1 


Vertical asymptotes: x = ±3 
Horizontal asymptote: y = I 
Symmetric about y-axis 


y 



y 



14 . f[x) = x + % 


/'« = 1 - 3 = 


64 _ ix — 4)(x 2 + Ax +16) 


= 0 when x = 4. 


192 

fix) = —r- > 0 if x + 0. 


Therefore, (4, 6) is a relative minimum. 
Intercept; ( — 2 4/4, 0) 

Vertical asymptote: x = 0 
Slant asymptote: y — x 


y 



16 . fix) = 


= X + 


4.x 


, x 2 (x 2 - 12) = 

1 W ix 2 - 4) 2 


when x — 0, +2 v/3 


8x(x 2 +12) 

/ W = _ 4 p = 0 when x = 0 

Intercept: (0. 0) 

Relative maximum: ( — 2 V3, — 3 v^3) 
Relative minimum: (2 v/3, 3 v/3) 
Inflection point: (0, 0) 

Vertical asymptotes: x = +2 
Slant asymptote: y = x 


y 
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2x 2 — 5x + 5 , , 3 

18. y = = 2 a- I I 


x — 2 
3 


x — 2 

Zx 2 — 8.i' + 5 


4 ± 76 


y ’ =2 ~V ± W = 7-2 p' =0whew= 2 


y 


+ o 


(x - 2) 3 
Relative maximum: 

Relative minimum: 
Intercept: (0, —5/2) 


4-76 
2 ’ 

4+76 


-1.8990 


, 7.8990 


Vertical asymptote: x = 2 
Slant asymptote: y = 2x — 1 



20. g(.r) = +79 — x Domain: x < 9 


22. y = x7l6 — x 2 Domain: — 4 < x < 4 


„ ^ 3(6 — x) „ , 

2 m = — , = 0 when x = 6 

279 - x 

3(x -12) , 

S W = 4(9 _ x y/2 < 0 when * = 6 

Relative maximum: (6, 6 73) 
Intercepts: (0, 0), (9, 0) 

Concave downward on ( — oo, 9) 


y ' = ^ A = = 0 when x = +2 72 

716 — A - 

„ 2x(x 2 -24) 

y = (16 _ x 2) 3 /2 = 0 when * = 0 

Relative maximum: (272,8) 

Relative minimum: (-272,-8) 
Intercepts: (0, 0), (+4, 0) 



Symmetric with respect to the origin 
Point of inflection: (0, 0) 


y 



24. y = 3(x — l) 2 / 3 — (x — l) 2 

2 2 — 2(x — lW 3 

y' = ( A . _ 4)1/3 - 2(* - !) = ( T Z 4)1/3 = 0 when * = °> 2 

(y ' undefined for x = 1) 

>’"= 3(a . _ 2 ]j 4/3 - 2 < 0 for all x # 1 

Concave downward on ( — oo, 1) and (1, oo) 

Relative maximum: (0, 2), (2, 2) 

Relative minimum: (1, 0) 

Intercepts: (0, 2), (1, 0), (- 1.280, 0), (3.280, 0) 


y 
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26. y = — |(x 3 — 3x + 2) 

y' = -x 2 +1=0 when x = ±1 
y" = - 2x = 0 when x = 0 



y 

y' 

y" 

Conclusion 

— OO < X < — 1 


- 

+ 

Decreasing, concave up 

X = — 1 

4 

3 

0 

+ 

Relative minimum 

— 1 < x < 0 


+ 

+ 

Increasing, concave up 

x = 0 

2 

3 

+ 

0 

Point of inflection 

0 < x < 1 


+ 

- 

Increasing, concave down 

X = 1 

0 

0 

- 

Relative maximum 

1 < X < OO 


- 

- 

Decreasing, concave down 


y 



28. f(x) = \{x - l) 3 + 2 

fix) = (x — l) 2 = 0 when x = 1. 
/"(x) = 2(x — 1) = 0 when x = 1. 



fix) 

fix) 

fix) 

Conclusion 

— oo < x < 1 


+ 

- 

Increasing, concave down 

X = 1 

2 

0 

0 

Point of inflection 

1 < X < oo 


+ 

+ 

Increasing, concave up 


y 



30. fix) = (x + l)(x — 2)(x — 5) 

fix) = (x + l)(x — 2) + (x + l)(x — 5) + (x — 2)(x — 5) 
= 3(x 2 — 4x + 1) = 0 when x = 2 ± 73 . 
fix) = 6(x — 2) = 0 when x = 2. 



fix) 

/'(•*) 

fix) 

Conclusion 

— oo < x < 2 — s/3 


+ 

- 

Increasing, concave down 

x = 2 - 73 

6s/3 

0 

- 

Relative maximum 

2 — s/3 < x < 2 


- 

- 

Decreasing, concave down 

x = 2 

0 

- 

0 

Point of inflection 

2 < x < 2 + V3 


- 

+ 

Decreasing, concave up 

x = 2 + V3 

-673 

0 

+ 

Relative minimum 

2 + s/3 < x < oo 


+ 

+ 

Increasing, concave up 


y 



Intercepts: (0, 10), (- 1, 0), (2, 0), (5, 0) 
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32. y = 3X 4 - 6x 2 + | 

y' = 12x 3 — 12x = 12x(x 2 — 1) = 0 when* = 0,* = ±1. 

fx 

y" — 36x 2 — 12 = 12(3x 2 — 1) = Owhenx = ±— — . 




34. f(x) = x 4 — 8x 3 + 18x 2 — 16x + 5 

f\x) = 4x 3 — 24x 2 + 36x — 16 = 4(x — 4)(x — l) 2 = 0 when* = 1, x = 4. 
fix) = 12x 2 — 48x + 36 = 12(x — 3)(x — 1) = Owhenx = 3,x = 1. 



fix) 

fix) 

fix) 

Conclusion 

— OO < X < 1 


- 

+ 

Decreasing, concave up 

X = 1 

0 

0 

0 

Point of inflection 

1 < x < 3 


- 

- 

Decreasing, concave down 

x = 3 

-16 

- 

0 

Point of inflection 

3 < x < 4 


- 

+ 

Decreasing, concave up 

x = 4 

-27 

0 

+ 

Relative minimum 

4 < x < oo 


+ 

+ 

Increasing, concave up 
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36. y = (* — l) 5 

y' = 5(x - l) 4 = 0 when * = 1. 
y"= 20(* - l) 3 = 0 when * = 1. 



y 

y' 

y" 

Conclusion 

— oo < * < 1 


+ 

- 

Increasing, concave down 

X = 1 

0 

0 

0 

Point of inflection 

1 < * < oo 


+ 

+ 

Increasing, concave up 


38. y = \x 2 — 6x + 5 1 

, _ 2(x — 3)(* 2 — 6x + 5) __ 2(x — 3)(* — 5)(* — 1) 
\x 2 — 6x + 5| |(* — 5)(* — 1)| 

= 0 when x = 3 and undefined when x = 1, x = 5. 

2(x 2 — 6x + 5) 2(x — 5)(x — 1) 


y = 


lx 2 — 6x + 5 1 


\{x - 5)(x - 1)| 


undefined when x = 1, x = 5. 


y 



y 




y 

y' 

y" 

Conclusion 

— oo < * < 1 


- 

+ 

Decreasing, concave up 

X = 1 

0 

Undefined 

Undefined 

Relative minimum, point of inflection 

1 < * < 3 


+ 

- 

Increasing, concave down 

x = 3 

4 

0 

- 

Relative maximum 

3 < * < 5 


- 

- 

Decreasing, concave down 

x = 5 

0 

Undefined 

Undefined 

Relative minimum, point of inflection 

5 < * < oo 


+ 

+ 

Increasing, concave up 


40. y = cos x — — cos 2x, 0 < x < 2tt 

7T 5 77 

y' = — sinx + sin 2x = — sin jr(l — 2 cosx) = 0 when* = 0. it, . 
y" = — cos x + 2 cos 2x — — cos * + 2(2 cos 2 * — 1) 


= 4 cos 2 * — cos * — 2 = 0 when cos * = 


1 ± v/33 


0.8431, -0.5931. 


Therefore, * = 0.5678 or 5.7154, * « 2.2057 or 4.0775. 

„ , . . (it 3\ (5n 3 

Relative maxima: — , — , — , — 

\3 4/ \ 3 4 



Relative minimum: i t, — 


Inflection points: (0.5678, 0.6323), (2.2057, -0.4449), (5.7154, 0.6323), (4.0775, -0.4449) 
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42. y = 2(x — 2) + cot x, 0 < x < tt 

/ i „ , 7T 3 7 T 

y = 2 — esc - x = 0 when x = — . — 

4 4 

77 

y" = 2 esc 2 x cot x — 0 when x = — 


Relative maximum: 


/ 377 3tt 

\T’T 





Relative minimum: 


4' 2 


- 3 


Point of inflection: ( — , tt — 4 


Vertical asymptotes: x = 0, tt 


44. y = sec 2 ^-^j — 2 tanf-^j - 1, — 3 <x <3 
Relative minimum: (2, — 1) 





46. g(x) 


XCOtX, —277 <x <277 

sin x cos x — x 
sin 2 x 


e '(0) does not exist. But lim x cot x = lim = 1. 

a->o a->o tan x 


Vertical asymptotes: x = ±277, ±77 


3 77 

Intercepts:! — — , 0 1, 1 0 1, I 0 1, 



Symmetric with respect to y-axis. 
Decreasing on (0, tt) and (tt, 2 it) 


y 



48. f(x) = 5 


x — 4 x + 2 


6 


J 

[.V, 

V 

~Y 


-6 


x = —2, 4 vertical asymptote 
y = 0 horizontal asymptote 



y = ±4 horizontal asymptotes 
(0, 0) point of inflection 


52. /"is constant. 
f is linear. 

/ is quadratic. 
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54 . 



y 



(any vertical translate off will do) 



(any vertical translate of the 3 segments of/will do) 


58. If f'(x) = 2 in [ — 5, 5], then/(x) = 2x + 3 and/(2) = 7 is the least possible value of/(2). If/'(x) = 4 in [ — 5, 5], then 
f(x) = 4.x + 3 and/(2) = 1 1 is the greatest possible value of/(2). 


60 . g(x) = 


3V 4 - 5x + 3 
x 4 + 1 


62 . g(x) 


x- + x — 2 
x — 1 


Vertical asymptote: none 
Horizontal asymptote: y = 3 





The graph crosses the horizontal asymptote y = 3. If a 
function has a vertical asymptote at x = c, the graph 
would not cross it since /(c) is undefined. 


_ (x + 2)(x — 1) _\x + 2, if x # 1 
x — 1 [Undefined, if x = 1 

The rational function is not reduced to lowest terms. 


4 



hole at (1, 3) 


64 . g(x) = 


2x 2 — 8x — 15 
x — 5 


= 2x + 2 — 


x — 5 



The graph appears to approach the slant asymptote 
y = 2x + 2. 
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66. f(x) = tan(sin ttx) 
(a) 


(c) Periodic with period 2 

(e) On (0, 1), the graph of/is concave downward. 


68. Vertical asymptote: x = — 3 
Horizontal asymptote: none 

x 2 

y = 


x + 3 


72. f(x) = — ( ax ) 2 — (ax) = — (ax)(ax — 2), a ¥= 0 

f\x) = a~x — a = a(ax — 1) = 0 whenx = — . 

a 

f"(x) = a 2 > 0 for all x. 

(a) Intercepts: (0, 0), , 0 j 


Relative minimum: ( — , — i 

\a 2 


Points of inflection: none 


(b) /(— x) = tan(sin(— ttx)) = tan( — sin ttx) 

= — tan(sin nx) = —f(x) 

Symmetry with repect to the origin 

(d) On (— 1, 1), there is a relative maximum at (|, tan l) 
and a relative minimum at (— — tan l). 


70. Vertical asymptote: x = 0 


Slant asymptote: y — — x 


y = 


l 

— x H = 

X 


1 -X 2 


X 



74. Tangent line at P: y — y 0 = /'(x 0 )(x — x 0 ) 
(a) Lety = 0: -y 0 = f(x 0 )(x - x 0 ) 
f'(x 0 )x = x 0 /'(x 0 ) - y 0 


y 0 _ 


^-intercept: l;t 0 


fix 

fi x o) n 

7W 


fjx 0 ) 
fix o) 


(c) Normal line: y - y 0 = -JiT^ix ~ x 0 ) 

J \ x o) 

Let y = 0: -y 0 = (x - x 0 ) 

“To /W = “A' + a 0 

a = x 0 + y 0 f( x 0 ) = x 0 + /(a 0 )/'(a 0 ) 
x-intercept: (x 0 + f(x 0 )f(x 0 ), 0) 

(e) |BC| = ' 


/(a 0 ) 


/(a 0 ) 

/'(a 0 ) - T ° 


/'(a 0 ) 


(g) | AS | = |x 0 - (x 0 +/(x 0 )/'(x 0 ))| = |/(a 0 )/'(a 0 )| 


(b) Let x = 0: y - y 0 =/'(a 0 )(-x 0 ) 
y = To ~ a 0 /'(x 0 ) 

T = /( A 0 ) - A 0 /'(x 0 ) 
y-intercept: (0,/(x 0 ) - x 0 /'(x 0 )) 

(d) Let x = 0: y - y 0 = yTv (-x 0 ) 

/ \A()/ 


y = To + 77, 


fix 0 . 


y-intercept: (o.To+^j 

m ip r i2 _ v 2 , ( fi X q) \ _ fjx 0 ) 2 f(x 0 ) 2 + /(a ,,) 2 

(t) W y 0 + /'(x o) 2 


\pc \ 2 = 


|/(x 0 )7l + [f(x 0 )] 2 


/'( A 0 ) 

(h) |AS| 2 =/(x 0 ) 2 /'( a 0 ) 2 + y 0 2 
|AP| = |/(x 0 )|7l + [/'(x 0 )] 2 
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Section 3.7 Optimization Problems 


2. Let x and y be two positive numbers such that x + y = S. 
P = xy = x(S — x) = Sx — x 2 

^7 = S — 2x = 0 when x = y. 
dx 2 

t/ 2 P „ „ , 5 

dx 2 2 

P is a maximum when x = y = S/2. 


4 . Let x and v be two positive numbers such that xy = 192. 
192 

S = x + 3y = 1- 3y 

y 

dS „ 192 „ , 

— = 3 7 - = 0 when v = 8 . 


d 2 S _ 384 

dy 2 y 3 

S is minimum when y = 8 and x = 24. 


— r = — 5 “ > 0 when y = 8 . 

dy 1 y 2 


6 . Let x and y be two positive numbers such that 
x + 2 y = 100 . 

P = xy = ><100 - 2y) = 100y - 2 y 2 
dP 

— = 100 — 4v = 0 when v = 25. 
dy 


drP 

dy 


2 = —4 < 0when> = 25. 


P is a maximum when x = 50 and y = 25. 

8 . Let x be the length and v the width of the rectangle. 
2x + 2 y = P 

P - 2x P 

y = — 4 — = o 


. p \ p 2 

A = xy = jcl — — x J = —x — x z 

rfA P P 

— ~ iz ~ 2x = 0 when x = — . 
dx 2 4 

d 2 A ^ , P 

—rx = — 2 < 0 when x = — . 
dx 2 4 

A is maximum when x = y = P/4 units. (A square!) 


10 . Let x be the length and v the width of the rectangle. 

xy = A 
A 

y = - 


/A \ 2A 

P = 2x + 2y = 2x + 2— =2x + — 
\x x 


dP ^ 2A n , r- 

— = 2 7 = 0 when x = v A. 

ax x 7 

d~P 4 A y 

—7 = —7 > 0 when x = VA . 


P is minimum when x = y = J A centimeters. 
(A square!) 





420 Chapter 3 Applications of Differentiation 


12 . f{x) = Jx - 8, (2, 0) 

From the graph, it is clear that (8, 0) is the closest point on 
the graph of/ to (2, 0). 


y 



14. f{x) = ix+ l) 2 , (5, 3) 

d = -Jix — 5) 2 + [(x + l) 2 — 3] 2 

= y.v 2 — lOx + 25 + (x 2 + 2x — 2) 2 

= V-v 2 — lQxr + 25 + a 4 + 4x 3 — 8x + 4 

= Jxf + 4x 3 + x- - 18* + 29 

Since d is smallest when the expression inside the radical 
is smallest, you need to find the critical numbers of 

g(x) = x 4 + 4x 3 + x 2 — 18x + 29 

g'(x ) = 4x 3 + 12x 2 + 2x — 18 

= 2(x - 1)(2jc 2 + 8x + 9) 

By the First Derivative Test, x = I yields a minimum. 
Hence, (1.4) is closest to (5, 3). 


22 + 0.02v 2 

dF _ 22 - O.Olv 2 
dv ~ (22 + 0.02v 2 ) 2 

= 0 when v = VllOO = 33.166. 

By the First Derivative Test, the flow rate on the road is 
maximized when v ~ 33 mph. 


18 . 4x + 3y = 200 is the perimeter, (see figure) 
^ 200 - 4 jc\ 8 


A = 2xy = 2x| 


= -(50x — x 2 


— = ^ (50 — 2x) = 0 when x = 25. 
dx 3 

d2A 16 „ , 

— r^r = — — < 0 when x = 25. 
dx 2 3 


A is a maximum when x = 25 feet and y = — feet. 



Height, x 

Length & Width 

Volume 

1 

24 - 2(1) 

1[24 - 2(l)] 2 = 484 

2 

24 - 2(2) 

2 [24 - 2(2)] 2 = 800 

3 

24 - 2(3) 

3 [24 - 2(3)] 2 = 972 

4 

24 - 2(4) 

4[24 - 2(4) ] 2 = 1024 

5 

24 - 2(5) 

5 [24 - 2(5)] 2 = 980 

6 

24 - 2(6) 

6[24 - 2(6)] 2 = 864 


(b) V = x(24 - 2x) 2 , 0 < x < 12 
(d) 1200 



The maximum volume seems to be 1024. 


(c) 


dV 

dx 


2x(24 


2x)(— 2) + (24 - 2x) 2 


(24 - 2x)(24 - 6x) 


= 12(12 - x)(4 


d 2 V 

dx 2 

d 2 V 

dx 2 


= 12(2x - 16) 


< 0 when x = 4. 


x) = 0 when x = 12, 4 (12 is not in the domain). 


When x = 4, V = 1024 is maximum. 
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22 . (a) P = 2x + 2t jr 


= 2x + 2 tt1 | 


= 2x + 7ry = 200 

200 - 2x 2 , 

=> y = = —(100 - x) 


(b) 


Length, * 

Width, y 

Area, xy 

10 

-(100 - 10) 
77 

(10)-(100 - 10) = 573 

77 

20 

-(100 - 20) 
77 

(20)- (100 - 20) = 1019 

77 

30 

-(100 - 30) 

77 

(30)- (100 - 30) = 1337 

77 

40 

-(100 - 40) 

77 

(40) — (100 - 40) = 1528 

77 

50 

-(100 - 50) 

77 

(50) — (100 - 50) = 1592 

77 

60 

-(100 - 60) 
77 

(60) — (100 - 60) = 1528 

77 


The maximum area of the rectangle is approximately 1592 m 2 
(c) A = xy = x — (100 — x) — —(100* — x 2 ) 

77 77 


(e) 2000 



Maximum area is approximately 
1591.55 m 2 (x = 50 m). 


f 

y 

i 


24 . You can see from the figure that A = xy and y = 


6 — x 


A — * 


6 " — * 2 ). 


= ^(6 — 2*) = 0 when x = 3. 
ax 2 


dx 2 


= — 1 < 0 when * = 3. 





A is a maximum when * = 3 and y = 3/2. 
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26. (a) A = ^ base x height 

= |(2Vl6 - h 2 )( 4 + h) 

= Vl6 - hr (A + h) 

dA 1 

Vf = -(16 - /i 2 ) _1 / 2 (— 2/;)(4 + h) + (16 - h 2 ) 1 ' 2 
ah 2 

= (16 — / 7 2 ) -1 / 2 [— h(4 + h) + (16 — /; 2 )] 

-2 (h 2 + 2 h - 8 ) _ —2(h + 4)(/i - 2) 

Vl6 — h 2 ^16 — h 2 



—— = 0 when h = 2, which is a maximum by the First Derivative Test. 
dh 

Hence, the sides are 2 Vl6 — h 2 = 4^3, an equilateral triangle. Area = 12^3 sq. units. 


(b) cos a = 


tan a = 


4 + h _ J4 + h 
VSV4 + h VS 

v/16 — h 2 

4 + h 


Area = 2^j(Vl6 — h 2 )( 4 + h) 


= (4 + h) 2 tan a 
= 64 cos 4 a tan a 

A\ol) = 64[cos 4 a sec 2 a + 4 cos 3 (—sin a)tan a] = 0 

=> cos 4 a sec 2 a = 4 cos 3 a sin a tan a 

1=4 cos a sin a tan a 

1 ■ 2 
— = sin- a 
4 

sin a = — => a = 30° and A = 12 V3. 


(c) Equilateral triangle 



28. A = 2ry = 2x jr 2 — x 2 (see figure) 

dA 2 (r 2 — 2x 2 ) V2r 

— =0 when x — — - — . 


dx 


V >' 2 — . 


By the First Derivative Test, A is maximum when the rectangle has dimensions 
V2 r by ( V2t)/2. 


y 
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Dimensions: 9x9 
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38. No. The volume will change because the shape of the container changes when squeezed. 


40 . V = 3000 = — Ttr 3 + nr 2 h 


, 3000 4 

h = 2 - -r 

itr- 3 


Let k — cost per square foot of the surface area of the sides, then 2k = cost per square foot of the hemispherical ends. 
C = 2k(4irr 2 ) + k(2Ttrh) = 


7 , „ / 3000 4 V 


16 , 6000 

8777 2 + 2777 , r ] 

= k 

— trr 2 + 

L \ 77 r 2 3 )\ 


3 r 


dC 

dr 


= k 


32 6000 

3 nr r 2 


1 123 

= 0 when r = _ 3 / — — ~ 5.636 feet and h ~ 22.545 feet. 


2t t 


By the Second Derivative Test, we have 
d 2 C 


dr 2 


= * 


32 12,000 

— 77 H 5 


> 0 when r = 


'1125 

277 


Therefore, these dimensions will produce a minimum cost. 


42 . (a) Let x be the side of the triangle and y the side of the 
square. 


A = ^cot yjx 2 + ^fcot ^ Jy 2 where 3x + 4y = 20 


V3 , . /. 3 V . . .20 


x 2 + \5 - -x\ , 0 < x < 


A ' f' v ' 2 ( 5 ° 


60 


473 + 9 


When x = 0. A = 25, when x = 60/(4 73 + 9), 

A ~ 10.847, and when x = 20/3, A ~ 19.245. Area is 
maximum when all 20 feet are used on the square. 

(c) Let x be the side of the pentagon and y the side of the 
hexagon. 


A 



+ -^fcot ~r\y 2 where 5x + 6v = 20 



A' = 




x « 2.0475 

When x = 0. A = 28.868, when x « 2.0475, 

A ~ 14.091, and when x = 4, A ~ 27.528. Area 
is maximum when all 20 feet are used on the hexagon 


(b) Let x be the side of the square and y the side of the pen- 
tagon. 

A = ^ cot "j)* 2 + f( cot ■y)>’ 2 where 4x + 5y = 20 

= x 2 + 1.7204774(4 - |xj, 0 < x < 5. 

A' = 2x - 2.75276384^4 - |xj = 0 
x « 2.62 

When x = 0,A » 27.528, whenx = 2.62. A « 13.102, 
and when x = 5, A ~ 25. Area is maximum when all 20 
feet are used on the pentagon. 


(d) Let x be the side of the hexagon and r the radius of the 
circle. 


A = — (cot -7-Vx 2 + trr 2 where 6x + 2irr = 20 


373 , (10 3x 

^ X“ +77 


\ 77 77 


2 10 

, 0 < x < 


A' = 373 - 6(— - — ) = 0 


x « 1.748 


Whenx = 0, A » 31.831, whenx « 1.748, A « 15.138, 
and when x = 10/3, A ~ 28.868. Area is maximum when 
all 20 feet are used on the circle. 

In general, using all of the wire for the figure with more 
sides will enclose the most area. 
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44. Let A be the amount of the power line. 
A = h — y + 2jx3 + y~ 

2y 


£ = -i + 
dy 


r- s = 0 when y = — 1 = ■ 

Jx 2 + y- • 73 


d 2 A 


2x3 


^-(^ + v=)>« >0fory - 7!' 

The amount of power line is minimum when y = x/ 73 . 


y 



46. fix) = \x 2 g(x) = ^.r 4 - \x 2 on [0, 4] 

fa) __9 







-3 


(b) d(x) = f(x) ~ g{x) = \x 2 ~ (j^x 4 ~ {x 2 ) = x 2 - y^x 4 
d'(x) = 2x — yx 3 = 0 => 8x = x 3 

=> x = 0, 272 (in [0, 4]) 

The maximum distance is d = 4 when x = 2 72. 


(c) f\x) = x. Tangent line at (272, 4) is 

y — 4 = 272(x - 272) 
y = 272x — 4. 

g '(x) = 4 X 3 — x, Tangent line at (272, 0 ) is 

y — 0 = (i( 272) 3 - 272)(x - 272) 
y = 272 x — 8. 

The tangent lines are parallel and 4 vertical units apart. 

(d) The tangent lines will be parallel. If c/(x) = fix) — g(x), 
then £/'(*) = 0 = f\x) — g\x) implies that/'(x) = g'ix) 
at the point x where the distance is maximum. 


48. Let F be the illumination at point P which is x units from source 1 . 


x 2 id — x) 2 

dF _ — 2kl x 2 kl 2 

dx x 3 id — x) 3 

l/T x _ x 
l/l 2 d - x 

id — x) 7f] = x l/T 2 

d Z/T l = x( 7/( + 7^) 

dl/T t 

Vf + i/T 2 

d 2 F _ 6kf 6 kl 2 

dx 2 x 4 + id — x) 4 > 
This is the minimum point. 


= 0 when 


2 kf 


2 kl 2 

id-x) 3 ' 


0 when x 


dVf 
Vh + 


50. (a) T = 


7x 2 + 4 (3 — x) 

2 4 


2 



3 — jc 

Q 


^ = ^ I = o 

dx 2 7x 2 + 4 4 

x _ 1 
7x 2 + 4 2 

2x 2 = x 2 + 4 
x 2 = 4 
x = 2 

T(2) = 72 + ^ hours 


—CONTINUED— 
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50. — CONTINUED- 


(c) 


T = Jx 1 + 4 + (3 - x) 


dT 


dx Vj *Jx 2 + 4 


= 0 


Jx 2 + 4 


sin 0 = — 


v, 

6 depends on — only. 


(d) Cost = Va- 2 + 4 Cj + (3 - x)C 2 


Jx 2 + 4 (3 — x) 


(1/C L 

From above, sin 8 = 


(1 /C 2 ) 

1/C, _ C 2 
1/C 2 C, 


52 T = Jx 2 + r /, 2 + y rf 2 2 + (a - a ) 2 


v 2 

x — a 


dT _ x + 

I'jVx 2 + d 2 v 2 -J df + (a — x) 2 

Since 


= 0 


Vx 2 + ^! 2 

we have 


x . „ x <i 

= sin d, and — , _ „ — — sin ft, 


Jdf~ + (a — x ) 2 


sin 8i sin d 2 _ ^ sin ti, _ sin 0 2 


Since 


d 2 r 




dx 2 Vj(x 2 + dp) 2 / 2 v 2 [d 2 2 + (a — x ) 2 ?/ 2 

this condition yields a minimum time. 


> 0 


54. C(x) = 2 ks/x 2 + 4 + k( 4 — x) 
2 xk 


- k = 0 


CW - VTm 
2x = y.r 2 + 4 
4x 2 = x 2 + 4 
3x 2 = 4 

2 

x = —r= 

V3 

C, 

Or, use Exercise 50(d): sin 9 = — = 


Thus, x = — ~ 

V3 



C, 


56. y = —7 rr 2 /i = — 7rr 2 yi44 — r 2 


r/V _ 1 
c/r 3 7,1 


r 2 ^j(144 — r 2 ) '/ 2 (— 2r) + 2i-yi44 — r 2 


- 1 f 288r - 3 r 3 
~ 3 "l 7144 - r 2 


r(96 - r 2 ) 


= 0 when r = 0, 4 y6. 


yi44 - r 2 ] 

By the First Derivative Test, V is maximum when r = 4 y6 and h = 4 v/3. 
Area of circle: A = tA\2) 2 = 144-77 


Lateral surface area of cone: S = 77(4 y6)o/(4 v^f)) 2 + (4y3) 2 = 48y677 
Area of sector: 144-77 — 48^77 = ^ dr 2 = 128 

8 = 14477 = ^(3 - 76) ~ 1.153 radians or 66° 


9 = 30°. 
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58 . Let d be the amount deposited in the bank, i be the interest rate paid by the bank, and P be the profit. 
P = (0A2)d - id 

d = ki 2 (since d is proportional to i 2 ) 

P = (0.12)(/h' 2 ) - i(ki 2 ) = £(0.12! 2 - i 3 ) 

dP 0 24 

— — = fc(0.24i — 3i 2 ) = 0 when i = — — = 0.08. 
di 3 

d 2 P 

—it = k( 0.24 — 6 i) < 0 when i = 0.08 (Note: k > 0). 
di- 

The profit is a maximum when i = 8%. 



62. S 2 — |4 m — 1| + |5 m — 6| + |10m — 3| 

Using a graphing utility, you can see that the minimum occurs when m = 0.3. 
Line y = 0.3x 

S 2 = 1 4(0. 3) - 1| + 1 5(0.3) - 6| + 1 10(0.3) - 3| = 4.7 mi. 


s 2 
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64. (a) Label the figure so that f 1 = x 2 + h 2 . 

Then, the area A is 8 times the area of the region 
given by OPQR: 



A = 


-h 2 + (x — h)h 


r 2 — x 2 ) + (x — Jt 22 — x 2 ) ^/>~ ~ x 2 


= 8 xjr 2 — xr + 4x 2 — 4r- 

A '{x) = 8 Jr 2 — x 2 — 


8x 2 


Jr 2 — . 


+ 8x = 0 


8x 2 


= 8x + 8 Jr 2 — x 2 


x 2 = xjr 2 — x 2 + ( r 2 — x 2 ) 
2x 2 — r 2 = xjr 2 — x 2 
4x 4 - Ax 2 ! 2 + r 4 = x 2 (r 2 - x 2 ) 

5x 4 — Sx 2 ^ + t A = 0 Quadratic in x 2 . 

. 5 r 2 ± j2‘5t A — lOr 4 r 2 i 


10 

Take positive value. 




(b) Note that sin — = — and cos — = The area A of the 
2 r 2 r 

cross equals the sum of two large rectangles minus 
the common square in the middle. 

A = 2(2x)(2 h) - 4 h 2 = 8 xh ~ 4 h 2 

0 , . e e . , . , e 

= 8;- sin — cos — — 4 yr sin- — 

2 2 2 

= 4;-^ sin 6 — sin 2 

A\9) = 4r 2 ^cos 8 — sin ^ cos = 0 
6 0 

cos 9 = sin — cos — = 2 sin 9 

2 2 

tan 9 = 2 

8 = arctan(2) » 1.10715 or 63.4° 


x = r _ / — — ~ 0.85065;' Critical number 


(c) Note thatx 2 = -j^(5 + 75) and r 2 — x 2 = -j^(5 — J5). 

A(x) = Sxjr 2 — x 2 + 4x 2 — 4; -2 

^(5 + V5)^(5 - V5)l 1/2 + 4^(5 + 75) - 4^ 


y\ 

To 120 ' 


1/2 2 / — 

T 2 r 2 + -JSr 2 — 4 r 2 


8 , , 2j5 , 

= —r 2 j5 — 2 r- H — — r 2 


= 2 r 2 




= 2r 2 (75 - l) 


2 (6 

Using the angle approach, note that tan 9 = 2, sin 9 = -^= and sin 2 ^— 


= |(1 - cos 0) = |(l - -J= 


Thus, A($) = 4r 2 ^sin 9 — sin 2 


4r2 lV5 2\ l 75. 

4^(75 - l) = 2 , .2(75 _ !) 


2 
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2 . /(. x) = 2x 2 - 3 
f{x) = 4x 
x, = I 


n 

x„ 

/CO 

/'CO 

/CO 

f'(x n ) 

x 

n f'(x n ) 

i 

1 

-1 

4 

1 

4 

5 

4 

2 

!-* 

0.125 

5.0 

0.025 

1.225 


4 . /(x) = tanx 
/'(x) = sec 2 x 

Xj = 0.1 


n 

x„ 

/(*„) 

/'UJ 

/(*„) 



x 

i 

0.1000 

0.1003 

1.0101 

0.0993 

0.0007 

2 

0.0007 

0.0007 

1.0000 

0.0007 

0.0000 


6. /(x) = X s + x — 1 
/'(*) = 5x 4 + 1 

Approximation of the zero of/is 0.755. 


n 

x„ 

f(x„) 

f'(x n ) 

f(x n ) 

f'(x n ) 

x 

f\x n ) 

i 

0.5000 

-0.4688 

1.3125 

-0.3571 

0.8571 

2 

0.8571 

0.3196 

3.6983 

0.0864 

0.7707 

3 

0.7707 

0.0426 

2.7641 

0.0154 

0.7553 

4 

0.7553 

0.0011 

2.6272 

0.0004 

0.7549 


8. /(x) = x — 2Vx + I 


fix) = 1 - 


1 

Vx + 1 


Approximation of the zero of/is 4.8284. 


n 

x„ 

f(x„) 

/'(■*„) 

f(x„) 

f'(x„) 

x 

" f'(x n ) 

i 

5 

0.1010 

0.5918 

0.1707 

4.8293 

2 

4.8293 

0.0005 

0.5858 

.00085 

4.8284 


10 . f(x) = 1 — 2x 3 
f{x) = — 6x 2 

Approximation of the zero of/is 0.1931. 


n 

x„ 

/CO 

/'(■*„) 

/CO 

/'CO 

x /(A " ) 

" /'(O 

i 

1 

-1 

-6 

0.1667 

0.8333 

2 

0.8333 

-0.1573 

-4.1663 

0.0378 

0.7955 

3 

0.7955 

-0.0068 

-3.7969 

0.0018 

0.7937 

4 

0.7937 

0.0000 

-3.7798 

0.0000 

0.7937 
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12. f{x) = ^x 4 - 3x - 3 
fix) = 2x 3 - 3 

Approximation of the zero of/is —0.8937. 


n 

x„ 

f(x n ) 

f(*n) 

f(Xn) 

/'CO 

„ /k) 
- /'(*J 

i 

-1 

0.5 

-5 

-0.1 

-0.9 

2 

-0.9 

0.0281 

-4.458 

-0.0063 

-0.8937 

3 

-0.8937 

0.0001 

-4.4276 

0.0000 

-0.8937 


Approximation of the zero of/is 2.0720. 


n 

x n 

/(^J 

f(x„) 

/(O 

/VJ 

A 

" /'(a„) 

i 

2 

-1 

13 

-0.0769 

2.0769 

2 

2.0769 

0.0725 

14.9175 

0.0049 

2.0720 

3 

2.0720 

-0.0003 

14.7910 

0.0000 

2.0720 


14. /(a) = x 3 — cos .r 
/'(a) = 3.x 2 + sin x 

Approximation of the zero of/is 0.866. 



x„ 

/(■*«) 


/(•*„) 

Y f( X n) 

" f'(x n ) 

1 

0.9000 

0.1074 

3.2133 

0.0334 

0.8666 

2 

0.8666 

0.0034 

3.0151 

0.0011 

0.8655 

3 

0.8655 

0.0001 

3.0087 

0.0000 

0.8655 


16. h(x) = /(a) - g(x) = 3 - x- 


x 2 + 1 


h \x) = — 1 + 


2x 

(x 2 + l) 2 


Point of intersection of the graphs of/ and g occurs 
when x ~ 2.893. 


n 

x„ 

h(x n ) 

h \x n ) 

h (a„) 

h'(x n ) 

v /! CvJ 
" 

i 

2.9000 

-0.0063 

-0.9345 

0.0067 

2.8933 

2 

2.8933 

0.0000 

-0.9341 

0.0000 

2.8933 


18. h(x) = /(a ) — g(x) — x 2 cos x 
h '(a) = 2a + sin a 

One point of intersection of the graphs of/ and g occurs 
when a ~ 0.824. Since /(a) = a 2 and g( x) = cos a are 
both symmetric with respect to the y-axis, the other point 
of intersection occurs when a ~ —0.824. 


n 

x n 


AW 

A W 
A '(a„ ) 

r A(.v„) 

" AW 

i 

0.8000 

-0.0567 

2.3174 

-0.0245 

0.8245 

2 

0.8245 

0.0009 

2.3832 

0.0004 

0.8241 


20. /(a) = x n — a = 0 
/'(a) = nx"~ l 


a," — a 

nxf — a," + a _ (n — l)x" + a 
nx"~ l nx"~ l 
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i 

1 

2 

3 

4 

Xi 

2.0000 

2.2500 

2.2361 

2.2361 


i 

1 

2 

3 

4 

Xi 

2.5000 

2.4667 

2.4662 

2.4662 


V5 = 2.236 


Vl5 « 2.466 


26 . f(x) = tanx 
f\x) = sec 2 x 

Approximation of the zero: 3.142 


n 


f(x„) 

fix,,) 

fix,,) 


X n 

fix,,) 

x 

" fix n ) 

i 

3.0000 

-0.1425 

1.0203 

-0.1397 

3.1397 

2 

3.1397 

-0.0019 

1.0000 

-0.0019 

3.1416 

3 

3.1416 

0.0000 

1.0000 

0.0000 

3.1416 


28 . y = 4x 3 — 12x 2 I 1 2.v — 3 f(x) 
y’ = 12x 2 — 24x + 12 = fix) 


30 . f(x) = 2 sin x + cos 2x 
f(x) = 2 cos x — 2 sin 2x 




3 

2 


•*i 


37 T 
~2 


f(x 2 ) = 0; therefore, the method fails. 


n 

x„ 

fix,,) 

fix ,, ) 

/(•*„) 

/'(■*„) 

„ fix,,) 

n fix,,) 

i 

3 

2 

3 

2 

3 

1 

2 

1 

2 

1 

1 

0 

— 

— 


Fails because /'(xj = 0. 


n 

X„ 

fix,,) 

fix,,) 

i 

3tt 

~2 

-3 

0 


32. Newton’s Method could fail if f\c) ~ 0, or if the initial value x 1 is far from c. 


34 . Let g(x) = f(x) — x = cot x — x 
g\x) = — csc 2 x — 1. 

The fixed point is approximately 0.86. 


n 

x„ 

gixj 

g'ixj 

gixj 

g'ixj 

„ gixj 
" g'ixj 

i 

1.0000 

-0.3579 

-2.4123 

0.1484 

0.8516 

2 

0.8516 

0.0240 

-2.7668 

-0.0087 

0.8603 

3 

0.8603 

0.0001 

-2.7403 

0.0000 

0.8603 


36 . f(x) = sin x, f\x) = cos x 
la) 2 



(b) Xl = 1.8 

x 2 = Xj - 4t-4 ~ 6.086 

/W 

(c) Xj = 3 

fix i) . , i. 

•*2 = X\ ~ « 3.143 



The x-intercepts correspond to the values resulting 
from the first iteration of Newton’s Method. 

(e) If the initial guess x, is not “close to” the desired zero 
of the function, the x-intercept of the tangent line may 
approximate another zero of the function. 










432 Chapter 3 Applications of Differentiation 


38. (a) x n+1 = x„(2 - 3x n ) 


i 

1 

2 

3 

4 

X,- 

0.3000 

0.3300 

0.3333 

0.3333 


| « 0.333 


(b) x n+i = x n (2 - II yJ 


i 

1 

2 

3 

4 

X, 

0.1000 

0.0900 

0.0909 

0.0909 


n « o.09i 


40. f(x) = x sin x, (0, 7 r) 

f\x) = x cos x + sin x = 0 

Letting F(x) = fix), we can use Newton’s Method as follows. 


[F'(y) = 2 cos x — x sin x] 


n 


F(x n ) 

F\x n ) 

F{x„) 

Fix,,) 

X n 

F'ixJ 

" F\x„) 

i 

2.0000 

0.0770 

-2.6509 

-0.0290 

2.0290 

2 

2.0290 

-0.0007 

-2.7044 

0.0002 

2.0288 


y 



Approximation to the critical number: 2.029 


42. y = fix) = y 2 , (4, -3) 

cl = V(y — 4) 2 + (y + 3) 2 = V(y — 4) 2 + {x 2 + 3) 2 = Vy 4 + lx 2 — 8y + 25 
d is minimum when D = y 4 + lx 2 — 8y + 25 is minimum. 
g( x) = £>' = 4 y 3 + 14 y - 8 
g'(x) = 12y 2 + 14 




g(x„) 

g'(x„) 

g(x„) 

g\x n ) 

Y g(x„) 
" g\x„) 




17.0000 



2 

0.5294 


17.3632 



3 

0.5291 


17.3594 




y « 0.529 

Point closest to (4, —3) is approximately (0.529, 0.280). 


y 



44. Maximize: C = 


3 1 2 + t 
50 + t 3 


— 3 1 4 - 2 1 3 + 300 1 + 50 
(50 + f 3 ) 2 

Let/(Y) = 3 f 4 + 2 f 3 - 300t - 50 
fix) = 12 f 3 + 6 f- - 300. 


n 

x„ 

fix,,) 

fix,,) 

/CO 

f'(x n ) 

fix,,) 

X " f(x„) 

i 

4.5000 

12.4375 

915.0000 

0.0136 

4.4864 

2 

4.4864 

0.0658 

904.3822 

0.0001 

4.4863 


Since /(4) = —354 and/(5) = 575, the solution is in the interval (4, 5). 
Approximation: t ~ 4.486 hours 
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46 . 170 = 0.808* 3 - 17.974* 2 + 71.248* + 110.843, 1 < * < 5 
Let /(*) = 0.808* 3 - 17.974* 2 + 71.248* - 59.157 
f{x) = 2.424* 2 - 35.948* + 71.248. 

From the graph, choose x l = 1 and x x = 3.5. Apply Newton’s Method. 


n 

x„ 

/(*„) 

/'(•*„) 

/(-*„) 

/'(•*„) 

* 

3 

1 

FF 

i 

1.0000 

-5.0750 

37.7240 

-0.1345 

1.1345 

2 

1.1345 

-0.2805 

33.5849 

-0.0084 

1.1429 

3 

1.1429 

0.0006 

33.3293 

0.0000 

1.1429 


n 

*n 

f(x n ) 

/'CO 

f(x n ) 

f(x„) 

, f(x„) 

n f(x„) 

i 

3.5000 

4.6725 

-24.8760 

-0.1878 

3.6878 

2 

3.6878 

-0.3286 

-28.3550 

0.0116 

3.6762 

3 

3.6762 

-0.0009 

-28.1450 

0.0000 

3.6762 


The zeros occur when * ~ 1.1429 and * ~ 3.6762. These approximately correspond to engine speeds of 1 143 rev/min and 
3676 rev/min. 


48. True 


50. True 


52 . f(x) = V4 — x 2 sin(* — 2) 

Domain: [—2,2] 
x = —2 and x = 2 are both zeros. 

fix) — V4 — x 2 cos(x — 2) — sin(.v — 2) 
Let x x — — 1. 


n 

x„ 

f(x„) 

f\x n ) 

/CO 

/'CO 

/CO 
" /'CO 

i 

-1.0000 

-0.2444 

-1.7962 

0.1361 

-1.1361 

2 

-1.1361 

-0.0090 

-1.6498 

0.0055 

-1.1416 

3 

-1.1416 

0.0000 

-1.6422 

0.0000 

-1.1416 


Zeros: * = +2, * ~ — 1 . 1 42 
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Section 3.9 Differentials 


2 - f(x) = 4 = 6 - t - 2 

fix) = - 12.4“ 3 = 

Tangent line at ^2, ^ j: 

y - f = =^(x - 2) = =£(x - 2) 


4 . f(x) = Jx 

fix) = TTx 

Tangent line at (2, -fl): 
y -/( 2 ) = f '(2) (x - 2) 

y -y2=^_(x-2) 

= * 4 - _L 

y 2J2 J2 


* 

1.9 

1.99 

2 

2.01 

2.1 

•-S 

2; 

II 

* 0 | ON 

1.6620 

1.5151 

1.5 

1.4851 

1.3605 

, . 3 9 

Ux) = + 2 

1.65 

1.515 

1.5 

1.485 

1.35 



1.9 

1.99 

2 

2.01 

2.1 

fix) = Jx 

1.3784 

1.4107 

1.4142 

1.4177 

1.4491 

II 

* 

toll 

+ 

1.3789 

1.4107 

1.4142 

1.4177 

1.4496 


6 . f{x) = esc x 

fix) = — CSC X cot X 

Tangent line at (2, esc 2): y — /( 2) = /'( 2)(.v — 2) 

y — esc 2 = ( — esc 2 cot 2)ix — 2) 

y = ( — esc 2 cot 2)(x — 2) + esc 2 


* 

1.9 

1.99 

2 

2.01 

2.1 

fix) = CSC 4 

1.0567 

1.0948 

1.0998 

1.1049 

1.1585 

7” ( 4 ) = ( — esc 2 cot 2)(4 — 2) + esc 2 

1.0494 

1.0947 

1.0998 

1.1048 

1.1501 


8. y = fix) = 1 — 2 x 2 ,f\x) = —4^, 4 = 0, A 4 = dx = —0.1 

Ay=/(x+A 4 )-/( 4 ) dy = fix) dx 

= /(-0.1) -/(o) =/'(o)(— 0.1) 

= [1 - 2(— O . l ) 2 ] - [1 - 2(0)-] = -0.02 = ( 0 )(-0.1) = 0 

10. y = fix) = 2.4 + 1 , fix) = 2 , 4 = 2, A 4 = <7.4 = 0.01 

Ay = fix + A4) - fix) dy = f\x) dx 

— /(2.01) — /(2) =/'(2)(0.01) 

= [2(2.01) + 1] - [2(2) + 1] = 0.02 = 2(0.01) = 0.02 
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12 . y = 3.x 2 / 3 


dy = 2x 1 ^ 3 dx = ~yjydx 


14 . >> = J9 - x 1 

dy = ^(9 — x 2 )-'/ 2 (— 2x)dr = ^ n dx 


16 . 


y = Vx + 


1 



dy 




x — 1 , 

j=dx 

2xvx 


18 . >’ = x sin x 

dy — (x cos x + sin x) dx 


2,K y = 


dy = 


(x 2 + 1)2 sec 2 x tan x — sec 2 x(2x) 

_ (x 2 + l) 2 _ 

2 sec 2 x(x 2 tan x + tan x — x) 


dx 


(x 2 + l) 2 


dx 


22. (a) /(1.9) =/( 2 - 0.1) «/(2) +/'(2)(-0.1) 

~ 1 + (-D(-O.l) = 1.1 

(b) /(2.04) =/( 2 + 0.04) «/( 2) +/'(2)(0.04) 

« 1 + (— 1)(0.04) = 0.96 


24 . (a) /(1.9) =/(2 - 0.1) »/( 2) +/'(2)(-0.1) 

« 1 + 0 (- 0 . 1 ) = 1 

(b) /(2.04) =/(2 + 0.04) ~/(2) +/'(2)(0.04) 

« 1 + 0(0.04) = 1 

28 . (a) *(2.93) = *(3 - 0.07) « *(3) + *{3)(-0.07) 

= 8 + 5(— 0.07) = 7.65 
(b) *(3.1) = *(: 3 + 0.1) - g(3) + ^'(3) (0.1) 

« 8 + 5(0.1) = 8.5 


26 . (a) *(2.93) = *(3 - 0.07) « *(3) + *{3)(-0.07) 

« 8 + (3)(— 0.07) = 7.79 
(b) g(3.1) = g(3 + 0.1) - *(3) + *'(3)(0.1) 

« 8 + (3)(0.1) = 8.3 

30. A = \hh , b = 36, h = 50 
db = dh = ±0.25 
dA = \b dh + \h db 

AA ~ dA = t(36)(+0.25) + ^(50)(±0.25) 

= ±10.75 square centimeters 


32 . x = 12 inches 


34 . (a) C = 56 centimeters 


Ax = dx = ±0.03 inch 


AC = dC = ±1.2 centimeters 


(a) V = x 3 

dV = 3x 2 dx = 3(12) 2 (±0.03) 
= ±12.96 cubic inches 

(b) S = 6x 2 

dS = 12 xdx = 12(12)(±0.03) 
= ±4.32 square inches 


C = 2ttv - 


C 

lit 


A = 7 TV 2 




dA = d-CdC = — (56)(± 1 .2) = — 

2 77 277 77 


^ = n = 0.042857 = 4.2857% 

A [1/(47t)](56) 2 

dA _ (1/2 77 )CdC _ 2 dC ^ 

A (1/477)6? C “ 


dC 

C 


< 


0.03 


= 0.015 = 1.5% 
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36 . P = (500x — x 2 ) — (^x 2 — 11 x + 3000 j, x changes from 1 15 to 120 

clP = (500 - 2x -x + 11) dx = (577 - 3x) dx = [577 - 3(1 15)](120 - 115) = 1160 
Approximate percentage change: ^-(100) = ^^rp^^(lOO) ~ 2.7% 


38 . V = \ t rr 3 , r = 100 cm, dr = 0.2 cm 

AV ~ dV = 47T r 2 dr = 47r(100) 2 (0.2) = 800077 cm 3 


40 . E = 1R 



dR = -j 2 dl 

dR _ — [E/l 2 )dI _ _dl 
R E/I I 


dR 


dl 


dl 

R 


I 


I 


42 . See Exercise 41. 


A = - (base) (height) = ^-(9.5cot t?)(9.5) = 45.125 cot 6 


0.25° 


(sin 26.75°)(cos 26.75°) 

0.0044 

(sin 0.4669)(cos 0.4669) 

0.0109 = 1 .09% (in radians) 


44 . h = 50 tan 9 

9=11.5° = 1.2479 radians 
dh = 50 sec 2 9 ■ dQ 


dA = -45.125 esc 2 6d9 

dh 


50 sec 2 ( 1.2479) 

dA 

esc 2 9 d9 d9 

X 


50 tan( 1.2479) 

~A 

cot 9 sin 9 cos 9 




9.9316 J 


2.9886 


-d0 


< 0.06 


< 0.06 


\d9\ < 0.018 



46 . Let/(.r) = f/x, x = 27, dx = — 1 
f(x + Ax) « f(x) + f'(x)dx = 1/x + 

^26 « f/21 + ,L_ (- 1) = 3 - — « 2.9630 

3 l/XT- 27 

Using a calculator, f/26 ~ 2.9625 


48 . Let/(.r) = x 2 , x = 3, dx = —0.01. 

f(x + Ax) ~ fix) + f\x) dx = x 3 + 3x 2 dx 
fix + Ax) = (2.99) 3 « 3 3 + 3(3) 2 (— 0.01) = 27 - 0.27 = 26.73 
Using a calculator: (2.99) 3 ~ 26.7309 
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50. Let/(x) = tanx, x = 0, dx = 0.05, f\x) = sec 2 x. 

Then 

/(0.05) «/(0) +f{0)dx 

tan 0.05 « tan 0 + sec 2 0(0.05) = 0 + 1(0.05). 


52. Propagated error = f(x + Ax) — f(x), 
\dy 

y 


relative error = 


, and the percent error = 


dy 

y 


x 100. 


54. True, ~r~ = ~r = a 
Ax dx 
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56. False 

Let/(x) = s/x, x = 1, and Ax = dx — 3. Then 
Ay =f(x + Ax) -/(.x) =/( 4) -/( 1) = 1 

and 

dy = f\x) dx = ^=(3) = |. 

Thus, dy > Ay in this example. 


2. (a) /(4) = — /(— 4) = -3 



At least six critical numbers on (—6, 6). 


(b) /(— 3) = — /(3) = -(-4) =4 

(d) Yes. Since/( — 2) = — /( 2) = —(—1) = 1 and 

/( 1) = — /(— 1) = —2, the Mean Value says that there 
exists at least one value c in (—2, 1) such that 


f(c) 


/(l) ~/(- 2) 
1 - (- 2 ) 


-2 - 1 
1 + 2 


- 1 . 


(e) No, lim/(x) exists because /is continuous at (0, 0). 

x — >0 

(f) Yes, /is differentiable atx = 2. 


4- /(*) 
/'(*) 


Vx 2 + 1 

1 , 


[o, 2] 


+ l) -3 / 2 (2x) 


+ (x 2 + l)-‘/ 2 


(x 2 + l) 3 / 2 
No critical numbers 
Left endpoint: (0, 0) Minimum 
Right endpoint: ( 2 , 2/>/5) Maximum 


6 . No. /is not differentiable at x = 2. 


8. No; the function is discontinuous at x = 0 which is in the interval [—2, 1], 


10. f{x) = K 1 < x < 4 

/'W = 

m zJM = 0/4) - 1 = zll± = _I 

b - a 4-1 3 4 


12 . 


/(x) = s/x — 2x, 0 < x < 4 


fXx) 2j~x 2 

f(b) - /(a) - 6-0 _3 

b - a 4-0 2 

/w -i7r 2 --i 


c = 2 


1 



438 Chapter 3 Applications of Differentiation 


14. f(x) — 2x 2 — 3x + 1 

f'{x) = 4x - 3 

f{b) — f(a) 21-1 
h — a 4 — 0 

f(c) = 4c - 3 = 5 

c — 2 = Midpoint of [0, 4] 

16 - g(x) = (x + l ) 3 
g\x) = 3(x + l ) 2 
Critical number: x = — 1 


Interval 

— oo<x< — 1 

— 1 < X < OO 

Sign of g / {x) 

g\x) > 0 

g'(x) > 0 

Conclusion 

Increasing 

Increasing 


18. f(x ) = sinx + cos x, 0 < x < 2 tt 
/' to = cos x — sin x 

Critical numbers: x = — , x = — 

4 4 


Interval 

r, 7r 

0 < x < — 
4 

77 577 

— < x < m- 
4 4 

577 „ 

— < x < 2n 
4 

Sign of /'(.*) 

fix) > 0 

/'to < 0 

/'to > 0 

Conclusion 

Increasing 

Decreasing 

Increasing 


20. g(x)=fsin(^- l), [0,4] 

g'W=f(f) c 


- 1 


2 2 

= 0 when r = H , 3 H 

77 77 


Relative maximum: 1 + 


2 3 
77’ 2 

2 3 

Relative minimum: (3 H , — — 

77 2 


Test Interval 

2 

0 < x < 1 H 

77 

2 2 

1H < x < 3 H 

77 7T 

2 

3 H < x < 4 

77 

Sign ofg'to 

g'(x) > 0 

g'to < 0 

g 'to > 0 

Conclusion 

Increasing 

Decreasing 

Increasing 


22 . (a) -y = A sin( Jk/m t) + B cos( Jk/m t) 

y' = A s/k/m cos( Jk/m t) — B Jk/ m sin( Jk/m t) 

_ , sin Jkfmt A / \ A 

= 0 when , = — => tan v k mt) — 

m d \ 7 ’ d 


cos Jk/m t B 


Therefore, 


sin( Jk/m t) — 
cos( JkJm t) = 


v/A 2 + B 2 

B 

JA 2 + B 2 


When v = y ' = 0. 

A 


y = a( 7 0 A J=) = 7a 2 + «- 

V Va 2 + S 2 / \ 7a 2 + S 2 j 


(b) Period: 



Frequency: 


1 


277 / Jkjm 
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24. f(x) = (x + 2) 2 (x — 4) = x 3 — 1 2x — 16 
f'(x) = 3x 2 - 12 

f"(x) = 6x = 0 when x = 0. 

Point of inflection: (0, — 16) 

26. h(t) = t — Ajt + 1 Domain: [—1, oo) 
h\t) = 1 f 2 = 0 => t = 3 

Jt + 1 

h ' Xt) = (f + 1)V2 

/i"(3) = — > 0 (3, —5) is a relative minimum. 

O 


Test Interval 

— oo < x < 0 

0 < x < oo 

Sign of /"(.*) 

/%*) < o 

fix) > 0 

Conclusion 

Concave downward 

Concave upward 



30 . 



dC 

clx 


Qs r „ 
-^r + - = 0 


Qs r 
x 2 2 

2 2Qs 

X- = 


X = 



32 . (a) S = —0.1222 1 3 + 1.3655t 2 - 0.9052f + 4.8429 

(b) 25 



(c) S'(t) = 0 when t = 3.7. This is a maximum by the 
First Derivative Test. 

(d) No, because the t 3 coefficient term is negative. 


34 . 


lim 

x — »oo 


2x 

3x 2 + 5 


lim 

x — »oo 


2/x 

3 + 5/x 2 


= 0 


36 . 


lim 

X — >oo 


3* 

Jx 2 + 4 


lim 

x — >oo 


3 

yr+4/f 


= 3 


38 . g(.r) 


5x 2 

jt 2 + 2 


lim 

x — >oo 


5.x 2 

jk 2 + 2 


lim 

x — >oo 


5 

1 + (2/x 2 ) 


= 5 


Horizontal asymptote: y = 5 


40 . /(*) 


3x 

Vx 2 + 2 


lim 

x — »oo 


3* 

x 2 + 2 


lim 

X — » — oo 


3x 

x 2 + 2 


lim 

x — »oo 


lim 

x — »oo 


3x/x 

Jx 1 + 2/ Jx 2 


J 1 + (2/x 2 ) 


lim 

X — > — CO 


lim 

X —> — co 


3x/x 

Jx 2 + 2/( — v/x 2 ) 


- yi + (2/x 2 ) 


Horizontal asymptotes: y = ±3 
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42 . /(*) = |* 3 — 3x 2 + 2xj = |*(* — 1)(* — 2)| 
Relative minima: (0, 0), (1, 0), (2, 0) 

Relative maxima: (1.577, 0.38), (0.423, 0.38) 



44 . g(x) = — 4 cos x + cos 2x 

Relative minima: (2irfc, 0.29) where k is any integer. 
Relative maxima: ((2 k — 1 ) 77 , 8.29) where k is any integer. 


10 



46 . fix) = 4x 3 — xf = * 3 (4 — x) 

Domain: (— oo, oo); Range: (— oo, 27) 

f\x) = 12* 2 — 4* 3 = 4* 2 (3 — *) = 0 when * = 0, 3. 

/'{*) = 24* — 12* 2 = 12*(2 — *) = 0 when * = 0, 2. 

/"( 3 ) < 0 

Therefore, (3, 27) is a relative maximum. 

Points of inflection: (0, 0), (2, 16) 

Intercepts: (0, 0), (4, 0) 

48 . f(x) = (* 2 - 4) 2 

Domain: (— oo, oo); Range: [0, oo) 
fix) = 4*(* 2 - 4) = 0 when* = 0, ±2. 

/"(*) = 4(3* 2 - 4) = 0 when* = ±^p. 

f"{0) < 0 

Therefore, (0, 16) is a relative maximum. 

f"i± 2) > 0 

Therefore, (±2, 0) are relative minima. 

Points of inflection: (±2^3/3, 64/9) 

Intercepts: (—2, 0), (0, 16), (2, 0) 

Symmetry with respect to y-axis 

50. f[x) = (* — 3)(* + 2) 3 

Domain: (— oo, oo); Range: [— 1 256 5 , °°) 
fix) = (* - 3)(3)(* + 2) 2 + (* + 2) 3 

= (4* — 7)(* + 2) 2 = 0 when * = —2,\. 
fix) = (4* - 7)(2)(* + 2) + (* + 2) 2 (4) 

= 6(2* — l)(* + 2) = 0 when* = — 2, s. 

rid > 0 

Therefore, (|, — 1 ) is a relative minimum. 

Points of inflection: (—2, 0), (^, — 

Intercepts: (-2, 0), (0, -24), (3, 0) 


y 



y 



y 
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52. f(x) — (x — 2)'/ 3 (x + l) 2 / 3 

Graph of Exercise 39 translated 2 units to the right (x replaces by x — 2). 
(— 1, 0) is a relative maximum. 

(l, — I/ 4 ) is a relative minimum. 

(2, 0) is a point of inflection. 

Intercepts: (—1,0), (2,0) 



54. f(x) 


2x 

1 + x 2 


Domain: (— 00 , 00 ); Range: [—1,1] 

,,/ , 2(1 - x)( \ + x) 

fix) = (1 + t 2)2 = 0 when.v = ±1. 

f"(x) — — = 0 when x = 0, ± J?>. 
(i + x~y 

n 1) < 0 

Therefore, (1, 1) is a relative maximum. 


/"(-I) > 0 

Therefore, (— 1, — l)isa relative minimum. 

Points of inflection: (— •/?>, — >/3/2), (0, 0), (V3, ^3/2) 
Intercept: (0, 0) 

Symmetric with respect to the origin 
Horizontal asymptote: y = 0 


y 



56. fix) 


1 + x 4 


Domain: (— 00 , 00 ); Range: 



/'(•*) 


(1 + xf)(2x) — x 2 (4x 3 ) 
(1 + x 4 ) 2 


2x(l 


x)(l + x)(l + x 2 ) 
(1 + x 4 ) 2 


= 0 when x = 0, ± 1 . 


, , (1 + x 4 ) 2 (2 - 10x 4 ) - (2x - 2x 5 )(2)(l + x 4 )(4x 3 ) 

/ W (1 + x 4 ) 4 


2(1 - 12.x 4 + 3x 8 ) 
(1 + x 4 ) 3 


= 0 when x = ± 


4 j 6 ± n /33 

V 3 


/"(±1) < 0 

Therefore, ^±1, — j are relative maxima. 

n 0) > 0 

Therefore, (0, 0) is a relative minimum. 

Points of inflection: ^/— — ^n/33 , 0.29^, , 0.40 



Intercept: (0, 0) 

Symmetric to the y-axis 
Horizontal asymptote: y = 0 
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58 . f(x) = x 2 + - = 

x x 

Domain: (— oo, 0), (0, oo); Range: ( — 00 , 00 ) 


o 1 2* 3 “ 1 

fix) = 2x -~ 5 = x 


1 


, =0 when x = ■ , . 

2 4/2 


fix) = 2 + -3 = 


2 _ 2 (x 3 + 1 ) 


= 0 when x = — 1 . 



> 0 


Therefore, — , , —= is a relative minimum. 

V4/2 3/4/ 

Point of inflection: (—1,0) 

Intercept: (—1,0) 

Vertical asymptote: x = 0 


y 



f— 2* + 4, X < 1 

60. /(x) = \x 1| + \x - 3| = | 2, 1 < x < 3 

|_2x — 4, x > 3 

Domain: (— 00 , 00 ) 

Range: [2, 00 ) 

Intercept: (0, 4) 


y 



62. f(x) = —(2 sin 7 rx — sin 2 irx) 

77 

Domain: [— 1, 1]; Range: — 

/'(x) = 2(cOS 7JX — cos 27tx) 
2 

Critical Numbers: x = ±— , 0 


3V3 3^3 

277 ’ 277 

= — 2(2 cos 7 jx + l)( 


COS 77X — 


1 ) = 0 


fix) = If— sin 77X + 2 sin 27jx) = 2tt sin 77x(— 1 + 4 cos 77x) = 0 whenx 


By the First Derivative Test: 


( 2 -3V3\ . . 

— — — is a relative mini 

\ 3 277 j 


minimum. 


2 3V3 

3’ 277 


is a relative maximum. 


Points of inflection: (-0.420, -0.462), (0.420, 0.462), (±1, 0), (0, 0) 
Intercepts: (— 1, 0), (0, 0), (1, 0) 

Symmetric with respect to the origin 


y 



64 . fix) = x", n is a positive integer. 

(a) fix ) = nx" ~ 1 

The function has a relative minimum at (0, 0) when n is even. 

(b) fix) = nin - l)x "- 2 

The function has a point of inflection at (0, 0) when n is odd and n > 3. 
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66. Ellipse: + yy = L y = yVl44 - y 2 

A = (2x)( ^Vl44 — x 2 ') = ^^144 — x 2 


dA 


dx 3[_ 7144 - y 2 


+ yi44 - * 2 


144 - lx 2 
3[ 7144 - y 2 J 


= 0 when x = ^Jl2 = 6 */2. 


The dimensions of the rectangle are 2x = 12^2 by y = -^144 — 72 = 4^2. 


y 



68. We have points (0, y), ( x , 0), and (4, 5). Thus, 


y — 5 5 — 0 5* 

m — 1 = or y = . 

0-4 4 — x x x — 4 


Let f(x) = L 2 = x 2 + 

f'(x) = 2x + 50 


x 

x ^4 


x — 4 — x 
. (x ~ 4)2 . 


= 0 



100y 

X - rtr = o 


(x ~ 4) 3 

y[(y — 4) 3 — 100] = 0 when x = 0 or x = 4 + VTOO. 


L = _ / Y 2 + 


25y 2 


(x - 4) 2 Y - 4 


* V(y - 4)2 + 25 = ^ + 4 


VIoo 


yiOO 2 / 3 + 25 « 12.7 feet 


70 . Label triangle with vertices (0, 0), ( a , 0), and ( b , c). The equations of the sides of the triangle are y = (c/b). x and 
y = [c/(b — a)\x — a). Let (y, 0) be a vertex of the inscribed rectangle. The coordinates of the upper left vertex are 
(y, (c/b) y). The y-coordinate of the upper right vertex of the rectangle is (c/b) x. Solving for the Y-coordinate x of the 
rectangle’s upper right vertex, you get 



a — b 

Width of rectangle: a — x — x 


Height of rectangle: — y (see figure) 
’ b 



(Width) (Height) = a 



c 

b 


+ 




a b\t c b\ 
b2)\b 2/ 






h( a ~ - b x )l x 

„ , b 

0 when x = — . 

— flcj = — (Area of triangle) 
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72. You can form a right triangle with vertices (0, y), (0, 0), and (x, 0). Choosing a point (a, b) on the hypotenuse 
(assuming the triangle is in the first quadrant), the slope is 


y — b b — 0 

0 — a a — x 


— bx 


— bx 
a — x 


— ab 
{a — x) 2 _ 


Let/(.v) = L 2 = x 2 + y 2 — x 2 + ( — — ) . 

\a — x) 

f'{x) = 2x + 2 

2 -r[(fl - x) 3 + ab 2 ] n , „ , , m 

= 0 when x = 0, a + {/ab 1 . 

(a — x) 

Choosing the nonzero value, we have y = b + l/a 2 b. 

L = J[a + i/ab 2 ) 2 + (b + l/a 2 b) 2 
= ( a 2 + 3a 4 ' 3 b 2 ' 3 + 3a 2 ' 3 b 4 ' 3 + b 2 )'/ 2 
= (a 2 / 3 + Z> 2 / 3 ) 3 / 2 meters 

74 . Using Exercise 73 as a guide we have L x = a esc 6 and L 2 = b sec 9. Then clL/dO = — a esc 6 cot 9 + b sec 9 tan 9 = 0 when 


-r-rr Jo 2 ' 3 + b 2 ' 3 Jo 2 ' 3 + b 2 > 3 , 

tan 9 = i/a b. sec 9 = ttt , , esc 9 = and 

b l,i a l/i 

( a 2 / 3 + b 2 > 3 Y > 2 la 2 / 3 + b 2 / 3 )'/ 2 

L = L, + L 2 = a esc 9 + b sec 9 = a yjy 1- b = (a 2 / 3 + b 2 / 3 ) 3 / 2 . 


b 1/ 3 


This matches the result of Exercise 72. 


76. Total cost = (Cost per hour)(Number of hours) 

- 2 ^110\ lly 825 

50 + v 


T = vyrr + 7.50 

v500 /\ v 


dT 11 825 llv 2 - 41,250 

dv 50 v 2 50v 2 

= 0 when v = V3750 = 25 ~ 61.2 mph. 

d 2 T 1650 


dv 2 


> 0 when v = 25 s/6 so this value yields a minimum. 


78. f(x) = x 3 + 2x + 1 

From the graph, you can see that/(.v) has one real zero. 

f\x) = 3x 2 + 2 
/changes sign in [— 1, 0], 


n 

X n 

/CO 

/'CO 

fix,,) 

fix,,) 

/to 

" fix,,) 

i 

-0.5000 

-0.1250 

2.7500 

-0.0455 

-0.4545 

2 

-0.4545 

-0.0029 

2.6197 

-0.0011 

-0.4534 


On the interval [— 1, ()]: x ~ —0.453. 
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43. r = -^(sin 29) 

v 0 = 2200 ft/ sec 
9 changes from 10° to 1 1° 
(2200)/ 


dr = 


16 


-(cos 2 9)d6 


9 = 10 


180 


d6 = (11 - 10) 


180 


A r ~ dr 


= (2200) 2 r j20n) 

16 


C0S l 180 \ 180 


4961 feet 

V 1SU/V1SU/ 

~ 4961 feet 

47. Let/(x) = Vx,x = 625, dx = — 1. 

f{x + Ax) « fix) + fix) dx = Vx + 44 ^~3 dx 


fix + Ax) = 4/624 = 4/625 + 


4(4/625) 


(-D 


= 5-5oo = 3 4 * * * ." 8 


Using a calculator, 4/624 ~ 4.9980. 


45. Let fix) = Vx, x = 100, dx = —0.6. 
fix + Ax) = fix) + fix) dx 

= Vx H i=dx 

2Vx 

fix + Ax) = V99A 

« 7!oo + — ^(-0.6) 

27100 

Using a calculator: 799.4 ~ 9.96995 


49. Let f{x) = v/r, x = 4, rfx = 0.02, /'(x) = 
Then 

/(4.02) «/(4) +/'(4)& 

74)02 » 74 + ( 0 . 02 ) = 2 + 


51. In general, when Ax — > 0, t/v approaches Ay. 


53. True 


55. True 


Review Exercises for Chapter 3 

1. A number c in the domain of/is a critical number if /'(c) = 0 or f 
is undefined at c. 


y 



3. g(x) = 2x + 5 cos x, [0, 2ir] 
g '(x) = 2 — 5 sin x 

2 

= 0 when sin x = j . 

Critical numbers: x ~ 0.41, x ~ 2.73 
Left endpoint: (0, 5) 

Critical number: (0.41. 5.41) 

Critical number: (2.73, 0.88) Minimum 
Right endpoint: (2ir, 17.57) Maximum 



= 9.97 


1/(27*). 


^( 0 . 02 ). 
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5. Yes. /(— 3) =/( 2) = 0. /is continuous on [ — 3, 2], 
differentiable on (—3, 2). 

fix) = (y + 3)(3y — 1) = 0 for x = 3 . 
c = j satisfies f\c) — 0 . 


9- fix) 

fix) 
fib) ~ fja ) 

h — a 

fie) 


13. fix) = Ax 2 + Bx + C 

fix) = 2 Ax + B 

fjx 2 ) ~ fix 1 ) = A(x 2 2 - x 2 ) + B(x 2 - Yi) 

Y 2 — Yj Y 2 — Y) 

= A(yj + y 2 ) + B 
fic) = 2 Ac + B = A( y, + y 2 ) + B 
2 Ac = A(yj + y 2 ) 
x i + y 2 

c = — - — = Midpoint of [x v x^\ 


= Y 2 / 3 , 1 < X < 
1 

= -v-1/3 

3 


4 - 1 
8 - 1 


= - c — 1/3 = 1 

3 7 


'14\3 

,9 


2744 

729 


3.764 


7. fix) = 3 ~ |y - 4| 



(b) /is not differentiable at x = 4. 

11 . fix) — x — cosy, — 37 < y < 

■' v 2 2 

/'(y) = 1 + sin y 

/(b) — fja) = (tt/2) - (-7T-/2) = 
b — fl (7f/2) — (— 7r/2) 

/'(c) = 1 + sin c = 1 

c = 0 


ls - fix) = (y - 1) 2 (y - 3) 

/'(*) = U - 1) 2 (1) + (y - 3)(2)(y - 1) 
= (y - 1)(3y - 7) 

7 

Critical numbers: y = 1 and x = 3 


Interval: 

— 00 < Y < 1 

1 < Y < \ 

| < x < 00 

Sign of fix)'- 

fix) > 0 

fix) < 0 

/'(y) > 0 

Conclusion: 

Increasing 

Decreasing 

Increasing 


17. /i(y) = n/y(y — 3) = y 3 ^ 2 — 3y 1/,z 
Domain: (0, 00 ) 


h '(y) = '^.v 1/2 - ~x 1/2 

3 .3 3(y - 1 ) 

= ^ 1/2 (^ - 1 ) = 


2-Jx 


Interval: 

0 < Y < 1 

1 < Y < 00 

Sign of h '(y): 

h\x) < 0 

h\x) > 0 

Conclusion: 

Decreasing 

Increasing 


Critical number: y = 1 
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19. h(t) = \t 4 - 8 1 

h \t) = t 3 — 8 = 0 when t = 2. 
Relative minimum: (2, — 12) 


Test Interval:- 

00 < t < 2 

2 < t < 00 

Sign of h \t): 

h\t) < 0 

h'{t) > 0 

Conclusion: 

Decreasing 

Increasing 


21 . y = — cos( 12 f) — ^ sin( 12 f) 

i' = y' = —4 sin(12/) — 3 cos(12f) 

77 1 

(a) When t = — , y = — inch and v = y =4 inches/second. 
8 4 


(b) y' = — 4 sin(12f) — 3 cos(12f) = 0 when 


sin(l 2t) 
cos( 12 t) 


• tan(12f) = --. 


3 4 

Therefore, sin( 1 2f) = — — and cos(12f) = — . The maximum displacement is 


y = 


m. 


= 


(c) Period: — = — 
12 6 


Frequency: — 7 - = — 

TT/O TT 


23. fix) = x + cos x, 0 < x < 2 tt 
fix) = 1 — sin x 

f"(x) = —cos x — 0 when x = 77 , 

J w 2 2 

Points of inflection: 


/ 7T 7r\ ( 37 T 37t\ 

\2’ 2/’ \T’ Tj 


Test Interval: 

77 

0 < x < 2 

7 T 377 

— < x < — 
2 2 

377 

— < X < 277 

Sign of /"(*): 

f"ix) < 0 

f"ix) > 0 

fix) < 0 

Conclusion: 

Concave downward 

Concave upward 

Concave downward 


25. ^(v) = 2,^(1 — x 2 ) 


g'(x) = —4x{2x 2 — 1) 
g"(x) = 4- 24x 2 


Critical numbers: x = 0, 




= 4 > 0 Relative minimum at (0, 0) 



= -8 <0 


Relative maximums at 



y 



y 



27 . 


29. The first derivative is positive and the second derivative is 
negative. The graph is increasing and is concave down. 
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31. (a) D = 0.0034/ 4 - 0.2352 1 3 + 4.9423 f- - 20.8641/ + 94.4025 



(c) Maximum at (21.9, 319.5) (=1992) 

Minimum at (2.6, 69.6) (—1972) 

(d) Outlays increasing at greatest rate at the point of inflection (9.8, 173.7) (— 1979) 


„ , 2* 2 ,.2 2 
33. hm , = lim . , = - 

a: — >oo 3x z + 5 * — >oo 3 + 5/x z 3 


35. 


,. 5 COS X n . Ir , 

lim = 0, since |5 cosx| 

x — >oo X 


< 5. 


37. h(x) = 


2x + 3 


x - 4 

Discontinuity: x — 4 

2x +3 2 + (3 /jc) „ 

X — »oo X — 4 A ->oo 1 — (4/X) 

Vertical asymptote: x = 4 
Horizontal asymptote: y = 2 


39. /(x) = ^ - 2 

Discontinuity: x = 0 



x — »oo \-£ / 

Vertical asymptote: x = 0 
Horizontal asymptote: y = — 2 



Relative minimum: (3, 108) 
Relative maximum: (—3, — 108) 


200 



-200 


Vertical asymptote: x = 0 

45. /(x) = 4x — x 2 = x(4 — x) 

Domain: (-oo, oo); Range: (-oo, 4) 
fix) = 4 — 2x = 0 when x = 2. 

/"(*) = -2 

Therefore, (2, 4) is a relative maximum. 
Intercepts: (0, 0), (4, 0) 


43. f(x) 


x — 1 
1 + 3.x 2 


Relative minimum: (—0.155, — 1.077) 
Relative maximum: (2.155,0.077) 


0.2 



Horizontal asymptote: y = 0 
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47 . f(x) = ,vVl6 — x 2 . Domain: [—4. 4], Range: [—8,8] 
Domain: [—4, 4]; Range: [—8,8] 


/'(*) 


16 - 2x 2 

yie — x 2 


= 0 when x = ±2 ~Jl and undefined when x — ±4. 


f\x) 


2x{x 2 - 24) 
(16 - x 2 ) 2 ' 2 


/'(- 2V2) > 0 

Therefore, ( — 2>/2, —8) is a relative minimum. 

r{ 2V2) < 0 

Therefore, (2^/2, 8) is a relative maximum. 

Point of inflection: (0, 0) 

Intercepts: (— 4, 0), (0, 0), (4, 0) 

Symmetry with respect to origin 


49 . f(x) = {x - l) 3 (v - 3) 2 

Domain: (— 00 , 00 ); Range: (— 00 , 00 ) 

f'{x) = (x — l) 2 (x — 3)(5.r — 11) = 0 when x = 1, 3. 

f"(x) = 4(x — l)(5x 2 — 22* + 23) = 0 when* = 1, 

/"( 3 ) > 0 

Therefore, (3, 0) is a relative minimum. 



Therefore, 


11 3456 ) 
5 ’ 3125/ 


is a relative maximum. 


Points of inflection: (1, 0), 0-60^, ^ , 0.46 

Intercepts: (0, —9), (1, 0), (3, 0) 



y 



51 . f(x) = x l !\x + 3) 2/,a 

Domain: (— 00 , 00 ); Range: (— 00 , 00 ) 
x + 1 


fix) = 
f"(x) = 


(x + 3)'/ 3 r 2 / 3 
-2 

^ 2 (x + 3) 4 / 3 


= 0 when x = —l and undefined when x = 
is undefined when* = 0, —3. 


-3,0. 


By the First Derivative Test ( — 3, 0) is a relative maximum and ( — 1, — 4/4) is 
a relative minimum. (0, 0) is a point of inflection. 

Intercepts: (—3,0), (0,0) 


y 
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53. fix) 


x + 1 

X — 1 


Domain: (— oo, 1), (1, oo); Range: (— oo. 1), (1, oo) 
fix) = ^ < 0 if -v * 1. 


/"(*) 


4 

(* ~ l) 3 


Horizontal asymptote: y = 1 
Vertical asymptote: x = 1 
Intercepts: (— 1, 0), (0, — 1) 


55. /(*) = 


Domain: (— oo, oo); Range: (0. 4] 



fix) = ^ + x2 y_ = 0 when x = 0. 

—8(1 — 3x 2 ) „ , , V3 

/ W = (1 + %2 y = 0 when .t = ±— . 


no) < o 

Therefore, (0, 4) is a relative maximum. 

Points of inflection: (±V3/3, 3) 
Intercept: (0. 4) 

Symmetric to the y-axis 
Horizontal asymptote: y = 0 



4 ) 


57. f(x) = x 3 + x ~\ — 
x 

10 - 

Ivy 

( 1 , 6 ) 

Domain: (— oo, 0), (0, oo); Range: ( — oo, — 6], [6, oo) 

5 - 

A 3 x ^ x~ — 4 

f{x) = 3x 2 +1 , = if =0 when x = ± 1 . 

-2 -1 
(- 1 ,- 6 ) — 5 - 

1 2 

1 

x z 

fix) = 6x + 8 = ^ t 8 * 0 

JC 3 X 3 

r\\ 

A * = 0 


/"(-l) < 0 

Therefore, (— 1, —6) is a relative maximum. 

/"( 1 ) > 0 


Therefore, (1, 6) is a relative minimum. 

Vertical asymptote: x = 0 
Symmetric with respect to origin 
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59. f{x) = \x 2 - 9| 

Domain: (— oo, oo); Range: [0, go) 

f'(x) = V = 0 when x = 0 and is undefined when x = ±3. 

\x 2 — 9\ 

f"(x) = is undefined at * = ±3. 

\x 2 — 9| 


no) < o 

Therefore, (0, 9) is a relative maximum. 

Relative minima: (±3, 0) 

Points of inflection: (+3, 0) 

Intercepts: (±3, 0), (0, 9) 

Symmetric to the y-axis 


y 



61. f[x) = x + cos x 

Domain: [0, 27 t]; Range: [1, 1 + 2ir] 
fix) = 1 — sin x > 0, /is increasing. 

fix) = — cos x = 0 when jc = — , — . 

J w 2 2 

Points of inflection: 

Intercept: (0, 1) 


/ 77 7r\ / 3 t t 3tt\ 

\ 2 ’ 2 ’\T’ T 


y 



63. .r 2 + 4y 2 - 2x - 16 y + 13 = 0 

(a) ix 2 - 2x + 1) + 4 (y 2 - 4v + 4) = - 13 + 1 + 16 
ix ~ l) 2 + 4(v - 2) 2 = 4 

(,v - l) 2 t (y ~ 2) 2 t 

4 1 


The graph is an ellipse: 
Maximum: (1, 3) 
Minimum: (1,1) 

(b) x 2 + 4y 2 - 2x - 16y + 13 


2x + 8y 




dy 

dx 


(By 


16) 


dy 

dx 


= 0 
= 0 

= 2 — 2x 

_ 2 — 2x 
~ 8y - 16 


1 — x 
4v - 8 


y 



The critical numbers are x = 1 and y = 2. These correspond to the points (1, 1), (1, 3), (2, — 1), and (2, 3). 
Hence, the maximum is (1, 3) and the minimum is (1, 1). 
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65. Let t = 0 at noon. 

L = d 2 = (100 - lit) 2 + (- 10/) 2 = 10,000 - 2400/ + 244/ 2 

— = -2400 + 488 1 = 0 when t = — « 4.92 hr. 
dt 61 

Ship A at (40.98, 0); Ship B at (0. -49.18) 

d 2 = 10,000 - 2400/ + 244/ 2 

~ 4098.36 when / ~ 4.92 ~ 4:55 P.M.. 
d ~ 64 km 


67. We have points (0, y), ( * , 0), and (1, 8). Thus, 


y - 8 0-8 

m — = or y = 

0-1 x - 1 7 


Let f(x) = L 2 = x 2 + • 


8* 


: - L 


'( X ) 

(* — 1) — * 

V* - 1 / 

L (x - D 2 J 


= 0 


_ 64* _ 

X (x - l) 3 ° 

*[(* — l) 3 — 64] = 0 when x = 0, 5 (minimum). 
Vertices of triangle: (0, 0), (5, 0), (0, 10) 


69 . A = (Average of bases) (Height) 


+ sA v/3s 2 + 2 sx — . 


(see figure) 


I s VHV • V) + y 3 ,2 + 25.f-.V 2 


dA _ 1 

dx 4 | s /3s 2 + 2 sx — x 2 

2(2 i — x)(s + x) 

4 s/3 s 2 + 2 sx — x 2 
A is a maximum when x = 2s. 


= 0 when x = 2s. 



y 




x 


71 . You can form a right triangle with vertices (0, 0), (.t, 0) and (0, y). 
Assume that the hypotenuse of length L passes through (4, 6). 


m 


y ~ 6 

0-4 



6x 

x - 4 


Let f(x) = L 2 = .r 2 + y 2 = _ t 2 + 


f'{x) = 2x + 72i 


-4 


- 4)\_(x - 4) 2 
x\{x — 4) 3 — 144] = 0 when* = 0 or* = 4 + 


J=° 

3/144. 


L « 14.05 feet 
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73. esc 9 



L 

dL 

de 


-p or L, =6 esc 6 (see figure) 

6 

or L 2 = 9 csc(f - oj 

Lj + L-, = 6 esc 0 + 9 csc^ — o\ = 6 esc 9 + 9 sec 9 
6 esc 9 cot 0 + 9 sec 9 tan 9 = 0 


tan 3 9 
sec 0 


• tan 9 = 


J/2 

V3 


Vl + tan 2 0 = - / 1 


+ I 


2/3 732/3 + 2 “/ 3 

3 1 / 3 


esc 0 


sec 9 _ 7 3 2/3 + 2 2/3 
tan 0 2 1 / 3 



_ r (3 2 / 3 + 2 2 / 3 )'/ 2 (3 2 / 3 + 2 2 / 3 ) 1 / 2 

L ~ 6 21/3 + ^ 31/3 


3(3 2 ^ 3 + 2 2 / 3 ) 3 / 2 ft » 21.07 ft (Compare to Exercise 72 using a — 9 and b = 6.) 


75. Total cost = (Cost per hour) (Number of hours) 

,2 


T = 


600 


+ 5 


110 

v 


llv 550 
60 + v 


dT _ 11 _ 550 _ llv 2 - 33.000 
dv 60 v 2 60v 2 

= 0 when v = 73000 = 10 730 ~ 54.8 mph. 

d 2 T _ 1100 

dv 2 v 3 


0 when v = 10 730 so this value yields a minimum. 


77. f(x) = x 3 - 3x ~ 1 

From the graph you can see that/(x) has three real zeros. 
/'(*) = 3x 2 - 3 


n 

X n 

/(*„) 

/'(•*„) 

/(*„) 

f'(x„) 

„ fan) 
" AO 

1 

-1.5000 

0.1250 

3.7500 

0.0333 

-1.5333 

2 

-1.5333 

-0.0049 

4.0530 

-0.0012 

-1.5321 


n 


/(O 

/'CO 

/(O 

f( x n ) 

X n 

f'(x„) 

" /'(O 

1 

-0.5000 

0.3750 

-2.2500 

-0.1667 

-0.3333 

2 

-0.3333 

-0.0371 

-2.6667 

0.0139 

-0.3472 

3 

-0.3472 

-0.0003 

-2.6384 

0.0001 

-0.3473 


n 

X„ 

/(O 

f'(x„) 

/(O 

AO 

fix,,) 

" A* n ) 

1 

-1.9000 

0.1590 

7.8300 

0.0203 

1.8797 

2 

1.8797 

0.0024 

7.5998 

0.0003 

1.8794 


The three real zeros of/(x) are x ~ — 1.532, x ~ —0.347, and x ~ 1.879. 
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79. Find the zeros of/(.r) — xf — x — 3. 
f\x) = 4x 3 - 1 

From the graph you can see that/(.r) has two real zeros, 
/changes sign in [—2, — 1], 


n 

x„ 

f(x„) 

f(x n ) 

/(■*„) 

f(x n ) 

f(x„) 

n f\x n ) 

i 

-1.2000 

0.2736 

-7.9120 

-0.0346 

-1.1654 

2 

-1.1654 

0.0100 

-7.3312 

-0.0014 

-1.1640 


On the interval [—2, — 1]: x ~ — 1.164. 
/changes sign in [1, 2], 


n 

x„ 

f(x„) 

f(x n ) 

f(x„) 

f(x n ) 

, f( X n) 
" fXx„) 

i 

1.5000 

0.5625 

12.5000 

0.0450 

1.4550 

2 

1.4550 

0.0268 

11.3211 

0.0024 

1.4526 

3 

1.4526 

-0.0003 

11.2602 

0.0000 

1.4526 


On the interval [1, 2]; x ~ 1.453. 


81. y 

dy 

dx 

dy 


,r(l — cos x) = x — x cos x 
1 + x sin x — cos x 
(1 + x sin x — cos x) dx 


83. S = 4ttt 2 . dr = A r = ±0.025 

dS = 8t rrdr = 8tt<9)(±0.025) 

= ± 1.877 square cm 

f (100) - f'ff m • ^ (ICO) 

.21 S*M22 ( ,00) -*,.*% 

4 

V = t^Ttr 3 


dV = 47rr 2 dr = 4tt(9) 2 (±0.025) 
= ±8.1 77 cubic cm 

% ( 100 ) - ^( 100 ) - 5 ^( 100 ) 

V (4/3)77 r 3 r 

= 3 ^ ±0 9 ° 25 ^ (100) « ±0.83% 


Problem Solving for Chapter 3 


1. Assume y, < d < y 2 . Let g(x) = f(x) — d(x — a), g is continuous on [a, b\ and therefore 
has a minimum (c, g(c)) on [a, h]. The point c cannot be an endpoint of [a, /;] because 

g\a) = f'(a) ~d = y 1 ~d<0 

g\b ) = f\b) - d = y 2 ~ d >0 

Hence, a < c < b and g '(c) = 0 => /'(c) = d. 
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3. (a) For a = — 3, — 2, — 1, 0, p has a relative maximum at (0, 0). 

For a = 1, 2, 3, p has a relative maximum at (0, 0) and 2 relative minima. 


(b) p'(x) = 4 ax 3 — I2x = 4 x(ax 2 — 3) = 0 


x = 0, + 


p"(x) = I lax 2 — 12 = 12 (ax 2 — 1) 

For x = 0, p"(0) = — 12 <0 => p has a relative maximum at (0, 0). 


(c) If a >0, x = ±- v / — are the remaining critical numbers. 


P ± 


= 121 — 1 — 12 = 24 >0 => p has relative minima for a >0. 


(d) (0, 0) lies on y = — 3x 2 . 


Let x = ± 



p(x) 




Thus, y 



18 = _9 
a a 

= — 3x 2 is satisfied by all the relative extrema of p. 



5. p(x) = x 4 + ax 2 + 1 

(a) p\x) = 4x 4 + 2 ax = 2x(2x 2 + a) 
p"(x) = 16x 2 + 2a 


For a > 0, there is one relative minimum at (0. 0). 

(b) For a < 0, there is a relative maximum at (0, 1). 

(c) For a < 0, there are two relative minima at x = ± 


a 

2 ' 



(d) There are either 1 or 3 critical points. The above analysis 
shows that there cannot be exactly two relative extrema. 


7- fix) = - + x 1 


f\x) = — -^ + 2x = 0=>-^ = 2x 

X 2 X 2 


f"{x) = + 2 

If c = 0 ,f(x) = x 2 has a relative minimum, but no relative maximum. 


c . 


If c > 0, x = 3/ — is a relative minimum, because/"! 3/ — ) > 0. 


If c < 0, x = -» 3 / — is a relative minimum too. 


Answer: all c. 
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9. Set 


fb) ~ f(fl) ~ f\a\b 
( b — a) 2 


a) 


= k. 


Define F(x) = fix) — f(a) — f'(a)(x — a) — k(x — a) 2 . 

F(a ) = 0, F(h) = f{b) - f(a) - f(a)(b - a) - h(b - a) 2 = 0 

F is continuous on [a, &] and differentiable on (a, b). 

There exists c j, a < c x < b , satisfying F'(cj) = 0. 

F'(x) = f\x) — f\a ) — 2 kix — a) satisfies the hypothesis of Rolle’s Theorem on [a, c,]: 
F\a) = 0, F\ Cl ) = 0. 


There exists c 2 , a < c 2 < c t satisfying F'\c 2 ) — 0. 
Finally, F'\x) = fix) — 2k and F"ic 2 ) = 0 implies that 


Thus, k = 


fib ) - fa) - f\a)ib - a) f\cf) , , , , , ,, , l , , u 

— = -If 1 => fib ) = fa) + fia)ib - a) + ~f"ic 2 )ib - a) 2 . 


{b — a) 2 


11 . £(</») = 


tan <)>( 1 — 0.1 tan (/>) _ 10 tan <p — tan 2 (f> 


0.1 + tan (f> 


1 + 10 tan (f) 


.. . (1 + 10 tan <6)(10 sec 2 <h — 2 tan (h sec 2 d>) — (10 tan <h — tan 2 </>)l0 sec 2 (h 

£(< ^ ) = (1 + 10 tan (f>) = ° 

=> (1 + 10 tan <p)il0 sec 2 <f> — 2 tan </> sec 2 <f) — (10 tan <f> — tan 2 <f>)W sec 2 (f> 

=> 10 sec 2 <f> — 2 tan <f> sec 2 <f + 100 tan f> sec 2 if — 20 tan 2 <fi sec 2 (f> 

= 100 tan if sec 2 <fi — 10 tan 2 <fi sec 2 (f> 

=> 10 — 2 tan <t> = 10 tan 2 <f> 

=> 10 tan 2 (f + 2 tan <f> — 10 = 0 


tan if = 


— 2 ± y/4 + 400 
20 


0.90499, -1.10499 


Using the positive value, f> ~ 0.7356, or 42.14°. 


13. v = — 240077 sin 9 
v' — —240077 cos 9 = 0 
. 77 377 

9 = — + 2?!77, — — f 2/777, n an integer 
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X y 4 

15. The line has equation - + = 1 or y = — —x + 4. 

Rectangle: 

(4 \ 4 

Area = A = xy = *1 — —x + 4 I = — -x 2 + 4x. 


A '(x) = -|x + 4 = 0 => |. x = 4 => x = | 


Dimensions: — x 2 Calculus was helpful. 


x y 

Circle: The distance from the center (r, r) to the line — + — — 1 = 0 must be r: 


r r 
3 + 4“ 1 


12 

Ir - 12 

1 

>S 

1 

JO 

5 

12 

5 


\_ J_ 

9 + 16 

5 r = \lr — 12| => r = 1 or r = 6. 

Clearly, r = 1. 

jr y 

Semicircle: The center lies on the line — + = 1 and satisfies x = y = r. 

r r 7 12 

Thus — I — =1 => — r — 1 => r = — . No calculus necessary. 

3 4 12 7 J 


17 . y = (1 + x 2 )-' 

, _ — 2* 

• V “ (1 + .Y 2 ) 2 

„ . : 2(3x 2 - 1) 1 

• v (x 2 +l) 3 “73 


73 
' 3 


y ■ 1 1 1 — 

V3 0 ^3 


73 3\ ( 73 3 

The tangent line has greatest slope at ( — , — I and least slope at ( , — ]. 


19 . (a) 


X 

0.1 

0.2 

0.3 

0.4 

0.5 

1.0 

sin x 

0.09983 

0.19867 

0.29552 

0.38942 

0.47943 

0.84147 


smx < x 


(b) Let f(x) = sin x. Then f’(x) = cos x and on [0. x] you have 
by the Mean Value Theorem, 


cos (c) = 


Hence, 


sin x 

x 

sin x 


= |cos(c)| < 1 


| sin jc| < |.r| 
sin.r < x 




Review Exercises for Chapter 3 437 


50. Let/(x) = tanx, x = 0, dx = 0.05, f\x) = sec 2 x. 

Then 

/(0.05) «/(0) +f{0)dx 

tan 0.05 « tan 0 + sec 2 0(0.05) = 0 + 1(0.05). 


52. Propagated error = f(x + Ax) — f(x), 
\dy 

y 


relative error = 


, and the percent error = 


dy 

y 


x 100. 


54. True, ~r~ = ~r = a 
Ax dx 
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56. False 

Let/(x) = s/x, x = 1, and Ax = dx — 3. Then 
Ay =f(x + Ax) -/(.x) =/( 4) -/( 1) = 1 

and 

dy = f\x) dx = ^=(3) = |. 

Thus, dy > Ay in this example. 


2. (a) /(4) = — /(— 4) = -3 



At least six critical numbers on (—6, 6). 


(b) /(— 3) = — /(3) = -(-4) =4 

(d) Yes. Since/( — 2) = — /( 2) = —(—1) = 1 and 

/( 1) = — /(— 1) = —2, the Mean Value says that there 
exists at least one value c in (—2, 1) such that 


f(c) 


/(l) ~/(- 2) 
1 - (- 2 ) 


-2 - 1 
1 + 2 


- 1 . 


(e) No, lim/(x) exists because /is continuous at (0, 0). 

x — >0 

(f) Yes, /is differentiable atx = 2. 


4- /(*) 
/'(*) 


Vx 2 + 1 

1 , 


[o, 2] 


+ l) -3 / 2 (2x) 


+ (x 2 + l)-‘/ 2 


(x 2 + l) 3 / 2 
No critical numbers 
Left endpoint: (0, 0) Minimum 
Right endpoint: ( 2 , 2/>/5) Maximum 


6 . No. /is not differentiable at x = 2. 


8. No; the function is discontinuous at x = 0 which is in the interval [—2, 1], 


10. f{x) = K 1 < x < 4 

/'W = 

m zJM = 0/4) - 1 = zll± = _I 

b - a 4-1 3 4 


12 . 


/(x) = s/x — 2x, 0 < x < 4 


fXx) 2j~x 2 

f(b) - /(a) - 6-0 _3 

b - a 4-0 2 

/w -i7r 2 --i 


c = 2 


1 
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14. f(x) — 2x 2 — 3x + 1 

f'{x) = 4x - 3 

f{b) — f(a) 21-1 
h — a 4 — 0 

f(c) = 4c - 3 = 5 

c — 2 = Midpoint of [0, 4] 

16 - g(x) = (x + l ) 3 
g\x) = 3(x + l ) 2 
Critical number: x = — 1 


Interval 

— oo<x< — 1 

— 1 < X < OO 

Sign of g / {x) 

g\x) > 0 

g'(x) > 0 

Conclusion 

Increasing 

Increasing 


18. f(x ) = sinx + cos x, 0 < x < 2 tt 
/' to = cos x — sin x 

Critical numbers: x = — , x = — 

4 4 


Interval 

r, 7r 

0 < x < — 
4 

77 577 

— < x < m- 
4 4 

577 „ 

— < x < 2n 
4 

Sign of /'(.*) 

fix) > 0 

/'to < 0 

/'to > 0 

Conclusion 

Increasing 

Decreasing 

Increasing 


20. g(x)=fsin(^- l), [0,4] 

g'W=f(f) c 


- 1 


2 2 

= 0 when r = H , 3 H 

77 77 


Relative maximum: 1 + 


2 3 
77’ 2 

2 3 

Relative minimum: (3 H , — — 

77 2 


Test Interval 

2 

0 < x < 1 H 

77 

2 2 

1H < x < 3 H 

77 7T 

2 

3 H < x < 4 

77 

Sign ofg'to 

g'(x) > 0 

g'to < 0 

g 'to > 0 

Conclusion 

Increasing 

Decreasing 

Increasing 


22 . (a) -y = A sin( Jk/m t) + B cos( Jk/m t) 

y' = A s/k/m cos( Jk/m t) — B Jk/ m sin( Jk/m t) 

_ , sin Jkfmt A / \ A 

= 0 when , = — => tan v k mt) — 

m d \ 7 ’ d 


cos Jk/m t B 


Therefore, 


sin( Jk/m t) — 
cos( JkJm t) = 


v/A 2 + B 2 

B 

JA 2 + B 2 


When v = y ' = 0. 

A 


y = a( 7 0 A J=) = 7a 2 + «- 

V Va 2 + S 2 / \ 7a 2 + S 2 j 


(b) Period: 



Frequency: 


1 


277 / Jkjm 
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24. f(x) = (x + 2) 2 (x — 4) = x 3 — 1 2x — 16 
f'(x) = 3x 2 - 12 

f"(x) = 6x = 0 when x = 0. 

Point of inflection: (0, — 16) 

26. h(t) = t — Ajt + 1 Domain: [—1, oo) 
h\t) = 1 f 2 = 0 => t = 3 

Jt + 1 

h ' Xt) = (f + 1)V2 

/i"(3) = — > 0 (3, —5) is a relative minimum. 

O 


Test Interval 

— oo < x < 0 

0 < x < oo 

Sign of /"(.*) 

/%*) < o 

fix) > 0 

Conclusion 

Concave downward 

Concave upward 



30 . 



dC 

clx 


Qs r „ 
-^r + - = 0 


Qs r 
x 2 2 

2 2Qs 

X- = 


X = 



32 . (a) S = —0.1222 1 3 + 1.3655t 2 - 0.9052f + 4.8429 

(b) 25 



(c) S'(t) = 0 when t = 3.7. This is a maximum by the 
First Derivative Test. 

(d) No, because the t 3 coefficient term is negative. 


34 . 


lim 

x — »oo 


2x 

3x 2 + 5 


lim 

x — »oo 


2/x 

3 + 5/x 2 


= 0 


36 . 


lim 

X — >oo 


3* 

Jx 2 + 4 


lim 

x — >oo 


3 

yr+4/f 


= 3 


38 . g(.r) 


5x 2 

jt 2 + 2 


lim 

x — >oo 


5.x 2 

jk 2 + 2 


lim 

x — >oo 


5 

1 + (2/x 2 ) 


= 5 


Horizontal asymptote: y = 5 


40 . /(*) 


3x 

Vx 2 + 2 


lim 

x — »oo 


3* 

x 2 + 2 


lim 

X — » — oo 


3x 

x 2 + 2 


lim 

x — »oo 


lim 

x — »oo 


3x/x 

Jx 1 + 2/ Jx 2 


J 1 + (2/x 2 ) 


lim 

X — > — CO 


lim 

X —> — co 


3x/x 

Jx 2 + 2/( — v/x 2 ) 


- yi + (2/x 2 ) 


Horizontal asymptotes: y = ±3 
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42 . /(*) = |* 3 — 3x 2 + 2xj = |*(* — 1)(* — 2)| 
Relative minima: (0, 0), (1, 0), (2, 0) 

Relative maxima: (1.577, 0.38), (0.423, 0.38) 



44 . g(x) = — 4 cos x + cos 2x 

Relative minima: (2irfc, 0.29) where k is any integer. 
Relative maxima: ((2 k — 1 ) 77 , 8.29) where k is any integer. 


10 



46 . fix) = 4x 3 — xf = * 3 (4 — x) 

Domain: (— oo, oo); Range: (— oo, 27) 

f\x) = 12* 2 — 4* 3 = 4* 2 (3 — *) = 0 when * = 0, 3. 

/'{*) = 24* — 12* 2 = 12*(2 — *) = 0 when * = 0, 2. 

/"( 3 ) < 0 

Therefore, (3, 27) is a relative maximum. 

Points of inflection: (0, 0), (2, 16) 

Intercepts: (0, 0), (4, 0) 

48 . f(x) = (* 2 - 4) 2 

Domain: (— oo, oo); Range: [0, oo) 
fix) = 4*(* 2 - 4) = 0 when* = 0, ±2. 

/"(*) = 4(3* 2 - 4) = 0 when* = ±^p. 

f"{0) < 0 

Therefore, (0, 16) is a relative maximum. 

f"i± 2) > 0 

Therefore, (±2, 0) are relative minima. 

Points of inflection: (±2^3/3, 64/9) 

Intercepts: (—2, 0), (0, 16), (2, 0) 

Symmetry with respect to y-axis 

50. f[x) = (* — 3)(* + 2) 3 

Domain: (— oo, oo); Range: [— 1 256 5 , °°) 
fix) = (* - 3)(3)(* + 2) 2 + (* + 2) 3 

= (4* — 7)(* + 2) 2 = 0 when * = —2,\. 
fix) = (4* - 7)(2)(* + 2) + (* + 2) 2 (4) 

= 6(2* — l)(* + 2) = 0 when* = — 2, s. 

rid > 0 

Therefore, (|, — 1 ) is a relative minimum. 

Points of inflection: (—2, 0), (^, — 

Intercepts: (-2, 0), (0, -24), (3, 0) 


y 



y 



y 






Review Exercises for Chapter 3 441 


52. f(x) — (x — 2)'/ 3 (x + l) 2 / 3 

Graph of Exercise 39 translated 2 units to the right (x replaces by x — 2). 
(— 1, 0) is a relative maximum. 

(l, — I/ 4 ) is a relative minimum. 

(2, 0) is a point of inflection. 

Intercepts: (—1,0), (2,0) 



54. f(x) 


2x 

1 + x 2 


Domain: (— 00 , 00 ); Range: [—1,1] 

,,/ , 2(1 - x)( \ + x) 

fix) = (1 + t 2)2 = 0 when.v = ±1. 

f"(x) — — = 0 when x = 0, ± J?>. 
(i + x~y 

n 1) < 0 

Therefore, (1, 1) is a relative maximum. 


/"(-I) > 0 

Therefore, (— 1, — l)isa relative minimum. 

Points of inflection: (— •/?>, — >/3/2), (0, 0), (V3, ^3/2) 
Intercept: (0, 0) 

Symmetric with respect to the origin 
Horizontal asymptote: y = 0 


y 



56. fix) 


1 + x 4 


Domain: (— 00 , 00 ); Range: 



/'(•*) 


(1 + xf)(2x) — x 2 (4x 3 ) 
(1 + x 4 ) 2 


2x(l 


x)(l + x)(l + x 2 ) 
(1 + x 4 ) 2 


= 0 when x = 0, ± 1 . 


, , (1 + x 4 ) 2 (2 - 10x 4 ) - (2x - 2x 5 )(2)(l + x 4 )(4x 3 ) 

/ W (1 + x 4 ) 4 


2(1 - 12.x 4 + 3x 8 ) 
(1 + x 4 ) 3 


= 0 when x = ± 


4 j 6 ± n /33 

V 3 


/"(±1) < 0 

Therefore, ^±1, — j are relative maxima. 

n 0) > 0 

Therefore, (0, 0) is a relative minimum. 

Points of inflection: ^/— — ^n/33 , 0.29^, , 0.40 



Intercept: (0, 0) 

Symmetric to the y-axis 
Horizontal asymptote: y = 0 
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58 . f(x) = x 2 + - = 

x x 

Domain: (— oo, 0), (0, oo); Range: ( — 00 , 00 ) 


o 1 2* 3 “ 1 

fix) = 2x -~ 5 = x 


1 


, =0 when x = ■ , . 

2 4/2 


fix) = 2 + -3 = 


2 _ 2 (x 3 + 1 ) 


= 0 when x = — 1 . 



> 0 


Therefore, — , , —= is a relative minimum. 

V4/2 3/4/ 

Point of inflection: (—1,0) 

Intercept: (—1,0) 

Vertical asymptote: x = 0 


y 



f— 2* + 4, X < 1 

60. /(x) = \x 1| + \x - 3| = | 2, 1 < x < 3 

|_2x — 4, x > 3 

Domain: (— 00 , 00 ) 

Range: [2, 00 ) 

Intercept: (0, 4) 


y 



62. f(x) = —(2 sin 7 rx — sin 2 irx) 

77 

Domain: [— 1, 1]; Range: — 

/'(x) = 2(cOS 7JX — cos 27tx) 
2 

Critical Numbers: x = ±— , 0 


3V3 3^3 

277 ’ 277 

= — 2(2 cos 7 jx + l)( 


COS 77X — 


1 ) = 0 


fix) = If— sin 77X + 2 sin 27jx) = 2tt sin 77x(— 1 + 4 cos 77x) = 0 whenx 


By the First Derivative Test: 


( 2 -3V3\ . . 

— — — is a relative mini 

\ 3 277 j 


minimum. 


2 3V3 

3’ 277 


is a relative maximum. 


Points of inflection: (-0.420, -0.462), (0.420, 0.462), (±1, 0), (0, 0) 
Intercepts: (— 1, 0), (0, 0), (1, 0) 

Symmetric with respect to the origin 


y 



64 . fix) = x", n is a positive integer. 

(a) fix ) = nx" ~ 1 

The function has a relative minimum at (0, 0) when n is even. 

(b) fix) = nin - l)x "- 2 

The function has a point of inflection at (0, 0) when n is odd and n > 3. 
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66. Ellipse: + yy = L y = yVl44 - y 2 

A = (2x)( ^Vl44 — x 2 ') = ^^144 — x 2 


dA 


dx 3[_ 7144 - y 2 


+ yi44 - * 2 


144 - lx 2 
3[ 7144 - y 2 J 


= 0 when x = ^Jl2 = 6 */2. 


The dimensions of the rectangle are 2x = 12^2 by y = -^144 — 72 = 4^2. 


y 



68. We have points (0, y), ( x , 0), and (4, 5). Thus, 


y — 5 5 — 0 5* 

m — 1 = or y = . 

0-4 4 — x x x — 4 


Let f(x) = L 2 = x 2 + 

f'(x) = 2x + 50 


x 

x ^4 


x — 4 — x 
. (x ~ 4)2 . 


= 0 



100y 

X - rtr = o 


(x ~ 4) 3 

y[(y — 4) 3 — 100] = 0 when x = 0 or x = 4 + VTOO. 


L = _ / Y 2 + 


25y 2 


(x - 4) 2 Y - 4 


* V(y - 4)2 + 25 = ^ + 4 


VIoo 


yiOO 2 / 3 + 25 « 12.7 feet 


70 . Label triangle with vertices (0, 0), ( a , 0), and ( b , c). The equations of the sides of the triangle are y = (c/b). x and 
y = [c/(b — a)\x — a). Let (y, 0) be a vertex of the inscribed rectangle. The coordinates of the upper left vertex are 
(y, (c/b) y). The y-coordinate of the upper right vertex of the rectangle is (c/b) x. Solving for the Y-coordinate x of the 
rectangle’s upper right vertex, you get 



a — b 

Width of rectangle: a — x — x 


Height of rectangle: — y (see figure) 
’ b 



(Width) (Height) = a 



c 

b 


+ 




a b\t c b\ 
b2)\b 2/ 






h( a ~ - b x )l x 

„ , b 

0 when x = — . 

— flcj = — (Area of triangle) 
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72. You can form a right triangle with vertices (0, y), (0, 0), and (x, 0). Choosing a point (a, b) on the hypotenuse 
(assuming the triangle is in the first quadrant), the slope is 


y — b b — 0 

0 — a a — x 


— bx 


— bx 
a — x 


— ab 
{a — x) 2 _ 


Let/(.v) = L 2 = x 2 + y 2 — x 2 + ( — — ) . 

\a — x) 

f'{x) = 2x + 2 

2 -r[(fl - x) 3 + ab 2 ] n , „ , , m 

= 0 when x = 0, a + {/ab 1 . 

(a — x) 

Choosing the nonzero value, we have y = b + l/a 2 b. 

L = J[a + i/ab 2 ) 2 + (b + l/a 2 b) 2 
= ( a 2 + 3a 4 ' 3 b 2 ' 3 + 3a 2 ' 3 b 4 ' 3 + b 2 )'/ 2 
= (a 2 / 3 + Z> 2 / 3 ) 3 / 2 meters 

74 . Using Exercise 73 as a guide we have L x = a esc 6 and L 2 = b sec 9. Then clL/dO = — a esc 6 cot 9 + b sec 9 tan 9 = 0 when 


-r-rr Jo 2 ' 3 + b 2 ' 3 Jo 2 ' 3 + b 2 > 3 , 

tan 9 = i/a b. sec 9 = ttt , , esc 9 = and 

b l,i a l/i 

( a 2 / 3 + b 2 > 3 Y > 2 la 2 / 3 + b 2 / 3 )'/ 2 

L = L, + L 2 = a esc 9 + b sec 9 = a yjy 1- b = (a 2 / 3 + b 2 / 3 ) 3 / 2 . 


b 1/ 3 


This matches the result of Exercise 72. 


76. Total cost = (Cost per hour)(Number of hours) 

- 2 ^110\ lly 825 

50 + v 


T = vyrr + 7.50 

v500 /\ v 


dT 11 825 llv 2 - 41,250 

dv 50 v 2 50v 2 

= 0 when v = V3750 = 25 ~ 61.2 mph. 

d 2 T 1650 


dv 2 


> 0 when v = 25 s/6 so this value yields a minimum. 


78. f(x) = x 3 + 2x + 1 

From the graph, you can see that/(.v) has one real zero. 

f\x) = 3x 2 + 2 
/changes sign in [— 1, 0], 


n 

X n 

/CO 

/'CO 

fix,,) 

fix,,) 

/to 

" fix,,) 

i 

-0.5000 

-0.1250 

2.7500 

-0.0455 

-0.4545 

2 

-0.4545 

-0.0029 

2.6197 

-0.0011 

-0.4534 


On the interval [— 1, ()]: x ~ —0.453. 
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80. Find the zeros of/(x) = sin ttx + x — 1. 
f'(x) = tt cos TJX + l 

From the graph you can see that/(.x) has three real zeros. 


n 


/(■*„) 

f(x„) 

f(x n ) 


X n 

f'(x n ) 

x 

" f(x n ) 

i 

0.2000 

-0.2122 

3.5416 

-0.0599 

0.2599 

2 

0.2599 

-0.0113 

3.1513 

-0.0036 

0.2635 

3 

0.2635 

0.0000 

3.1253 

0.0000 

0.2635 


n 

X„ 

f(x„) 

/'(•*„) 

f(x„) 

f'(x n ) 

x 

" f(x n ) 

i 

1.0000 

0.0000 

-2.1416 

0.0000 

1.0000 


n 

x„ 

f(x „ ) 

f(x„) 

f(x n ) 

f(x n ) 

Y f(x n ) 

n f(x n ) 

1 

1.8000 

0.2122 

3.5416 

0.0599 

1.7401 

2 

1.7401 

0.0113 

3.1513 

0.0036 

1.7365 

3 

1.7365 

0.0000 

3.1253 

0.0000 

1.7365 


The three real zeros of f(x) are x ~ 0.264, x = 1, and x ~ 1.737. 


82. y = V36 - x 2 


d J = 1(36 - x>)- 1/2 (-2x) = 

ax 2 



dy = 



dx 
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84. p = 75 - 'x 
1 4 

A P = P { 8) - p{ 7) 



[Ap = dp because p is linear] 


2. (a) dV = 3x 2 dx = 3x 2 Ax 


AV = (,r + Ax) 3 — x 3 = 3x 2 Ax + 3,v(Ajt) 2 + (A.r) 3 
AV — dV = 3x(A x) 2 + (Ax) 3 = [3xAx + (Ax) 2 ]Ax 

e 

= eAx, where >0 as Ax— >0. 

(b) Let s = ^ — f'(x). Then e— >0 as Ax— >0. 

Furthermore, Ay — dy = Ay — f\x)dx = eAx. 
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4. Let h(x ) = g(x) — fix), which is continuous on [a, h\ and 
differentiable on (a, b). h(a) = 0 and h(b) = gib) — fib). 

By the Mean Value Theorem, there exists c in (a, b) 
such that 

, hjb) - hja) gib) - fjb) 

\W i 7 

b — a b — a 

Since h '(c) = g \c) — /'(c) > 0 and b — a >0, 

gib) - fib) >0 => g{b) >f(b). 


y 



6. (a) /' = lax + b,f" = la # 0. No points of inflection. 

— b 

(b) /' = 3 ax 2 — Ibx + c,f" = 6ax + lb = 0 =^> x = — — . One point of inflection. 

(c) y ' = kyiL ~ y) — kLy — ky~ 

y" = kLy' — Ikyy' = ky\L — ly) 

If y = then y" = 0 and this is a point of inflection because of the analysis below. 



cl = Vl3 2 + x 2 , sin 0 = 

a 

Let A be the amount of illumination at one 
of the comers, as indicated in the figure. Then 

kl . . klx 


A = 


■ sin 6 = 


A\x) = kl- 


(13 2 + x 2 ) (13 2 + x 2 ) 3 ' 2 

ix 2 + 169) 3//2 (l) — x(^ j(x 2 + 1 69) 1 / 2 (2x) 


(169 + x 2 ) 3 
(x 2 + 169) 3/2 = 3 x 2 (x 2 + 169) 1 / 2 
x 2 + 169 = 3x 2 
2x 2 = 169 

x = ~ 9.19 feet 

V2 


= 0 


By the First Derivative Test, this is a maximum. 
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10. Let T be the intersection of PQ and RS. Let MN be the perpendicular to SQ and PR passing through T. 

Let TM = x and TN = b — x. 

SN MR fc-jt 

SN = MR 


b — x x 

b — x x x 

SQ = b ~ X (MR + PM) = 

A(x) = Area = ^ dx + —d\(b — x) = ^cl\ 

Z Z \ X J Z 


X + 


( b — x) 2 


= 2 rf| 


2x 2 — 2 bx + b 2 
x 


x(4x — 2b) — (2r — 2 bx + b 2 ) 


A 'to = \d 

A '(x) = 0 => 4x 2 — 2 xb = 2x 2 — 2 bx + b 2 
2x 2 = b 2 
b 

x = — p 

72 

Hence, we have SQ = d = [ = (72 — l)r/. 

-V fc/7 2 

Using the Second Derivative Test, this is a minimum. There is no maximum. 

S N Q 



12. (a) Let M > 0 be given. Take A 
you have 

f(x) = x 2 > M. 

(b) Let e > 0 be given. Let M = 
you have 


7 M. Then whenever x > N = 7 M, 


— . Then whenever x > M = 

E 



2 1 1 
XT > — => r < £ 
£ X 



< £. 


(c) Let e > 0 be given. There exists A > 0 such that \f(x) 


Let 8 = — Let x = — . 

A. y 


If 0 < v < 5 = — , then — < — 
N x N 


x > N and 


I/to - L\ = 


- L 


< £. 


L| < e whenever x > A. 
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14 . Distance = V4 2 + x 2 + V(4 — x) 2 + 4 2 = f(x ) 

= x 4 - x = 

1 w 77T7 7(4 - xY + 4 2 

xV(4 - x) 2 + 4 2 = (x - 4) 74 2 + a 2 
x 2 [16 — 8x + x 2 + 16] = (x 2 — 8x + 16)(16 + x 2 ) 

32x 2 - 8x 3 + x 4 = x 4 - 8x 3 + 32x 2 - 128x + 256 
128x = 256 
x = 2 

The bug should head towards the midpoint of the opposite side. 
Without Calculus: Imagine opening up the cube: 


The shortest distance is the line PQ, passing through the midpoint. 



v 1000 


16 . (a) s — 


hr 


km 


3600 


hr 


5 

= 18 V 


V 

20 

40 

60 

80 

100 

.y 

5.56 

11.11 

16.67 

22.22 

27.78 

d 

5.1 

13.7 

27.2 

44.2 

66.4 


d{t) = 0.071s 2 + 0.389s + 0.727 



(b) The distance between the back of the first vehicle 
and the front of the second vehicle is d(t ), the safe 
stopping distance. The first vehicle passes the given 
point in 5.5/s seconds, and the second vehicle takes 
d{s)/s more seconds. Hence, 

r= 4s) + 5^ 

5 5 

n ) n )1 

(d) T(s) = 0.071s + 0.389 + 

s 


r(s) = o.o7i 


6.227 2 _ 6.227 

s 2 =>4 ~ - 0.071 


s ~ 9.365 m/sec 


7X9.365) « 1.719 seconds 


T 


-(0.071s 2 + 0.389s + 0.727) + — 
s s 


9.365 m/sec 


3600 

1000 


3.37 km/hr 


The minimum is attained when s ~ 9.365 m/sec. 


(e) 49.365) = 10.597 m 


X 

0 

0.5 

1 

2 

J 1 + X 

1 

1.2247 

1.4142 

1.7321 

|x+ 1 

1 

1.25 

1.5 

2 


(b) Let f(x) = Vl + x. Using the Mean Value Theorem on the interval [0, x], 
there exists c, 0 < c < x, satisfying 

= 1 = fix) — 4(0) = J 1 + X - 1 

27l + c x — 0 x 

Thus 71 + x = — . +1 < — + 1 (because Vl + c > 1). 

2vl + c 2 
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Review Exercises for Chapter 4 
2 . 



4. u = 3x 


du = 3 dx 



2 

3 


(3x)“ 1/3 (3) dx = (3x) 2 / 3 + C 


- f x 3 — 2x 2 + 1 f 

6. I v <xx = I ( x — 2 + x ) ax 

= -x 2 — 2x — — + C 
2 x 


8 . 


(5 cos x 


2 sec 2 x) dx = 5 sin x — 2 tan x + C 


10 . /"(x) = 6(x - 1 ) 

/'(x) = J 6(x — 1) dx = 3(x — l) 2 + C l 

Since the slope of the tangent line at (2, 1) is 3, it follows 
that/'(2) = 3 + Cj = 3 when C x = 0. 

f\x) = 3(x - l) 2 

f(x) = J 3(x — l) 2 dx = (x — l) 3 + C 2 

/( 2) = 1 + C 2 = 1 when C 2 = 0. 

fix) = U' - l ) 3 


12. 45 mph = 66 ft/sec 
30 mph = 44 ft/sec 
a(t ) = — a 

v(t) = — at + 66 since v(0) = 66 ft/ sec. 
s(t) = — — t 2 + 66 1 since i(0) = 0. 
Solving the system 

v(f) = — at + 66 = 44 

■s(t) = — ^-f 2 + 66 1 = 264 


we obtain t = 24/5 and a = 55/12. We now solve 
— (55/12)? + 66 = 0 and get t = 72/5. Thus, 


72 


+ 66(f 


475.2 ft. 


Stopping distance from 30 mph to rest is 
475.2 - 264 = 211.2 ft. 


14. a(t) = —9.8 m/sec 2 

v(t) = —9.8 1 + v 0 = — 9.8f + 40 
s(t) = -4.9 i 1 + 40? (j(0) = 0) 

40 

(a) v(?) = — 9.8? + 40 = 0 when ? = — ~ 4.08 sec. 

(b) i(4.08) « 81.63 m 

20 

(c) v(?) = —9.8? + 40 = 20 when ? = — ~ 2.04 sec. 


(d) ,s{2.04) » 61.2m 
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16. Xj = 2, x 2 = — 1, x 3 = 5, x 4 = 3, x 5 = 7 

(a) - 2*i = -(2-l + 5 + 3 + 7)= — 

„ 3 I j j ! ! 37 

(b) 2 7 “ 9 “ 1 + S + 4 + 7 “ 


,= 1 1 •*; 2 

5 


5 3 7 210 

(C) 2(2** - *3 = [2(2) - (2) 2 ] + [2(— 1) - (-1P] + [2(5) - (5) 2 ] + [2(3) - (3) 2 ] + [2(7) - (7) 2 ] = 

/= 1 

(d) 2(x,. - Xj_ j) = (-1 - 2) + [5 - (-1)] + (3 h 5) + (7 - 3) = 5 


-56 


18. v = 9 - -x 2 , Ax = 1, n = 4 

4 


5(4) = 1 
» 22.5 
*(4) = 1 
« 14.5 


(9 - 1(4)) + (9 - |(9)) + (9 - 4 ( 16 )) + 9 - 1(25) 


9 “ M + (9 - |(16)) + f9 - ±(25) ) + (9 - 9) 


20. y = x 2 + 3, Ax = — right endpoints 


Area = lim 2 /(«) Ax 
= lim 2 ' ‘ 21 


= lim - 2 

ft— » 00 -4^1 


-1 +3 
n 

4 i 2 
n z 


= lim - 

ft— >00 Yl 


= lim 

ft— >oo 


4 n{n + l)(2n + 1) 
n 2 6 

4 (n + 1)(2« + 1) 


+ 3n 


+ 6 


_ 8 , _ 26 

-3 + 6 “T 



22. y = 7 .x 3 , Ax = - 
4 n 


Area = lim 2 /(cz) Ax 


= lim V - 2 + 

- 1^00 ^ 4' 


= lim — 2 

ft— »oo 2 n 

4 « 

= lim - \ 

ft— » 00 72 


24/ 24r 8/ 3 

+ + — r- + -r 


. 3/ 3 1 2 i 

1 +- + — + - 


= lim - 

n—>oo Yl 


Yl H 

Yl 


3 n(n + 1) 3 n(n + l)(2« + 1) 1 n 2 (n + l) 2 


y 



= 4 + 6 + 4+ ! = 15 
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24. (a) S = ml : + ml ^ )( j ) = ^-(1 + 2 + 3 + 4) = 



5 mb 2 


16 


s . ,„ (0 )m + ,„r-r~) + + »if Ai) - t£« + 2 - 3) - 3j f 

41, mb 2 (n(n + l)\ mb 2 (n + 1) 
2 ,= „ 2 ( 9 '= 


2n 


" v , 1 . _ mb 2 ((n — l)/?^ _ mb 2 (n - 

h' = 2 ) = 27 r 


- 1 ) 


, . , mb 2 (n + 1) 7J7& 2 (77 - 1) 1 , , l,, w ,, 1 , w. . , , 

(c) Area = lim = lim = -mb- = — ( b)(mb ) = — (base)(height) 

n—>oo 2 n n—$ 00 2n 2 2 2 

b i 

= — mb 2 
o 2 


'b 

1 , 

mx dx = 

—mx~ 

Jo 

l _2 J 



26. 


lim V 3 d (9 

All— 4-7. V 


ci 2 ) A.v/ 



a 2 ) tit 


28. 



877 (semicircle) 


30. (a) f f(x ) <ir = f /(a) <it + f /(a) tfa = 4 + (— 1) = 3 

Jo Jo J3 

lb) J fix) dx = -f/(.v) dx = -(-1) = 1 

(c) J f(x) dx = 0 

(d) | - 10/(x) rfjt = - 10^/(x) * = “ 10 (“ !) = 10 


32. | tit = 


I 2x“ 


-2 


-6 


3 = “ST + 6 = (d) 


34. (t 2 + 2) dt = 


3 + 2t 


14 

3 


36. 


(a 4 + 2a 2 


5) dx 


a 5 

5 




52 

15 








1 

8 


40. 


'tt/4 

- 

sec 2 t dt = 

tan t 

— 7 t /4 

- 


= 1 - (- 1 ) = 2 
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58. u — x 3 + 3, du = 3x 2 dx 


r , i r 

x 2 Vx 3 + 3 dx = — ( 

J . 


| x 2 Jx 3 + 3 dx = — (.ir 3 + 3) 1 / 2 3x 2 dx = -(. x 3 + 3) 3 / 2 + C 


60. m = x 2 + 6x — 5, <r/i/ = ( 2x + 6) dx 
J x + 3 if 2x + 6 


(x 2 + 6x - 5) 2 2 J (x 2 + 6.x - 5) 2 * 2 ^ + 6x 5) ' + C 2 {x 2 + 6x - 5) + ° 


62. I x sin 3x 2 dx = 7 (sin 3x 2 )(6x) dx = —7 cos 3x 2 + C 
6 6 


64. 


dx = (sinx) 1 ^ cos x dx = 2(sinx) 1 / 2 + C — 2 Vsin x + C 


66. | sec 2x tan 2x dx = — (sec 2x tan 2x)(2) dx = — sec 2 x + C 


-J‘ 


68. J cot 4 a esc 2 a da = — | (cot a) 4 ( — esc 2 a) da = — — cot 5 a + C 


f x 2 (x 3 + l) 3 dx = \ \ ( 
Jo -^Jo 


70. I x 2 (x 3 + l) 3 dx = - (x 3 + l) 3 (3x 2 ) dx = — 

j n tZ 


(x 3 + l) 4 


0 = 12 (16 - 1} = i 


1 r 6 

72. | — , A - dx = — (x 2 — 8) _1 / 2 (2x) dx = 


^(x 2 - 8)'/ 2 


‘ - 3< 2y7 “ 11 


74. u = x + 1, x = u — 1, <ix = du 

When x = — 1, m = 0. When x = 0, m = 1. 


^ r 1 

2i 7 - x 2 Vx + 1 dx = 2 tt\ (u — 1 ) 2 ^/udu 

= 2tt f ( 1 / 5 / 2 — 2m 3 / 2 + n 1 / 2 ) du = 2tt| 

Jo 


9 4? 

4 7 / 2 - 7W 5 / 2 + 4 3 / 2 

753 


1 = 3277 
0 105 


t/4 

76. I sin 2x dx = 0 since sin 2x is an odd function. 
J — 7t/4 


78. u = 1 — x, x=l — u, dx — —du 

When x = a, u = 1 — a. When x = b, u = 1 — b. 

h 1 1SS 1 1SS f 1 ~ b 

4 h = I ^y-x 3 (l - x) 3/2 dx = -^-J “(1 - u) 3 u 3/2 du 


1155/ 1155 

^ (m 9 / 2 - 3m 7 / 2 + 3m 5 / 2 - m 3 / 2 ) du = ^ 

32 Ji-a 32 


y^M 1172 - |m 9 / 2 + jf " 2 - |m 5 / 2 


l-A 
1 — a 


1155 


32 


2 u 3 ' 2 

1155 


(105m 3 - 385m 2 + 495m - 231) 


(4 2 . 

16 


(105m 3 - 385m 2 + 495m - 231) 


( a ) 4,0.25 
03) 4.5,1 = 


M 5 / 2 

16 


(105m 3 - 385m 2 + 495m - 231) 


M 5 / 2 

—(105m 3 - 385m 2 + 495m - 231) 
16 


0.025 = 2.5% 


0.736 = 73.6% 
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r 2 # 

, . 77? , 

2 

. TTt 

1.75 sin — - dt = 


1.75 cos — 

Jo 2 

77 

L 2 J 


Increase is 


7 5 1 19 

— = — = 0.6048 liters. 

77 77 77 


— — (l.75)(— 1 - 1) = - « 2.2282 liters 

7 T 77 


82. Trapezoidal Rule ( n 


4): 



2(l/4) 3 / 2 
3 - (1/4) 2 


+ 


2(1/2 ) 3 / 2 

3 - (1/2) 2 


2(3/ 4) 3/,z 
3 - (3/4) 2 



Simpson’s Rule (n 


4): 




4(1/4)V 2 2(l/2) 3 / 2 

3 - (1/4) 2 + 3 - (1/2) 2 


+ 


4(3/4) 3 / 2 
3 - (3/4) 2 



0.172 

0.166 


Graphing utility: 0.166 


84 . Trapezoidal Rule ( n = 4): I -Jl + sin 2 x dx ~ 3.820 

Jo 

Simpson’s Rule (n = 4): 3.820 
Graphing utility: 3.820 


Problem Solving for Chapter 4 


2. (a) F(x) = sin t 2 dt 


X 

0 

1.0 

1.5 

1.9 

2.0 

2.1 

2.5 

3.0 

4.0 

5.0 

F(x ) 

-0.8048 

-0.4945 

-0.0265 

0.0611 

0 

-0.0867 

-0.3743 

-0.0312 

-0.0576 

-0.2769 


(b) G(x) = — sin t 1 dt 

x ~ 2 J 2 


X 

1.9 

1.95 

1.99 

2.01 

2.05 

2.1 

G(x) 

-0.6106 

-0.6873 

-0.7436 

-0.7697 

-0.8174 

-0.8671 


lim G(x) « -0.75 

x->2 X — 1 


— lim 

x->2 X — 


1 P • 

I~2 S1 
Z J 2 


sin t 2 dt 


= lim G(x) 

Since F'(x) = sin x 2 , F'(2) = sin 4 
(Note: sin 4 ~ -0.7568) 


lim G(x) . 

A— >2 
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4 . Let d be the distance traversed and a be the uniform acceleration. 
We can assume that i'(0) = 0 and j( 0) = 0. Then 

a(t) = a 

v(t) = at 

s(t) = \at 2 . 
s(t) = d when t = 



/ / 

The highest speed is v = a^f — = ~J2ad. 


The lowest speed is v = 0. 

The mean speed is Jlad + 0) = -yj 

The time necessary to traverse the distance d at the mean speed is 

t - d - /?d 

J ad / 2 v a 

which is the same as the time calculated above. 



(b) 

(c) 

(d) 

(e) 


v is increasing (positive acceleration) on (0, 0.4) and (0.7, 1.0). 

v(0.4) - v(0) 60 — 0 


Average acceleration = 


0.4 - 0 0.4 

This integral is the total distance traveled in miles. 
1 


= 150 mi/hr 2 


385 


v(f) dt = — [0 + 2(20) + 2(60) + 2(40) + 2(40) + 65] = 


One approximation is 

v(0.9) — v(0.8) 50 - 40 

a (°- 8 ) = n n 7CS = n , = 100 ml / hl “ 


0.9 - 0.8 


0.1 


38.5 miles 


(other answers possible) 
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a 
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14. (a) (1 + i) 3 = 1 + 3( + 3 r + i 3 => (1 + i) 3 — i 3 = 3i 2 + 3i + 1 
(b) 3 i 2 + 3i + 1 = ( i + l) 3 — i 3 


i 2 + 3 i + 1 ) = 2 [(« + !) 3 - ! ' 3 ] 


= (2 3 - l 3 ) + (3 3 - 2 3 ) + ■ ■ • + [((« + l) 3 - « 3 )] 
= ( n + l) 3 — 1 


Hence, ( n + l) 3 = 2(3 + 3/ + 1) + 1 

i= 1 

(c) (n + l) 3 - 1 = JO* 2 + 3/ + 1) = 23' 2 + 3( ” K ” + ° + n 

1=1 i = 1 ^ 


23/ 2 = n 3 + 3n 2 + 3 n — 


3 n(n + 1) 


2 n 3 + 6n 2 + 6 n — 3 n 2 — 3 n — 2 n 
2 

2 n 3 + 3n 2 + n 
2 

n(n + l)(2 n + 1) 


1' 2 = 


n(n + l)(2n + 1) 

6 


16. (a) C = 0.1 


(b) C = 0.1 


■r 


. 77<f ~ 8) 

12 sin 


12 


clt = 


14.4 77<f - 8) 

cos To — 

7 T 12 


-14.4 


77 


( I - 1) « $9.17 


12 sin 


. 7 At — 8) 


12 


- 6 


dt = 


14.4 77(7-8) 

cos — 0.67 

77 12 


-14.4/-V3 


- 10.8 


Savings = 9.17 - 3.14 = $6.03. 


-14.4 /73^ _ 

77 \ 2 


6 


18 ' ,a) L “ 3 ' I/w/J t-x)*- 

Let u = b — x, du — — dx. 

, r /(& - u) , , -v 

A = 7n 1 I f, d ~du) 

Jbf( b ~ u > +/(«) 

b fib ~ u) 


o fib ~ u) +/(«) 

h fib ~ x) 
o fib ~ x) + fix) 


du 


dx 


Then, 


2 A = I 7 dx + \ — X \, \ dx 

Jo. 


b fix) 

0 fix) + fib - x) 1 Jo fib - x) + fix) 1 

b 


= 1 dx = b. 


Thus, A = -. 

2 


fb) b = I 


sin(l — x) + sin 


- dx = 


$3.14 
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CHAPTER 4 
Integration 

Section 4.1 Antiderivatives and Indefinite Integration 

Solutions to Odd-Numbered Exercises 


1. 4ih + c) = 4(3 *“ 3 + C) = -9x~ 4 = 
dx\x* ) ax 


-9 

x 4 


d( 1 


dx\ 3 


4a + C = x 2 — 4 = (a — 2)(a + 2) 


5. 4 = 3r 2 
dt 

y = t 3 + C 


Check: -[f 3 + C] = 3 i 1 
dt 


dx 


y = Y' 2 + C 


Check: 


dx\ 


|y 5 / 2 + C 


= x 3 / 2 


Given 

9. J'/x d* 

11 . — ' 

J A v A 


13. 


Rewrite 
x l/ 3 dx 


f 

J* 


" 3 / 2 


— x 3 dx 


Integrate 


x 4 ' 3 

4/3 


+ C 


- 1/2 


Simplify 


7 .V 4 / 3 + C 

4 


+ C 


- 1/2 

+ C 

-v/y 

1/y“ 2 ' 

) + c 

1 

2\ — 2, 

4y 2 


15. | (y + 3)<it = — + 3 y + C 


17. (2y — 3x 2 )dx = x 2 — x 3 + C 


Check: - 7 -I 
ax 


— + 3a + C 


= A + 3 


Check: —[a 2 — a 3 + C] = 2a — 3a 2 
dx 


19. J (a 3 + 2 ) dx = —a 4 + 2a + C 


n -f 


(a 3 / 2 + 2a + 1) Ja = -A 5 / 2 + A 2 + A + C 


Check: + 2y + C ] = y 3 + 2 

dx \ 4 


Check: 4( §y 5 / 2 + y 2 + y + C ] = y 3 / 2 + 2y + 1 
dx\5 


f^ d ' 


23. | l/x 2 dx — | a 2 / 3 dx = ^ ^ - + C = “A 5 ^ 3 + C 


J/3 


Check: -r 1 ! 7 A 5 / 3 + C = a 2 / 3 = vx 2 
Ja\5 


25. J^y = fx 


X ^ 

-2 


x~* 1 

+ C =-2? +C 


Check: M + c) = 4 

<&\ 2y 2 


177 
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27. 


f X + X f + ^ dx = f (x 3 / 2 + x 1 / 2 + x '/ 2 ) dx = fx 5 / 2 + \x 2 ! 2 + 2x'/ 2 + C — — x*/ 2 (3x 2 + 5x + 15) + C 
J Jx J 5 3 15 


Check: ^[\x i/2 + gx 2 ' 2 + 2.x 1 / 2 + C] = x 2 ' 2 + x 2 ' 2 + x~ 1 / 2 = 
dx\ 5 3 


x 2 + x + 1 


29. (x + l)(3x — 2) dx = (3x 2 + x — 2) dx 


= x 3 + -x 2 — 2x + C 


Check: x 3 + 1. x 2 — 2. x + C] = 3x 2 + x — 2 

dx 


= (x + l)(3x - 2) 


31. 


J y 2 Jy dy = J ; y 5/2 dy = |v 7/2 + C 
Check: y-^y 7 / 2 + cj = y 5 / 2 = y 2 Vy 


33. dx = 


= 1 dx = x + C 


35. (2 sin * + 3 cos x) dx = — 2 cos % + 3 sin * + C 


Check: — (* + C) = 1 

dx 


Cl , . 

Check: , ( — 2 cos x + 3 sin x + C) = 2 sin x + 3 cos x 
dx 


37. 


|"(1 — esc r cot t) dt = t + esc t + C 

Check: 4~(t + CSC t + C) = 1 — CSC t cot t 
dt 


39. 


J (sec 2 6 — sin 6) dO = tan 9 + cos 6 + C 

Check: ~(tan 9 + cos 9 + C) = sec 2 9 — sin 9 
du 


41. (tan 2 y + 1 ) dy = sec 2 y dy = tan y + C 


Check: — (tan y + C) = sec 2 y = tan 2 y + 1 
dy 


43. /(x) = cos x 


y 

I 



45. f(x) = 2 

/(x) = 2x + C 



Answers will vary. 


47. f(x) = 1 - x 2 
fix) = X - y + C 



49. ^ = 2x - 1, (1, 1) 
dx 

y — J"(2* — 1) dx = x 2 — x + c 
1 = (l ) 2 - ( 1 ) + c => C = 1 

y = x 2 — x + 1 


Answers will vary. 
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51. 


dy 

dx 


cos x, (0, 4) 


y 

4 

y 


cos x dx = sin x + C 

sin 0 + C => C = 4 
sinY + 4 


55. f'(x) = 4x,f(0) = 6 

f(x) = J 4x dx = lx 2 + C 

f( 0) = 6 = 2(0) 2 + C => C = 6 
/(y) = 2y 2 + 6 


53. (a) Answers will vary. 



(b) £ = ? -1 ’ (4 ’ 2) 
y = j - .r + C 
4 2 

2 = — - 4 + C 
4 

2 = C 

y = - - .r + 2 



57. /i'(r) = 8^ + 5, /r(l) = -4 

h(t) = | (8f 3 + 5)* = 2Z 4 + 5r + C 

/r(l) = -4 = 2 + 5 + C=>C=-ll 
/j(f) = It 4 + 5t - 11 


59. /"(y) = 2 

fX 2) = 5 
/( 2 ) = 10 

/'(*) = J 2 dx = 2x + C[ 

/'( 2) = 4 + C, = 5 C, = 1 
/'(y) = 2x + 1 

/(y) = J (2x + 1) <t/y = x 2 + x + C 2 

/( 2) = 6 + C 2 = 10 => C 2 = 4 
/(y) = y 2 + y + 4 

63. (a) /?(f) = J(1.5t + 5) dt = 0.75r 2 + 5r + C 

/i(0) = 0 + 0 + C=12 => C = 12 
h(t) = 0.75/ 2 + 5/ + 12 
(b) A(6) = 0.75(6) 2 + 5(6) + 12 = 69 cm 


61. f"(x) = Y 3/2 

/'( 4 ) = 2 
/( 0 ) = 0 

/'(y) = I x~ 3 / 2 dx = —2x~ 1 ^ 2 + Cj = — + C, 

J Vx 

/X 4) = + c, = 2 C, = 3 


/'W = — 7 = + 3 

V* 

/(y) = J (— 2x~ x ! 2 + 3) dx = — 4y*/ 2 + 3y + C 2 

/( 0) = 0 + 0 + C 2 = 0=>C 2 = 0 
/( x ) = — 4Y 1 / 2 + 3y = — 4v/y + 3y 
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65. /( 0) — —4. Graph of/' is given. 

(a) /'(4) » -1.0 

(b) No. The slopes of the tangent lines are greater than 2 
on [0, 2], Therefore, /must increase more than 4 units 
on [0, 4], 

(c) No,/(5) < /(4) because /is decreasing on [4, 5]. 

(d) /is an maximum at jc = 3.5 because /'(3. 5) ~ 0 and 
the first derivative test. 

(e) /is concave upward when/' is increasing on ( — oo, 1) 
and (5, oo)./is concave downward on (1, 5). Points 
of inflection at x = 1,5. 


(f) /"is a minimum at x = 3. 



67. a(t) = — 32 ft/sec 2 

v(f) = J - 32 dt = —32 1 + C, 
v(0) = 60 = C, 

s(t) = J (-321 + 60)* = - 16/ 2 + 60/ + C 2 
i(0) = 6 = C 2 

s(t) = — 16/ 2 + 60/ + 6 Position function 
The ball reaches its maximim height when 
v(f) = -32/ + 60 = 0 
32/ = 60 

15 

t = — seconds 

O 

"(if ) - - 16 (ir ) 2 + “(¥) + 6 ~ 62 26 f “' 


69 . From Exercise 68, we have: 
s(t) = — 16/ 2 + v 0 / 

v o 

s (/) = — 32/ + v 0 = 0 when / = — = time to reach 
maximum height. 



550 


v o 2 


V 


64 + 32 


550 


v 0 2 = 35,200 
v 0 ~ 187.617 ft/sec 


71 . a(t) = -9.8 

v(z) = | -9.8* = -9.8/ + C, 
v(0) = v 0 = Cj => v(/) = —9.8/ + v 0 
/(/) = J (— 9.8/ + v 0 ) * = — 4.9/ 2 + v 0 / + C 2 
/(0) = s 0 = C 2 /(/) = — 4.9/ 2 + v 0 t + s 0 


73. From Exercise 71, /(/) = — 4.9/ 2 + 10/ + 2. 

v (/) = — 9.8/ + 10 = 0 (Maximum height when v = 0.) 
9.8/ = 10 

= i£ 



75. a = -1.6 

v(/) = J — 1.6 dt = — 1.6/ + v 0 = — 1.6/, since the stone was dropped, v 0 = 0. 

s(t) = J(— 1.6/) dt = — 0.8/ 2 + s 0 

s( 20) = 0 — 0.8(20) 2 + s 0 = 0 

s 0 = 320 

Thus, the height of the cliff is 320 meters. 
v(/) = — 1.6/ 
v(20) = — 32 m/ sec 
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77 . x(t) = r 3 - 6r 2 + 9t - 2 0 < t < 5 

(a) v(r) = x'(t) = 3r 2 — 12r + 9 

= 3 (r 2 - At + 3) = 3(r - l)(r - 3) 
a(t) = v '(f) = 6/ — 12 = 6(r — 2) 

(b) v(r) > 0 when 0 < t < 1 or 3 < t < 5. 

(c) a(f) = 6(r — 2) = 0 when t = 2. 
v(2) = 3(1)(— 1) = -3 


79 . v(r) = -^ = r 1 / 2 r > 0 

Jt 

x(t) = J v(t) dt = 2r 1/2 + C 

x(l) = 4 = 2(1) + C => C = 2 
x(r) = 2r 1/2 + 2 position function 

a(t) = v'(r) = — ^-A 3 / 2 = 3 y 2 acceleration 


81 . (a) v(0) = 25 km/hr = 25 • m/sec 

v(13) = 80 km/hr = 80 • ^ m/sec 

a(t) = a (constant acceleration) 
i'(f) = at + C 


v(0) = 


250 

36 


v(t) — at + 


250 

36 


800 250 

v(!3) = “7T = 13fl + — 


36 

550 

36 


= 13a 


550 275 , . , 

a = 468 = 234 ^ L175m/seC " 

(b) s(t) = « j + ^ l (i(0) = 0) 

<13)= mm + f> (13) ~ 189.58 m 
v 234 2 36 


„ (1 mi/hr)(5280 ft/mi) _ 22 , 

85 ’ (3600 sec/hr) “ 15 ft/seC 


83 . Truck: v(t) = 30 

,s(r) = 3 Or (Let ,s{0) = 0.) 

Automobile: a(r) = 6 

v(r) = 6 r (Let v(0) = 0.) 
i-(r) = 3f 2 (Let .v(0) = 0.) 

At the point where the automobile overtakes the truck: 
3 Or = 3r 2 
0 = 3r 2 — 30r 

0 = 3r(r — 10) when r = 10 sec. 

(a) j(10) = 3(10) 2 = 300 ft 

(b) v(10) = 6(10) = 60 ft/sec ~ 41 mph 


t 

0 

5 

10 

15 

20 

25 

30 

^(ft/sec) 

0 

3.67 

10.27 

23.47 

42.53 

66 

95.33 

L,(ft/sec) 

0 

30.8 

55.73 

74.8 

88 

93.87 

95.33 


(b) V(t) 
V 2 (t) 


(c) S,(r) = V,(r) dt = 


0.1068 


0.0416 


r 2 + 0.3679r 


S 2 (t) = V 2 (r) dt = - 


0.1208r 3 6.799 lr 2 


- 0.0707r 


[In both cases, the constant of integration is 0 because 5/(0) = 5 2 (0) = 0] 
5/(30) « 953.5 feet 
5 2 (30) « 1970.3 feet 

The second car was going faster than the first until the end. 


0.1068r 2 - 0.0416r + 0.3679 
-0.1208r 2 + 6.7991r - 0.0707 
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87. a(t) = k 
v(t) = kt 
Ic 

s{t) = -r 2 since v(0) = i(0) = 0. 

At the time of lift-off, kt = 160 and (k/2)fl = 0.7. Since {k/2)t 2 = 0.7, 



« 18,285.714 mi/hr 2 
~ 7.45 ft/sec 2 . 


89. True 91. True 

f f f X 3 ( X 2 \(x 2 

93. False. For example, I x • x dx A lx dx • I x dx because — + C A I — + II — + C 2 


95. f'(x) = 


1 1, 0 < x <2 

1 3jt, 2 < x < 5 


lx + C \ 
fix) = | 3x 2 


0 < x <2 


+ C 2 , 2 < x < 5 


/(l) = 3 => 1 + C, = 3 => C, = 2 
/ is continuous: Values must agree at x = 2: 


4 = 6 + C 2 =i 

fx + 2 
/(*) = | 3.r 2 


0 < x < 2 
-2, 2 < x < 5 


The left and right hand derivatives at x = 2 do not agree. Hence / is not differentiable at x = 2. 


Section 4.2 Area 


j 5 5 

1. ^(2/ + 1) = 2^i + 2)l = 2(1 + 2 + 3 + 4 + 5) + 5 = 35 
/ = 1 / = 1 


„ 4, 1 , 111 1 158 

3. 2) . . =1+- + t + — + — = 


+ 1 


9 1 


2 5 10 17 85 

8 


9- X 

j=i 


5 1 + 3 


4 

5. 2)c = c + c + c + c = 4c 
= i 


7 « 

ll. Y 

» t=lL 


f - (!) 


13.-2) 


2 1 + 


3 i 


20 20 

15. 2)2 i = 22)1 = 2 

i=l /=! 


20 ( 21 ) 


= 420 


20 

17. f(^l) 2 = 2)i 

( = i 


19(20) (39) 


= 2470 


6 
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15 15 15 15 

19. f id - l ) 2 = fc - ifi 2 + fi 

i = 1 / = 1 1=1 1=1 

= 15 2 (16) 2 _ 15(16)(31) 15(16) 

4 “ 6 2 

= 14,400 - 2,480 + 120 

= 12,040 


21. sum seq(xQ 2 + 3, x, 1, 20, 1) = 2930 (77-82) 

| (i - 2 + 3 ) = 20 ( 20 +lf(20) + l) + 3(20) 


(20)(21)(41) 

6 


+ 60 = 2930 


23. 8 = [3 + 4 + | + 5](1) = f = 16.5 
s = [l + 3 + 4 + §](1) = f = 12.5 


25. 8 = [3 + 3 + 5](l) = 11 
s = [ 2 + 2 + 3](1) = 7 


27. 8(4) = 


1 + s/2 + s/3 + 2 



0.768 


0.518 




11111 

5 + 6 + 7 + 8 + 9~ °' 746 


11111 

6 + 7 + 8 + 9 + 10“°' 646 


31. lim 

ft — >00 


/ 81 \m 2 (m + l) 2 

= ^lim[ 

_\M 4 / 4 

4 «— >00 


= ^(1) = — 
4 V ’ 4 


33. 


lim 

ft — » 00 


1 1 8 \ 72(77 + 1 ) 
\n 2 ) 2 


!B .. 

= - 3 - lim 

Z ft— »oo 


n z + n 


18 

2 


(1) = 9 


35. £ 


2 i + 1 


£(2 i+ 1) 


1=1 


5(10) = = L2 

8(100) = 1.02 
8(1000) = 1.002 
8(10,000) = 1.0002 


n(n + 1) 

2 — — - — - + n 


n + 2 
n 


S(n) 


n(n + 1) 
2 _ 

2] = 8(n) 

8(10) = 1.98 
8(100) = 1.9998 
8(1000) = 1.999998 
8(10,000) = 1.99999998 


3’- 


n(n + l)(2n + 1) 


2 n 2 + 3« + 1 — 3n — 3 
6 


= A[2m 2 - 

n z 


39 . 



16 

lim — 

ft — >00 ft 




16/ n(n + 1 ) 

lim — 3 

n-»oo M-\ 2 


lim 

ft— » 00 


M 2 + m\ 
M 2 


lim ( 1 + - ) = 8 

ft— > OO \ ft / 
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lim — d 

ft — >oo n 


(» 



i) 


lim -| 

ft— >oo O 


2« 3 — 3« 2 + 


lim 

ft— >co 


1/ 2 - (3/n) + (1/n 2 ) 
6 \ 1 


3 



2 lim — 

ft 1 n 

2 1 + -2' 

= 2 lim — 

n + -| 

n(n + l)\ 

= 2 lim 

«-»oo /2 

L/= i n i= i J 

ft — >oo 7? 


2 /. 

ft— > OO 


1 + 


»- + n 
~2n 2 ~ 


= 2 1 



= 3 



Endpoints: 


0<1 -I <2 

\n 


<«( — ) = 2 
n 


< ■ ■ ■ < (n ~ 1)^ 

(c) Since y = x is increasing, /(m,.) = f(x j _ j) on [x,-_ j, xj. 
«(«) = j? /(.*,•- 1) Ax 

^2\ 


= 2/' 


2i - 2\/2 , = ^ 


<* ~ ^ 


(d) /(M f ) = /(.V,) on [x,_ j, x,] 


2i\2 


S(n) = = 2/ (7 - = 2 


lim J 




= lim 

ft— »oo 


2(« + 1) _ 4 

n ;t 


= 2 


- = lim — Vi 

■ » ' «^oo 

- lim (l)=l£±il 

ft ^00 \n z / 2 

- lim *^>-2 

ft— >00 /I 


47. y = — 2* + 3 on [0, 1]. Note: Ax = 


1-0 1 


n / 1 \ / 1 \ « 

« = 2/t)(^x L 


-21-1 + 3 
n 


_ 2 4, 2(n + l)n 1 

= 3 - —V i = 3 - v , = 2 - - 

2n 2 n 


Area = lim s(n) = 2 



49. y = x 2 + 2 on [0, 1], Note: Ax = 


ivn 


= 2/u » = 2 


\n/\n/ ,eiL\n 


+ 2 


1 n 
1 Y3 


. n(n + l)(2n +1) 1 . 

+ 2 = — -A; - + 2 = - 2 H 1- 

6;r 6\ 


+ 2 


Area = lim 5(n) = — 
ft— > OO 3 
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— 30 — -p—z(n + l)(2 n +1) ( n + 1) 

6 n z n 


8 70 1 

Area = lim s(n) = 30 — - 4 = — = 23- 
n^oo K 3 3 3 


53. y = 64 — x 3 on [1, 4], ( Note: Ax = 


4-1 3 




21 i 3 Hi 2 9 i 


3 27 n 2 (n + l) 2 27 n(n + 1)(2 n +1) 9 + 1) 

— — 63 n t 7 — 

n ri* 4 n z 6 n 2 


= 189 - ^(n + l) 2 - |\(n + l)(2n + 1) - 

4 / 7 - 6/! 2 2/7 


8 1 27 5 1 3 

Area = lim s(n) = 189 T1 — = —— = 128.25 

n — >oo 4 2 4 
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57. /(y) = 3y, 0 < y < 2 ( 


Note: Ay = 


2-0 2 


S(«) = j?/(m,.)Ay = ^/(— - = j? 3 (— (- 
,^i ,4i \nj\nj /til \nj\nj 

12 . / 12\ ti(ti + 1) 6(ti +1) 6 

— “ r >7 — 1 —7 * — — — 6 H 

n \n A ) 2 ti ft 

Area = lim S(ti) = lim (6 + — ) = 6 

n— »oo «— »oo \ 71/ 



59. /(y) = y 2 , 0 < 37 < 3 (Note: Ay = = - 

\ 71 71 


n n /9t'\ 2 /3\ ?7 n 

S („) = V/ * ± = y - - = 4 V / 2 

i^i v « An/ V n / U/ n 3 O, 


_ 27 _ n(n + l)(2n + 1) _ 9 / 2n 2 + 3« + l \ _ 27 9 

« 3 6 h 2 \ 2 / 2n 2 n 2 


/ 27 9 \ 

Area = lim S(n) = lim 9 + - — I- y = 9 

7? — >oo «->oo \ Z71 2 71 z / 

61. g(v) = 4y 2 - y 3 , 1 < y < 3. (Note: Av = = -) 

\ 71 71/ 

S(n) = J g(l + f)(A 
1=1 ' 


= 2 


n/\n/ 

, 2/\ 2 / 2 1 

4( 1 H ) - 1 + - 

71 / V 71 


= ! l 4 


4 i 4z 2 


6 i 

to 

00 

13 1 x 

— 

1 + — + 

-V- + ~r 

n n _ 


| 71 7t 7T J 




9 n 

= -2 
n Al 


, , 10f , 4r _ 8f 

n n 2 n 3 


10 n(n + 1) 4 n(n + l)(2n +1) 8 n 2 (n + l) 2 

3 n H 1 — ~ t 


44 


Area = lim S(n) = 6+10 + - — 4 = 

n — >oo 3 3 


63. f(x) = x 2 + 3, 0 < x < 2, n = 4 
x,. + x i _ 1 


Let c, = 


2 

1 1 


Ac = -, C, = C, = C-, = C d = T 

2 1 4 2 4 3 4 4 4 


Area « ^/(c,) Ac = ^[c, 2 + 3]l 


1 

2 

69 




65. f(x) = tan x, 0 < x <—, n = 4 


Let c ; = 


x i + A-i 


.77 77 377 577 7 77 

Ax = , C, = , Co — , Co = , C A = 

16 1 32 2 32 3 32 4 32 


Area = Ax = ^ (tan c,)(-^r 

i = 1 


7 T ' 
\ 16; 


n ( IT 3t t 5n Itt 

= — tan — + tan — — + tan — + tan — — 

16 V 32 32 32 32 


67. f(x) = Jx on [0, 4], 


71 

4 

8 

12 

16 

20 

Approximate area 

5.3838 

5.3523 

5.3439 

5.3403 

5.3384 


0.345 


(Exact value is 16/3) 
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69. f(x) = tan (^) on [1. 3]. 


n 

4 

8 

12 

16 

20 

Approximate area 

2.2223 

2.2387 

2.2418 

2.2430 

2.2435 


71 . We can use the line y = x bounded by x = a and x = b. The sum of the areas of these circumscribed rectangles is the 

The sum of the areas of these inscribed rectangles is the upper sum. 

lower sum. 




We can see that the rectangles do not contain all of the area in 
the first graph and the rectangles in the second graph cover 
more than the area of the region. 

The exact value of the area lies between these two sums. 


73 . (a) 


Lower sum: 

i(4) = 0 + 4 + 5^ + 6=15^=f = 15.333 


(c) 




(b) ? 



Upper sum: 

5(4) = 4 + 5y + 6 + 6j = 21 b = if « 21.733 

(d) In each case, Ax = 4/n. The lower sum uses left end- 
points, (i — l)(4 /n). The upper sum uses right endpoints, 
(i){4/n). The Midpoint Rule uses midpoints, ( i — |)(4 /n). 


Midpoint Rule: 

M{ 4) = 2§ + 4 + 5f + 6| = fpf = 19.403 


n 

4 

8 

20 

100 

200 

s{n) 

15.333 

17.368 

18.459 

18.995 

19.06 

Sin) 

21.733 

20.568 

19.739 

19.251 

19.188 

M{n) 

19.403 

19.201 

19.137 

19.125 

19.125 


(f) s(n) increases because the lower sum approaches the exact value as n increases. 5(n) decreases because the upper sum 
approaches the exact value as n increases. Because of the shape of the graph, the lower sum is always smaller than the 
exact value, whereas the upper sum is always larger. 
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75. >' 77. True. (Theorem 4.2 (2)) 



79. f(x) = sin x. 



Let A[ = area bounded by f(x) = sin x, the jr-axis, x = 0 and x = ir/2. Let A-, = area of the rect- 
angle bounded by y = 1, y = 0, x = 0, and x = ir/2. Thus, A-, = (tt/2)(1) ~ 1.570796. 

In this program, the computer is generating N-, pairs of random points in the rectangle whose 
area is represented by A 2 . It is keeping track of how many of these points, N t , lie in the region 
whose area is represented by A v Since the points are randomly generated, we assume that 



y 



The larger N 2 is the better the approximation to A 1 . 


81. Suppose there are n rows in the figure. The stars on the left total 1 + 2 + ■ ■ • + n, as do the stars on the right. There are 
n(n + 1) stars in total, hence 

2[l + 2 + • ■ • + n] = n(n + 1) 

1 + 2 + • • • + n — \{n){n + 1). 


83. (a) y = (-4.09 x 10“V + 0.016.r 2 - 2.67.r + 452.9 

(c) Using the integration capability of a graphing utility, 
you obtain 

A = 76,897.5 ft 2 . 
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Section 4.3 Riemann Sums and Definite Integrals 


1. f(x ) = s/x, y — 0, x = 0, x = 3, Cj = 


3( 2 


A.V: = — “ 


3 i 2 3 (/ - l) 2 _ 3 


= 4(2 i ~ 1) 


lim 2/(c,) Ax, = lim ^ 

n — >oo -TT- « — 


f 3i 2 3 


n — >oo V rf n 

= lim ^V(2 P - i) 

n — >c© n 


(2 i - 1 ) 


- lim 5^1 


n(n + 1)(2 n + 1) n{n + 1) 


= lim 3 v/3| 

n — >oo 

= 3V3| 


6 2 
( n + l)(2n +1) n + 1 


2-0 


3 n 2 2 n 2 

= 2 73 « 3.464 


y 
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3. y = 6 on [4, 10]. 


Note: Ax = — = — , ||A|| — > 0 as n —> oo ) 

« n / 


6/\ / 6 


,36 


-St-36 


6 dx — lim 36 = 36 

n—>co 


5. y = x 3 on [— 1, 1]. ( Note: Ax = — — = — , ||A|| — > 0 as n — » oo) 

n n / 




6i 12 i 2 8 i 3 

-13 3 g- 

n n n 3 


f 


^-2 + 6|l + i -4f 2 + 3 + lU 4 fl + 2 + = 2 


. 2 


x 3 dx = lim - = 0 

n— »oo Tl 


7. y = x 2 + 1 on [1, 2]. (Note: Ax = = — , || A|| — > 0 as n— >oo ) 

\ n n / 


2/WAx^s / 1 + ^=2 


«V 1 


1 + -] + 1 

n, 


= 2 


1 i i 2 

13 h — + 1 


2 " . l " „ / l\ if 3 , 1 \ 10 3 1 

- 2 + — V I + — 7^1' — 2 + (l 3- — +—[2 + — — 7 — — + — — h — ~z 
n 2 .—j n 3 ,—j \ «/ 6\ n n 2 ) 3 2n 6n~ 

\ / 10 3 1 \ 10 

(x 2 + l)^ = n hm( T + - + ^j = y 


n r 5 

9. lim V (3c- + 10) Ax, = (3x + 10) dx 

IIAIMO fa J—l 

on the interval [—1,5]. 


77 I J 

11. lim V x/c ; 2 3“ 4 At . = x/x 2 + 4 <£t 
IIAII >0 ^ Jo 

on the interval [0, 3], 


13. 




|x|) dx 


17. 


(4 — x 2 ) dx 


' 77 ' 

19. sin x dv 

Jo 



23. Rectangle 
A = bit = 3(4) 


Jo 


A = 4 dx = 12 


I Rectangle 
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29. Triangle 

A=\bh = |(2)(1) 

A = f (1 — |x|) dx — 1 


Triangle 




In Exercises 33-39, 



33. 



35. 


4x dx = 


'4 

4 x dx = 4(6) = 24 

J2 


r4 r 4 r4 

37. I (x — 8) dx = x dx — 8 dx — 6 — 8(2) = — 10 

J2 J 2 


41. (a) f /(x) dx = f f(x) dx + f f(x) dx = 10 + 3 = 13 

Jo Jo J 5 

(b) J f(x) dx — — J f(x ) dx = — 10 

(c) j^/W dx = 0 

(d) [ 3/(x) dx = 3 [ /(x) dx = 3(10) = 30 

Jo Jo 


'4 / 1 \ if 4 f 4 f 4 

39. ( -x 3 — 3* + 2 J dx = — x 3 dx — 3 * d* + 2 dx 

J 2 / 2J 2 J 2 J 2 


= ^(60) - 3(6) + 2(2) = 16 


I 


43. (a) | [/(x) + g(x)] dr = J /(x) dx + J g(x) dx 
= 10 + (- 2 ) = 

(b) I [g (x) - /(x)] dx = [ g(x) dx - I /(x) dx 


i 


J 2 J 2 

= -2 - 10 = -12 


(c) 2g(*) = 2 I g(x) dx = 2(— 2) = — 4 


2g(x) dx = 2^ 
£ 3/(x) dx = 3^ 


(d) 3/(x) dx = 3 /(x) dx = 3(10) = 30 


45. (a) Quarter circle below x-axis: — |irr 2 = — |'7t(2) 2 = — tt 

(b) Triangle: \bh = t(4)(2) = 4 

(c) Triangle + Semicircle below x-axis: — t(2)(1) — jtt{2) 2 = —(1 + 2 tt) 

(d) Sum of parts (b) and (c): 4 — (1 + 2t t) = 3 — 2 it 

(e) Sunt of absolute values of (b) and (c): 4 + (1 + 2tt) = 5 + 2tt 

(f) Answer to (d) plus 2(10) = 20: (3 — 2tt) + 20 = 23 — 2i t 


47. The left endpoint approximation will be greater than the 
actual area: > 


49. Because the curve is concave upward, the midpoint 
approximation will be less than the actual area: < 
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51. f(x) 


1 


x - 4 


is not integrable on the interval [3, 5] and /has a 
discontinuity at x = 4. 



55. ? 



'3 

57. x x/3 — x dx 

Jo 


n 

4 

8 

12 

16 

20 

L)n) 

3.6830 

3.9956 

4.0707 

4.1016 

4.1177 

Mill) 

4.3082 

4.2076 

4.1838 

4.1740 

4.1690 

Rin) 

3.6830 

3.9956 

4.0707 

4.1016 

4.1177 


59. 


'tt/2 

sin 2 x dx 

Jo 


n 

4 

8 

12 

16 

20 

Lin) 

0.5890 

0.6872 

0.7199 

0.7363 

0.7461 

M)n) 

0.7854 

0.7854 

0.7854 

0.7854 

0.7854 

Rin) 

0.9817 

0.8836 

0.8508 

0.8345 

0.8247 


61. True 


63. True 


65. False 


(~x) dx 


-2 


67. fix) =x 2 + 3x, [0, 8] 

x 0 = 0, x l = 1, x 2 = 3, x 3 = 7, x 4 = 8 
Ary = 1, Ax-, = 2, Ax 3 — 4, Aa _ 4 = 1 
Cj = 1, c 2 = 2, c 3 = 5, c 4 = 8 

2 /( c <) ^ = /(!) + /( 2 ) A*2 + /( 5) Ax 3 + /(8) Ax 4 

i= 1 

= (4)(l) + (10)(2) + (40) (4) + (88)(l) = 272 
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, ^ 1 1, x is rational 

[0, x is irrational 

is not integrable on the interval [0, 1], As ||A|| — >0,f{c : ) = 1 °r/(c,) = 0 in each subinterval since there 
are an infinite number of both rational and irrational numbers in any interval, no matter how small. 


71. Let/(x) = x 2 , 0 < x < 1, and Ax, = \/n. The appropriate Riemann Sum is 


iV 1 1^ 


rg'- 2 ' 


lim %1 2 + 2 2 + 3 2 + • • • + n 2 ] = lim \ ■ ” (2 ” + + D 

oo n—>oo YV 6 


In 1 + 3« + I (I 1 1 

= lim = lim - + — + — -j 

n -> oo OH n >oo \j, In OH 
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i- fix) = 


X 2 + 1 


X 2 + 1 


dx is positive. 



3. fix) = xjx 2 + 1 

J> 


x 2 + 1 dx — 0 



5. 2 x dx = 

Jo 


= 1 - 0=1 


7. J (x — 2) dx = 


a- . 

2 “ 2 * 


0 (l 

-i =°- ( 2 + 21 ^ 


9. J it 2 - 2) dt = 


3“ 2 ' 




11. I (2 1 - l) 2 dt = f (4f 2 - 4? + 1) dt = 


-t 3 -2 t 2 + t 


*41 
= - - 2 + 1 = - 
o 3 3 


13. Ar - 1 dx = 


3 

x 

x 


" = f-4 - 2^) - (-3 - 1) = ^ 


'4 * r 4 

15. _ du = ill 1 ! 2 — 2 u -1 / 2 ) du = 

. 1 v U * 1 


r u 3 ! 2 — 4 K 1 / 2 


(V4) 3 - 4^4 


- 4 


17. (Vt - 2) dt = 


7 4 / 3 - 2r 

4 




19. 




dx = - (x - x 1/2 ) dx = - 

D D a J 


— - -X 3 / 2 

2 3 


1 _ 1/J. _ 2\ 1_ 

0 “ 3\2 3/ ~ 18 


21. [t 1 ' 3 - t 2 / 3 ) dt = 


3 3 
-> 4/3 _ £, 5/3 

4 5 


1 4 5/ 20 


-3 r 3/2 r3 / 

23. |2x — 3 1 rfx = (3 — 2x) dx + (2x — 3) dx I split up the integral at the zero x = — ) 

Jo Jo J 3/2 V 2/ 


3x — x 2 


3/2 




4 2/ \2 4/ 2 


m I (N 
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-3 r 2 p 

25. |x 2 — 4| dx = (4 — x 2 ) dx + (x 2 — 4) dx 

JO Jo J 2 


X 3 

2 

X 3 


+ 

— — 4x 

3 _ 

0 

L 3 J 


= ^ 
3 


27. (1 + sin x) dx = 


x — cos x 


= (it + 1) - (0 - 1) = 2 + 


'tt/6 

29. sec 2 x dx = 

J — tt/ 6 


tan x 


Vs = 73 _ /_ V3\ = 2v/3 
-tt/6 3 \ 3 / 3 


31. 


-tt/3 

- 

4 sec 9 tan 9 d9 = 

4 sec 6 

— 7r/3 

- 


7r/3 


f 


33. | 10,000(? - 6) dt= 10,000 

(3 — x) s/x dx 

Jo 


— 7t/3 


— 6? 


= 4(2) - 4(2) = 0 


= -$135,000 


35. A = (.v — .x 2 ) dx = 


2 3 


1 = 1 
o 6 


37. A = 


= | (3x'/ 2 — x 3 / 2 ) dx = 
o 


2x 3 / 2 - ±x 5 / 2 


fVx 


(10 - 2x) 


1273 


o 5 


'ir/ 2 


cos x dx — 

sin x 

Jo 

. 


■nil 


= 1 


41. Since y > 0 on [0, 2], 


A = (3x 2 + 1) dx = 


x 3 + x 


= 8 + 2 = 10 . 


43. Since y > 0 on [0, 2], 

r- 

A = I (x 3 + x) dx = 

Jo 


1 

4 2 


= 4 + 2 = 6. 


45. x 


— 2 7x) dx = 

f(c )( 2 - 0 ) = 

c — 2j~c = 


4x 3 / 2 


.2 3 

6 - 872 

3 

3 - 472 


2 . $72 

o “ 3 


c - + 1 - 3 + 1 




/c - 1 = ± . 


/ 6 - 4 72 


1 ± 


6 - 472 


c = 0.4380 or c ~ 1.7908 
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'tt/A 

- 

2 sec 1 2 * x dx = 

2 tan x 

J — 7r/ 4 

- 


7r/4 


J — 7t/4 


= 2(1) — 2(— 1) = 4 


f{c] 


77 / 77 

4 ~~ \ 4 


= 4 


2 sec 2 c = — 

77 

4 

77 

sec c = ±- 


c = ±arcsec 


_2_ 
/ 77- 

[tt 


= ±arccos ~ +0.4817 
2 


49. 


2 - ( 2) J _ 


(4 — x 2 ) dx = 


4 , - 3 , 2 


-2 4 


8 "3 - 


Average value = — 


2V3 


4 — x 2 = — when * 2 = 4 — — or x = ± ^ 


±1.155. 


-8 + 



51. | sin x dx = 

77 ~ 0 


Average value = 


cos x 

77 


77 _ 2 

0 77 


77 
2 

ix = — 

77 

x « 0.690, 2.451 



(0.690, |) 

^--^451, §) 




53. If / is continuous on [a, /?] and F'(*) = /(*) on [a, b\ 


then f{x) dx = F(b) — F(a). 


55. f(x)dx = — (area of region A) = — 1.5 


59. f [2 + f(x)] dx = f 2 dx + f /(*) dx 

Jo Jo Jo 

= 12 + 3.5 = 15.5 


'6 r2 r6 

57. |/(x)| dx = — /(x) dx + f(x) dx = 1.5 + 5.0 = 6.5 

Jo Jo J2 


61. (a) F(x) = k sec 2 x 
F(0) = k = 500 
F(x) = 500 sec 2 .* 


(b) 


77/3 - 0j 0 


7t/3 


500 sec 2 x dx = 


1500 


77 

1500 


tan x 


tt/3 

0 


77 


(V3 - 0) 


826.99 newtons 
5 827 newtons 


1 1 

63. — - (0.17297 + 0.15527 2 - 0.03747 s ) dt « - 

5 0J 0 5 


0.086457 2 + 0.050737 s - 0.009357 4 


0.5318 liter 
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65 . (a) 


The area above the v-axis equals the area below the 
x-axis. Thus, the average value is zero. 



The average value of S appears to be g. 


67 . (a) v = -8.61 x 10“ 4 f 3 + 0.0782 1 2 - 0.208 / + 0.0952 
(b) so 


io XL 


r 60 

(c) | v(t) dt ■ 


1.61 x 10 4 r 4 0,0782^ 


0.208F 


+ 0.0952 1 


2476 meters 


69 . F(x) = (t — 5) dt = 


2~ 5t 


= t~ 5x 

o 2 


F(2) = - - 5(2) = -8 

25 25 

F( 5) = f - 5(5) = -f 

F( 8) = y - 5(8) = -8 


'l 0 f x — | o 

71 . F(.t;) = I —rdv = 10v _2 <iv = 

v- J 1 v . 


= — — + 10 = lof 1 — — 

x \ x 


F(2) = log = 5 


F(5) = 10^j = 8 

F(8) = 10 (I) = T 


73 . F(x) = cos Odd = sin 9 


= sinx — sin 1 


F(2) = sin 2 - sin 1 = 0.0678 
F(5) = sin 5 - sin 1 « -1.8004 
F(8) = sin 8 - sin 1 « 0.1479 


75 . (a) | (t + 2) dt = 

1 


(b) 


dx 


-x 2 + 2x 


L 2 + 

= x + 2 


1 

= -x 1 + 2x 
o 2 


77 . (a) J lftdt = 


— ? 4 /3 

4 


1 = 7(.r 4 / 3 - 16) = 7X 4 / 3 - 12 
8 4 V 4 


(b) 


dx 


V/ 3 - 12 


= v 1 / 3 = 3/ 


79 . (a) I sec 2 t dt = 

Jx/4 


tan t 


x/4 


= tan.r — 1 


(b) — [tan.r — ll = sec 2 * 
dx 


81 . F( x) = J {t 2 - 2t) dt 
F'(x) = x 2 — 2x 


83 . F(x) = | Vr 4 + 1 dt 
F'(x) = V* 4 + 1 


85 . F(x) — I t cos t dt 

Jo 

F\x) = x cos x 
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'x+2 

87. F(x) = (4f + 1) dt 


2 1 2 + t 


= [ 2(x + 2) 2 + ( x + 2)] — [2x 2 + x] 
= 8x + 10 
F'(x) = 8 


Alternate solution: 


•x+2 

F(x) = (4t + 1) dt 

JX 


— I (4 1 + l) dt + I (4 1 + 1) dt 


— — I (4 1 \ ) dt ( I (4 1 + l) dt 

Jo Jo 

F\x) = ~{4x + 1) + 4(x + 2) + 1 = 8 


89. F(x) = J~t dt — 


2 3/2 

3 


sin x o 

= (r-(sinx) 3 / 2 
o 3 


F'(x) = (sin x) 1 / 2 cos x = cos xVsin x 

Alternate solution 

Tsin x 

F(x) =| Jl dt 


F\x) = v/sin x — (sinx) = v/sin x(cos x) 
dx 


93. g(x) = /(f) dt 


g(0) = 0, g(l) ~ ± g( 2) - 1, g(3) « g( 4) = 0 


y 



rx 3 

91. F(x) = I sin t 2 dt 

Jo 

F\x) = sin(x 3 ) 2 • 3x 2 = 3x 2 sinx 6 


95. (a) C(x) = 5 000 1 


25 



= 50001 


25 


+ 3 



= 5000^25 + -yx 5/4 j = 1000(125 + 12x 5 / 4 ) 

(b) C(l) = 1000(125 + 12(1)) = $137,000 
C(5) = 1000(125 + 12(5) 5/4 ) = $214,721 
C(10) = 1000(125 + 12(10) 5 / 4 ) « $338,394 


g has a relative maximum at x = 2. 


97. True 


99. False; 



2 dx + 



dx 


Each of these integrals is infinite. /(x) = x 
has a nonremovable discontinuity at x = 0. 


r /x i c x i 
101 • f(x) = l t 2 + \ dt + \ 0 1 2 + \ dl 

By the Second Fundamental Theorem of Calculus, we have 
/W = (1 / x) 2 + l(“?) + .DTT 

= “TT^ 2 + .dTT = °' 


Since /'(x) = 0,/(x) must be constant. 
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103. x(t) = t 3 - 6t 2 + 9t - 2 
x'(t) = 3 1- - lit + 9 
= 3 (f 2 - 4r + 3) 

= 3 (f - 3 )(t - 1) 


Total distance = I |x'(?)|^ 


= f 3|(f - 3 )( f - 1)|* 
Jo 

3f< 


r 3 r 5 

= 3 | (t 2 — 4t + 3) dt — 3 (t 2 — 4t + 3 )dt + 3 ( 

Jl J3 


= 4 + 4 + 20 
= 28 units 


105. Total distance = \x'(t)\dt 

= \v(t)\dt 


= )t> 


= 2^, 

= 2(2 — 1) = 2 units 


Section 4.5 Integration by Substitution 

\f(g(x))g’(x) dx 


1. (5x 2 + l) 2 (10x) dx 


3. 


: dX 


v^h' 

5. I tan 2 x sec 2 x dx 


7. (1 + 2x) 4 2 dx = 


« = g(x) 

du = g '(x) dx 

5x 2 + 1 

lOx dx 

x 2 + 1 

2x dx 

tan x 

sec 2 x dx 

t) 5 

— + C 



Check: 


dx 


(1 + 2x) 5 


+ C 


= 2(1 + 2x) 4 


9. | (9 - .t 2 ) 1 / 2 (-2a) dx = (9 3/ !, 2)3/2 + C = |(9 - x 2 ) 3 / 2 + C 


Check: — 

dx\ 


|(9 - x 2 ) 3 / 2 + C 


= | • §(9 - x 2 )‘/ 2 (-2x) = ^9^ 


2 — 4 1 3 )dt 


: 2 (— 2x) 
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1 f 1 (r 4 + 3l 3 (r 4 + 3l 3 

11. | x^x 4 + 3) 2 dx = — (x 4 + 3) 2 (4x 3 ) dx = — 1- C = — 1- C 


Check: 


dx 


(x 4 + 3) 3 
12 


+ C 


31.x 4 + 3) 2 
12 


(4x 3 ) = (x 4 + 3) 2 (x 3 ) 


3. Jx 2 (x 3 — 1 ) 4 dx = jJ(. 


13. | x 2 (x 3 — l) 4 dx = j (x 3 — l) 4 (3x 2 ) dx = 


V-1) 5 


(x 3 - l) 5 

+ c = - —A + c 


15 


Check: 


dx\ 


(* 3 ~ l) 5 

15 


+ C 


5(x 3 — l) 4 (3x 2 ) 
15 


= x 2 (x 3 - l) 4 


15. JtJF +2 dt = ±J(t 2 + 2)'/ 2 (2f) dt= X - (f ~ ^ )V ' + C = (f ~ + 3 2)V ~ + C 


Check: 


dt 


(f 2 + 2) 3 / 2 


+ c 


3/2 (r 2 + 2) 1 / 2 (2/) 


= ( t 2 + 2 ) 1 / 2 ! 


17. I 5x(l ~ x 2 ) 1 / 3 dx — — 7 (1 — x 2 )'/ 3 ( 2x) dx = — 7 • — — — jd K C = — 77(1 — x 2 ) 4 / 3 + C 

2 J 2 4/3 o 


Check: -7- 

dx 


-^(1 - x 2 ) 4 / 3 + C 


15 4, 


= — — • — (1 — x 2 ) 1 / 3 ( 2x) = 5x(l — x 2 ) 1 / 3 = 5x4/ 1 — x 2 
o 3 


19. | ,, * , M dx = (1 - x 2 )“ 3 (-2x) dx = + C = 1 + C 


(1 - x 2 ) 3 2 


2 -2 


4(1 - x 2 ) 2 


Check: — 

dx 


1 


4(1 - x 2 ) 2 


+ C 


= i(-2)(l-x 2 )- 3 (-2x) = {r ^ ¥ 


21. I ^ dx = ^ (1 + x 3 ) 2 (3x 2 ) dx = 7 
(1 + x 3 )“ 3 J 3 


(1 +x 3 )-> 


-1 


+ C = - 


3(1 + x 3 ) 


+ C 


Check: 


dx 


1 

3(1 + x 3 ) 


+ C 


= -|(- 1 )( 1 +X 3 )- 2 (3x 2 )=^x3)2 


23. | — , X n dx = — - (1 — x 2 ) */ 2 (— 2x) dx = — 7— — V C = — v/l — x 2 + C 




2 1/2 


Check: — [— (1 — x 2 ) 1 / 2 + C] = — — (1 — x 2 ) 1 / 2 (— 2x) = 


dx 




25. Ill + ■— 1(2 | dt = - 


t \C 


1 + ift4U = -tt±i^ + c 


Check: -7-I 
df 


[1 + ( l / l )] 4 


+ C 


f/ V t- 


-X 1 + t)B)-K 1+ 7) 


27. | — jL= dx = 7 (2x) 1/2 2 dx = ^ 

V2x 2J 2L 1/2 . 


+ C — -v/2^ 3" C 


Check: -y-[V2x + c] = ^(2*) 1 ^ 2 (2) = ! — 

dx 2 V2x 
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29. J- — — dx = J ( x 3 / 2 + 3jc 1//2 + 7x 1 / 2 ) dn: = jx 5 / 2 + 2t 3 / 2 + 14x'/ 2 + C — j Vx{x 2 + 5x + 35) + C 

c/ T 2 3 r 2 + 3r + 7 

Check: 4' 5 / 2 + 2x 3 / 2 + 14.* 1 / 2 + C = 2. 

ax|_5 J Jx 


31. jt 2 (t ~^jdt= J(t 3 - 2 1) dt = ^t 4 - t 2 + C 

Check: -y yt 4 — t 2 + C — t 3 — It = t 2 (t — — 
dt L4 J \ t. 


3. J(! 9 - y)Jy dy = J(9// 2 - y 3 ' 2 ) dy = 9(|y 3 / 2 ) - |y 5 / 2 + C = |y 3 / 2 (15 - y) + C 

Check: ^y 3 / 2 (15 — y) + C = -y- 6y 3 / 2 — ^y 5 / 2 + C = 9y 1/a — y 3 / 2 = (9 — y)v^v 

ay _ j _ _ j 


35. y = 4x ^ , dx 

• L Vl6 - x 2 ] 


= 4 jx dy - 2 J 1 .I 6 — .v 2 )- , '' 2 (— 2.) dy 

( x 2 \ r (i6 - .t 2 ) 1 / 2 ] „ 

= 4 ( 2 J - 2 |_“ 1/2 + C 


= 4 2 - 2 


= 2t 2 — 4v/l6 — x 2 + C 


39. (a) 



f x + 1 

^ — J (x 2 + 2x — 3) 2 


= — (x 2 + 2x — 3) 2 (2x + 2) dx 


\\{x 2 + ix — i) 1 


’2(x 2 + 2x - 3) 


(b) — = xjA — x 2 , (2, 2) 
dx 


y = J x V 4 — x 2 dx = — — J (4 — ^ 2 ) 1 / 2 (— 2x dx) 

= ~ • |(4 - x 2 ) 3/2 + C = -|(4 - .y 2 ) 3 / 2 + C 


(2, 2): 2 = --(4 - 2 2 ) 3 / 2 + C => C = 2 


V = -2(4 - x 2 ) 3 / 2 + 2 



41. 7 t sin to rfx = — cos to + C 


43. sin 2* dx = — (sin 2x)(2x) dx 


— cos 2x + C 
2 


45. J, cos ' : 

u 6 


cosU-^Ade 


— sin - + C 
6 
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if* 1 (sin 2 jc)^ 1 

47. I sin 2x cos 2x dx = — (sin 2*) (2 cos 2x) dx = — - — 22 I - C = — sin 2 2 x + C OR 

i 2 ) 22 4 

sin 2x cos 2x dx = — 7- f (cos 2x)(— 2 sin 2x) dx — — ^ ^ cos — f C l = _ ^ cos 2 2x + C 1 OR 


sin 2x cos 2x dx = ^ 2 sin 2x cos 2x dx = ^ | sin 4x dx — 77 cos 4x + C, 


1 1 , tan 5 * „ 1 _ „ 

49. I tan 4 x sec- x dx = — b C = — tan 5 x + C 


51. 


cot 3 x 


dx = — J (cot.*) 3 (— esc 2 *) dx 
(cot*) -2 


-2 


+ C = - — , h C = | tan 2 * + C = ^(sec 2 * — 1) + C = ^ sec 2 * + C, 

2 cot 2 * 2 2 V 2 1 


53. cot 2 x dx = (esc 2 * — 1) dx = —cot* — * + C 


55. /(*) = J cos ^ <i* = 2 sin ^ + C 

Since /(0) = 3 = 2 sin 0 + C, C = 3. Thus, 


/(*) = 2 sin - + 3. 


57. zz = * + 2, x = u — 2, dx = z/zz 

j * V* + 2 dx = J (11 — 2) s /11 du 

= fox-- - 


= -zz 5 / 2 - -zz 3 / 2 + C 
5 3 


2zz 3 / 2 

15 


(3zz - 10) + C 


= — (* + 2) 3 / 2 [3(* + 2) - 10] + C 


= — (* + 2) 3 / 2 (3* — 4) + C 


59. zz = 1 — *, * = 1 — u, dx = — du 

J * 2 Vl — * dx = — 1"(1 — ii)-sfiidu 

2 »« + 

= -(|» 3/2 - j*z 5/2 + f» 7/2 ) + C 


2 zz 3 / 2 
' 105 


(35 - 42u + 15 zz 2 ) + C 


= -^(1 - *) 3/2 [35 - 42(1 - *) + 15(1 - *) 2 ] + C 


= (1 - *) 3/2 (15* 2 + 12* + 8) + C 
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61. u = 2x — 1, x = — (u + 1), dx = ^ du 


4^dx= pa/^H-DP-i i du 

.hr - 1 ./a 2 


*/ 2 [(« 2 + 2u + 1) — 4] du 


1 f 

= — (u 3 / 2 + 2 m 1 / 2 — 3m“'/ 2 ) du 

8 J 


= -\lu 5 / 2 + -a 3 ' 2 - 6m 1 / 2 ] + C 
8 V 5 3 ) 


— (3m 2 + 10m — 45) + C 

60 


-[3(2x - l) 2 + 10(2x - 1) - 45] + C 


= — J2x - I ( 1 2x 2 + 8x - 52) + C 
60 


>2x - l(3x 2 + 2x - 13) + C 


63. m = x + 1. x = m — 1, dx = c/m 


(x + 1) - 


- dx = — — — -j=- du 

J U — VM 


( v fa + l)( J m — l) 


= — J (1 + u 1 / 2 ) c/m 

= — (m + 2m 1 / 2 ) + C 
= —u — 2 n /m + C 
— — (x + l) — 2>/ x + 1 + C 
= —x — 2jx + 1 — 1 + C 
= — (x + 2jx + l) + C[ 
where C 1 = —1 + C. 


65. Let m = x 2 + 1, du = 2x dx. 


f if 1 n l 1 

x(x 2 + l) 3 dx = — (x 2 + l) 3 (2x) c/x = -(x 2 + l) 4 =0 

J-i 2J_, L» J-i 


67. Let m = x 3 + 1, du = 3x 2 dx 


/x 3 + 1 c/x = 2 • — J (x 3 + l)'/ 2 (3x 2 ) cix 

= '2 (x 3 + l) 3 / 2 ] 2 
_3 3/2 Ji 


jr (x 3 + 1) 3 / 2 ] 2 

Ji 


= ^27 - 2V2] = 12 - ^v/2 
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69. Let u = 2x + 1, du = 2 dx. 

[ — . ^ dx = ^ [ (2x + l) _1 / 2 (2) dx 
Jo Jlx + 1 -Jo 


J2x + 1 


V9 - yr = 2 


71. Let u = 1 + vy, (f« = — /= dx. 

2jx 


i - Jx ( 1 + n/y)' 


dx 


= 2 f ( 1 + •>/*) 2 (— L ^)c/y = 


\2s/xJ 


2 

1 + Vxi 


9 = -i + i = i 

i 2 2 


73. u = 2 — x, x = 2 — u, dx = — r/w 

When x = 1, « = 1. When x = 2 , u = 0. 
ri r o 


•2 r o r o 

(x — 1) V2 — xdx = — [(2 — w) — = («V 2 — u 1 / 2 ) du 

J \ J \ J \ 


|« 5 /2 - | m 3/2 



_£ 

15 


75. 



c/y 



3^3 

4 


77. m = y + 1, x = i/ — 1, dx = 

When y = 0, « = 1. When y = 7, « = 8. 


Area = y4/y + 1 dx = 


rs 

(it — l)4/« r/« 

I 


= (if 


4/3 _ „1 






1209 

28 


79. A = (2 sin y + sin 2y) dx = — 


2 cos x H — cos 2y 
2 


= 4 



89. (2y — l) 2 dx = — (2y — l) 2 2 <t/y = -(2y — l) 3 + C, = -y 3 — 2y 2 + y — — + Cj 


(2y — l) 2 dx = | (4y 2 — 4y + 1) (it = -y 3 — 2y 2 + x + C 2 


They differ by a constant: C, = C, — — . 

6 
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91. f(x) = a 2 (.a 2 + 1) is even. 

x 2 (x 2 + 1) dx = 2 f (a 4 + x 2 ) dx = 2 
-2 Jo 


5 + 3. 


= 2 


32 8 

5 + 3 


272 

15 


93. /(a) = a(a 2 + l) 3 is odd. 


a(a 2 + 1 ) 3 dx = 0 


95. I A ' 2 dx = 

Jo 

r o 


= — ; the function a 2 is an even function, 
o 3 


8 


(a) x 2 dx — I x 2 dx — - 

J — 2 Jo 

r- r 2 n f 

(c) ( — A 2 ) dx = — A 2 dx = — - 

Jo Jo ; 


J x 2 dx = 2 £ 


(b) J a 2 dx = 2 | a 2 dx — 
(d) J 3a 2 dx = 3 J x 2 dx = 


f 4 /*4 /*4 /*4 

(a 3 + 6a 2 — 2a — 3) dx = (a 3 — 2a) dx + (6a 2 — 3) dx = 0 + 2 (6a 2 — 3) dx = 2 

-4 J — 4 J— 4 Jo 


2a 3 


99. Answers will vary. See “Guidelines for Making a Change of Variables” on page 292. 

dV k 


101. /(a) = a(a 2 + l) 2 is odd. Hence, J a(a 2 + l) 2 dx = 0. 


103. 


dt ( t + l) 2 
k 


V(t) = 


(t + 1)' 


dt = —- 


t + 1 


V(0) = -k + C = 500,000 

V(l) = -\k + C = 400,000 

Solving this system yields k = - 
C = 300,000. Thus, 

, , 200,000 

V(t) = — + 300,000. 

t + 1 

When t = 4, V{4) = $340,000. 


105 . 


1 


b — a 

1 


rb 

TTt 

1 

262.5 777 


74.50 + 43.75 sin — 

dt = , 

74.507 cos 

Ja 

L 6 J 

b — a 

77 6 _ 


(a) 

(b) 

(c) 


„ , 262.5 irt 

74.50f cos — 

7 T 6 

262.5 77 1 

74.50f cos — 

77 6 

262.5 777 

74.50f cos — 

77 6 


3 w 262 5 \ 

= — ( 223.5 H ] ~ 102.352 thousand units 

o 3\ 77 

6 1/ 762 5 

= — ( 447 H 223.5 ] ~ 102.352 thousand units 

3 3 \ 77 

12 1 ( onA 262.5 262.5 \ J . 

= — 894 1 ] = 74.5 thousand units 

o 12 \ 77 77 


- 3aJ o = 232 


+ C 


200,000 and 
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b — a 


107. 7 [2 sin(6077t) + cos(120tt/) ] clt = 


b — a 


- ' cos(607rt) + J, sin(1207rt) 
3077 120 77 


(a) 

(b) 


1 


- ' cos(607rt) + — sin(1207rr) 
3077 12077 


1/60 


(1/60) - 0| 

(1/240) - 0 [“3(b COs(607T?) + 12b Sin(120,T/) 


= 60 


(3077 + °) ( 30tt) 


4 

77 


1/240 


= 240 


1 1 
+ 


30 s/2 77 12077 


= -(5 - 2 s/2) « 1.382 


amps 


(C) (1/30) - o[- 3^ C ° S(6(M + li Sin(12077?) . 


1/30 


= 30 


f— ) - 

\3077/ v 3077/ 


= 0 amps 


109. False 


(2.x + l) 2 dx = \ (2x + l) 2 2 dx = -(2x + l) 3 + C 
2 6 


111. True 

'•10 r 10 r 10 r 10 

(ax 3 + bx 2 + cx + d) dx = (ax 3 + cx) dx + (bx 2 + d) dx — 0 + 2 (bx 2 + d) dx 


-10 


-10 


-10 


0 


Odd 

113. True 

4 [ sin x cos x dx = 2 I sin 2x dx = — cos 2x + C 


Even 


115. Let u = x + h, then du = dx. When x = a, u = a + li. When x = b, u = b + h. Thus, 


'b fb + h rb + h 

f(x + h) dx = f(u) du = f(x) dx. 
Ja Ja + h Ja + h 


Section 4.6 Numerical Integration 


1. Exact: 


x 2 dx = 


o 3 


2.6667 


Trapezoidal: | x 2 dx ~ — 


0 + 2(|/ + 2(l) 2 + 2(// + (2) 2 


= ^ = 2.7500 
4 


Simpson's: 


x 2 dx ~ - 


0 + 4( I)" + 2(l) 2 + 4^) 2 + (2) 2 


= !~ 2.6667 


3. Exact: 


x 3 dx = 


= 4.000 


Trapezoidal: | x 3 dx ~ — 


0 + 2 ( 1 / + 2 ( 1) 3 + + ( 2) 3 


17 

= — = 4.2500 
4 


Simpson's: 


x 3 dx ~ — 
0 0 


0 + 4( |) 3 + 2(l) 3 + 4(|) 3 + (2) 3 


24 

= — = 4.0000 
6 


= 1.273 amps 
3077/J 
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= 4.0000 


Trapezoidal: x 3 dx ~ — 


IT / 1 \3 /2\3 /3\3 /5\3 /(.\3 /7\3 

-0 + 2- +2- +2- + 2(1) 3 + 2- +2- +2- + 
8|_ \4/ \4/ \4/ \4/ \4/ \4/ 


Simpson’s: 


+ 7 V + + M + ««■ + 4 (W + 2®-' + Jtf + 


= 4.0625 


8 = 4.0000 


7. Exact: 


T2 l 9 

s/x dx = -x 3 / 2 =18 

_3 J4 


= 18 - -T = ” 12-6667 

3 3 


Trapezoidal: | 7i<fc « ^ 2 + 2^/y + 2^/^ + 2^/y + 2^/^ + 2^/y + 2^^ + 2^/y + 3 

= 12.6640 

5 / 37 / 47 / 57 / ft/ 

-Jxdx ~-2 + 4../ — + V2I + 4../ — + 726 + 4_ / 7“ + 7M + 4../ — + 3 ~ 12.6667 
4 24 At o At o o At o 


9. Exact: 


Trapezoidal: 


Simpson’s: 


i (* + l ) 2 


1 2 111 

.dx = =-- + - = - = 0.1667 

|_ x + 1 J i 3 2 6 

;dX ” 8^4 + “(((5/4) + l) 2 ) + 2 ( ((3/2) + l) 2 ) + 2 (((7/4) + l) 2 ) + 9 


, (x + l) 2 dX s|_4 + 2 (((5/4) + l) 2 ) + 2 ( ((3/2) + l) 2 ) + 2 (((7/4) + l) 2 ) + 9 


1/1 32 8 32 1\ 

~ 8\4 + si + 25 + 121 + 9/ ~ 01676 


, (x + l) 2 dX 12(4 + 4 (((5/4) + l) 2 ) + 2 (((3/2) + l) 2 ) + 4 (((7/4) + l) 2 ) + 9 

1 /1 64 8 64 1\ 

~ 12(4 + 81 + 25 + 121 + 9/ 


11. Trapezoidal: ( 7 1 + x 3 dx = 4l + 27l + (1/8) + 272 + 27l + (27/8) + 3] = 3.283 

Jo 4 

Simpson’s: f 7l + x 3 dx = 4l + 471 + (1/8) + 272 + 4 7l + (27/8) + 3] = 3.240 

Jo 6 


Graphing utility: 3.241 


13. 7*7l — x dx = 7+(l — +) tfe 


Trapezoidal: 7-r( 1 — x) dx ~ ^ 0 + 2 / 1 — ^ j + 2 / ^/l — ^ ) + 2 / 1 — j j ~ 0.342 

r» O At 1 \ 1 / At ^ \ At 1 \ 1 J 


Simpson’s: 7v( 1 - x) dx = 0 + 4^/ 7 1 “ + 2 A /^( 1 - + 4 A /j( 1 - =0.372 


2 \ 2 / 


4\ 4/ 


Graphing utility: 0.393 
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25. f"(x) = ^ in [1, 3], 

(a) \f'\x)\ is maximum when x = 1 and |/"(l)| = 2. 

?3 

Trapezoidal: Error < — 2 (2) < 0.00001, rr > 133,333.33, n > 365.15; let n = 366. 
/ (4) « = fin [1,3] 

(b) \f i4)( x)\ is maximum when* = 1 and when |/ (4 )(l)| = 24. 

2 5 

Simpson's: Error < , (24) < 0.00001, n 4 > 426,666.67 ,n > 25.56; let n = 26. 

1 80m 


| ci 
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27 . fix) = Vl + x 

(a) f"(x) = “ 4(1 j x y /2 in [0, 2]. 

|/"(.v)| is maximum when x = 0 and |/'t0)| = — . 

Trapezoidal: Error < ^2 < 0.00001, n 2 > 16,666.67, n > 129.10; let n = 130. 

(b >/ <4, W- i 6( i~i 5 > ), / , ln[ 0.2] 

|/ ,4, (x) | is maximum when x = 0 and |/^(0) | = j 

Simpson's: Error < ^gQ < 0.00001, n A > 16,666.67, n > 11.36; let n = 12. 

29 . f(x) = tan(x 2 ) 

(a) f"(x) — 2 sec 2 (x 2 )[l + 4.r 2 tan(x 2 )] in [0, 1], 

\f"(x)\ is maximum when x = 1 and |/"(l)| ~ 49.5305. 

Trapezoidal: Error < ( 1 ~ (49.5305) < 0.00001, n 2 > 412,754.17, n > 642.46: let n = 643. 

(b) /W(jc) = 8 sec 2 (x 2 )[l2x 2 + (3 + 32x 4 ) tan(x 2 ) + 36x 2 tan 2 (x 2 ) + 48x 4 tan 3 (x 2 )] in [0, 1] 

|/ M) (jr)| is maximum when* = 1 and |/^(1)| = 9184.4734. 

Simpson’s: Error < ^ ~ °/ (9184.4734) < 0.00001, n 4 > 5,102,485.22, n > 47.53; let n = 48. 

loOft 

31. Let/(.r) = Ax 3 + Bx 2 + Cx + D. Then / <4) (jt) = 0. 

( b — a) 5 , . 

Simpson’s: Error < ]^gQ 4 W = 0 

Therefore, Simpson's Rule is exact when approximating the integral of a cubic polynomial. 

f 1 

Example: x 3 dx = - 

Jo 0 

This is the exact value of the integral. 

33. fix) = Jl + 3x 2 on [0, 4], 


n 

Lin) 

M(n) 

R{n) 

Tin) 

S{n) 

4 

12.7771 

15.3965 

18.4340 

15.6055 

15.4845 

8 

14.0868 

15.4480 

16.9152 

15.5010 

15.4662 

10 

14.3569 

15.4544 

16.6197 

15.4883 

15.4658 

12 

14.5386 

15.4578 

16.4242 

15.4814 

15.4657 

16 

14.7674 

15.4613 

16.1816 

15.4745 

15.4657 

20 

14.9056 

15.4628 

16.0370 

15.4713 

15.4657 


0+4) +i 
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35. fix) = sin s/x on [0. 4], 


n 

Lin) 

M(n) 

R{n) 

Tin) 

S{n) 

4 

2.8163 

3.5456 

3.7256 

3.2709 

3.3996 

8 

3.1809 

3.5053 

3.6356 

3.4083 

3.4541 

10 

3.2478 

3.4990 

3.6115 

3.4296 

3.4624 

12 

3.2909 

3.4952 

3.5940 

3.4425 

3.4674 

16 

3.3431 

3.4910 

3.5704 

3.4568 

3.4730 

20 

3.3734 

3.4888 

3.5552 

3.4643 

3.4759 


'tt/2 

37 . A = Vx cos x dx 

Jo 


Simpson’s Rule: n = 14 


'ir/2 

•Jx cos x dx 

Jo 


77 

84 


To cos 0 + 4 




« 0.701 


y 



39 . W = f 100x7125 - x 3 dx 

Jo 

Simpson’s Rule: n — 12 

f 100x7125 — x 3 dx ~ ^ , 

Jo 3(12) 


0 + 400' 


12 


125-1+)’ + 2000! 


125 ~ 


+ 4001+ 


125 - l^Y + • • • + ol = 10,233.58 ft • lb 
V 12/ J 


41 . 


1/2 


0 J 1 - x : 


: dx Simpson’s Rule, n = 6 


- 0 


3(6) 


[6 + 4(6.0209) + 2(6.0851) + 4(6.1968) + 2(6.3640) + 4(6.6002) + 6.9282] 


« —[113.098] = 3.1416 
J6 

43. Area « ^5y[l25 + 2(125) + 2(120) + 2(112) + 2(90) + 2(90) + 2(95) + 2(88) + 2(75) + 2(35)] 


45. si n J x dx = 2 , n = 10 



89,250 sq m 


By trial and error, we obtain t ~ 2.477. 
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CHAPTER 4 
Integration 

Section 4.1 Antiderivatives and Indefinite Integration 

Solutions to Even-Numbered Exercises 


2. — (^a 4 4 l~ c) — 4 a 3 ^ 

dx\ x 


4 . d/2(^_+3) \ = d(2 

dx\ 3 >/x ) dx \ 3 


= x 1 / 2 - v-3/2 = 


X 2 - 1 
„3/2 


clr 

6 -Te =n 


r = tt9 + C 


Check: — [7 tO + C] = it 
clu 


8.^ = 2x-3 
dx 

2 x~ 2 — 1 

y = — — + C = — + c 


-2 


Check: — 

dx 


-1 


+ C 


= 2 x 


10 . 


Given 


0 <ix 
x 2 


Rewrite 


I 


x 2 dx 


Integrate 


-1 


+ C 


Simplify 


— + C 
x 


12 . x(x 2 + 3) dx 


f 


(x 3 + 3x) dx 


^ + 31 ^ I + C \x 4 + lx 2 + C 
4 \ 2 / 4 2 


14 . 


(3x 2 ) 


dx 


2 dx 


lx 


9 \ — 1 


+ C 


-1 

9x 


+ C 


16 . | (5 — xji/x = 5x — — + C 


Check: 


dx\ 


5 x-J+C 


= 5 — x 


18 . (4a 3 + 6a 2 — l)dx = a 4 + 2a 3 — a + C 


Check: —[a 4 + 2a 3 — a + C] = 4a 3 + 6a 2 — 1 
dx 


, Jc 


20 . I (a 3 — 4a + 2)dx = — — 2x 2 + 2a + C 


Check: - 7 -I 
dx\ 


— — 2x 2 + 2 x + C 
4 


= x 3 — 4x + 2 


22 . 


j( A + dx = f ( x ' /2 + ?" I/2 ) * = S + Kit?) + c = f * 3/2 + xl/2 

Check: -7 -(7X 3 / 2 + x 1 / 2 + C) = x 1 / 2 + 7X _1,/2 = Jx. H 7= 

M3 / 2 2vx 


+ C 


450 
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24. (4/x 3 + l) dx = (x 3 / 4 + 1 ) dx = -x 7 / 4 + x + C 


1 I v-3 1 

26. I — 7 dx = I x 4 dx = — x + C = — — -j + C 


-3 


3x 3 


Check: ^-(^x 7/4 + x + C ] = x 3/4 + 1 = tj/x 3 + 1 
dxYl 


CheCk = 3x 3 ' C ) 


28. 


x 2 + 2x — 3 


-I 


dx = (x 2 + 2x 3 — 3x 4 )ir/x 


v-l 9v-2 


-1 + -2 


2x 2 3x 


-3 


+ C 


J (2t 2 - l ) 2 dt = J 


30. (2t 2 - l) 2 dt = I (4t 4 - 4f- + 1) dt 


4 , 4 , 

— 5^ _ 3 ?3 3“ 7 3“ C 


- 111 ,, 

j + ^ + C 

x x 4 x 4 


Check: 


A Is _ Z,3 


*V5 


r 3 + f + C = 4 ? 4 - 4t 2 + 1 


Check: - 7 -I 
ax 


I I I „ 

~ 3 ; + C 

x x z x 3 


= x 2 + 2x 3 — 3x 4 

x 2 + 2x — 3 
x 4 


— ( 2 f 2 - l ) 2 


32. | (1 + 3 /)/ 2 dt — | (/ 2 + 3( 3 ) dt — , t 3 + ^/ 4 + C 


34. 3 * = 3f 3- C 


Check: — f 3 + -rt 4 + C I = t 2 + 3f = (1 + 3 t)t 2 
dt\ 3 4 1 


Check: , (3t + C) = 3 
dt 


36. J (t 2 — sin f) dt = — t 3 + cos f + C 

Check: + cos t + c \ — t 2 — smt 


38. J (6 2 + sec 2 9) dft = — 9 3 + tan 6 + C 

Check: -yA ]-0 3 + tan 9 + C ] = 9 2 + sec 2 9 
d9\3 ! 


40. J sec y(tan y — sec y) dy = J (sec y tan y — sec 2 y) dy 

= sec y — tan y + C 

Check: -y-(sec v — tan y + C) = sec y tan y — sec 2 y 
dy 

= sec y(tan y — sec y) 


. cosx , cosx , 

42. | — dx = . . dx = 

sin- x 


1 \/cosx 


dx 


1 — cos 2 x J sin 2 x J \sinx/\sinx 
= f esc x cot x <r/x = — esc x + C 


, d r 1 COS X 

Check: — I — cscx + Cl = esc x cot x -I — ; — • — — 
dx sin x sin x 


1 — cos 2 x 
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50. ^ = 2(x - 1) = 2x - 2, (3, 2) 

y = J 2(x — 1) dx = x 1 — 2x + C 

2 = (3) 2 - 2(3) + C => C = - 1 
y = x 2 - 2x - 1 


52. & x2 x 2 - (1,3) 




1 


v = — x 2 dx = — I - C 

1 % 


3 = j + C => C = 2 


y = — h 2, i > 0 
* 



(b) J = x 2 - 1, (-1,3) 
dx 

x 3 r 

y =--x+C 

3 = - (-1) + C 

3 = -i + l + C 




y = 


3 


— x 


+ 


7 

3 


56. g'(x) = 6x 2 , g(0) = -1 

- 2-" + C 

g(0) = - 1 = 2(0) 3 + C => C = - 1 
g(x) = 2x 3 - 1 

60. f"(x) = x 2 

/t0) = 6 

/( 0) = 3 

/W - + C, 

/'(0) = 0 + C 1 = 6=>C,=6 
/tx) = yx 3 + 6 

/(x) = J ^yx 3 + 6 'j dx = yyx 4 + 6x + C 2 
/(0) = 0 + 0 + C 2 = 3 => C 2 = 3 
fix) = yyx 4 + 6x + 3 


58. f\s) = 6s- 85 3 /( 2) = 3 

f(s) = J (6s — 8s 3 )ds = 3s 2 — 25 4 + C 

/( 2) = 3 = 3 (2) 2 - 2(2) 4 + C = 12 - 32 + C = 
f(s) = 35 2 - 25 4 + 23 

62. f"(x) = sinx 

m = i 

/( 0 ) = 6 

f\x) = J sin x dx — — cos x + Cj 

/t0) = -l + C 1 = l=>C 1 = 2 
/tx) = — cos x + 2 

fix) — J (— cosx + 2) dx = — sinx + 2x + C 2 

/( 0) = 0 + 0 + C 2 = 6=>Co = 6 
f(x) = —sinx + 2x + 6 


C = 23 
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dp 

dt 

; kj~t , 0 < f < 10 


Pit) 

= jkt 1 ' 2 dt = ^kt 3 ' 2 

+ c 

Pi o) 

= 0 + C = 500 => 

C = 500 

Pi 1) 

= + 500 = 600 

li 

II 

L/\ 

O 

Pit) 

= |(150)f 3 / 2 + 500 

= 100 f 3 / 2 + 500 

Pi 7) 

= 100(7) 3 / 2 + 500 = 

= 2352 bacteria 


68. /"(f) = a(t) = — 32 ft/ sec 2 

m = v 0 

/(o) = «o 

f\t) = v(f) = J-32 dt = -32 f + C/ 

/'(O) = 0 + C, = v 0 => C, = v 0 
fit) = — 32f + v 0 

/(f) = s(f) = J ( — 32f + i' 0 ) dt = —16 f 2 + v 0 f + C 2 

/(O) = 0 + 0 + C 2 — i() => 1 ■ = i 0 
/(f) = - 16f 2 + v 0 f + s 0 


66. Since /"is negative on ( — oo, 0),/' is decreasing on 
(— oo, 0). Since /"is positive on (0, oo),/'is increasing 
on (0, oo)./' has a relative minimum at (0, 0). Since/' is 
positive on (— oo, oo),/is increasing on ( — oo, oo). 


y 



70 . v 0 = 16 ft/sec 
s 0 = 64 ft 

(a) s(t) = — 16 f 2 + 16 f + 64 = 0 

- 16 (f 2 - f - 4) = 0 

1 ± Vl7 


Choosing the positive value, 


t 


i + V~n 
2 


2.562 seconds. 


(b) v(f) = j'(f) = —32 f +16 







+ 16 


= - 16717 « -65.970 ft/sec 


72 . From Exercise 7 1 , /(f) = — 4.9f 2 + 1600. (Using the 
canyon floor as position 0.) 

/(f) = 0 = -4.9 f 2 + 1600 

4.9r 2 = 1600 

t 2 = f « V326.53 « 18.1 sec 

4.9 


74 . From Exercise 71, /(f) = — 4.9f 2 + v 0 f + 2. If 
/(f) = 200 = — 4.9f 2 + v 0 f + 2, 
then 

t'(f) = — 9.8f + v 0 = 0 

for this f value. Hence, f = v 0 /9.8 and we solve 



+ 2 = 200 


-4.9 u 0 2 v 0 2 

(9.8) 2 9.8 


198 


-4.9 v 0 2 + 9.8 v 0 2 = (9.8) 2 198 
4.9 v 0 2 = (9.8) 2 198 

v 0 2 = 3880.8 => v 0 ~ 62.3 m/sec. 
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76. v dv = 


-gmU* 


2 

When 


l 2 = GM 

y 

y = R, v 


+ C 

v 0 - 


1 


2 CM 
2 V ° =-R +C 


1 , GM 
C ~ 2 V ° 

1 , GM 1 , 

2 ^ = ~y ^ 2 V ° 2 

v 2 = ™ + v 0 2 - 

y 


GM 

R 

_ 2 GM 
R 


.,2 — 


78. x(t) =(t~ 1 )(/ - 3) 2 0 < t < 5 

= t 3 - It 1 + 15/ - 9 

(a) v(t) = x'(t) = 3 1- - 14 1 + 15 = (3? - 5 )(t - 3) 
a(f ) = v'(t) = 6t — 14 

(b) v(t ) > 0 when 0 < t < j and 3 < t < 5. 

7 

(c) fl(f) = 6/ — 14 = 0 when ? = — . 



80. (a) fl(f) = cos t 

v(t) = J a(t ) dt = J cos ? dt = sin / + C 1 = sin t (sir 


f(t) = 


v(t) dt = si 


= sin t dt = — cos t + C 9 


/( 0) = 3 = -cos(0) + C 2 = - 1 + C 2 => C 2 = 4 
f(t) = — cos t + 4 

(b) v(r) = 0 = sin f for t = fcrr, fc = 0, 1, 2, . . . 


0) 


82. v(0) = 45 mph = 66 ft/sec 

30 mph = 44 ft/sec 
15 mph = 22 ft/sec 
a(t) = — a 
v(t) — —at + 66 

s(t) = — ^t 2 + 66/ (Let i(0) = 0.) 


i '(f) = 0 after car moves 132 ft. 


— at + 66 


n i 66 

() when t — — . 

a 



a( 66 


2\ a 


+ 66 | — 

a 


33 

132 when a = — = 16.5. 


a(t ) = — 16.5 

i'(f) = — 16.5/ + 66 

s(t) = — 8.25/ 2 + 66/ 


(a) ~16.5f + 66 = 44 


/ = 


22 

16.5 


1.333 



73.33 ft 


(b) - 16.5/ + 66 = 22 


/ = 


44 

16.5 


2.667 


44 

16.5 


117.33 ft 


(c) 


N 2 OS 


73.33 117.33 

feet feet 


It takes 1.333 seconds to reduce the speed from 45 mph to 
30 mph. 1.333 seconds to reduce the speed from 30 mph 
to 15 mph, and 1.333 seconds to reduce the speed from 
15 mph to 0 mph. Each time, less distance is needed to 
reach the next speed reduction. 
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r3o no 

84. No, car 2 will be ahead of car 1. If Vj(f) and v 2 (t) are the respective velocities, then |v 2 (f)| dt > | v x (f) | dt. 

Jo Jo 

f OhnQt 4 5 525t 3 f) 0492f 2 

86. (a) v = 0.6139? 3 - 5.525r 2 + 0.0492f + 65.9881 (b) i(t) = v(t)dt = 4 - ~~ ~~ + ' j - + 65.9881r 

(Note: Assume .5(0) = 0 is initial position) 
i(6) ~ 196.1 feet 




90. True 


92. True 
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94. False. / has an infinite number of antiderivatives, each 
differing by a constant. 


96. y-[[i'(.r)] 2 + [c(.v)P] = 2s(x)s'(x ) + 2c(x)c'(x) 

= 2s(-r)c(.r) — 2c(.r)i(.r) 

= 0 

Thus, [i(.v)] 2 + [c(.r)] 2 = k for some constant k. Since, 
.s(O) = 0 and c(0) = 1, k = 1. 

Therefore, 

[s(x)] 2 + [c(.r)] 2 = 1. 

[Note that s(x) = sin x and c(x) = cos x satisfy these 
properties.] 


Section 4.2 Area 


„ 4, 1 1 1 1 47 

• j ~ 3 + 4 + 5 “ 60 


2. ^k(k -2) = 3(1) + 4(2) + 5(3) + 6(4) = 50 

k = 3 
4 

6. ^[(/ - l) 2 + (i + l) 3 ] = (0 + 8) + (1 + 27) + (4 + 64) + (9 + 125) = 238 


15 5 

8 -J,TT7 


10. £ 

j=lL 


i-m 


o n 

12. -V 

n jt'iL 


2 i \2 
1 - ( — - 1 
n 


1 n — 1 


16. f(2i-3) = 2^i-3(15) 

i= 1 /= 1 

= 2| - 45 = 195 


10 10 


is. x O' 2 - 1) = S f2 - 2 1 

7=1 1=1 7=1 

10(1 l)(2l) 
6 


- 10 = 375 


10 10 10 

20. ]?/(/ 2 + 1) = 

1=1 1=1 1=1 

_ 10 2 (11) 2 


10 ( 11 ) 


= 3080 


22. sum seq(.r 0 3 - 2x, x, 1, 15, 1) = 14,160 (77-82) 
g ( . 3 _ 2i) = ( 1 5) 2 ( 15 + l) 2 _ 2 15(15 + 1) 


4 

(15) 2 (16) 2 


- 15(16) = 14.160 


24. 8 = [5 + 5 + 4 + 2](1) = 16 
,s = [4 + 4 + 2 + 0](1) = 10 


26. 8 = 


5 + 2 + 1 + | + ( 

„ , 2 1 1 

2 + 1 H 1 1 — 

3 2 3 


= 55 
6 

-!-« 


28. 8(8) = 



I + 2U + 

4 4 


{j l 2 + 2 )\ + (jl + 2 ) l 4 + ^ + 2 ■)! 

( Vf + 2 )i + (■ Vl + 2 )i + (■ + 2 )i + ^ + 2) 4 


1/ 1 x/2 >/3 Jb Jl j-\ 

= T 16 + - + ^- + ^- + l+p- + P- + p-+y2 = 6.038 
4\ 2 2 2 222 / 

i (8) = (0 + 2)^+(V^ + 2)i + (v^ + 2 )i+- • • + (Vl + 2 )i“ 5 - 685 
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34. 


n—>oo |_ \nj 2 


— lim 

2 n—>co 


n z + n 



2 


36. 


7=1 n n 7=1 


S(10) = = 2.5 

5(100) = 2.05 
5(1000) = 2.005 
5(10.000) = 2.0005 


1 4 n(n + 1) 
n 2 2 


+ 3/i 


2n + 5 
n 


5(«) 




rc 2 (// + l) 2 n(/i + l)(2n + 1)1 


n 3 + 2 rr + n 2 n 2 + 3// + 1 

~4 6 


3/i 3 


(3/i 3 + 6/i 2 + 3// — 4/i 2 — 6 n — 2] 


= 7- — ^[3« 3 + 2n 2 — 3n — 2] = 5(/i) 
3/i 

5(10) = 1.056 
5(100) = 1.006566 
5(1000) = 1.00066567 
5(10.000) = 1.000066657 


40. 




4 ( n(n + 1) 
llm A 3 

n— >oo n~\ 2 




= 2 





2 ' 

i = i 


2 


lim — t 

n—^oo Yl 


+ (4/i) 


/i(/i + 1)^ ^ 4(/i)(// + l)(2// + 1) 
6 


= 2 lim 

n—>oo 


, „ 2 4 

1 + 2 + - + - + 

zi 3 


2 _ 2 _ 
// 3n 2 . 


= 2 | 1 + 2 + - 


26 

3 



+ 0 « 0.659 
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= 2 lim 4 ^(n + 2;) 3 

n—>00 fl, jTTy 


1 ft 

1 


= 2 lim 4 2(' j3 + 6 n 2 i + I2ni 2 + 8 ( 3 ) 


= 2 lim — r 

ft— >oo H 


+ 6n 2 \ 


(>' + j)\ , Jn(n + l)(2w + 1)\ , Jn\n + 1) 


+ 1 2« 


+ 


3 6 2 4 2 

= 2 lim I 1 + 3 H h 4 H 1 — ~ + 2 H 1 — r 

n—>oo \ n n n z n n z 


= 2 lim | 10 + — + 4 I = 20 

ft ft Z 1 



(c) Since y = x is increasing, /(m f ) = /(x f _ x ) on [x t _ lf jtJ. 


«(«) = 2 /(*,■- 1) A* 

1 + - 1)1 


= 2 / 

i = 1 

/(•*;) O 

S(») = 2 /(■*,■) A* = 2/1 


1=1 L 

(d) /(M f ) = /(x ; ) on ,, x,] 


(e) 


= 2 


1 + (i - 1) 


1 + ^ 


* 

5 

10 

50 

100 

«(«) 

3.6 

3.8 

3.96 

3.98 

5(») 

4.4 

4.2 

4.04 

4.02 


-) = v 

”> i=l L 


1 + il -) 

n 


(f) lim 2 


1 + ('■ - % 


2 -) = Urn ? 

,n/ n — >oo \ft 


2/ n(n + 1) 

n + - -1 1 - n 

n\ 2 


= lim 

ft— »oo 


2 + 


2n + 2 4 


« n 


= lim 

n—>oo 


4- 2 

n 


= 4 



lim - 

» oo ft 


ft + 


/ 2\n(n + 1) 

W 2 



r 2 (n + 1)1 


r 2 i 

lim 

ft— » OO 

2 + — - 

n 

= lim 

ft— > OO 

4 + - 
n 
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Area = lim S(n) = ^(2) + 3 = 12 

n — »co 2 
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56. y = x 2 - x 3 on [— 1, 0]. Note: Ax = 


0-(-l) 1 


*■>=!/(— 

5 i 4/ 2 >' 3 


-1 + 


- -1 + 


-V U _ 5? lii _ p \ 1 1 - T_Av--ulv- 2 _lv- 

Si" m m 2 n 3 ]U 2 « 2 S' + „ 3 2.' ^2' 


m ,+r, m 


1 1 


1 


_ 2 _5_J_ + 4 + 2 + J 

2 2n 3 m 3m 3 4 2m 4m 2 



„ „ 5 4 1 7 

Area = lim s(m) = 2- - + -- - = — 

n—>oo L J 4 12 


1 / 4-22 

58. g(y) = -y, 2 < y < 4. Note: Ay = = - 

2' ' \ MM 


60. /(y) = 4v — y 2 . 1 < y < 2. Note: Ay = 


2-1 1 


S(n) = ]£ £ 2 + 


2A/2 


!)©=!!(■+ 3 


n + 


1 m(m + 1) 


= 2 + 


n 

n + 1 


m 2 

Area = lim S(n) = 2+1=3 


n 



S(n) = 2 / 1 + 


/VI 


1 '' 


n) \n . 

4| 1 + -) - (l + - ‘ ‘ 

n \ n 


4/ 


2i 

f\ 

ft 

- 1 - 

n 

" M 2 ) 


»,?A 4 + 

=-s ( 3 + --4 

m \ h n 


1 2 m(m +1) 1 m(m + 1)(2m + 1) 

7! M 2 M 2 6 

m + 1 (m + 1)(2m + 1) 


= 3 + 


6 


Area = lim S(m) = 3 + 1— t = 4 
n —>oo 3 3 



62. h(y) =y 3 + l, l<y<2 ^Note: Ay = — j 
Sin) = t h (l + 


= 2 


X) 


1 + -I + 1 
n, 


1 n 


3 i 2 , 3 i 


= — V ( 2 H — H 2 H 

77 \ /? ■ 77 Z 77 


1 n 2 (n + l) 2 3 n(n + l)(2n +1) 3 n(n + 1) 

2n 3 — 1 — 1 


= 9 + ± O 2 + I (» + l)( 2 » + 0 + 3 (m + 1) 


n 2 4 


n * 


2 n 


1 3 19 

Area = lim S(n) = 2 + — + 1 + — = — 
n — >oo 4 2 4 






Section 4.2 Area 461 


64 . f(x ) = x 2 + 4x, 0 < x < 4, n = 4 

Xi + x._, 

Let c, = ' . 


66. /(x) = sin x, 0 < x < — , n = 4 


Let c, = 


-L + *;-i 


. , 13 5 7 

Ax=l, Cl =-,c 2 = -, c 3 = 2 ^ 4 = 2 


.77 77 3 77 

^ = V’ C 1 = 7L’ c 2 = TZ. c 3 = 


57 T 


Itt 


Area « ]?/(c,.) Ax = ^[c, 2 + 4cJ(l) 


i + 2+ (l + 6 + f + ,0) + f + H 


= 53 


Area « ^ /(c,) At = ^(sinc,.) - 


/ = ! 


i= 1 


77 / . 77 . 377 . 577 . Itt 

= — sm 1- sin b sin b sin — 

8 \ 16 16 16 16 


68. f(x) = x2 *j_ - on [2, 6], 


n 

4 

8 

12 

16 

20 

Approximate area 

2.3397 

2.3755 

2.3824 

2.3848 

2.3860 


70 . f(x) = cos ^r on [0, 2], 


n 

4 

8 

12 

16 

20 

Approximate area 

1.1041 

1.1053 

1.1055 

1.1056 

1.1056 


72 . See the Definition of Area. Page 259. 


74 . f(x) = Vx, 0 < x < 8 


n 

10 

20 

50 

100 

200 

s{n) 

10.998 

11.519 

11.816 

11.910 

11.956 

S{n) 

12.598 

12.319 

12.136 

12.070 

12.036 

M(n) 

12.040 

12.016 

12.005 

12.002 

12.001 


(Note: exact answer is 12.) 


76. y 78. True. (Theorem 4.3) 



1.006 


a. A ~ 3 square units 
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80. (a) 9 = 


27 T 


(b) sin 0 = - 
r 


h — r sin 9 

A — ~bh = lr(r sin 9) = h 2 sin 9 
2 2 v 2 


, , . i 1 2 . 2 tt 
( c) A„ = n\ -r- sin 


r 2 n . 277 

„ Sin = 777 

2 n 


2 n 
Let x = 277 / 0 . As n — > 00 , x — > 0. 

lim A = lim 77 r 2 ( S * n = 777 2 (l) 

n— »oo jc— >0 \ X / 



sin(2 77 / 11 ) \ 
277 In ) 


82. (a) 2i = n(n + 1) 

i= 1 

The formula is true for n = 1:2= 1(1 + 1) = 2 
Assume that the formula is true for n = k : 

k 

^2i = k(k + 1). 

i= 1 

k + 1 k 

Then we have ^ 2i = ^ 2 i + 2 (k + 1) 

; = 1 ; = 1 

= k{k + l) + 2{k + l) 

= (k + 1)(L + 2) 

Which shows that the formula is true for n = k + 1. 


(b) 


The formula is true for n = I because 
J3 = 1 2 U + l) 2 = 4 = 1 
4 4 


Assume that the formula is true for n = k: 

k 

2 

* = i 


k 2 (k + l) 2 

X . 1 = 


k + 1 k 

Then we have ^ i 3 = ^ t 3 + (k + l) 3 

i=l i=l 

_ k\k + l) 2 


4 

(* + l) 2 

4 

(fe + l) 2 


+ (/t + l ) 3 


(L 2 + 4(fc + 1)] 


<* + 2) 2 


which shows that the formula is true for n = k + 1. 
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2. f{x) = 4/x, y = 0, x = 0, x = 1, c ; = — ; 


Ax,. = -T - 


(i — l) 3 _ 3i 2 — 3i + 1 


lim ^ /(c,) Ax,. = lim 


3 i 2 m 3t + 1 


= lim X V (3/ 3 — 3i 2 + /) 

»->oo ft 4 /“j 


= lim - 1 / 

ft — ^oo ^2 


n 2 (n + 1)' 


- 3 


t(« + l)(2n + l)\ n(n + 1) 


= lim — | 

ft — >oo 22 


3« 4 + 6n 3 + 3n 2 2 n 3 + 3n 2 + n « 2 + n 


= lim — | 

ft— >oo 


3o 4 n 3 o 2 
T + Y ~~ ~4 


= lim 

n—>co 


3 + ± ^ 

4 2« 4;r 
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4. v = x on [ — 2, 3]. ( Note: Ax = — — = — , II All — > 0 as n— >oo) 

n n / 


J/W A, = |/(-2 + f )0 - £(-2 + f )0 - -10 + f %; 

.- 10 + (|)=fc±il.-, + f ( 1 + I)^ + | 


' 3 / 5 25 \ 5 

xdx = lim - + — = - 

2 n—>oo \Z Zn/ Z 


/ 3—12 \ 

6. v = 3x 2 on [1, 3], I Note: Ax = = — , ||A|| — > 0 as n — >oo I 




4 n(n +1) 4 n(n + 1)(2 n + 1) 

n 3 1- 


n 2 


n + 1 (n + l)(2« + 1) 
= 6+12 + 4 2 ^ 


3x 2 dx = lim 


, 12(n + 1) 4 (n + 1)(2 n + 1) 

6 H 1 z 


= 6 + 12 + 8 = 26 


8. y = 3x 2 + 2 on [— 1, 2], I Note: Ax = 


2 - (-1) _ 3 


= — ; ||A||— >0 as n— >oo ] 
n ) 


l/w+ +?/(-. + f)(!) 


'l n 


3| -1 + -| +2 

n , 


Q n 

= - y 

n ,-4, L 


3( 1 - - + 5#! + 2 


18 n(n + 1) 27 n(n + l)(2n +1) ' 

in 1 — x h 2 n 


- 15 _ 27(« + 1) + 27 (n + l)(2n + 1) 


(3x 2 + 2)dx = lim 


15 _ 2 > + 0 + 27 (n + l)(2/i + 1) 


= 15 - 27 + 27 = 15 


« f 4 

10. lint V 6c, (4 — c,-) 2 Ax,- = 6x(4 — x) 2 dx 

IIAII 4 Jo 

on the interval [0, 4], 


" / 3 \ 13 

12. lim V — Ax = — dx 

IIAII— >0 ( 4^\ CrJ X 2 

on the interval [1, 3]. 


I, 


14. (4 — 2x) dx 


16. x dx 
Jo 


18. 


L^r 


dx 


'tt/4 

20. tan x dx 

Jo 
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46. (a) 

(c) 


f [/(*) + 2] dx = [ fix) dx + 

Jo Jo 

J fix) dx = 2 1 


f(x) dx = 2 /(x) dx = 2(4) 


f 


2dx = 4 + 10 = 14 
8 (/ even) 


(b) f fix + 2) dx = 

f fix) dx 

J-2 

Jo 

f 5 


(d) 1 fix) dx = 0 

if odd) 


(Let m = x + 2.) 


48. The right endpoint approximation will be less than the 
actual area: < 


52. f(x) = \x\/x is integrable on [— 1, 1], but is not contin- 
uous on [— 1, 1], There is discontinuity at x = 0. To see 
that 



is integrable, sketch a graph of the region bounded by 
fix) — \x\/x and the x-axis for — 1 < x < 1 . You see that 
the integral equals 0. 


50. The average of Exercise 39 and Exercise 40 consists of a 
trapezoidal approximation, and is greater than the exact 
area: > 



r 5 

58. , dx 

Jo * + 1 


n 

4 

8 

12 

16 

20 

Lin) 

7.9224 

7.0855 

6.8062 

6.6662 

6.5822 

Min ) 

6.2485 

6.2470 

7.2460 

6.2457 

6.2455 

Rin) 

4.5474 

5.3980 

5.6812 

5.8225 

5.9072 



c. Area ~ 27. 


-3 

60. x sin x dx 

Jo 


n 

4 

8 

12 

16 

20 

Lin) 

2.8186 

2.9985 

3.0434 

3.0631 

3.0740 

M)n) 

3.1784 

3.1277 

3.1185 

3.1152 

3.1138 

R)n) 

3.1361 

3.1573 

3.1493 

3.1425 

3.1375 


62. False 64. True 



66. False 

f4 


x dx = 6 


-2 
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68. f(x) = sin x, [0, 2 tt] 

n 77 77 o 

X 0 = 0, X 1 = — , X 2 = — , x 3 = 77, X 4 = 277 

A.l'i = Ax 2 = y Ax 3 = y Ajr 4 = 77 


77 - 77 277 377 

C 1 ” C 2 ~ T’ C 3 ~ Ts*.* C 4 “ T" 


2] /(c,.) Ax ; = / T Atj + / - Ay 2 + / y Ay 3 + / y Ay, 


T3V277' 


= 3 7 + PP PP + PP PP + ("DM - -0.708 


70. To find / 0 2 W c/x, use a geometric approach. 
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16 . J v '/ 3 civ = 


T. 

V/ 3 

4 


’ , - - (+= 3)7 - o 


18 . 



dx = -v /2 I x */ 2 dx = 


v / 2(2)x'/ 2 


2^/2* 


= 8 - 2 V2 


20. (2 — t)J~tdt= (2t 1 ^ 2 — f 3 / 2 ) rfr = 


4 ? 

_ f 3/2 _ ±,5/2 

3 5 


^ 20 - 6 ,) 


' - 2y? (20 - 12 ) - 16 ' /5 


0 15 


15 


22 . 


■ 1 2 
X — AT 


-iD 


dx = - (x 2/3 - * 5/3 ) dx 

-8 2^ 2 | 


22 Q 

_ v 5/3 _ _ v 8/3 

5 8 


-1 

-8 


vV 3 

w 124 - 154 


"! - -h-"» + i(i«) - 45 “ 


80' 80' 


80 


24 . (3 — lx — 31) dx = [3 + (x — 3)] dx + [3 — (x — 3)] dx 


1 j 


= x dx + (6 — x) dx 


3 

r ,x 2 i 

+ 

1 

6.V - y 


- H |+ 


(24 - 8 ) - ( 18 - - 


9 13 

= 4+16-18 + - = — 
2 2 




f 


26 . I * 2 — 4x + 3 1 dx = (x 2 — Ax + 3) dx — (x 2 — 4x + 3) dx + (x 2 — 4x + 3) dx 


f 


(split up the integral at the zeros 
x = 1, 3) 


— — 2.v 2 + 3x 


1 

^ — 2x 2 + 3x 

3 

+ 

xr — lx 2 + 3x 

_0 

L 3 J 

1 

L 3 J 


= (^ — 2 + 3) — (9 — 18 + 9) + (^ — 2 + 3) + (^ — 32 + 12) — (9 — 18 + 9) 


4 4 4 

= 3 -0+ 3 + 3 -0=4 


28 . 


V4 1 - sin 2 e 
0 cos 2 9 


tt/4 

cl9 =1 dO = 


7t/2 


30 . I (2 — esc 2 x) dx = 

J 7t/4 


rw 2 

32. (: 

J — tt/2 


( 2 1 + cos t) dt = 


2 x + cotx 


t + sin t 


V4 _ tt 

0 ~~ 4 

tt/2 


tt/4 


= ( 27 + 0 )- Mf +1 =^-1 = 


77—2 


7t/2 

/77 2 

/77 2 

= 

— + 1 

1 

— 7t/2 

V 4 / 

V 4 / 


2 1 

fir/2 

2 

34 . P = — 

| sin 0 r/0 = 

cos 9 


0 

77 


ir/ 2 2 ? 

= (0 - 1) = - - 63.7% 

0 7T TT 


36 . A = ( 1 — x 4 ) dx = 


1 / 

1 _ 8 

r 2 i 

1 

x — 7 X 5 


38. A = — dx = 


L 5 J 

-1 5 

J 1 x 2 

X_ 


t“4 +i 


40 . A = (x + sin x) r/x = 


— — cos.x 
2 


^^+ 77^+4 

o 2 2 
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42. Since y > 0 on [0. 8], 


Area = 


•8 

(1 + A 1 / 3 ) dx 

Jo 


+ 4.r 4/3 


= 8 + t(16) = 20 


44. Since y > 0 on [0. 3], 


Jo 


A — ( 3 a — a 2 ) dx = 


3 , A 3 

2 X ~ J 


3 = 9 
o 2' 


46. —zdx = 


9 

2a 2 


= —4 + — = 4 

l 2 2 


/(c )(3 - 1) = 4 


4 = 2 

c 5 


3 9 

C =2 


= 3 / - = 1.6510 


48. 


'tt/3 

cos a dx = 

H 

.5 

"c/3 

w 

II 

5°. t 1 r 

, dx = 2 (1 + a -)r/A = 2 

r 

x — 

— tt/3 

L 

-tt/3 

3 - 1J 

1 * 2 J 1 



/(c) 


= V3 
3^3 

iC 2 7 T 

c = ±0.5971 




52. 


i r /2 

7TT COS A (T/a 

(tt/ 2) - 0j o 


Average value = - 


2 

COS X = — 

7 T 

JC « 0.881 


2 . 

— sin * 

7T 


■n 1 2 
0 


2 
7 T 


54. (a) 


/(*) dx = Sum of the areas 


— Aj + A2 + A^ + A4 

= |(3 + 1 ) + \(l + 2 ) + |(2 + 1 ) + ( 3 )(l) 



2.71 


/(a) rfa 


(b) Average value = ' — 

(c) A = 8 + (6) (2) = 20 

a , 20 10 

Average value = — = — 

6 3 


8 

6 


4 

3 
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[ fix ) dx - f 
Jo Jo 


56 . I f(x) dx = (area or region B) = | f(x ) dx — | f{x) dx 58 . | —2f(x)dx= — 2 | f(x)dx= — 2(— 1.5) = 3.0 
= 3.5 - (-1.5) = 5.0 


f -2/(*) dx= j 

Jo Jo 


1 ( 1 

60 . Average value = — f(x) dx = 7 ( 3 . 5 ) = 0.5833 

6 In 6 


“•7o[ 




* _ 

0 3 


64 . P = 5(7 + 30) 

(a) 


t 

1 

2 

3 

4 

5 

6 

p 

155 

157.071 

158.660 

160 

161.180 

162.247 


1 954 1 58 

Average profit « —(155 + 157.071 + 158.660 + 160 + 161.180 + 162.247) = 7 « 159.026 

6 6 


(b) 5( 7 + 30) dt = ^ 5(| f 3/2 + 3 Of 


6.5 


954.061 


_ 5.0 6 

(c) The definite integral yields a better approximation. 


159.010 


66. (a) R = 2.33f 4 - 14.67f 3 + 3.67f 2 + 70.67f 
(b) mo 


(c) I R(t) dt = 

Jo 


2.33f 5 14.67/ 4 3.67f 3 70.67f 2 

5 4 + 3 + 2 



= 181.957 


68. (a) histogram 



(b) [6 + 7 + 9 + 12 + 15 + 14 + 11 + 7 + 2]60 = (83)60 = 4980 customers 

(c) Using a graphing utility, you obtain 

N(t) = -0.084175^ + 0.63492f 2 + 0.79052 + 4.10317. 


(d) 



(e) N{t)dt~ 85.162 


The estimated number of customers is (85.162)(60) ~ 5110. 


(f ) Between 3 p.m. and 7 P.M., the number of customers is approximately 



(60) « (50.28)(60) « 3017. 


Hence, 3017/240 ~ 12.6 per minute. 
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L 


70. F(x) = (t 3 + 2t - 2) dt = 


1 4 

-- + t 1 — 2t 
4 


= [■ j + x 2 - 2x J - (4 + 4 - 4) 
X 4 

= — + x 2 — 2x — 4 
4 


F( 2) = 4 + 4 — 4 — 4 = 0 


Note: F( 2) = (f 3 + 2f - 2) * = 0 

2 


F(5) = — — I- 25 — 10 — 4 = 167.25 

04 

F(8) = — + 64 - 16 -4 = 1068 
4 


72. F(x) = j -^dt= - j 2 r 3 dt — ^ 


1 1 


rj 2 a- 


F(2)=i-i = 0 


F(8) = 


1 

1 

21 

25 

4 

100 

1 

1 

15 

64 

4 

64 


74. F(a) = sin dc/d = —cos # = —cos a + cos 0 = 1 — cos a 

Jo Jo 

F(2) = 1 - cos 2 « 1.4161 
F(5) = 1 - cos 5 = 0.7163 
F(8) = 1 - cos 8 = 1.1455 


76. (a) | t(t 2 + 1) dt = j (f 3 + t) dt = 

Jo 

= a 3 + a = a(a 2 + 1) 


1 , 1 , 

+ Ft 
4 2 


x 1 1 y2 

= -x 4 + —x 2 = —(x 2 + 2) 

0 4 2 4 v ' 


< b) £ 


1 4 , 1 2 
-A 4 + -X 1 

4 2 


78. (a) J Jtdt = 


-p/2 


x 2 16 2 

= 4 3 / 2 - ^ = f ( a 3 / 2 - 8) 

4 3 3 3 


< b) £i 


2 3/2 _ 16 

3 3 


= V 1 / 2 = 


80. (a) I sec t tan t dt = 

Jtt/3 


sec £ 


7t/3 


(b) — [ sec a — 2] = sec a tan a 
dx 


82. F(a) = 


F'(a) = 


j r 2 + 1 

A 2 

A 2 + 1 


dt 


84. F(x) = J^Vldl 
F'( a) = 4/a 


86. F(a) = J sec 

Jo 

F'(a) = sec 3 ; 


sec a — 2 


3 f dt 
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88. F(x) = J t 3 dt = 
F'{x) = 0 


= 0 


Alternate solution 

Fix) = f t 3 dt 


= J t 3 dt + J f 3 dt 

r —x rx 

= — I t 3 dt + I t 3 dt 

Jo Jo 

n*) = -(-*) 3 (-D + (* 3 ) = o 


90. Fix) = r 'di = 


-2 


_ 2r 2 


J2 = 2^ + I =>F ' (x) = 2x " 5 


Alternate solution: F \x) — (x 2 ) '{2x) = 2.c 


92. F(.y) = sin d 2 d0 

Jo 

F\x) = sin (y 2 ) 2 (2y) = 2y sin y 4 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

g(x) 

1 

2 

0 

-2 

-4 

-6 

-3 

0 

3 

6 


(c) Minimum of g at (6, —6). 

(d) Minimum at (10, 6). Relative maximum at (2, 2). 

r , 12 

(e) On [6, 10J g increases at a rate of — = 3. 



(f) Zeros of g: x = 3, x = 8. 


96. (a) git) = 4 - ^ 
lim g(t) = 4 


Horizontal asymptote: y = 4 


(b) A(y) = | ( 4 - ^ ) dt 


4 1 + 4 

t 


= 4y + 

1 Y 


4y 2 - 8y + 4 _ 4(y - l) 2 


lim A(y) = lim 4 yH 8 =oo + 0 — 8 = oo 


The graph of A(y) does not have a horizontal asymptote. 


98. True 


100. Let F)t) be an antiderivative of fit). Then, 




Fivix)) 


F(u(x)) 


= ^[F(v(y)) - Fiiiix)) 


= F'(v( x))v'ix) — F\uix))u\x) 
= /(v(y))v '(y) - /(m(y))m '(y). 
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102. G(x) = 


* | fit) dt 
o 


ds 


(a) G(0) = 


s | fit) dt 
o 


ds = 0 


(c) G"(x) = x • f{x) + f(t) dt 


(d) G"(0) = 0 •/( 0) + fit) dt = 0 
Jo 


104. x[t) = (f - l)(f - 3) 2 = f 3 - It 2 +151-9 
x'(t) = 3l 2 - 14 1 + 15 
Using a graphing utility. 


Total distance = 


I \x\t)\dt ■ 

Jo 


27.37 units 


(b) Let F)s) — s f fit) dt. 

Jo 

G)x) = I F)s) ds 

Jo 




G '(x) = F(x) = x f(t) dt 


G'(0) = 0 f(t) dt = 0 

Jo 


Section 4.5 Integration by Substitution 

|/C?to)g'(*) dx u = g(x) du = g'(+) dx 


2. J ’ x 2 ^Jx 3 + I dx 
4. I sec 2x tan 2x dx 


, I COS .V , 

6. . - ax 


x 3 + 1 


2x 


3x 2 dx 


2 rfx 


cos x dx 


( r 2 _ 0)4 

8. I (x 2 — 9) 3 (2x) dx = - — 1- C 


c 


Check: 


dx 


(x 2 - 9) 4 


+ C 


4(x 2 — 9) 3 


(2x) = (x 2 — 9) 3 (2x) 


10. | (1 — 2x 2 ) 1 ^ 3 (— 4x) dx = —(1 — 2 x 2 ) 4 / 3 + C 


Check: — 

dx 


-(1 - 2x 2 ) 4 / 3 + C 


= ^ • j(l — 2x 2 )'/ 3 (— 4x) = (1 — 2x 2 )'/ 3 (— 4x) 


12. | x 2 (x 3 + 5) 4 dx = | (x 3 + 5) 4 (3x 2 ) dx = | — y 5) ~ + C = (a ° + 5) " + C 


Check: 


dx 


(x 3 + 5) 5 

15 


+ C 


5(x 3 + 5) 4 (3x 2 ) 

15 


= (x 3 + 5) 4 x 2 


14. I x(4x 2 + 3) 3 dx = ' (4x 2 + 3) 3 (8x) dx — 


(4x 2 + 3) 4 
4 


(4x 2 + 3) 4 „ 

+ C = ^^+C 


Check: 


dx\ 


(4x 2 + 3) 4 
32 


+ C 


4(4x 2 + 3) 3 (8x) 
32 " 


= x(4x 2 + 3) 3 
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16. jt 3 VFTJ dt = ^(z 4 + 5) 1 / 2 (4r 3 ) dt = l - [rX ^ )3/ ~ + C = ^(t 4 + 5) 3 / 2 + C 


Check: 


dt 


(i t 4 + 5)3 / 2 + C 


1 3 
6 ’ 2 


(f 4 + 5) 1 / 2 (4f 3 ) = (** + 5)'/ 2 (f3) 


f , , — ^ — 1 f/ T ?\ 1 (l/ 3 3“ 2)3/ 2 2(«3 + 2)3/2 

18. I u 2 y/u 3 4 2 du = —J (u 3 4 2) 1 /2(3m 2 ) du = — ^7 h C = — 

"2(«3 + 2)3/2 


+ c 


Check: - 7 - 

du 


4 C 


= | • |(«3 + 2) 1 /2(3m 2 ) = (u 3 4 2 ) 1 / 2 (m 2 ) 


20 . 


(1 + ^ 4)2 ^ U + A 4 ) W) = -^(1 + A 4 ) 1 + C = 4(1 ^ + C 


Check: 


dx | 


-1 

4(1 + x 4 ) 


^(l + ^-2(4,3)=^ 


22 . 


(I6^ & = ~j] (16 ~ * 3 ) _2 (- 3 * 2 )^ = -|l 


(16 — x 3 ) 1 


-1 


+ C = 


1 


3(16 - x 3 ) 


+ C 


Check: - 7 - 

dx 


1 


3(16 — x 3 ) 


+ C 


= |(- 1)(16 - x3)-2(3x 2 ) = 


24. 


yi + 


dx = - (1 + X 4 ) 1 /2(4x 3 ) dx = 


1 (l + -a 4 ) 1 / 2 , VTT 

4 1/2 


+ C = 


+ c 


d 

yi 4 x 4 

dx 

2 


+ c 


= -•-(14- ,v 4 )- 1 /2(4x 3 ) = 7 ** ? 

2 2 yi 4 x 4 




x 2 4 


(3x) 2 J 


11? 1 x 3 1 /x 1 \ x 3 1 3X 4 — 1 

dx - | (X 4 -X- j rfx - y 4 + C- y - -4C - 4 C 


Check: — 

dx 


1 3 1 -1 

v 1 


-X - 1 4 C 


= -|- — x ^ -|- 

9 (3x) 2 


28 - 1 JTx dx = 2 1^ 1/2 dx = I(l 72 j + c = Jx + c 

Check: -j~[Vx 4 c] = — 7 = 

“A 2 vx 


30. 


f'^ L ^ Z dt = fy/2 + 2 r 3 / 2 ) dt = 1*3/2 + V 2 + C = ^*3/2(5 + 6 f) 4 C 
J Jt J 3 5 15 


Check: 




|*3/2 + |f5/2 + C 


= *'/2 4 2*3/2 = 


* 4 2*2 


32. I I 3 + 4^1 * = 


1 , 1 , l/f 4 \ 1 / *“ 1 \ ^1,1^ 

3* + 4 r J dt ~ 3(4) + 4(^Tj + C “I? “4^ +C 


Check: - 7 -I 
dt\ 


4 - 7 + C 

12 4* 


1 , 1 

“ 3 f + 4* 2 
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34. | 27ry(8 - y 3 ' 2 ) dV = 2tt | (8y - y 5 ' 2 ) dy = 2tt( 4y 2 - |y 7 / 2 ) + C = ^(14 - y 3 ' 2 ) + C 


Check: 


dy 


^(14 - y 3 / 2 ) + C 


d 

dyl 


2tt( 4 y 2 -y 7 / 2 ) + C 


= 167tv — 2 Try 5 / 2 = (277y)(8 — y 3 ^ 2 ) 


36. y = 


lO.v 2 


yrr ; 


= dX 


10 

3 

10 

3 


/' 1 

(1 + x 3 ) 1/2 l 


1/2 


+ C 


= ys/TT/f 3 + c 


38. v = 


X - 4 


= dx 


Vx 2 — 8x + 1 
= (x 2 — 8x + l) _1 / 2 (2x — 8) dx 

(x 2 - 8x + l) 1 / 2 ] 


1/2 

= Vx 2 — 8* + 1 + C 


+ C 


40. (a) 


M/YW 


AAAY/V t 


(b) = x cos x 2 , (0, 1) 

dx 


y = \ x cos x 2 dx = — | cos(x 2 )2x dx 
= — sin (x 2 ) + C 

(0. 1): 1 = yin(0) + C => C = 1 


- 1 /( 


1 


46. | x sin x 2 dx = — (sin x 2 )(2x) dx — ——cos x 2 + C 


y = 2 sin (* 2 ) + 1 


42. 4x 3 sin x 4 dx = sin x 4 (4x 3 ) dx = — cos x 4 + C 


44. I cos 6x dx = 7 (cos 6*) (6) dx = 7 sin 6.x: + C 
6 6 


48. sec(l — *) tan(l — x) <ix; = — I [sec(l — *) tan(l — *)](— 1) dx = — sec(l — x) + C 


„ 1 , 0 , (tan*) 3 / 2 _ 2 , so/o _ 

50. x/tan x sec 2 x dx = — — — 1- C = —(tan *) 3 / 2 + C 

1 3/2 3 V 7 


„ , smi , , v . v , (cos*) 2 ^ 1 ^ 1 0 „ 

52. | - — dx = — (cos *) 3 (— sin x) dx = b C = h C = — sec 2 x + C 

— 2 2 cos z x 2 


54. | csc 2 f^j dx = 2 csc2 f^j(^j dx = —2 + C 


56. /(*) = J 77 sec 7 tx tan 77* dx = sec 77* + C 

Since /(1/3) = 1 = sec(7r/3) + C, C = — 1. Thus 


f(x) = SeC 77 * — 1. 
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58. u — 2x + 1, x = — (u — 1), dx = ^ du 

j xV2x + 1 dx = J — (u — 1) -Jit — du 


= — j \u ^ du 

- - H + c 

.^3„- 5) + C 


= ^(2* + l)V2[3(2x + 1) - 5] + C 


= ^(2x + l) 3 / 2 (6x - 2) + C 


60. u = 2 — x, x = 2 — u, dx = — du 




(x + 1) Jl — x dx = — 


(3 — it) v/ u du 


= — (3m 


1/0 — m 3/2 ) 


= -(2m 3 / 2 -^m 5 / 2 ) + C 


2m 3 / 2 


(5 - «) + C 


= -=<2-x) 3 / 2 [5-(2-x)] + C 


= — 1(2 - x) 3 / 2 (x + 3) + C 


= — (2x + l) 3 / 2 (3x — 1) + C 


62. Let u = x + 4, x = m — 4, du — dx. 


2x + 1 , | 2(m - 4) + 1 , 

dx = 7= MM 


Vx + 4 


= (2m 1//2 — 7m '/ 2 ) <7m 


64. u = t — 4, t = u + A, dt = du 


tVt — 4 dt = (m + 4)m'/ 3 du 




= J (m 4 / 3 + 4m 1 / 3 ) (7m 


= ^m 3 / 2 - 14m 1 / 2 + C 


= -m*/ 2 (2m - 21) + C 


= ^m 7 / 3 + 3m 4 / 3 + C 


3 M 4 / 3 


(m + 7) + (7 


= -7x + 4[2(x + 4) - 21] + C 


= ^ - 4) 4 / 3 [(f - 4) + 7] + C 


= ->/x + 4(2x - 13) + C 


= -(f - 4) 4 / 3 (f + 3) + C 


66. Let m = x 3 + 8, du = 3x 2 dx. 


'i 

_ ~ 


1 

x 2 (x 3 + 8) 2 dx = - (x 3 + 8) 2 (3x 2 ) (ix = 

2 7 J-2 


1 (x 3 + 8) 3 
3 3 


4 

J-2 


= -[(64 + 8) 3 - (-8 + 8) 3 ] = 41.472 


68. Let m = 1 — x 2 , du = — 2x dx. 


f xVl — x 2 dx = — ^ f (1 — x 2 )'/ 2 (— 2x) dx = 
Jo “Jo 


-i(l _ *2)3/2 


‘=o+|=| 


70. Let m = 1 + 2x 2 , du = 4x dx. 


2 1 f 2 

, A dx = 7 (1 + 2x 2 ) _1 / 2 (4x) dx = 

o VI + 2x 2 4 J 0 


7>/l + 2x 2 


2 = 3 -^=l 
o 2 2 
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72. Let u = 4 + y 2 , du = 2y dx. 
r 2 , n 


•2 . r 2 

xl/4 + x 2 dx = — (4 + jc 2 ) 1>f3 (2jc) dx = 

Jo 2J 0 


1(4 + * 2 ) 4/3 


' = ^(8 4/3 - 4 4 / 3 ) = 6 - gl/4 « 3.619 

0 8 2 


74. Let u = 2x — 1, rfa = 2 dx, y = — (ju + 1). 


When y = 1, u = 1. When y = 5, u = 9. 


X dx = | 1/2(ja + ^ - du = - I («‘/ 2 + u- 1 ' 2 ) du 


i -J2x — 1 


2 4 J , 


u 2 ' 2 + 2m 1 / 2 


| (27) + 2(3)) - (| + 2 


16 

3 


7t/2 

76. I (y + cos y) dx = 

) tt/ 3 


X 

— + sinx 
2 


-7t/2 

tt/3 


. + ,).(-d + 21). + 

18 2 / 72 2 


78. m=y + 2, x = u — 2, </y = du 

When y = —2, u = 0. When y = 6, w = 8. 


•6 r 8 rs 

Area = y 2 Vy + 2 <t/y = (« — 2 ) 2 lfudu = (n 7 ^ 3 — 4» 4 / 3 + 4 m 1 / 3 ) du 

J — 2 JO Jo 


yM 10 / 3 - y U 7/3 + 3i( 4 / 3 


80. A = (sin y + cos 2 y) dx = 


- cos x + — sin 2 y 
2 


= 2 


82. Let u = 2y, du = 2 dx. 

Ctt/4 


Area = 


ir/12 


esc 2 y cot 2 y dx = - 
2 


7t/4 


esc 2 y cot 2 y( 2) r/Y 


7t/12 


— esc 2 y 
2 


- 7t/4 
_ 7t/12 


1 

2 



8^2 ^ 

90. | sin y cos y </y = | (sin y) 1 (cos x dx) = — 1- C l 


sin y cos Y dx = — | (cos y) *( — sin x dx) = — h C 2 


„ (1 — sin 2 Y) „ sin 2 Y 1 „ 

+ C 2 — 2 1 - c 2 — — 2 — ~ + C 2 

2 2 2 2 2 2 


They differ by a constant: C, = C, + — . 


88 . 



4752 

35 
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92. f(x) = sin 2 x cos x is even. 

7t/ 2 r7r/2 

sin 2 x cos x dx = sin 2 x(cos x) dx 

-n/2 Jo 


94. f(x ) = sin .v cos x is odd. 

f7r/2 

sin x cos x dx = 0 

J — tt/2 


= 2 1 

_ 2 
~~ 3 


7t/2 

Jo 


7t/4 

96. (a) | sin x dx = 0 since sin x is symmetric to the origin. 

- 7t/4 

-\tt/4 

= V2 since cos x is symmetric to the y-axis. 
o 

tt/2 

= 2 

o 


J — tt/2 



~7r/4 

'•n/4 


(b) 

cos x dx = 2 

cos x dx = 

2 sin x 

J 

— 7t/4 

0 

- 


•tt/2 

'n/2 

r -1 

(c) 

cos x dx = 2 

cos x dx = 

2 sin x 

J 

— 7t/2 J 

0 

- 


~tt/2 



(d) 

sin .v cos x tfa 

= 0 since sin(- 

-x) cos(- 


98. | (sin 3* + cos 3*) dx = | sin 3 x dx + | cos 3x dx = 0 + 2 cos 3x dx 

Jo 


2 . 

- sin 3x 


= 0 


Jx( 5 - x 2 ) 3 dx = ~^J( 


100. If u = 5 — x 2 , then du = —2x dx and | x(5 — x 2 ) 3 dx = — — (5 — x 2 ) 3 (— 2x) dx = — — u 3 du. 


102 . ^ = k( 100 - t) 2 


Q(t ) = j k(100 - t ) 2 dt = --(100 - t) 3 + C 
2(100) = C = 0 


2 (f) = - 3(100 - t) 3 


2 ( 0 ) = --(100) 3 = 2,000,000 =» k = -6 

Thus, 2(f) = 2(100 - t) 3 . When t = 50, 2(50) = 
$250,000. 


104. R = 3.121 + 2.399 sin(0.524f + 1.377) 



Relative minimum: (6.4, 0.7) or June 
Relative maximum: (0.4, 5.5) or January 

(b) f R{t) dt ~ 37.47 inches 

Jo 


(c) 


If 1 

3j 9 


R(t ) dt ~ —(13) = 4.33 inches 


106. (a) 70 



0 II .1 24 

0 

Maximum flow: R ~ 61.713 at t = 9.36. 
[(18.861, 61.178) is a relative maximum.] 


-24 

(b) Volume = R(t ) dt ~ 1272 (5 thousand of gallons) 

Jo 
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108. (a) « 


[AA\ 


\/\J 



-4 


(b) g is nonnegative because the graph of/ is positive at the 
beginning, and generally has more positive sections than 
negative ones. 


(c) The points on g that correspond to the extrema of/ are (d) No> some zeros of / ; like * = n /2, do not correspond to 

points of inflection of g. an ex trema of g. The graph of g continues to increase 

after x = ir/2 because /remains above the x-axis. 

(e) 4 


The graph of h is that of g shifted 2 units downward. 

git) = | fix) dx 

Jo 

rW 2 n 

= I f(x ) dx + I f(x) dx = 2 + h(t). 

Jo Jn/2 


4 


. /A 

v . . ./ 

/ 

V 


4 


110. False 


1 

x(x 2 + l) 2 dx = — 


(x 2 + l) 2 dx = - 1 (x 2 + l)(2x) dx = —{x 2 + l) 2 + C 


112. True 


'b 

- 

sin x dx = 

— cos X 

Ja 

- 


+ 2-tt 

s 

a 


sin x dx 


114. False 


sin 2 2x cos 2x dx = ^ (sin 2x) 2 (2 cos 2x) dx = ^ — F C = ^ sin 3 2x + C 


116. Because/is odd, /(— x) = —fix). Then 

ra r 0 ra 

I /(x) dx = I /(x) dx + I f{x ) dx 
J — r/ J— rt Jo 

r —a ("a 

fix) dx + /(x) dx. 

Jo Jo 

Let x = — «, dx = — d« in the first integral. 
When x = 0, u = 0. When x = — a, w = «. 

rl ra 

I /(*) dx = — I f(—u)( — du) + I f(x) dx 
J-a Jo Jo 

= — I /(w) dw + I /(*) dx = 0 

Jo Jo 
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Section 4.6 

2. Exact: 

Trapezoidal: 

Simpson’s: 

4. Exact: 
Trapezoidal: 
Simpson’s: 

6 . Exact: 
Trapezoidal: 
Simpson’s: 

8 . Exact: 

Trapezoidal: 

Simpson’s: 

10. Exact: 

Trapezoidal: 

Simpson’s: 

12. Trapezoidal: 
Simpson’s: 


Numerical Integration 


2 + l ) dx = 

1 / V“ \ 1 

2 + i r~8 


X 

6 + * 


1 7 

= 7 = 1.1667 
o 6 


1 + 2 |M + iU 2 ^ : 


l 'x 2 \ 1 


M + ffMMM 

1 + 4(i« +1 ) + 2 (»f£ +1 ) + 4(ef +1 ) + (| + 


75 

= 1.1719 

64 


= 7 « 1.1667 
6 


-7 dr = 
x- 


-1 


= 0.5000 


1 , _ 1 


( 4 \ 2 / 4\ 2 / 4\ 2 1 

1 + 2 ( 5 + 2 ( 6 ) + \7 j + 4 


0.5090 


1 , _ 1 , 

7- dx ~n 


/4 \ 2 ~/4 \ 2 / 4 \ 2 1 

1 + 4 5 + 2 6 + 4 7 + 4 


0.5004 


l/xdx = 


v 4/3 


= 12.0000 


Ifxdx « -[0 + 2 + 24/2 + 2^3 + 2l/A + 2Z/1 + 2^6 + 24/7 + 2] « 11.7296 

f 8 1 

Ifxdx « -[0 + 4 + 24/2 + 44/3 + 24/4 + 44/5 + 24/6 + 44/7 + 2] « 11.8632 
Jo 3 


(4 — x 2 ) dx = 


. x J 

4 ’ T - 3 . 


3 11 2 

= 3 - — = -- « -0.6667 

1 3 3 


(4 — x 2 ) dx ~ j 3 + 2 


3 \ 2 " 

4 -'f 


+ 2 ( 0 ) + 2 


nr 


- 5 = -0.7500 


(4 — x 2 ) dx ■ 


3 + 4( 4 - |) + 0 + 4 ( 4 - ^ - 5 


-0.6667 


Mx 2 + 1 dx = 


xVx 2 + 1 dx ~ -| 


(x 2 + I) 3 / 2 
0 + 2f 1 


2 = 7(5 3 / 2 - 1) « 3.393 
0 3 


2 + 1 + 2(1) V1 2 + 1 + 21 


+ 1 + 2v/2 2 + 1 


3.457 


xVx 2 + 1 dx ~ 7 
0 6 


0 + 4 (^)v(l/2) 2 + 1 + 2(1)VFTT + 4 (f) M(3/2 ) 2 + 1 + 2y2^TT 


3.392 


0 >/l + x 


1 s dx ~\\ 


dx ~ 7 I 


1 + 2 ' 


1 + 4' 


+ 21 — 4 =) + 1( 1 


J\ + (1/2) 3 / \M + l 3 / Wl + (3/2) 3 / 3 


1 

+ - 


+ 21 ;===) + 4 f 1 


'oVttm 6l vvi + (1/2) 3 / \ymr vvi + 0/2) 3 / 3 


+ 


1.397 


1.405 


Graphing utility: 1.402 



480 Chapter 4 Integration 


14 . Trapezoidal: sin x dx ~ — 

Jtt/2 16 


Simpson’s: 


>/r sin x dx ~ -g- 


77... . /5ir . (5tt\ „ / 3tt . /3ir\ „ Itt . (1tt\ . , ... 

2 (1) + 2 V T" sm (lT j + 2 V T sin \T j + 2 V T sm lTj + °J ” h430 

77 , / 577 . ( 5tt\ , / 3 tt . (3tt\ . Htt . (1tt\ - , 

2 + 4 V T sin T + 2 V T s111 (t) + 4 V T sin T + 0 ” L458 


Graphing utility: 1.458 


3 J 7r/4 


16 . Trapezoidal: tan(.r 2 ) <£t ~ — - — tan 0 + 2 tanl — — — j + 2 tan( — — — j + 2 tan|^ — j + tan( — 


Simpson’s: 


tan(.v 2 ) dx ■ 


tan 0 + 4 tan' 


+ 2 tan' 


+ 4 tan' 


3 V 77/4 


+ tan Vi 


Graphing utility: 0.256 


J\ + cos 2 x dx ~ — [V2 + 2Vl + cos 2 (ir/8) + 2Vl + cos 2 (7r/4) + 2>/l + cos 2 (37r/8) + l] ~ 1.910 
0 1° 

J -ir/2 

•Jl + cos 2 x dx ~ ^t[^2 + 4-s/I + cos 2 (7r/8) +2Vl + cos 2 (7r/4) +4^1 + cos 2 (37r/8) + l] ~ 1.910 
0 24 


Graphing utility: 1.910 


T ... f^sin.r ttT 2sin(7r/4) 2 sin(7r/2) 2 sin(37r/4) 1 

20 . Trapezoidal: dx ~ — 1 H 7- 1 . 1 — j- h 0 = 1.836 


Simpson’s: 


sin a - 77 4stn(77/4) 2 sin(77/2) 4 sin(37r/4) 

dx ~ — 1 H 7-. 1 77 1 7 — 77 1 0 ~ 1.852 

.v 12 77/4 77/2 377/4 


Graphing utility: 1.852 


22. Trapezoidal: Linear polynomials 
Simpson’s: Quadratic polynomials 


24 . f(x) = 


/'(*) = 


(* + l ) 2 


/'« = 


(x + 1) 3 


f"\x) = 


/ (4) M = 


(* + 1) 4 


(x + l) 5 


(a) Trapezoidal: Error < (2) = ^7 ~ 0.01 since 

f"(x) is maximum in [0, 1 ] when x = 0. 

(b) Simpson’s: Error < (24) = « 0.0005 

since / (4) (.v) is maximum in [0. 1] when x = 0. 
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26. fix) = ^ + in [0,1]. 

(a) |/%x)| is maximum when jr = 0 and |/"(0)| = 2. 

Trapezoidal: Error < ^ , (2) < 0.00001, n 2 > 16,666.67, n > 129.10; let n = 130. 

/ (4) w = (nV in[0, 1] 

(b) \f 4 \x) | is maximum when x = 0 and |/< 4 >(0) | = 24. 

Simpson's: Error < ^ , (24) < 0.00001, n 4 > 13,333.33, n > 10.75; let n = 12. (In Simpson’s Rule n must be even.) 

180n 


28. fix) =(x+ 1)2/3 


(a) f\x) = - 9(a . + 1)4 /3 in [°. 2]- 

2 

\fix) is maximum when ,y = 0 and |/'t0)| = 


Trapezoidal: Error 


56 


8 2 


12n 4 \9 


- < 0.00001, n 2 > 14,814.81, n > 121.72; let n = 122. 


(b) f 4 \x) = - gl(jt ^10/3 in [°,2] 

|/ (4) (x)| is maximum when x = 0 and |/( 4) (0)| = yy. 

8 1 


on / C<C\ 

Simpson’s: Error < , ( — I < 0.00001, n 4 > 12,290.81, n > 10.53; let n = 12. (In Simpson's Rule n must 

, , 180n \81/ 

be even.) 


30. f(x) = sin(j: 2 ) 

(a) f"(x) = 2[— 2x 2 sin(.r 2 ) + cos(.r 2 )] in [0, 1], 

\f"(x ) | is maximum when x = 1 and |/"(l)| ~ 2.2853. 


Trapezoidal: Error < ^ (2.2853) < 0.00001, n 2 > 19,044.17, n > 138.00; let n= 139. 

(b) f 4 \x) = (16x 4 — 12) sin(.r 2 ) — 48.r 2 cos(.r 2 ) in [0. 1] 

|/ (4) (x)| is maximum when* ~ 0.852 and |/ (4, (0.852)| ~ 28.4285. 

Simpson’s: Error < ~ (28.4285) < 0.00001, n 4 > 15,793.61, n > 1 1.21; let n= 12. 

1 80/; 


32. The program will vary depending upon the computer or programmable calculator that you use. 
34. f(x) = J\ — x 2 on [0. 1]. 


n 

L(n) 

M(n) 

R{n) 

Tin) 

Sin) 

4 

0.8739 

0.7960 

0.6239 

0.7489 

0.7709 

8 

0.8350 

0.7892 

0.7100 

0.7725 

0.7803 

10 

0.8261 

0.7881 

0.7261 

0.7761 

0.7818 

12 

0.8200 

0.7875 

0.7367 

0.7783 

0.7826 

16 

0.8121 

0.7867 

0.7496 

0.7808 

0.7836 

20 

0.8071 

0.7864 

0.7571 

0.7821 

0.7841 
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36. fix) = on [1, 2], 


n 

Hn) 

Min) 

R{n) 

Tin) 

Sin) 

4 

0.7070 

0.6597 

0.6103 

0.6586 

0.6593 

8 

0.6833 

0.6594 

0.6350 

0.6592 

0.6593 

10 

0.6786 

0.6594 

0.6399 

0.6592 

0.6593 

12 

0.6754 

0.6594 

0.6431 

0.6593 

0.6593 

16 

0.6714 

0.6594 

0.6472 

0.6593 

0.6593 

20 

0.6690 

0.6593 

0.6496 

0.6593 

0.6593 


38. Simpson’s Rule: n — 


7t/2 


8 ^j„ V 1 

« 17.476 


, 2 . , / 2 . , JT 2 . , 77 

1 - 3 sirfO + 4> /l - 3 sm-- + 2^/ 1 - 3 sm- 8 + 


, , 2 . , 77 

+ ^ / 1 — — sin- — 
3 2 


40. (a) Trapezoidal: 


f(x) dx « -rrr[4.32 + 2(4.36) + 2(4.58) + 2(5.79) + 2(6.14) + 2(7.25) + 2(7.64) + 2(8.08) + 8.14] = 12.518 
o 2(8) 

Simpson's: 


fix) dx « ^[4.32 + 4(4.36) + 2(4.58) + 4(5.79) + 2(6.14) + 4(7.25) + 2(7.64) + 4(8.08) + 8.14] = 12.592 
o 2(8) 


(b) Using a graphing utility, 

y = -1.3727* 3 + 4.0092.r 2 - 0.6202 a + 4.2844 


ting, 

Jo 


Integrating, y dx ~ 12.53 


42. Simpson’s Rule: n = 6 


77—4 


1 


1 + X‘ 


dx ■■ 


4 

3(6) 


1 + 


1 + (1/6) 2 1 + (2/6) 2 1 + (3/6)- 1 + (4/6) 2 1 + (5/6) 2 


3.14159 



44. Area = ^y[75 + 2(81) + 2(84) + 2(76) + 2(67) + 2(68) + 2(69) + 2(72) + 2(68) + 2(56) + 2(42) + 2(23) + 0] 
= 7435 sq m 


46. The quadratic polynomial 

, , _ (.A — A 2 )(a — X 3 ) (.A — Aj)(.A — X 3 ) (.A — Aj)(a — A 2 ) 

P X (a, — a 2 )(aj — a 3 ) ' Vl + (a 2 — Aj)(a 2 — a 3 ) Xl + (a 3 — Aj)(a 3 — a 2 ) ■ y3 


passes through the three points. 
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Review Exercises for Chapter 4 


1 . 7 



5. 



dx 



9. f'(x) = —2x, (-1, 1) 
fix) = J — 2xdx = — x 2 + C 

When x = — 1 : 

y = -1 + C = 1 
C =2 
y = 2- x 2 


13. ait) = -32 

v(t) = -32 1+ 96 
s(t) = —16 1 2 + 96 1 

(a) i’(t) = — 32 1 + 96 = 0 when t = 3 sec. 

(b) s(3) = - 144 + 288 = 144 ft 

96 3 

(c) v(t) = —32 1 + 96 = — when t = — sec. 

«> '(I) - " 16 (j) + «(f) - 108(1 


2 1 

(2jc 2 + x — 1 ) dx = - x 3 + -x 2 — x + C 


7. 


7. (4x — 3 sin x) dx = 2.t 2 + 3 cos x + C 


11. a(t) = a 

v(t) — J a dt — at + Cj 


v(0) = 0 + Cj = 0 when C l = 0. 
i '(f) = at 


s{t) — J at dt = -r + C-, 
i'(O) = 0 + C 2 = 0 when C 2 = 0. 


= §f 2 


s(30) = — (30) 2 = 3600 or 

a = ^r = 8ft/sec2 - 

v(30) = 8(30) = 240 ft/sec 


10 

15. (a) 2(2 i ~ 1) 

i= 1 

(b) 

/= 1 

10 

(c) 2( 4 » + 2) 

/= 1 
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10 . 1 

17 . y = — , Ax = — , n = 4 

7 x 2 + 1 2 


S(n) = 5( 4) = 


10 

. 1 + (1/2) 2 + 1 ' (l) 2 + 1 ' (3/2) 2 + 1. 


10 10 10 

+ 77^ T + 


13.0385 


s(n) = s(4) = ^ 


10 + 10 + 10 10 


(1/2) 2 +1 1 + 1 (3/2) 2 +1 2 2 + 1_ 

« 9.0385 

9.0385 < Area of Region < 13.0385 


4 

19 . y = 6 — x. Ax = — , right endpoints 


Area = lim y f(ci) Ax 
4i\4 


= lim ^ 6- 


n n 


= lim - 

n — >oo 71 


. 4 re(re + 1) 

on 

n 2 


= lim 

n—>oo 


24 - 


n + 1 


= 24 - 8 = 16 



21 . y = 5 - x 2 , Ax = 


Area = lim V f(ci) Ax 


= lim y. 


5 - -2 + 


3 A 


T. n 

= lim - V 

/i — >co 77 


= lim — 

n — »oo 71 


71 + 


= lim 

n — >co 


3+18 


, + m_9P 
n ti- 
ll n(n + 1) 9 re(n + l)(2n + 1) 

n 2 n 2 6 

n + 1 9 (re + l)(2re + 1) 


re 


re 


= 3 + 18 - 9 = 12 


y 



23. x = 5v — y 2 , 2 < y < 5, Ay = 


Area = lim ^ 


3i 


52+— -2+— 


3 A 


3 " 

= lim - y 

«— >oo re ^j|_ 
3 n 

= lim — V 

n—>oo 71 


15i , / Oi- 

IO + 4-12 


6 + ?--% 


= lim — 

n — >go 71 


. 3 relre +1) 9 n(re + l)(2re + 1) 

6re H r 


1 8 + 2 9 


27 

2 


y 
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25. ^lim 2 (2d — 3) A.x; = (2x — 3) dx 




(triangle) 



(5 — x)) dx 



29. (a) [fix) + g(x)] dx = fix) dx + g(x) dx = 10 + 3 = 13 


J^f(x) dx + £ 

J /Cv) & - | 


lb) [/(*) - g(x)] dx = /(x) dx - g(x) dx = 10 - 3 = 7 


(c) [2 f(x) — 3g(.x:)] dx = 2 /(x) dx — 3 g(x) dx = 2(10) — 3(3) = 11 


f 

^ 5/(x) dx = 5 


(d) 5/(x) dx = 5 f{x) dx = 5(10) = 50 


31 . 



|(16) + 8 



(c) 


'4 

33. (2 + x) dx 

Jo 


x JLj 

2x + — 
2 


4 

0 



16 



2 1) dt = 



= 0 


37 . 




§(V5)’ - (74)’] 



32) 


422 

5 
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51. F'(x) = a 2 V1 + -v 3 


53. F\x) = x 2 + 3x + 2 


55 . f* + IP * - j <* + 3-* + S," + 1) * - f + !<’ + ,• + ,+ C 
57. u = x 3 + 3, rfw = 3 a 2 clx 


—^=dx = f(x 3 + 3 Y x ' 2 x 2 dx = (a 3 + 3)- 1 ' 2 3 x 2 dx = |(a 3 + 3)'/ 2 + C 

J J 3J v 3 V 


59. u = 1 — 3.x 2 , dw = — 6x dx 

I x(l — 3 x 2 ) 4 dx = — 7 I (1 — 3* 2 ) 4 (— 6 * <ix) = — -~(1 — 3 * 2 ) 5 + C = ^r(3 ^ 2 — l) 5 + C 
J 6 J 30 30 


sin 


61. I sin 3 x cos x dx = — sin 4 x + C 


63. 


I — . — dx = I (1 — cos (?) l / 2 sin Odd = 2(1 — cos 0 ) 1//2 + C = 2v/l — cos 0 + C 

J 71 - cos (9 J 


65. 


tan" x sec 2 a <r/x 


tan” + 1 a 
n + 1 


+ C, n — 1 


67. 


(1 + sec 77 a) 2 sec 7 nr tan 77 a c/a 


77 


(1 + sec 77 Y) 2 (i 7 sec 77 A' tan 77 .y) dx 


T — (1 + sec 77 a ) 3 + 
377 


69. 



4) dx 



4) (2a) dx 


1 (x 2 - 4 ) 2 ] 2 

2 2 


= 4 [0 - 9 ] 


9 

4 


= 8(3 - 1) = 16 


J-i 
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1. f — j— dx = [ (1 + x) 1 ' 2 dx = 2(1 + x ) 1 ' 2 =4 — 2 = 2 

Jo V 1 + x Jo L Jo 


73. u = 1 — y, y = 1 — u, dy = —dit 

When y = 0, u = 1 . When y = 1, u = 0. 


~ 7r ft + ^ ^ — y dy = 2rr[ —[(1 — u ) + I ] Vm 

= 27t f (if/ 2 — 2u 1 / 2 ) du = 2tt 7-m 5 / 2 — — if! 2 

J i L5 3 Ji 

75. | cos(f) dx = 2 | o cos(^) = [2 sin(|)] Q = 2 


77. « = 1 — x, jc = 1 — m, = — ?/?/ 

When x = a, u = \ — a. When jr = b, u = 1 — h. 

ri—h 

P a b = — xVl — x dx = — — (1 — u) ~Ju du 

Ja 4 4 Jj _ a 

i5 f 1 ^ .... , 1 5 r 2 ,,, 2 15T 2 u 3/2 . n c ,T“ fc r (l-x) 3/2 

= -r (« 3/2 - « 1/2 ) du = — -u 5 ' 2 - -if' 2 = — — jr— (3 m - 5) = ^^(3* + 2) 

4 J l _ a 4 -3 Ji-fl 4[ Ji -a \_ 2 ja 

r (1 _ x )3/2 J0.75 

(a) P 050 075 = -d— (3x + 2) = 0.353 = 35.3% 

L 2 J 0.50 

^ „ _r U-*) 3/2 ,, t 


(b) Pn b =\ - 


r a -*) 3/ v , a -*) 3/ v. . , , n , 

(3x + 2) = (3b + 2) + 1 = 0.5 

2 Jo 2 


(1 - b) 2 ' 2 (3b + 2) = 1 
b « 0.586 = 58.6% 


79. p = 1.20 + 0.04? 

15,000 f ,+ 1 

c = ^n, pds 

(a) 2000 corresponds to ? = 10. 

C = ^TT^f [1.20 + 0.04f] dt 
M L 


15,000r „ .J 11 24,300 

’ 1 . 20 ? + 0 . 02? 2 = ,, 

M 10 M 


(b) 2005 corresponds to ? = 15. 


„ 15,000 , „„ „ , 16 27,300 

C = ,, 1.20? + 0.02? 2 = ’ 

M 15 M 


81. Trapezoidal Rule (n = 4): -dx ~ — 

Ji 1 + x 8 _ 


f 2 1 If 1 

J , 1 +/ 8 [l + l 3+ l 


2 2 2 1 _ 

+ (1.25) 3 + 1 + (1.5) 3 + 1 + (1.75) 3 + 1 + 2 ; 


Simpson’s Rule (n = 4): | ^ dx ~ ^[^1 + l + ^ + j + (^S) 3 + TtJ ~ °’ 254 


4 2 4 1 

+ (1.25) 3 + 1 + (1.5) 3 + 1 + (1.75) 3 + 1 + 2 3 


Graphing utility: 0.254 


r-ir/2 

Trapezoidal Rule (n = 4): ^/x cos x dx ~ 0.637 

Jo 

Simpson’s Rule (n — 4): 0.685 
Graphing Utility: 0.704 


85. (a) R < I < T < L 


(b) S( 4) = ytflO) + 4/(1) + 2/(2) + 4/(3) +/( 4)] 
« I 4 + 4(2) + 2(1) + 4(|) + | « 5.417 
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Problem Solving for Chapter 4 


1. (a) L(l) = dt = 0 


(b) L\x ) = — by the Second Fundamental Theorem of Calculus. 


L\ 1) = 1 
(c) L(x) = 1=1 — dt for x ~ 2.718 


1 


dt = 0.999896 (Note: The exact value of x is e , the base of the natural logarithm function.) 


'I f 1 1 

(d) We first show that | — dt = — dt. 

Jl/xJ 


t 1 

To see this, let u — — and du = — dt. 

x 1 x , 




Then — dt = 


1 1 f 1 1 f 1 i 

(*! du) =1 du = \ - dt. 


lAi U X\ 


lAi 


lAi ‘ 


f X[ * 2 | f r 2 1 / / \ 

Now, L(x,x 0 ) = — dt = — du\ using u = — 

Ji ' Jia,“ V V 

- ( 1* 

J ia,“ 

P 'l , P 2 1 

= — du + I — 

J i « J i « 

= Lpj) + L(v 2 ). 


- 


— du 
u 


3. S(jc) = sinf-^-') dt 

Jo V 2 / 




The zeros of y = sin correspond to the relative 
extrema of S(x). 


(c) 5"(x) = sin — - — 0 => — — = hit => x 2 = 2 n => x = V2n, « integer. 

Relative maximum at x = ~/2 ~ 1.4142 and x — ~ 2.4495 

Relative minimum at x = 2 and x = V8 ~ 2.8284 

(d) S"(x) = cos^Vnx) = 0 => = y + mr => x 2 = 1 + 2tt => x = Pi + 2 n, n integer 

Points of inflection at x = 1, v^3, V5, and v/7. 
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0 

1 

2 

3 

4 

5 

6 

7 

8 

Fix) 

0 

1 

2 

-2 

7 

2 

— 4 

7 

2 

-2 

1 

4 

3 



(c) f(x) 


F(x) 


— X, 

0 < x < 2 


* - 4, 

2 < x < 6 


ix-l. 

6 < x < 8 


[2 



rx 

f(-x 2 /2). 

0 < x < 2 

ft) dt 

= j (x 2 /2) - 4x + 4, 

2 < x < 6 

Jo 

[(l/4)x 2 - x - 5, 

6 < x < 8 


(d) F"(x) = fix) 


— l, 0 < x <2 

1, 2 < x < 6 

1, 

- 6 < x < 8 
2 


x = 2 is a point of inflection, whereas x = 6 is not. 
(/is not continuous at x = 6.) 


F'(x) = f{x). F is decreasing on (0, 4) and increasing on 
(4, 8). Therefore, the minimum is —4 at x = 4, and the 
maximum is 3 at x = 8. 


7. (a) | cos x dx ~ cos| \= ) + cosf 


73 


= 2 cosl 


cos x dx = sin x 


= 2 sin(l) « 1.6829 


Error. 1 1.6829 - 1.6758| = 0.0071 


(b) 


1 


r dx : 


1 


1 


jl + x 2 1 + (1/3) 1 + (1/3) 2 

(Note: exact answer is tt/2 ~ 1.5708) 


1.6758 


(c) Let p(x) = ax 3 + bx 2 + cx + d. 


pix) dx = 


ax 4 bx 3 cx 2 

T + Tt*T + * 


1 2£- 
— — + 2d 
-l j 


P1 “Tfj + p Bl) ” (3 + d ) + (3 + d ) ~ f + 2d 


9. Consider Fix) = [/(x)] 2 =^> F\x) = 2/(x)/'(x). Thus, 

J fix) fix) dx = ^ \ F 'ix) dx 


\Fix) 


= \[F(b) - F(a)] 


= 2 7(*) 2 “/( a ) 2 ] 


1 = 1 

Jo 6' 

The corresponding Riemann Sum using right endpoints is 


11. Consider I x 5 dx = — 
Jo 6 


Sin) = 


2V + ... + » 

«/ \/7/ \rt/ 


= -^[l 5 + 2 s + • • ■ + 7Z 5 ] 
n° 


Thus, lim S(zt) = lint 


l 5 + 2 5 + • • • + n s 


6 ' 
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J ~b rb 

fix) dx < I M dx = M(b — a). 

a Ja 

J ~b rb 

m dx < f(x) dx. 

a Ja 

Thus, m(h — a) < f fix) dx < Mib — a). On the interval [0, 1], 1 < Vl + x 4 5 
Ja 

Thus, 1 < | Vl + x 4 dx < Jl. ^Note: ^ J\ + jt 4 dx « 1.0894^ 


15 . Since ~\f(x)\ < fix) < \f{x)\, 

J ~b rb rb 

\f(x)\ dx < fix) dx < \f{x)\ dx 

a Ja Ja 


fix) dx 


^ [ I /to I dx. 

Ja 


17 . J—\ 100,000 

365 


, , . 2-nit- 60) 

1 + sin 


365 


dt — 


100,000 


365 


365 2-n{t - 60) 

f 2 tt C ° S 365 


s/l and b — a = 1 . 


= 100,000 lbs. 
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CHAPTER 5 

Logarithmic, Exponential, and Other Transcendental Functions 

Section 5.1 The Natural Logarithmic Function: Differentiation 

Solutions to Even-Numbered Exercises 



(b) 3 



The graphs are identical. 


4. (a) In 8.3 « 2.1163 


1 

(b) I —dt ~ 2.1 163 


6. (a) In 0.6 « -0.5108 


(b) 


1 

-dt « -0.5108 


10. fix) = -In (-x) 

Reflection in the y-axis and the x-axis 
Matches (c) 

16. g(x) — 2 + In x 


8. fix) = — In x 

Reflection in the x-axis 
Matches (d) 

12. f(x) = — 2 In x 
Domain: x > 0 


y 



14. f(x) = ln|x| 
Domain: x # 0 



Domain: x > 0 


y 



In 2 


(y) ln(fl - 1) 


18. (a) In 0.25 = In \ = In 1 - 2 In 2 » -1.3862 

(b) In 24 = 3 In 2 + In 3 ~ 3.1779 

(c) In Vl2 = j (2 In 2 + In 3) = 0.8283 

(d) In = In 1 - (3 In 2 + 2 In 3) = -4.2765 

22. In xyz = lnx + lny + lnz 
26. In 3e 2 = ln3 + 2 1ne = 2 + ln3 


20. \nV2? = ln2 3 / 2 = \ 


24. In Ja - 1 = ln(a - l) 1 / 2 = 


28. ln- 

e 


= lnl — In e = — 1 


493 
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30. 3 In x : + 2 In y — 4 In z = In x 3 + In y 2 — In z 4 



32. 2[lnx — ln(x + 1) — ln(x — 1)] = 2 In- X . -r = ln( , X ) 

( x + l)(x — 1) \x 2 - 1/ 

34. f [ln(x 2 + 1) - ln(x + 1) - ln(x - 1)] = § * {x f 1} = 



38. lim ln(6 — x ) = — oo 

x — >6 


40. lim In — . = In 5 

Jx-4 


42. y = In x 3 / 2 = — In x 
2 2 



At (1, 0), y' = |. 


44. y = lnx 1 / 2 = -Inx 
2 2 


,V' = 


2x 


At(l,0),y' = i 


46. h(x) = ln(2x 2 + 1) 

1 


4x 


h\x) = t ~ r(4x) = , 

v 2x 2 + V ’ 2x 2 + 1 


48. y = x In x 

-p- = x(-) + lnx = 1 + lnx 
dx \x) 


50. 


y = ln Vx 2 - 4 = 



4) 


52. f{x) = ln^ 


2x 

x + 3 


In 2x — ln(x + 3) 


dy _ 1 / 2x \ _ x 
dx 2\x 2 — 4/ x 2 — 4 



1 

x + 3 


3 

x(x + 3) 


54. h(t) 


In t 
t 


hXt) = t(l/t)-\nt = f-hU 


56. y = ln(ln x) 

dy _ 1/x _ 1 

dx In x x In x 


58. y 

y' 


in 4^\ = \ [Hx 

ir i i 

3 _x — 1 x + 1_ 


— 1) — ln(x + 1)] 

1 2 2 _ 

3 x 2 - 1 “ 31X 2 - 


1) 


60. f(x) = ln(x + 74 + 
1 


fix) = 


+ 74 + 

1 

74 + x 2 



—* ) 

TTTT 2 / 


1.6094 
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64 . y = ln|csc x| 

, — CSC x • cot X 

y = = — cot* 

CSC X 


68. y = InVl + sin 2 x = — ln(l + sin 2 x) 

dy _ ( 1 \2 sin x cos x _ sin x cos x 
dx \2 / 1 + sin 2 * 1 + sin 2 * 


66. y = ln|secx + tanx[ 

dy _ sec x tan x + sec 2 .* 
dx sec * + tan * 

sec *(sec * + tan x) 

= = sec* 

sec * + tan * 


Tin x 

70 . g(x) = I {t 2 + 3 )dt 

g'(x) = [(In*) 2 + 3]y-(lnx) = <ln '^ + 3 
dx x 

(Second Fundamental Theorem of Calculus) 


72. (a) y = 4 - * 2 - ln^* + lj, (0, 4) 

d -y = - 2x - I 1 -) 

dx (1/2)* + 1 \2/ 

= - 2 *^ 

When * = 0. f - = — ' . 

dx 2 

Tangent line: y — 4 = — — (x — 0) 

y = ~h + 4 



74 . ln(*y) + 5* = 30 
In* + lny + 5* = 30 


1 

* 



5 


= 0 


1 dy _ 1 

y dx x 


dy 

dx 








Relative minimum: (1, 1) 



Relative maximum: (e, e ') 
Point of inflection: (e 3 / 2 , \ e~ 3 ^ 2 ) 


84 . f(x ) = xlnx, /( 1 ) = 0 

/'CD = 1 + In*, /( 1) = 1 

f"{x) = K. AD = l 

PM =/( i) +/'(DD - i) = * - i, RAD = o 
p 2 (x) =/(D +/'(DD - 1) + |/"(D(* - D 2 

= D - l) + - D 2 , PAD = o 

p, 1D = i. p,'(D = i 

P 2 \x) = l + (* - 1) = *, p 2 '(D = i 

P 2 \x) = x, P 2 '\\) = 1 

The values off, Pj, P 2 , and their first derivatives agree at 
x = 1. The values of the second derivatives of/ and P 2 
agree at * = 1 . 


3 



Ji 

82. y = x 2 In — . Domain x > 0 
4 

y' = x 2 ^— j + 2x In ^ = x^l + 2 In =0 when 

— 1 = 2 In 7 => In 7 = —7 => * = 4e~*/ 2 
4 4 2 

y" = 1 + 2 In £ + 2x(-| = 3 + 2 In - 
4 \x) 4 

y" = 0 when x = 4c -3 / 2 

Relative minimum: (4c" 1 / 2 , — 8e -1 ) 

Point of inflection: (4e -3 / 2 , — 24e -3 ) 


4 (4e- 3/2 .-24«r 3 ) 
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86. Find x such that In x = 3 — x. 


88. y = V(x — l)(x — 2)(x — 3) 


fix) = x + (In x) — 3 = 0 
fix) = 1 + ^ 

v . = v _ /W = r H 


n 

1 

2 

3 

X n 

2 

2.2046 

2.2079 

f(x„) 

-0.3069 

-0.0049 

0.0000 


Approximate root: x = 2.208 


In y = ^ [ln(jr — 1) + ln(x — 2) + ln(x — 3)] 

= ir i + _j_ + i 

y\dx) 2|_x — 1 x — 2 x — 3_ 

_ 1 r 3jc 2 — 12x +11 
2 (x — l)(x — 2)ix — 3)_ 

dy _ 3x 2 — 12x +11 
dx 2y 

3x 2 — I 2 jc + 11 
2 s/(x^lj(x^2)(x^~3) 


1 1 1 

Lx - 1 x — 2 x — . 

3x 2 — 12 jc + 11 
Lx — l)(x — 2)(x — 3)_ 


90. 



92. 


_ (j: + 1 )ix + 2) 
(j: — l)(.r — 2) 


In v 

1 dy 
y dx 

dy 

dx 



2x 


x 2 - 1 


1) - ln(x 2 + 1)] 
2x 

x- + 1 



2x 


1 


(.r 2 - 1 ) 1 / 2 2 jt 

Lx 2 + 1 Y' 2 Lx 2 - l)(.r 2 + 1) 
2 jc 

(x 2 + l)V 2 (.r 2 - l )'/ 2 


In y - 

- ln(x + 1) + ln(x + 

2) 

- 

ln(x 

- D- 

ln(x — 

= 


i i 

1 



i 


.dx) 

% 

+ 1 x + 2 x 

— 

T 

X 

- 2 


dy __ 


r -2 -4 1 

1 


y 

- 

-6x 2 + 

12 

dx 

= y 

_x 2 - 1 x 2 - 4_ 


u* 2 

- l)(x 2 

— 4)J 


(x + l)(x + 2) — 6(x 2 — 2) 

(x — l)(x — 2) (x + l)(x — l)(x + 2)(x — 2) 

6(x 2 - 2) 

(x — l) 2 (x — 2) 2 


94. The base of the natural logarithmic function is e. 


96. g(x) = Infix), fix) > 0 


g'(x) 


fix) 

fix) 


(a) Yes. If the graph of g is increasing, then g '(x) > 0. 
Since /(x) > 0, you know that/'(x) = g'(x)/(x) and 
thus,/'(x) > 0. Therefore, the graph of/ is increasing. 


(b) No. Let/(x) = x 2 + 1 (positive and concave up). g(x) = 
ln(x 2 + 1) is not concave up. 


98. 


5.315 

— 6.7968 + lnx 


, 1000 < x 


(a) so 



(b) 1(1167.41) = 20 years 

T= (1 167.41)(20)(12) = $280,178.40 

(c) 1(1068.45) « 30 years 

T = (1068.45)(30)(12) = $384,642.00 


(d) £ = — 5. 315(— 6.7968 + lnx)- 2 Pj 

5.315 

x(— 6.7968 + lnx) 2 

When x = 1167.41, dt/dx « -0.0645. When x = 1068.45, 
dt/dx ~ —0.1585. 

(e) There are two obvious benefits to paying a higher monthly 
payment: 

1. The term is lower 

2. The total amount paid is lower. 
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100 . (a) 


(b) T\p) 


34.96 3.955 

P Jp 


r(10) « 4.75 deg/lb/in 2 


r'(70) « 0.97 deg/lb/in 2 





10 



X 2 x x 


When x = 5, dy/dx = — ^3. When = 9, dy/dx = — 


104. y = In x 


106. False 


y ' = - > 0 for x > 0. 

x 

Since In x is increasing on its entire domain (0, oo), it is a 
strictly monotonic function and therefore, is one-to-one. 


tt is a constant. 

-y-fln it] = 0 
dx 


Section 5.2 The Natural Logarithmic Function: Integration 


2. — dx — 10 — dx = 10 in I .v I + C 

J x lx 


6 ■ f3xT2 dx = lf3xT2 (3)dx 

= | in \3x + 2| + C 


4. u = x — 5, du = dx 

J — dx — ln|.r — 5 1 + C 

8. u = 3 — x 3 , du = — 3x 2 dx 

jj^ dx =~ljj^¥ 3xl)dx 

= -|ln|3 - * 3 | + C 
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10. u = 9 — x 2 , du = — 2x dx 

J j g X _ ^ dx = (9 - x 2 )~ 1/2 (-2x) dx 


- 79 - x- + C 


12 . 

J 


x(x + 2) 1 3x 2 + 6x , „ , A . 

, , 7 ax = - , , _ , 7 ax (a = x 3 + 3x 3 — 4 

+ 3x 2 - 4 3 x 3 + 3x 2 - 4 


= — ln| 7 C 3 + 3x 2 — 4| + C 


_ „ |2x 2 + 7x — 3 f/ , , 19 \ , 

14. t <r/x = 2x + 1 1 H — dx 

x - 2 J \ x — 2/ 

= x 2 + llx + 19 ln|x — 2| + C 


, 6 -f- 


x 3 — 6 x — 20 


115 


_ dx = II x 2 — 5x +19 I dx 

x + 5 |\ x + 5/ 

r 3 

= - -^- + 19x- 115 ln|x + 5| +C 


5. - 


IO x 3 — 3x 2 + 4x — 9 , 

18. 7 dx = 

x 2 + 3 


— 3 + x + 


x 2 + 3 


dx 


1 

• 3x + — + — ln(.x 2 + 3) + C 


20 . 


-!_* = ! -L.I* 

x ln(x 3 ) 3 J In x x 


1 


= — ln|ln|x| | + C 


22. u = 1 + x*/ 3 , du = 7—777 <r/x 


3x 2 / 3 


/ 


- dx = 3 


1 / 1 


x 2 / 3 ( 1 + X 1 / 3 ) J 1 + x 1 / 3 \3x 2/ ' 3 

= 3 ln| 1 + x‘/ 3 | + C 


dx 


. . fx(x — 2) f x 2 — 2x + 1 — 1 

24. 7 -77 dx = ; 777 dx 

J (* - l ) 3 J 


(x - l ) 3 


(X - l ) 2 
(x - 1 ) 


f 1 

, t/x , 1 . , t/x 

3 J (x - l ) 3 


X — 1 


dx — 


1 


(x - l ) 3 


dx 


~ ln| * ” 11 + 2(7^17 + c 


26. u = 1 + 73x, du = — , — dx 
273x 


<ix 


1 + 73x 


c/x = — — (u — 1 ) dii 

. u 3 



1 ) du 



2 

= -^[u — ln|a|] + C 

= — [l + 73 x — ln(l + s/3x)] + C 
2 2 

= |73x - | ln( 1 + 73x) + C, 
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28. u = x — 1, du = 2 / 3 dx => dx = 3(m + l) 2 c/tf 


- 1 


dt = 


= 3 


u + 1 
u 

u + 1 


w 


3(m + l) 2 dw 

(ir + 2 m + 1) du 


— 3 I [ u 2 + 3m + 3 H — du 


= 3 


= 3 


3m 2 


y + — + 3m + ln|«| 


+ C 

(v 1 / 3 - l) 3 3(jr'/ 3 - l) 2 


+ 3(^/ 3 - 1) + ln\x^ 3 - 1| 


+ C 


3.x 2 / 3 


= 3 In I* 1 / 3 - 1| + yy + 3.* 1 / 3 + * + C, 


30. I tan 50 dH = -U 5sm ^ d0 


5 cos 50 


= — - ln|cos 50| + C 


32. I sec -- dx = 1 sec - ) dx 

2 2\2 


= 2 In 


x x 

sec — + tan — 
2 2 


+ C 


34. u = cot t, du = — esc 2 t dt 
f esc 2 f 


cot t 


dt = — lnjcot f| + C 



= ln|x 2 - 9| + C 

(0, 4): 4 = ln|0 -9|+C=>C = 4-ln9 
>' = ln|x 2 - 9| + 4 - In 9 



36. (sec + tan t) dt = ln|sec t + tan t\ — ln|cos t\ + C 


= In 


sec t + tan t 


cos t 


+ C 


= ln|sec t ( sec t + tan f)| + C 


I sec 2 1 J 
0). r = | ; — r dt 


tan t + 1 
= ln|tan t + 1 1 + C 
( 73 -, 4): 4 = ln|0 + 1| + C 
r = In I tan t + 1 1 +4 


C = 4 
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44. 


f — 

J-,x + 2 


dx = 


ln|x + 2\ 


= In 3 — In 1 = In 3 


46. u = In x, du = — dx 
x 


x In x 


dx = 


In xx 


In | In | x 1 1 


= In 2 


rl - — i r 1 r 1 —9 

48. | - — : — r dx = I 1 dx + — dx 


x + 1 


x + 1 


x — 2 ln|x + l| 


= 1 - 2 In 2 


r 0.2 r 0.2 

50. I (esc 29 — cot 20) 2 d6 = I (esc 2 29 — 2 esc 26 cot 26 + cot 2 26) dO 


o.i 

0.2 


(2 esc 2 26 — 2 esc 26 cot 20—1) d8 


— cot 26 + esc 26~6 


0.0024 


52. ln| sin x| + C = In 


+ C = —In esc x\ + C 


54. — ln|cscx + cotx| + C = — In 


(esc x + cot x)(csc x — cot x) 
(esc x — cot x) 


+ C = -In 


CSC 2 X — cot 2 X 
CSC X — cot X 


+ c 


= -In 


1 


CSC X — cot X 


+ C — ln|cscx — cotx| + C 


— (l + Vx)~ + 6(l + Vx) — 4 ln( 1 + >/x) + C t 
4 s/x — x — 4 ln( 1 + J x ) + C where C = Cj + 5. 

I tcin^ 1 

58. I — — dx — —[in | sec 2x + tan 2x| — sin 2x] + C 
I sec zx — 


56. 


1 - 


1 + Jx 


dx = 


60. 


7r/4 • o 7 

sin z x — cos z x 


dx = 


— 7r/4 


= lnl 


7r/4 

lnlsecx + tanxl — 2sinx 

_ — 7t/4 

- 2J2 « -1.066 


72 + 1 
72 - 1 


Note: In Exercises 62 and 64, you can use the Second Fundamental Theorem of Calculus or integrate the function. 


62. F(x) 


tan t dt 


64. F(x) 



F'{x) = tanx 



2 

x 
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70 . 



tan(0.3.v)) dx 


x 2 + 

16 + 


— ln|cos(0.3x)| 
^ In cos( 1 . 2 ) 


4 

1 


1 + — In cos(0.3) 


11.7686 



5 


72 . Substitution: (u = x 2 + 4) and Power Rule 74 . Substitution: ( u = tan x) and Log Rule 

76 . Answers will vary. 


78 . Average value = 


-2 J 2 


4(x + 1 ) 


4 — 2 It x 2 


„ f 4 /l 1 . , 

= 2 — I — t I dx 

J 2 \X X 


dx 


80 . Average value = 


= 2 


= 2 


= 2 


lnv — 


ln4 — - — ln2 + — 
4 2 


In 2 + 7 
4 


= In 4 + \ « 1.8863 


7 TX , 

^ ^ . sec — — dx 

2 ~ 0 L 6 


1/6 


2\7T, 


In 


7 TX TTX 

sec js + tan — 
6 6 


= -[ln (2 + 73) - ln(l + 0 )] 


= - ln (2 + V3) 


82 . t = 


10 
In 2 

10 
In 2 


1 


T - 100 


-dT 


ln(r - 100 ) 


10 


10 


= — [In 200 -In 150] = — 
250 In 2 In 2 1 




4.1504 units of time 


84 . 


dS 

clt 


S(t) = | -dt = k ln|f| + C = k\nt + C since t > 1. 

5(2) = k In 2 + C = 200 
5(4) = k In 4 + C = 300 

Solving this system yields k = 100/ln 2 and C = 100. Thus, 

In t 


5 it) = 10 ° j ' + 100 = 100 


In 2 


+ 1 
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86. k — 1: /j(.r) = x — 1 


k = 0.5: f 05 (x) = ~~~ ~ = 2( Vx - l) 
k = 0.1: f 0A (x) = ‘^r 1 = 10(^ - l) 


lim f L . (.v) = In x 

k^o+ Jk 


88. False 


d n n 1 

— Lln.rJ = - 
ax x 


Section 5.3 Inverse Functions 


2. (a) f(x) = 3 - 4x 


/(*(*)) =/(V) = 3- 4 (V) =X 

g(/W) = g(3 - 4x) = ^ — — = x 


4. (a) f(x) = 1 - x 3 
g(x) = 4/1 - x 

/(?(•*)) = /( yi - *) = 1 - ( 4/1 - x) 3 

= 1 — (1 — x) = x 

g(/W) = g(i - * 3 ) 

= Vl — (1 — X 3 ) = 3/? = x 


6. (a) /(x) = 16 — x 2 , x > 0 

g(x) = V16 - x 

f(g(x)) =/(y 16 - x) = 16 - (Vl6 - x) 2 
= 16 — (16 — x) = .t 
gifix)) = g( 16 - x 2 ) = Vl6 - (16 - x 2 ) 


= V-X = x 




1 + x 
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10. Matches (b) 


12. Matches (d) 


14. fix) = 5x — 3 

One-to-one; has an inverse 



20. fix) = 5xVx — 1 


16 . Fix) 18. g(t)= 7 ^ T 

Not one-to-one; does not have an Not one-to-one; does not have an 

inverse inverse 



One-to-one; has an inverse 


Not one-to-one; does not have an inverse 



24. f(x) = cos— 

ft \ 3 . 3y 2ir 4 it 

/ (x) = -- sin— = 0 when x = 0, — , — , . . . 

/is not strictly monotonic on ( — oo, oo). Therefore, /does not have an inverse. 


26. f(x) = x 3 — 6x 2 + 12x 

f\x) = 3x 2 — 12x + 12 = 3(x — 2) 2 > 0 for allx. 

/is increasing on ( — oo, oo). Therefore, /is strictly 
monotonic and has an inverse. 


28. f(x) = ln(x — 3), x > 3 
fix) = — > Oforx > 3. 

/is increasing on (3, oo). Therefore,/is strictly monotonic 
and has an inverse. 


30. fix) — 3x = y 


x 

- V = 3 

/- V) = f 



32. fix) = x 3 - 1 = y 
x = f/y + 1 
y = f/x + 1 
f'ix) = f/x + 1 


y 



34. fix) = x 2 = y. 0 < x 
x = Vy 
y = Jx 
f~\x) = 


y 
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36. fix) = Jx 1 — 4 = y, x > 2 


38. f{x) = 3 V2x - 1 = y 


x = s/y 2 + 4 
y = s/.t 2 + 4 
f-\x) = y.t 2 + 4, x > 0 



y = 


/-*w = 


y 5 + 243 
486 

x 5 + 243 
486 

x 5 + 243 
486 



The graphs of /and/ -1 
are reflections of each 
other across the line y = x. 



The graphs of f and/ -1 are 
reflections of each other across 
the line y = x. 



The graphs of/ and/ -1 are 
reflections of each other across 
the line y = x. 



46. f(x) = k) 2 — x — x 3 ) is one-to-one for all k # 0. Since/ '(3) = — 2,/(— 2) = 3 = k(2 — (—2) — (— 2) 3 ) = 12 k => k = \. 


48. fix) = |x + 2\ on [—2, oo) 

/'(*) = ^ ^ ^ (1) = 1 > 0on(-2, oo) 

/is increasing on [ — 2, oo). Therefore, /is strictly 
monotonic and has an inverse. 


52. fix) = sec x on 


0 , 


f\x) = sec x tan x > 


0 on 



50. fix) = cot x on (0, it) 

fix) = — csc 2 x < 0 on (0, it) 

/is decreasing on (0, it). Therefore, /is strictly monotonic 
and has an inverse. 


/is increasing on [0, tr/2). Therefore, /is strictly monotonic and has an inverse. 
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54 . f(x) = 2 — ^7 = y on (0. 10) 

2x 2 - 3 = x 2 y 
x 2 (2 - y) = 3 



/- 


The graphs of/and/ -1 are 
reflections of each other 
across the line y = x. 



(c) h is not one-to-one and does not have an inverse. 
The inverse relation is not an inverse function. 


(c) Yes, /is one-to-one and has an inverse. The inverse 
relation is an inverse function. 


60 . fix) = -3 

Not one-to-one; does not have an inverse 


62 . f(x) = ax + b 

f is one-to-one; has an inverse 

ax + b = y 

y — b 

x — 

a 

x — b 
y = ^ 

f-Kx) = x J* , a * 0 


64 . f(x) = 16 — a 4 is one-to-one for a > 0. 

16 - x 4 = y 
16 — y = a 4 
4/16 — y = a 
4/16 — a = y 

/ _1 ( a) = 4/16 — a, a < 16 

68 . No, there could be two times t, =£ 1 0 for which 
h(t i) = h{t 2 ). 

72. fix) = ^(a 5 + 2a 3 );/(— 3) = ^(“243 - 54) = -11 = 
/'W = + 6a 2 ) 

1 _ 1 _ 27 

11)) 3) “ 5(-3) 4 + 6(— 3) 2 


66 . f{x) = |a — 3 1 is one-to-one for a > 3. 
a - 3 = y 
a = y + 3 
y = a + 3 

f-\x) = A + 3, A > 0 


70 . Yes, the area function is increasing and hence one-to-one. 
The inverse function gives the radius r corresponding to 
the area A. 


17 


(/-')'(- ID 
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74. fix) = cos 2x,f{0) = 1 — a 
f'(x) = — 2 sin 2x 

( /-‘) '(i) = = rrko = o whlch 18 undefined - 


76. fix) = Jx - 4,/(8) = 2 = a 

1 


/'(-*) = 


2 Jx - 4 


(/ ) (2) f'io\ 


/'(/“'( 2)) /'(8) 1/(278^4) 1/4 


= 4 


78. (a) Domain/ = Domain/ 1 = (— oo, oo) 
(b) Range/= Range/ -1 = (— 00 , 00 ) 



80. (a) Domain / = [0, 00 ), Domain / 1 = (0. 4] 

(b) Range / = (0. 4], Range f ~ 1 = [0, 00 ) 

(c) > 



(d) fix) = 3 - 4x, (1, - 1) 

fix) = -4 
/'(l) = -4 

f-'(x) = 3 4 (-1,1) 

(/-‘)'W = ~ 

(r 1 )'(-D = 4 

(d) f{x) = Try 

^ ) = (yrV (1) = - 2 

/-w - /y 

(/-')'W = =2=, (/-')'(2) = ~ 


82. 


x = 


1 = 

dy = 
dx 


2 ln(r - 3) 


y 


2v^ 
r - 3 J dx 

2 _ 


4y 


-. At (0, 4) 


dy 
’ dx 


16-3 

16 


13 

16' 


In Exercises 84 and 86, use the following. 
fix) = §* - 3 and g(x) = x 3 
,f~ 1 (x) = 8(x + 3) andg -1 (x) = Z/x 


86. (g 1 °g ')(— 4) = g ‘(g '(-4)) = g 
= 3 / 3/3^ = _ 9/4 


84. (g -1 °/ -1 )(— 3) = g -1 (/ -1 (— 3) = g -1 (0) = 0 
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In Exercises 88 and 90, use the following. 
fix) = x + 4 and g(x) = 2x — 5 

f-\x) = x - 4 and g“'(x) = * + 5 


88. (/-> °g-')(x) =f-Kg- l (x)) 
= /“* 
x + 5 


x + 5 
2 


— 4 


x — 3 
2 


90. (g °/)(x) = g(f(x)) 

= g(x + 4) 

= 2(x + 4) - 5 
= 2x + 3 

Hence, (g <■ /)-'(*) = 

(Note: (g of)-' =/- 1 og” 1 ) 


92. The graphs of/ and / 1 are mirror images with respect 
to the line y = x. 


94. Theorem 5.9: Let /be differentiable on an interval /. 
If/ has an inverse g, then g is differentiable at any x for 
which f\g(x)) =£ 0. Moreover, 

sW= 7 mr ,Ux)) *° 


96. /is not one-to-one because different x - values yield the 
same y- value. 

Example: /(3) =/(-|) = | 

Not continuous at ±2. 


98. If/ has an inverse, then /and/ 1 are both one-to-one. 
Let (r 1 ) -1 ^) = y then* =/ _1 (y) and/(.r) = y. 
Thus, (/- 1 )- 1 =/. 


100. If/has an inverse and /(.*[) = f(x 2 ), then f~ 1 (f(x l )) — 2 )) => x x = x 2 . Therefore, /is one-to-one. If f(x) is one-to- 

one, then for every value b in the range, there corresponds exactly one value a in the domain. Define g(.r) such that the 
domain of g equals the range of/and gif) = a. By the reflexive property of inverses, g = / _1 . 


102. True; if/has a v-intercept. 104. False 

Let/(.r) = xorg(x) = l/.r. 

106. From Theorem 5.9, we have: 

8W '7tiW 

/rt \ ... f'(g{x))j0) ~ f"(g(x))g'(x) 

g w [f(g(x))T 

_ f\g(x)) ■ [l/(T(g(x)))] 

\f\g{x))Y 

= f'\g(x)) 

I f(g(x))] 3 


If/is increasing and concave down, then f > 0 and/" < 0 which implies that g is increasing and concave up. 
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Section 5.4 Exponential Functions: Differentiation and Integration 

2. e~ 2 = 0.1353. . . 4. In 0.5 = -0.6931. . . 6. e ln2x = 12 

In 0.1353. . . = -2 e -o.693i. . . = 1 2x = 12 

x = 6 


8. 4e r = 83 


e x = 


83 

4 


x = 



3.033 


10. -6 + 3e* = 8 
3e r = 14 


= 


14 

3 


x = 



1.540 



14. In x 2 = 10 

x 2 = <> 10 

x = +e 5 « ±148.4132 


18. ln(x - 2) 2 = 12 
(x - 2) 2 = e 12 
x — 2 — e 6 

x = 2 + e 6 « 405.429 


22. y = e x ! 2 


y 




Horizontal asymptotes: y = 0 and y = 8 


Horizontal asymptote: y = 4 
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26 . y = Ce~ ax 

Horizontal asymptote: y — 0 
Reflection in the y-axis 
Matches (d) 


28 . y = 


C_ 

1 + e~ 


lim 

.v -»oo 1 + e~ ax 


= C 


C 


lim - — - = 0 

1 + e~ ax 

Horizontal asymptotes: y 
Matches (b) 


C and y = 0 



34. In the same way, 

lim ( 1 H — j = e r for r > 0. 

x — >oo \ X J 


, 1 1 1 

36. 1 + 1+ — + — + — + 
2 6 24 


120 + 720 + 5040 


= 2.71825396 


e = 2.718281828 


, , 11111 1 
l + l + 2 + 6 + 24 + l20 + 720 + 5040 


38 . (a) y = e lx 
y ' = 2e 2x 


(b) y — e 2x 
y' = —2e~ 2x 


At (0, 1), y' = 2. 


At (0, 1), y' = -2. 


40 . f(x) = e 1 x 
f\x) = -e l ~ x 


46 . g(t) = e~ 3 ^ 


g\t) = e 3 /, '( 6 1 3 ) 


6 

t 3 e yf 



dy _ e x + e x 
dx 2 


42 . y = 

dy 


dx 


= —2xe 


48 . y = lnl 


1 + e x 
1 - e x 


44 . y = x 2 e x 

-p- = — x 2 e~ x + 2xe~ 
dx 

= xe~ x {2 — x) 


50 . y = lnl 


e x + e 


= ln(l + e x ) — ln(l — e x ) 


= ln(e v + e x ) — In 2 


dy _ e x e x 

dx 1 + e x 1 — e x 


dy _ e x — e x 
dx ~ e x + e~ x 


2e x 

1 - e 2x 


g 2 - 1 - 1 

e 2x + 1 


54 . y = xe x — e x = e r (x — 1 ) 

-p- — e x + e x {x — 1) = xe x 
dx 
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fix) = 

= e 3 

In* 





58. y = 

In e x = x 


fix) = 

_ 4 

X 






dy = 

dx 

1 





e xy + x : 

1 -y 2 = 

-- 10 


62 . gix) 

= fx + e x In x 


(4 

+ y 

'je x >’ 

+ 2x — 

>4= 

= 0 


g\x) 

1 e* 

= — H 1- e x In x 

2jx x 





— (xe tv 
dx 

~ 2y) = 

= —ye 17 

— 2x 

g"(x) 

1 xe x - e x 

4x 3 / 2 x 2 

e 

1- e x In x 

X 





dy = 

ye*? 

+ 2x 


1 e x (2x - 1) 

+ e x In x 





dx 

xe xy 

— 2y 


= + 

4xfx x 2 


64. y = e x (3 cos 2x — 4 sin 2x) 

y ' = e x (— 6 sin 2x — 8 cos 2x) + e'(3 cos 2x — 4 sin 2x ) 

= e x (— 10 sin 2x — 5 cos 2x) = — 5e'(2 sin 2x + cos 2x) 

y" = — 5e x (4 cos 2x — 2 sin 2x) — 5e x {2 sin 2x + cos 2x) = — 5e r (5 cos 2x) = — 25e x cos 2x 

y" — 2y ’ = —25e' cos 2x — 2( — 5e')(2 sin 2 .t + cos 2x) = — 5e r (3 cos 2x — 4 sin 2x) = — 5y 

Therefore, y" — 2y’ = —5 y => y" — 2y’ + 5y = 0. 


66. fix) = 


e x — e x 


„ , e x + e x 

f (*) = j > 0 


fix) = - — — ^ — = 0 when x = 0. 


Point of inflection: (0, 0) 


2 


( 0 , 0 ) 

V... 

A 



-2 


68. g(x) = , — e ( x 3 ^ 2 / 2 

V 277 


1 


gtv) = 

V 277 

g"(jt) = — — 2)(x — 4)e _(j:_3 ^/ 2 
vStt 

Relative maximum: ^3, j ~ (3, 0.399) 

Points of inflection: ( 2, — -j=e~ x l 2 ), ( 4, — ]=e~ 1 ^ 2 
V2tt / \ V2t t 



(2, 0.242), (4, 0.242) 


70. fix) = xe x 

f\x) — ~xe~ x + e~ x = e~ x il — x) = 0 when* = 1. 

f"ix) = — e~ x + (— e _v )(l — x) = e~ x ix — 2) = 0 when* = 2. 

Relative maximum: (1, e~ l ) 

Point of inflection: (2, 2e~ 2 ) 
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72 . f(x) = -2 + e 3x (4 - 2x) 

fix) = e 3A (— 2) + 3e 3A (4 — 2x) = e 3A (10 — 6x) = Owhenx = |. 
fix) = e 3A (— 6) + 3e 3A (10 — 6x) = e 3x (24 — 18*) = 0 when x = f. 
Relative maximum: (| , 96.942) 

Point of inflection: (f, 70.798) 



74 . (a) f(c) = f(c + x) 

10ce^ c = 10(c + x)e~ (c+x) 
c _ c + x 

£ c ~ e c + x 

ce c+x = (c + x)e c 
ce x = c + x 
ce x — c = x 

x 



The maximum area is 4.591 for* = 2.118 and 
fix) = 2.547. 



76. Let (x 0 , y 0 ) be the desired point on y = e x . 



We want (0. 0) to satisfy the equation: 

— e~ x ° = — * 0 e A » 

1 = * 0 e 2l;o 
x Q e lx ° —1=0 

Solving by Newton’s Method or using a computer, the solution is * 0 ~ 0.4263. 
(0.4263, e~ 0A263 ) 
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78. V= 15,000e~°' 6286 ', 0 < t < 10 



(b) ^ = -9429e-°- 62S6 ' 
dt 


dV 

When t = 1, — « -5028.84. 
dt 

dV 

When t = 5, — = -406.89. 
dt 


(c) 20,000 



80 . 1 .56c °~ 2 ' cos 4.9/ < 0.25 (3 inches equals one-fourth foot.) Using a graphing 
utility or Newton’s Method, we have / > 7.79 seconds. 



82 . (a) Vj = -1686.79/+ 23,181.79 

V 2 = 109.52/ 2 - 3220.12/ + 28,110.36 



(c) V 3 = 31,450.77(0.8592)' = 31,450.77e“ 01518 ' 

(e) ^ = -4774.2e-° 1518 ' 
at 

For / = 5, ~ —2235 dollars/year. 

dV, 

For / = 9, — p ~ — 1218 dollars/year. 


(b) The slope represents the rate of decrease in value of 
the car. 


(d) Horizontal asymptote: lim Vft) = 0 

t—>oo 

As t—> oo, the value of the car approaches 0. 


84. f(x) = e-^ 2 Ji 0) = 1 
fix) = -xe-^JfO) = 0 

f(x) = x 2 e ~ t2 / 2 — e ~ * 2 / 2 = e~ x ~^ 2 [x 2 — l),f"(0) = — 1 
Pfx) = 1 + 0(.v - 0) = 1, P l (0) = 1 

M*) = 0, M0) = 0 

P 2 (.y) = 1 + 0(x - 0) - |(x - 0) 2 = 1 - y, P 2 (0) = 1 
P 2 \x) = -Y, PfiQ) = 0 

PM = - 1, Mo) = - 1 




The values of/, P t , P 2 and their first derivatives agree at x = 0. The values of the second derivatives of 
/ and P 2 agree at x = 0. 
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86. n lh term is x n /n\ in polynomial: 

v 2 v 3 *4 
y, = 1 +X + - + - + - 

■ 4 2! 3! 4! 

-^3 

Conjecture: e* = 1 H- ^ -I- H- 


88. Let u = —x 4 , du = — Ax 3 dx. 

J.-Vtf)* - + c 


f 


90. J e 3 X dx = 


4 1 

= -e” 1 +1=1-- 
3 e 


- If. 


92. | x 2 e x> ^ 2 <it: = — e A ' 3 / 2 f-^- j dx = ^e* 3 / 2 + 


94. dx = — ^ e 1 ^ 2 f — dx = — + C 

J x 3 2) \x 3 / 


96. Let u = 1 + e 2v , = 2e 2 - r dx. 


; (fa = 


1 f 2e lx 


dx = -ln(l + 


98. Let u = — — , du — —x dx. 
2 


rd2 rV 2 

xe~ x2/2 dx = — e~ x2/2 {—x) dx = 

Jo Jo 




V2 e - l 

= 1 - e 1 = 

o e 


100. Let u = e x + e x , du = (e x — e X )dx. 


102. Let u = e x + e x , du = (e x — e x ) dx. 


pX — p X I 

J-.. ]r\( " r 1 sr~ r\ 1 C' 

f2e x - 2e~ x _ „ 

1 (e .v + e -,)2 dx 1 

_ ax — m(e + e ) + C 

e+e J 


-2 


e x + e 


+ C 




= J (e x + 2 + e X )dx 
= e x + 2x — e~ x + C 


106. J e sec 2x sec 2x tan 2 x dx = -g sec 21 + C 
(u = sec 2x, du = 2 sec 2x tan 2x) 


108. | ln(e lx v )dx = J (2x — 1 )dx 
= x 2 — x + C 


110. y = J (e x — e x ) 2 dx 

= f {e 2x — 2 + e~ 2x )dx 


= \e 2x — 2x — ]re 2)1 + C 


112. f'(x) = J(sinx + e *) dx = — cos.r + — e ' + C l 

m = -i + ^ + c, = ^ => c, = i 

/'(*) = - cos x + - e 2x + 1 

fix) — J ^ — cos x + ^ e 2x + 1 j cfa; 

1 , 

= — siny + — e" + jc + C, 


/(0) = * + c 2 = i=> C 2 = 0 

f(x) = x — sin x + ^ e 2x 


C 


e Zx ) + C 


X )dx 
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4.491 


120. (a) I ^fxe x dx, n = 12 

Jo 

Midpoint Rule: 92.1898 
Trapezoidal Rule: 93.8371 
Simpson’s Rule: 92.7385 
Graphing Utility: 92.7437 

(b) I 2 xe~ x dx,n =12 

Jo 

Midpoint Rule : 1.1 906 
Trapezoidal Rule: 1.1827 
Simpson’s Rule: 1.1880 
Graphing Utility: 1.18799 


122 . \03-° 3, dt = g 

Jo 2 

_e-03, 

- e~ 03x + 1 = - 
2 

„-0.3x _ A 
2 

— 0.3* = In — = — In 2 
2 

In 2 

* = — ~ 2.31 minutes 



t 

0 

1 

2 

3 

4 

R 

425 

240 

118 

71 

36 

In R 

6.052 

5.481 

4.771 

4.263 

3.584 


(a) In R = — 0.61551 + 6.0609 

ft — ^—0.61551 + 6.0609 = 428 '7g^-0.6155i 

(b) 450 



'4 

(c) R(t) dt 

Jo 


'4 

Jo 


428.78£>-°- 6155 ' 


dt ~ 637.2 liters 
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126. The graphs of f(x) = In x and g(x) = e r are mirror 
images across the line y = x. 


128. (a) Log Rule: (it = e' + 1) 
(b) Substitution: (u = x 2 ) 


e a 

130. In —r = In e a — In e b = a — b 
e b 

In e a ~ b = a — b 

e a e a 

Therefore, In — = In e a ~ b and since y = In x is one-to-one, we have — = e a ~ b . 


Section 5.5 Bases Other than e and Applications 


2. y = 




6. log 27 9 = log 27 2 7 2 / 3 = | 


At t 0 = 16, y 



At t 0 = 2, y = (t) /5 ~ 0.7579 


8. log fl - a = log fl 1 - log a a = - 1 10. (a) 27 2 / 3 = 9 

lo S27 9 = | 

(b) I6 3 / 4 = 8 

lo gi6 8 = | 


12. (a) log 3 | = -2 

x-2 - i 
J 9 

(b) 49 1 / 2 = 7 

lo S49 1 = 5 



20. (a) log 3 — = x 


3 r = 
x = 


81 

-4 


16. y = 2 r ’ 


18. y = 3“W 


A 

-2 

-1 

0 

1 

2 

,v 

16 

2 

1 

2 

16 


A 

0 

±1 

+2 

y 

1 

1 

3 

1 

9 




22. (a) log, 27 = 3 
b 3 = 27 
b = 3 
(b) log, 125 = 3 


(b) log, 36 = ,r 


b 3 = 125 


6 X = 36 


b = 5 


x = 2 
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24. (a) log 3 x + log 3 (x — 2) = 1 
log 3 [x(x - 2)] = 1 
x(x — 2) = 3 1 
x 2 - 2x - 3 = 0 
(x + l)(x - 3) = 0 
x = — 1 OR x = 3 

x = 3 is the only solution since the domain of the 
logarithmic function is the set of all positive real 
numbers. 


(b) log 10 (x + 3) - log 1() * = 1 


l°gi 


x + 3 
x + 3 


= 1 


= 10 1 


x + 3 = lOx 
3 = 9x 


x = 


3 


26. 5 6x = 8320 

6x In 5 = In 8320 

_ In 8320 
6 In 5 


0.935 


28. 3(5 r_1 ) = 86 

5,-1 = 86 
3 

(x — l)ln 5 = 


In' 


x — 1 = 


86 


In 5 


x = 1 + 


86 

ln| y 

In 5 


3.085 


30. 


i + MT) 
365/ 


365 / 


= 2 


365fln ( 1+ l§) 


■ In 2 
1 


In 2 


365 Ji + 0 - 10 ' 


6.932 




32. log 10 (f - 3) = 2.6 
r - 3 = 10 2 6 

t = 3 + 10 2 - 6 « 401.107 


34. log 5 Vx — 4 = 3.2 
Jx - 4 = 5 3 2 
x 4 = (5 3 - 2 ) 2 = 5 6 - 4 

x = 4 + 5 64 « 29,748.593 

36. f{t) = 300(1. 0075 12 ') - 735.41 
Zero: t ~ 10 


10 



( 10 , 0 ) 




-10 


38. 


g(x) = 1-2 log 10 [x(x - 3)] 
Zeros: x ~ —0.826,3.826 


5 


(- 0 . 826 , 0 ) / 

. . v . 


( 3 . 826 , 07 s - 


-5 
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40. f(x) = 3* 
g(x) = log 3 X 


42. g(x) = 2~ x 

g'(x) = — (In 2) 2~ x 


X 

-2 

-l 

0 

i 

2 

fix) 

1 

9 

1 

3 

i 

3 

9 



1 

9 

1 

3 

i 

3 

9 

g(x) 

-2 

-l 

0 

1 

2 


44. 


y = x(6 2*) 

^ = x[— 2(ln 6)6-2*) 



+ 6 - 2 * /tf) = r(2 In 3) 3 2 ' - 3 2 ' 


= 6 i,r [— 2x(ln 6) + 1] _ 3 2 ' (2? In 3 - 1) 

= 6 _2jr (l — 2x In 6) J 


48. g(a) = 5 “/ 2 sin 2 a 

g '(a) = 5 - “/ 2 2 cos 2a — ^(ln 5) 5““/ 2 sin 2a 


50. y = log 10 {2x) = log[ 0 2 + log 10 x 
d f = Q + ^ = ^- 

dx x In 10 x In 10 


52. h{x) = log 3 


i y.v. - 1 


54. y = log!, 


x 2 - 1 


= log 3 x + - log 3 (x - 1) - log 3 2 


h\x) = — — - + 


x In 3 2 (x — 1) In 3 


1 [ 1 1_ 

In 3 x + 2(x — 1) | 


- 0 


3x - 2 


1 


In 3|_2x(x — 1) 


= log 10 (x 2 - 1) - log! 
2x 


dy = 

dx (x 2 — 1) In 10 x In 10 


In 10 
1 

In 10 


2x 


x 2 — 1 x. 

x 2 + 1 
x(x 2 — 1)_ 


56, 


, fit) = t ^ log 2 VFTT = 


2 In 2 


fit) = 


1 


2 In 2 


t V2_ i _ + l;l/2 ln ( ; + D 
r + 12 v 


58. y = x x 1 

lny = (x — l)(lnx) 

U d j) = {x -l)( 1 -) + lnx 
y \dx) \x) 


dy 

dx 


x — 1 


+ In x 


= x x 2 (x — 1 + x In x) 


60. y = (1 + x) 1 t x 
lny = — ln(l + x) 

lii) = ~x{fT^ + Hl + x) {~t) 


dy = y 

dx x 


1 


ln(x + 1) 


x + 1 

(1 + X) X ' x 


ln(x + 1) 


x + 1 


62. | 5 ~ x dx = ~r~x~ + C 

In 5 


64. I (3 3 - 5 2 ) dx = I (27 


■o 

= I 2 dx 

2x1° = 
-2 


25) dx 


4 
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66. (3 - x) 7° xf dx = -2(3 - x) 7° xf dx 

J 


68 . 



cos x dx, u = sin x, du — cos x dx 


1 

2 In 7 


[7B-J.-) 3 ] + c 


^sin x 

In 2 


+ C 



72. log 6 .r 


in x 
In b 


logio* 

logm b 


74. f(x) = log 1(l x 

(a) Domain: x > 0 

(b) >’ = i og 1 0 x 
I O' = x 

/“‘to = W 

(c) log 10 1000 = log 10 10 3 = 3 
log m 10,000 = log 10 10 4 = 4 

If 1000 < x < 10,000, then 3 < f(x) < 4. 


(d) If f(x) < 0, then 0 < x < 1. 

(e) f{x) + 1 = logm x + log 10 10 

= log l0 ( 10 a) 

x must have been increased by a factor of 10. 

(f) 1 °gl()('^) = lo Sl0^1 - l°g 10 *2 

= 3 n — n — 2 n 
Thus, xjx 2 = 10 2 " = 100". 


76. f{x) = a x 

(a) /(« + v) = a u+v = a" a 1 ’ =/(«)/( v) 


(b) /( 2x) = a lx = (a 4 ) 2 = [f(x)] 2 



V(2) = 20,000^J = $11,250 


Horizontal asymptote: v' = 0 

As the car ages, it is worth less 
each year and depreciates less 
each year, but the value of the 
car will never reach $0. 
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80. P = $2500, r = 6% = 0.06, t = 20 



1 + 


0.06\ 2 °" 
n J 


A = 2500e (ll06 > ,20 > = 8300.29 


n 

1 

2 

4 

12 

365 

Continuous 

A 

8017.84 

8155.09 

8226.66 

8275.51 

8299.47 

8300.29 


82. P = $5000, r = 1% = 0.07, t = 25 



1 


0.07\ 25 ” 
n ) 


A = 5000e 007(25) 


n 

1 

2 

4 

12 

365 

Continuous 

A 

27,137.16 

27,924.63 

28,340.78 

28,627.09 

28,768.19 

28,773.01 


84. 100,000 = Pe 0 06 ‘ => P = lOO.OOOe -006 ' 


t 

1 

10 

20 

30 

40 

50 

P 

94,176.45 

54,881.16 

30,119.42 

16,529.89 

9071.80 

4978.71 


/ 0.07V 65 ' / 0.07 \-365r 

86. 100.000 ^(1 + — ) => P= 100.000(l + — ) 


t 

1 

10 

20 

30 

40 

50 

P 

93,240.01 

49,661.86 

24,663.01 

12,248.11 

6082.64 

3020.75 


88. Let P = $100, 0 < t < 20. 


(a) A = lOOe 0 03 ' 

A(20) « 182.21 

(b) A = lOOe 0 05 ' 

A(20) « 271.83 

(c) A = lOOe 006 ' 

A(20) « 332.01 



92. (a) 12,000 



(b) Limiting size: 10,000 fish 


(c) 


Pit) 


10,000 

1 + 19<?“'/ 5 


- u /iC'v tf)* 10 - 000 * 

38,000e-'/ 5 
~ (1 + 19e“'/ 5 ) 2 

p'( 1) ~ 1 13.5 fish/month 

p'(10) ~ 403.2 fish/month 


0 O/" 

90. (a) lint ' = 0.86 or 86% 

n—>oo 1 + e u ~ 5, ‘ 

— 0.86(— 0.25)(e -0 ' 25 ") = 0.215e-°- 25 " 
<b) P (1 + e~ 025 ") ~ (1 + e -0 - 25 ") 

P'{3) « 0.069 

P\ 10) « 0.016 


1 - 19e~'/ 5 
(1 + 19e“'/ 5 ) 3 . 

19 e - '/ 5 = 1 

= In 19 

t = 5 In 19 = 14.72 


(d) p\t) = - 38 ^ 00 (^'/ 5 ) 
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94 . (a) = 6.0536* + 97.5571 

y 2 = 100.0751 + 17.8148 In* 
>- 3 = 99.4557(1.0506)' 
y 4 = 101.2875* 01471 



y 3 seems best. 


(c) The slope of 6.0536 is the annual rate of change in 
the amount given to philanthropy. 

(d) For 1996, * = 6 and >•/ = 6.0536, y 2 ' « 2.9691, 
y 3 ' ~ 6.6015, yf ~ 3.2321. 

y 3 is increasing at the greatest rate in 1996. 


96 . A 



" 3* l 3 

.In 3_ o 


» 23.666 
In 3 




1 

io-‘ 

io- 2 

10- 4 

io- 6 

(1 + *)V* 

2 

2.594 

2.705 

2.718 

2.718 


When t = 0, y = 600 => C = 600. 


y = 600(F) 


630 661.50 

600 '° 5, 630 

Let k = 1.05. 


1.05, 


694.58 

661.50 


1.05, 


729.30 

694.58 


= 1.05 


y = 600(1.05)' 


102. True. 

f(e" +l ) — f(e") — lne" +1 — In e” 
= n + 1 — n 

= 1 


104 . True. 

d" y 


dx" 


= Ce* 


= y for n — 1, 2, 3, . . . 


106 . True. 

fix) = g(x)e* = 0 => 

g(x) = 0 since e A > 0 for all *. 
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108. y = 

In y = ln* smjr = sin* • In* 
y' . (l\ 

— = sin * I — + cos * • In * 

y W 

sin * 

1- cos* • In* 


, IT TT 
A ’ 


y = 


n(ir/2) 


sin(ir/2) ( 


t/2 


+ cos! — 



TT 

2 


+ 0 


= 1 


_ TT I TT 

Tangent line: y — — = II * — — 


y = * 


Section 5.6 Differential Equations: Growth and Decay 


2 . 



X 


( 


y = I (4 — *) dx = 4x — — + C 


8. y' = *(1 + y) 



ln(l + y) = y + 

1 + y = gC^/sJ + Ci 
y = e c i e 1 '/ 2 — 1 
= Ce r2/2 - 1 


4. 


rfy . 
d* “ 4 y 

6. y' = 

■8 

ll 

^ 1 

U) 

II 

| 4 -.v* 

3yy ' dx = 

J 

3y 2 _ 

ln|4 — y| <iy = — * + C, 

2 

4 — y = e _A + c i = Ce~ x 

9y 2 — 4* 3 / 2 = 

y = 4 — C<? _r 



10. xy + y' = 100* 

y' = 100* + xy = *(100 - y) 


100 - y 



jli yh~y dy = J x ‘ dx 

— ln(100 - y) = y + C, 


V* 




^* d* 


§* 3/2 + C, 
c 


ln(100 - y) = -y - C, 

100 - y = e - ( * 2 /2)-c, 

-y = e“ c ' e“ A2/2 - 100 
y = 100 - Ce”^ 2 
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12 . - - 1(10 - ,1 


= kx(L — y) 


dP 

— dt = £(10 — t) dt 

dt 


dP = --(10 - t) 2 + C 


P = --(10 - t) 2 + C 


_J_dl = kK 

L — y dx 

— - — -f- dx = I kx dx 
L — y dx J 


1 kx 2 

— dy = — + C' 


-ln(L - y) = 

L - y = e“ (fa2/2 )-c, 

— y = — L + e -c i g -fcr V 2 
y = L — Ce - ** 2 / 2 


16. (a) 



(b) d i = xy '{°'2 

dy 

— = x dx 


Inbl = y + C 


V = e A ' 2/2+c = Qe* 2 / 2 




18. d ] = - Jt, (0,10) is 
dt 4 r 


rfy = 

J 


= —~Vtdt 


y = _ 2 rV2 + c 



10 = --(0) 3/2 + C => C = 10 


y = — l 3 / 2 + 10 
2 


20. 0. ‘01 


f 3 . 

7 = 4* 

J / J 


ln v = 4 f + C i 



1(0^0) 




-y = g(3/4)f + C, 

= e c > e< 3 / 4 >' = Ce 3 '/ 4 
10 = Ce° => C = 10 
y = 10e 3 '/ 4 


22. — = kN 
dt 

N = Ce*' (Theorem 5.16) 

(0, 250): C = 250 

(1, 400): 400 = 25 Oe* => k = In^ = In | 
When f = 4, JV = 250e 41n(8 / 5 > = 250e ln,8 / 5 >“ 

= 7!) 4 =7 


24. — = kP 
dt 

P = Ce kl (Theorem 5.16) 

(0, 5000): C = 5000 

(1, 4750): 4750 = 5000e A => k = ln 

When t = 5,P= 5000e ln(19 / 20 >(5) 


= 5000^j 5 = 3868.905 
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26. 


y = Ce kt , (0, 4), 

C = 4 
y = Ae kt 
I = 4e 5t 

ln( 1/8) _ 



y = 4g-0.4159< 



0.4159 


28. 


y = Ce k \ 



1 _ 
2 “ 

5 = 


Ce 3k 


Ce 4k 


2 Ce 3k = | Ce 4k 

I0e 3k = e 4<r 
10 = e k 

k = In 10 « 2.3026 
y = Ce 23026 ' 

5 = Ce 23026W 
C « 0.0005 
y = 0.0005e 2 ' 3026 ' 


30. 


, dy 

y = Jt = ky 


32. t = ~- 2 


dx 


-x-y 


dy 

dx 


> 0 when y > 0. Quadrants I and II. 


34. Since y = c/W/ 2 )/ 1620 / we have 1.5 = C/ 1 "* 1 ^ 2 ^ 1620 ^ 1000 - 1 => C ~ 2.30 which implies that the initial quantity is 2.30 grams. 
When t = 10.000, we have y = 2.30/ ln( i/ 2 )/i6 2 o](io,ooo) ~ 0.03 gram. 


36. Since y = Ce Mi/2)/5730> we have 2.0 = C/ In< 1 / 2 >/ 573 °K i o.ooo) ~ 6.70 which implies that the initial quantity is 6.70 

grams. When t = 1000, we have y = 6.70/ ln<1 / 2 ^ 573( ® 1000 ) » 5.94 grams. 


38. Since y = c/ ln<1,/2 ^ 5730 / we have 3.2 = Cgl 1 "! 1 / 2 )/ 5730 ] 1000 £ = 3.61. 

Initial quantity: 3.61 grams. 

When t = 10,000, we have y = 1.08 grams. 


40. Since y = c/ 1 "- 1 / 2 )/ 24,360 ]', we have 0.4 = c , g[ ln (i/ 2 )/ 2 4,360](io,ooo) q ~ q 53 w hich implies that the initial quantity is 0.53 
gram. When t = 1000, we have y = 0.53/ ln(1 / 2 ^ 24,36 °] (looo) ~ 0.52 gram. 


42. Since — ky, y = Ce k ‘ or y = y 0 e kl . 


2^0 = y 0 e 57Xk 


k = - 


In 2 


5730 

0.1 5y 0 = y 0 e ( - ln2/5730) ' 
(In 2)t 


In 0.15 = - 




5730 

57 30 In 0.15 
In 2 


15,682.8 years. 


44. Since A = 20,000e° ° 55 ', the time to double is given by 
40,000 = 20,000e° 055< and we have 

2 = g0.055/ 


In 2 = 0.055r 


_ In 2 
1 ~ 0.055 


12.6 years. 


Amount after 10 years: 

A = 20,000/° 055Ml0) = $34,665.06 
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46. Since A = 10,000e" and A = 20.000 when f = 5, we 
have the following. 


20,000 = 10,000e 5 '' 
In 2 


0.1386 = 13.86% 


Amount after 10 years: A = 10,000Y (ln2) / 5 ] (10 ) = $40,000 


48. Since A = 2000e" and A = 5436.56 when t = 10, we 
have the following. 


5436.56 = 2000e 1Or 

ln(5436.56/2000) 
r 10 

The time to double is given by 
4000 = 2000e 010 ' 

In 2 

t = — = 6.93 years. 


0.10 = 10 % 


50. 500,000 = P1 + 


0.06V 12 K40) 

12 


P = 500,000(1. 005) - 480 = $45,631.04 


52. 500,000 = P 1 + 


0.09Y 12 )( 25 ) 


/, 0.09 \ 


P = 500,000 1 + 


0.09 

12 


$53,143.92 


54. (a) 2000 = 1000(1 + 0.6)' 
2 = 1.06' 

In 2 = t lnl.06 
In 2 


In 1.06 


t = 

(b) 2000 = 1000( 1 + 

2 = f 1 + 


1 1.90 years 


0.06 


12 

0.06 N12 ' 
12 


In 2 = 12f In 1 + 


0.06 

12 


t = 


1 


In 2 


12 in 1 + °^ 
12 


1 1.58 years 


(c) 2000 = 1000| 1 + IIjV 


„ / 0.06\ 3 
“ l 1 + 365/ 


In 2 = 365 1 In 1 + 


t = 


0.06 

365 


1 In 2 

365, (. 0.06 

ln 1+ 365 


1 1.55 years 


(d) 2000 = lOOOe 0 06 ' 
2 = ^ 0 . 06 / 

ln 2 = 0.06t 


f = ^ ==H - 55yearS 


56. (a) 2000 = 1000(1 + 0.055)' 

2 = 1.055' 
ln 2 = fin 1.055 

= In 'll 055 ~ l2 ' 95 y ears 
0.055 \ 12 ' 


(b) 2000 = 1000 1 + 


2=1 + 


ln 2 = 12f In 1 + 


12 

0.055 \ 12 ' 

12 J 

0.055 


12 


t = 


ln 2 


12, / 0.055 

In 1 + 


12 


12.63 years 


(c) 2000 = 1000( 1 + 

2 = fl + 


0.055\ 365 ' 
365 J 

0.055 \ 365 ' 


365 / 


ln 2 = 365 1 In 1 + 


0.055 

365 


t = 


ln 2 


365, /, 0.055 

ln|1 + w 


12.60 years 


(d) 2000 = lOOOe 0055 ' 

2 = e 0.055f 

In 2 = 0.055 1 
ln 2 


t = 


0.055 


12.60 years 
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58. P = Ce k ' = Ce 0 031 ' 


60. P = Ce k < = Ce- 


di - I ) = 11.6 = Ce 0 031 * -1 ) => C = 11.9652 
P = 11. 9652c 0 - 03 lf 

P(10) « 16.31 or 16,310,000 people in 2010 


P{- 1) = 3.6 = Ce- 0M4< -'> => C = 3.5856 
P = 3.5856c~ 0004 ' 

P(10) = 3.45 or 3,450,000 people in 2010 


62. (a) N= 100.1596(1.2455)' 

(b) N = 400 when t = 6.3 hours (graphing utility) 
Analytically, 

400 = 100.1596(1.2455)' 


1 2455' = = 3 9936 

100.1596 

t In 1.2455 = In 3.9936 


y = Ce kt , (0, 742,000), (2, 632,000) 

C = 742,000 

632,000 = 742,000c 2A 

, M632/742) . _ oma 
2 

y = 742,OOOe~ 00802 ' 

When t = 4, y » $538,372. 


In 3.9936 „ „ , 

t = - — , „ , nr . ~ 6.3 hours. 
In 1.2455 


66. (a) 20 = 30(1 - c 30A ) 

30e 30k = 10 


ln( 1/3) —In 3 

= a0366 

N ~ 30(1 — e -00366 ') 


(b) 25 = 30(1 - c” 00366 ') 


-In 6 

f = ^00366 “ 49 dayS 


68. S = 25(1 — e k <) 

(a) 4 = 25(1 - e A,1) ) => 1 - e k = 

(b) 25,000 units (lim 5 = 25) 


(c) When t = 5, S ~ 14.545 which is 14,545 units. 


-0.1744 



70. (a) R = 979.3993(1.0694)' = 979.3993c 00671 ' 

/ = -O.OSSr 1 + 2.1770P - 9.9755r 2 + 23.8513/ + 266.4923 


(b) 2000 



Rate of growth = R\t ) = 65 .7e 00671 ' 


(c) 500 



(d) P{t) = - 
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72. 93 = 10 log 10 j^r 6 = 10(log 10 7 + 16) 

-6.7 = log 1(l / => / = 10- 6 - 7 

80 = 10 log 10 = 10(log 10 7 + 16) 

-8 = log 10 1 =e> 1 = 10- 8 

/ io 6/7 — 10 _8 \ 

Percentage decrease: ( _ 67 1(100) ~ 95% 


76. True 


74. Since = k(y — 80) 

\n(y - 80) = kt + C. 

When t = 0, y = 1500. Thus, C = In 1420. 

When t=\,y= 1120. Thus, 

k( 1) + In 1420 = ln(l 120 - 80) 

k = In 1040 - In 1420 = In — . 

Thus, y = 1420e [ln(1O4/142)] ' + 80. 

When t = 5, y = 379.2°. 

78. True 


Section 5.7 Differential Equations: Separation of Variables 


2. Differential equation: y ' 
Solution: x 2 + y 2 = Cy 


2xy 


x 2 - y 2 


Check: 2x + 2 yy' = Cy' 


, _ —2x 

y = {2y ~ C) 


— 2xy _ — 2xy _ — 2xy _ 2 xy 

2 y 2 - Cy~ 2 y 2 - {x 2 + y 2 ) ~ y 2 - x 2 ~ x 2 - y 2 


4 . Differential equation: y" + 2y ' + 2y = 0 
Solution: y — C l e~ x cosx + C 2 e~ x smx 

Check: y' = — (C, + Cf)e~ x sinx + (— C 1 + Cf)e~ x cosx 

y" = 2 C l e~ x sin x — 2 C n e~ x cos x 
y" + 2y' + 2y = 2 C 1 e~ x sin x — 2 C 2 e~ x cos x + 

2 (— (Cj + Cf)e~ x 'sinx + (— C\ + Cf)e~ x cos x) + 2(C l e~ x cos x + C n e~ x sin x) 
= (2C! — 2Cj — 2C, + 2C^)e~ x sin x + (—2 C 2 — 2C X + 2 C 2 + 2C l )e~ x cos x = 0 


6. y = §(e lr + e x ) 

y' = |(— 2e _2A + e A ) 
y" = f (4e~ 2x + e x ) 

Substituting, y" + 2y’ = |(4e^ 2A + e A ) + 2(|)(— 2e~ 2x + e x ) = 2e x . 
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In Exercises 8-12, the differential equation is y (J) — 1 6y 

8. y = 3 cos 2x 

y(4) = 4g cos 2x 

y (4) — I6y = 48 cos 2x — 48 cos 2x = 0, Yes. 

12. y = 3e 2A — 4 sin 2x 

y( 4 ) = 48e 2A — 64 sin 2x 
y( 4) — 16y = (24e lx — 64 sin 2x) — 16(3e 2A — 4 sin 2x) = 0, Yes 

In 14-18, the differential equation is xy ' — 2y = x 3 e x . 


0 . 


10 . 


y = 5 In x 
v(4) = -52 


v<4) - 


30 

16v = — j — 80 In x # 0, 


No. 


14. y = x 2 e x , y' = x~e x + 2xe x = e x {x 2 + 2x) 

xy' — 2y = x(e x (x 2 + 2x)) — 2(x 2 e x ) = x 3 e x . Yes. 


16. y — sin x, y ' = cos x 

xy' — 2y = x(cos.r) — 2(sin x) ± t?e x . No. 


18. y = x 2 e x — 5x 2 ,y' = x 2 e x + 2xe x — 10x 

xy' — 2 y = x[x 2 e r + 2xe x — I Ox] — 2[x 2 e x — 5x 2 ] = x 3 e x , Yes. 


20. y = A sin cot 

d 2 y 2 . 

— ir = —Aar sin cot 
dt 2 

Since (d 2 y/dt 2 ) + 16 y = 0, we have 
— Aar sin cot + 16A sin cot = 0. 
Thus, co 2 = 16 and co = ±4. 


22. 2.v 2 — y 2 — C passes through (3, 4) 
2(9) — 16 = C => C = 2 
Particular solution: 2r 2 — y 2 = 2 


24. Differential equation: yy ' + x = 0 
General solution: x 2 + y 2 = C 
Particular solutions: C = 0. Point 

C = 1, C = 4, Circles 


y 



26. Differential equation: 3x + 2 yy' = 0 
General solution: 3x 2 + 2 y 2 = C 
6x + 4 yy' = 0 
2(3x + 2yy / ) = 0 
3x + 2 yy' = 0 
Initial condition: 

y(l) = 3: 3(1) 2 + 2(3) 2 = 3 + 18 = 21 = C 
Particular solution: 3x 2 + 2y 2 = 21 
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28. Differential equation: xy" + y' = 0 
General solution: y = C, + C-, In x 



Initial conditions: y(2 ) = 0. y'(2) = — 
0 = Cj + C 2 In 2 



Particular solution: y = — In 2 + In x = In 


30. Differential equation: 9y" — 12y' + 4y = 0 
General solution: y = e 2x ^ 3 (C 1 + C,*) 

y' = |c 2 * / 3 (C 1 + C 2 .r) + C 2 e 2A ' /3 = e2 * /3 (| c i + C 2 + |c 2 .tj 

/' = !^(|c. + C 2 + | C 2 x) + e V 3 |c 2 = l^(| Ci + 2C 2 + |c 2 x) 

9y" — 12y ' + 4y = 9 (f <? i,r/3 )(f Q + 2C 2 + |c 2 je) - 12(eW|c, + C 2 + |c 2 xj + 4(^/ 3 )(C, + C 2 x) = 0 

Initial conditions: y(0) = 4, y(3) = 0 
0 = e 2 (C 1 + 3C 2 ) 

4 = (DIQ + 0) => Cj = 4 

0 = e 2 (4 + 3C 2 ) => C 2 = 

/ 4 \ 

Particular solution: y = g 2 */ 3 ! 4 — —xj 


32. C -f = x 3 ~ 4x 
dx 


c 


.r 4 


y = | (,r 3 — 4.v) & = — — 2r 2 + C 


„ d y 2 

36. — = x cos x z 
ax 

H + C 

(w = ,r 2 , r/« = 2x dx) 


34 dy = ^L_ 

dx 1 + e l 
e x 


y = — dx = ln( 1 + e v ) + C 

■ Jl + e* 


38. ^ 7 - = tan 2 % = sec 2 x — 1 
dx 


- 


y = (sec 2 x — 1 ) dx = tan x — x + C 


40. 


ay — T 

— = ,tv5 — x Let u 
dx 


J5 — x, if = 5 — x, dx = — 2 u du 


y = 




u 2 )u{—2u) du 


(— 10 a 2 + 2 a 4 ) du 


- 10k 3 2k 5 ^ 

= — + ^ +C 

= -y(5 - *) 3 / 2 + |(5 - *) 5 / 2 + C 


H I <N 
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42. ^ = 5e~* I- 
dx 


y = 5e X !~dx = 5(— 2) e j; / 2 ^-“j dx 


= - lOe-^ 2 + C 


44. 


dy _ x 2 + 2 
dx 3y 2 



J (x 2 + 2 )dx 

X 3 

y + 2 X + C 


dr 

46. — = 0.05.5 

ds 


dr = J 0.05.5 ds 
r = 0.025s 2 + C 


48. xy' = y 


/ M : 


dx 


In y = In x + In C = In Cx 

y = Cx 


dy 

50. y— = 6 cos 7rx 
dx 


y dy = 

J 


y dy = J 6 cos ttx dx 

r 6 . 

— = — sin ttx + C, 
2 17 1 

9 12 . 

y = — sin ttx + C 

7 T 


52. vA 2 — 9^- = 5* 
dx 


• /* 

rfy = - 

J J ' 


5* 


: dx 


y = 5(x 2 - 9) 1 / 2 + C 


54. 4y^ = 3e x 

■ ax 

J4y dy = J 3e r dx 
2 y 2 = 3C + C 


56. Vx + Vy y ' = 0 

[ y 1/2 dy = — I x 1/2 dx 


2 3/2 = _ 2 3/2 + c 

3 y 3 1 

yi/2 + *3/2 = C 

Initial condition: y(l) = 4, 

(4)3/ 2 + (1)V2 = 8 + l = 9 = C 

Particular solution: y 3 / 2 + x 3 / 2 = 9 


58. 2xy ' — In x 2 = 0 

2x~p = 2 In x 
dx 


dy = 

J 


lnx 

x 

(lnx) 2 


dx 
+ C 


y(l) = 2: 2 = C 
y = i(lnx) 2 + 2 


60. 


/ 


dx 

(1 - y 2 ) _1 / 2 y dy = J ( 1 - x 2 )-'/ 2 xdx 

-(1 -y2)l/2= — (1 X 2 )l/2 + C 


y(0) =1: 0=-l + C=>C=l 

Vl - y 2 = 71 - x 2 - 1 


62. 


- = e- 2 * 
ds 


e ' dr = 

J 


= | e 2s ds 

1 


6 = "2 e 


-2s 


+ c 


1 


HO) = 0: -l = -- + C 


1 , 1 
— e~ r = —~e~ 2s - - 
2 2 


1 , 1 

e~ r = -e~ 2s + - 
2 2 


-r = ln(| e - 2 ' + i = Ini 2 


C =“2 


1 + e 


r = In' 


1 + 
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64 . dT + k(T - 70) dt= 0 

ln(r - 70) = -kt + C, 

T -10= Ce~ k ' 

Initial condition: T(0) = 140; 

140 - 70 = 70 = Ce° = C 

Particular solution: T — 70 = 10e~ k ', T = 70(1 + e 


dy _ 2y 
dx 3x 



In y 3 = In x 2 + In C 

y 3 = Cx 2 

Initial condition: y(8) = 2, 2 3 = C(8 2 ), C = ^ 

8 

Particular solution: 8y 3 = x 2 , y = ^ x 2 / 3 


68 . 


_ dy _ y — 0 _ y 
dx x — 0 x 


dy = 

. y . 


dx 

x 


In y = In x + C 1 = In x + In C = In Cx 
y = Cx 


72 . /(x,y) = 


f(tx, ty) = 


xy 


tx ty 

Vt 2 x 2 + t 2 y 2 


t 2 xy 


= t- 


xy 


tjx 2 + y 2 Jx 2 + y 2 
Homogeneous of degree 1 


70 . f(x, y) = x 3 + 3x 2 y 2 — 2y 2 
f[tx, ty) = f 3 x 3 + 3fx 2 y 2 — 2 t 2 y 2 

Not homogeneous 


74 . fix, y) = tan(x + v) 

f(tx, ty) = tan(tx + ty) = tan[f(x + y)] 
Not homogeneous 


76 . fix, y) = tan - 

f(tx, ty) = tan — = tan - 
tx x 

Homogeneous of degree 0 

78 . ?=<*±p. 

xy 2 

xy 2 dy = (x 3 + y 3 ) dx 
y = vx, dy = x dv + v dx 
x(vx) 2 (x dv + v dx) = (x 3 + (t'x) 3 ) dx 
x 4 v 2 dv + x 3 v 3 dx = x 3 dx + v 3 x 3 dx 
xv 2 dv = dx 

Jv 2 dv = J- dx 

v 3 

y = ln|x| + C 

(;)’ - 3 >"i'l + c 

y 3 = 3x 3 In |x| + Cx 3 


80 . 


, _ x 2 + y 2 
2xy 


y = vx 


dv x 2 + i' 2 x 2 

V+X Jx = ^V- 


1 + V 2 

2v dx + 2 x dv = dx 

v 




dx 

x 


ln(v 2 — 1) = — \nx + In C = In — 

2 1 C 
v z - 1 = — 


z!_i = c 

X 
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o-. , 2x + 3y 

82. y = , y = vx 


dv 2x + 3vx „ , „ 

v + x — = = 2 + 3v 

dx x 


dv 

x — = 2 + 2v 
dx 


[ dv [ dx 


ln| 1 + v| = In x 2 + In C = In x 2 C 
1 + v = x 2 C 

1 + — = x 2 C 
x 

1 = x 2 C - 1 

X 

y = Cx 3 — x 


84. —y 2 dx + x(x + y) dv = 0, 

—x 2 v 2 dx + (x 2 + x 2 v)(y dx + x dv) = 0 




dx 

x 


C, 

v + In v = — In x + In C, = In — 

x 


C, 


v = In 


C, 


^ = e y' x 


y = Ce y ! x 

Initial condition: y(l) = 1,1 = Ce~ l 
Particular solution: y = e l ~ y ^ x 


86. (2x 2 + y 2 ) dx + xy dy = 0 

Let y = vx, tfy = x dv + v dx. 

(2x 2 + v 2 x 2 ) dx + x(vx)(xdv + v dx) = 0 

(2x 2 + 2x 2 v 2 ) dx + x 3 v dv = 0 

(2 + 2v 2 ) dx — —xvdv 

— 2 v 

dx = r dv 

X 1 + V 2 

— 2 In x = ^ ln(l + v 2 ) + C l 

In x -2 = ln(l + v 2 ) 1 / 2 + InC 
x“ 2 = C(1 + v 2 ) 1 / 2 

^ = C(x 2 + y 2 ) 1 ' 2 

y(l) = 0: 1 = C(1 + 0) => C = 1 
- = Vx 2 + f 


88 . ^ 

dx 



y dy — —xdx 

y 2 _ —x 
~2 ~ 

y 2 + x 2 = C 


+ c, 


y = vx 


C = e 


1 = xVx 2 + y 2 
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90 . 


dy 

dx 


= 0.25x(4 - y) 


dy 

4 — y 

dy 


= 0.25x dx 


y ~4 


= —0.25 xdx 


= = — — x tfa 

4 I 

1 




In |y — 4| = --X 2 + C, 


y - 4 = gC.-fl/S)* 2 = Ce -( l/8lx 

y = 4 + Ce _,1//8 ^ ;c2 



92 . 


2 = 2 -” (0 »- 4 


94 . 


dx 


0.2x(2 - v), y(0) = 9 



10 


tits -■ 

MU \ 

f / / / >■ 

\ \ '■ 

f l !/ -■ 

\ \ 

f / // — 

— \\ \ \ 

//■>• ^ — 

— -- \\\ 

^ 

— ^ ^ 

i'-. — 

— , 


0 


96 . ^ = i fey, y 
dt ’ 


Ce* f 


Initial conditions: y(0) = 20, y(l) = 16 
20 = Ce° = C 


16 = 20 ^* 


4 

= In — 

Particular solution: y = 20e ,ln ( 4 / 5 ) 
When 75% has been changed: 

5 = 20e' ln ( 4 / 5 ) 

I _ g »ln(4/5) 


f 


ln(l/4) 

ln(4/5) 


~ 6.2 hr 


98. ^ = k(x - 4) 
dx 

The direction field satisfies ( dy/dx ) = 0 along x = 4: 
Matches (b). 


100 . ^ = Ary 2 
dx 

The direction field satisfies (dy/dx) = 0 along y = 0, and 
grows more positive as y increases. Matches (d). 


102 . From Exercise 101, 

w = 1200 - Ce~ k ', k = 1 
tv = 1200 - Ce“' 


C = 1200 - w 0 


w(0) = w 0 = 1200 - C => 
w = 1200 - (1200 - w 0 )e-> 
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104. Let the radio receiver be located at ( x 0 , 0). 
The tangent line to y = x — x 1 joins (— 1, 1) 
and (x 0 , 0). 


y 



(a) If (x, y) is the point of tangency on the y = x — x 2 , 
then 


1 - 2x = 


y — 1 _ x — x 2 — 1 


X + 1 X + 1 

x — 2.v 2 + 1 — 2x = x — x 2 — 1 
x 2 + 2x — 2 = 0 

' — 2 ± V4T 

X = " 


= -1 + s/3 


Then 


y = x — x 2 = 3 s/3 — 5 
1-0 1 - 3 s/3 + 5 6 - 3^3 


1 x o — 1 + 1 — s/3 — s/3 

s/3 = (1 + x 0 )(6 - 3V3) 

= 6 - 3 s/3 + x 0 (6 - 3 s/3) 
4^3 - 6 


6 - 3 s/3 


1.155 


(c) 10 



(b) Now let the transmitter be located at (— 1, h). 


1-2 x = 


y — h 
x + 1 


x — x 2 — li 
x + 1 


x — 2x 2 +1—2 x — x — x 2 — h 

x 2 + 2x — h — 1 = 0 

_ (-2 ± s/4 + 4 (h + 1)) 
2 

= — 1 + s/2 + h 
y = x — x 2 
= 3 J2 + h - h - 4 


h — 0 _ h — (3 s/2 + h - h - 4) 

'-1 -^.r -1 -(-1 + ymt) 

_ 2h + 4 - 3 s/2 + h 

— s/2 + h 

x 0 + 1 _ s/2 + /t 

* 2/i + 4 — 3 s/2 + h 

h J2 + h 

x o = , - 1 

2/t + 4 — 3 s/2 + A 


There is a vertical asymptote at /; = which is the 
height of the mountain. 


106. Given family (hyperbolas): x 1 — 2y 2 = C 


108. Given family (parabolas): y 2 = 2 Cx 


2x - 4yy' = 0 


y' = 


X 

2v 


2yy'= 2C 



2.t: 


Orthogonal trajectory: y' 



Orthogonal trajectory (ellipse): 


y' = 


2x 

y 



In y = — 2 In x + In k 



y dy = — 2x dx 

J 


2 = -" 2 + 


2x 2 + y 2 = K 
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110. Given family (exponential functions): y = Ce x 


y ' = Ce x = y 

Orthogonal trajectory (parabolas): y' = — 



y 2 

j - + 

y 2 = -2x + K 


4 



112 . The number of initial conditions matches the number of 
constants in the general solution. 


114. Two families of curves are mutually orthogonal if each 
curve in the first family intersects each curve in the 
second family at right angles. 


116. True 

^ = (x - 2 )(v + 1) 


118. True 


x 2 + y 2 = 2 Cy 

dy _ x 
dx C — y 


x 2 + y 2 = 2 Kx 

dy K — x 
dx y 


x K — x _ Kx — x 2 _ 2 Kx — 2x 2 _ x 2 + y 2 — 2.r 2 
C - y ’ y ~ Cy - y 2 ~ 2Cy - 2y 2 ~ x 1 + y 2 - 2y 2 


y 2 — x 2 


= -1 
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2. y = arccos x 



-l 

-0.8 

-0.6 

-0.4 

-0.2 

0 

0.2 

0.4 

0.6 

0.8 

1 

y 

3.142 

2.499 

2.214 

1.982 

1.772 

1.571 

1.369 

1.159 

0.927 

0.634 

0 



(-V5._). (-75,-f) 
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8. arccos 0 = 


7 T 

2 


10. arc cot( — x/3) 


5 TT 

6 


12. arccos — 


14 . arcsin( — 0.39) ~ —0.40 


16 . arctan(— 3) ~ —1.25 







tan 6 = 


x 




Section 5.8 Inverse Trigonometric Functions: Differentiation 537 


34. arccos x = arcsec x 

x — cos(arcsec x) 
1 

x = - 

X 

X 2 = 1 
X = ±1 



36. (a) arcsin(— x) = — arcsinx, |x| < 1. 

Lety = arcsin( — x). Then, 

— x = siny => x = — sin _y => x = sin( — y). 

Thus, — y = arcsinx => y = —arcsinx. Therefore, 
arcsin(— x) = —arcsinx. 


(b) arccos(— x) = 7 r — arccos x, |x| < 1. 

Let y = arccos(— x). Then, 

—x = cosy => x = —cosy => x = cos(7r — y). 

Thus, tt — y = arccos x => y = tt — arccos x. 
Therefore, arccos(— x) = tt — arccos x. 


38. f(x) = arctan x + — 


x = tan y 


Domain: (— 00 , 00 ) 



Range: (0, tt) 
f(x) is the graph of arctan x shifted tt/ 2 units upward. 


40. /(x) = arccos^j 
x 

— = cos v 
4 

x = 4 cos y 

Domain: [—4,4] 
Range: [0, tt\ 



42. f(t) = arcsin t 2 
2 1 


f\t) = 




44. /(x) = arcsec 2x 
2 


fix) = 


|2x|V4x 2 — 1 |x| J\xr — 1 


46. /(x) = arctan ^ 

f'(x) = = 


l+Jc/\27x/ 2v/r(l+x) 


48. /t(x) = x 2 arctan x 
h \x) = 2x arctan x + 


1 + x 2 


50. f(x) = arcsin x + arccos x = — 
fix) = 0 


52. y = ln(f 2 + 4) — — arctan ^ 


2t _ 1 
r 2 + 4 2 

2t 


1 + 


l — ( l - 
tY \ 2 


2 j 

2 1 - 1 

r 2 + 4 t 2 + 4~ t 2 + 4 


54. y = 


y = 


(s/4 — x 2 + 4 arcsin^ j 


c-(4 — x 2 ) 1 / 2 (— 2x) + 74 — x 2 + 2 — . 


56. y = x arctan 2x — — ln(l + 4x 2 ) 


71 - (x/2) 2 


dy_ 
dx 1 + 4x 2 


2x , 1/ 8x 

1- arctan(2x) t 

v 4\1 + 4x 2 


= arctan(2x) 


74^ 


= 74^77 


+ 74 - x 2 + 


TT ~ 
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58 . 


y 


= 25 arcsin 


x 

5 


— a 725 — x 2 


60 . 


x 

y = arctan — — 


1 

2(7 + 4) 


• v ' = 5 7 T^WW ' ■ ' y 2 (25 ' x2) " 1/2(_2y) 

25 (25 — x 2 ) ^ x 2 

725 — x 2 725 — a 2 725 — x 2 

2x 2 

725 - x 2 


' x 2 + 4 

2x 2 + 8 + x 
(a 2 + 4) 2 


(7 + 4) 2 



p 2 ( X ) =/( i) +/'(i)u - 1) + ^ro)7 - D 2 = f + - 1) - - 1) 2 


64 . /(a) = arcsin X — 2a 
1 


fix) = 


7i — A 2 
" 2 


— 2 = 0 when 7l — a 2 = ^ or 


/"W (] _ *2)3/2 



Relative minimum: 



Relative maximum: 




66 . /(a) = arcsin a — 2 arctan a 


/'(*) = 




1 + 7 


= 0 


1 + A 2 = 27l — a 2 
1 + 2a 2 + 7 = 4(1 - A 2 ) 
7 + 6a 2 - 3 = 0 


a = ±0.681 

By the First Derivative Test, ( — 0.681, 0.447) is a relative 
maximum and (0.681, —0.447) is a relative minimum. 


68. arctan 0 = 0. 77 is not in the range of y = arctan a. 


70 . The derivatives are algebraic. See Theorem 5.18. 


72 . (a) cot 9 = 


9 — arccotj — 


(b) 


d9 


— 3 dx 


dt x 2 + 9 dt 


If a = 10, — — ~ 11.001 rad/hr. 
dt 


df) 

If a = 3, — ~ 66.667 rad/hr. 
dt 



dO _ dO di_ -1 / -750 \ ds 

dt ds dt 7i - (750A) 2 \ 7 / dt 


750 ds 
sjs 2 - 750 2 dt 


A lower altitude results in a greater rate of change of 9. 
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76. (a) Let y = arcsin u. Then 
siny = u 
cos y • y' = u' 



dv _ u' 
dx cos y 

(c) Let y = arcsec u. Then 

sec y = u 

dv , 
sec v tan y -= = u 
' dx 

dy _ u' _ u' 
dx sec y tan y \ u \ J u 2 - L 

Note: The absolute value sign in the formula for 
the derivative of arcsec u is necessary because the 
inverse secant function has a positive slope at every 
value in its domain. 



(e) Let y = arccot u. Then 
cotv = u 
2 dy 

— esc 7 y — = u 
dx 



dy u' u' 

dx — esc 2 y 1 + u r 


(b) Let y = arctan u. Then 
tany = u 


2 d y 

sec y— = u 
dx 



dy 

dx 


sec 2 y i + u 2 
(d) Let y = arccos u. Then 
cos y = u 
■ dy 

— sin y — = u 
dx 



dy 

dx 


u 

sin y 





Note: The absolute value sign in the formula for the 
derivative of arccsc u is necessary because the inverse 
cosecant function has a negative slope at every value in 
its domain. 


78. f(x) = sin a 

g(.r) = arcsin(sinx) 

(a) The range of y = arcsin a is — tt/2 < y < ir/2. 

(b) Maximum: tt/2 
Minimum: — tt/2 



80. False 


The range of y = arcsin a is 


7 r tt 
2 ’ 2 ' 


82. False 


arcsin 2 0 + arccos 2 0 = 0 + 



# 1 
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3 3 f 2 3 

. = dx = — — . dx = — arcsm(2x) + C 

yi - 4 a 2 2J Vi - 4a 2 2 


4. 


o V4^ 


r dX = 


. x 
arcsin — 
2 


_ 77 
o 6 


6 ‘ 1 rrW dx = 3 IToV dx = 3 arctan(lv) + c 




, dx = 


1 A 

— arctan — 
3 3 


vT 36 


10 . 


1 , 1 /a 1 \ 

: dx = — arctan — - — + C 


4 + (a — l) 2 2 ' 


12 . 


A 4 - 1 [ 1 

\ + ^ dx = I (a 2 — 1) dx = -a 3 — a + C 
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14. Let u = t 2 , du = 2 1 dt. 


t , I 1 , , 1 t 2 „ 

— dt — - 7-7-7 yxrrAlt) dt = — arctan — + C 

f 4 + 16 2 J (4) 2 + (f 2 )- 8 4 


16. Let m = x 2 , du = 2x dx. 
1 


, r/x = - 

x7x 4 - 4 2 


if 1_ 

2 JxVyy 


2 2 


(2x) dx 


1 


= — arcsec — + C 
4 2 


18. Let u = arccos x, du = 
(-1/V2 nrr . nnc , „ 


-i 

Jo 




- dx = - 


7l — x‘ 

1 A/2 


dx. 


— arccos x 


yn^ 


: dx 


— arccos- x 
2 


= 3tt^ 
o 32 


0.925 


20. Let u = 1 + x 2 , du = 2x dx. 


o 1 f° 1 

- — - — 7 dx = - 7<2x) dx 

-Ji 1 + -* 2 2J-V3 1 + * 2 


f ln(l +.* 2 ) 


-VS 


= -In 2 


22. 


: dx = 


r 


i 3 + (x — 2) 2 J, (V3) 2 + (x - 2) 2 


- dx = 


1 (x — 2\J 2 s/3t 

— — arctan — — = 

73 V 73 /Ji 18 


7t/ 2 QQg x 

24. | dx = arctan(sinx) 

1 + sm z x 


7t/2 


26. 


f 3 i 

— r dx. u = 7x, du = — dx, dx = 

J 27x(l + x) 27* 


3 I 2w dw 


= 3 


2 J u( I + zr 2 ) J 1 + u 2 


du 


— 3 arctan u + C 


= 3 arctan 7x + C 


yr^ 


yr^ 


28. | ^ ^ dx — (— 2) I — 7= dx + 3 — , t dx = — 4 7l — x 2 + 3 arcsin x + C 


yr^ 




, x — 2 1 2x + 2 3 

30. 7 ; — 777— — 7 dx = - 7 ; — 777— — 7 dx — 7 ; — 777— — 7 dx 


(x + l) 2 + 4 2J (x + l) 2 + 4 ' J (x + l) 2 + 4 

= 7^ ln(x 2 + 2x + 5) — 7^ arctan^ * ^ - j + C 


32. 


dx 


dx 


+ 4x + 13 2 (x + 2) 2 + 9 


1 lx + 2 

77 arctan — - — 
3 \ 3 


_ 2 = 3"l3j 


2x — 5 f 2x + 2 f 1 

34. — 7- dx = — 7 7 dx — 1 ; 777 dx = lnlx 2 + 2x + 2| — 7 arctan(x + 1) 

J x 2 + 2x + 2 J x 2 + 2x + 2 J 1 + (x + l) 2 1 1 


+ C 


36. 


{ y^br/-' ■ I: 


J-x 2 + 4x ' J 74 - (x 2 - 4x + 4) 
2 


dx 


I 


74 - (x - 2) 2 


dx 


~ .(x-2\ 

= 2 arcsinl — - — ] + C 


38. Let it = x 2 — 2x, dzz = (2x — 2) dx. 


x — 1 
. Jx 2 - 


dx — 7- (x 2 — 2x) ! ^ 2 (2x — 2) dx 

- 2x 

= 7x 2 — 2x + C 


40. 


: dx = 


(x — 1) 7x 2 — 2x J (x — l) 7(x — l) 2 — 1 


.dx = arcseclx — 1| + C 


2m du 
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56. A = 


n 1 

. x 

1 

7T 

' 

58. 

. dx = 

arcsin — 

= 


Jo v 4 

L 2J 

0 

6 

Jo 


arcsin x dx ~ 0.57 1 


y y 




(a) F(x) represents the average value of/(x) over the interval [x, x + 2], Maximum at x = — 1, since the graph is 
greatest on [— 1, 1], 


(b) F(x) 


arctan t 


+ 2 


arctan(x + 2) — arctan x 


F\x) 


1 1_ = (1 + x 2 ) - (x 2 + 4x + 5) 

1 + (x + 2) 2 1 + x 2 (x 2 + l)(x 2 + 4x + 5) 


— 4(x + 1) 

(x 2 + l)(x 2 + 4x + 5) 


0 when x 


- 1 . 


62. 


76x — . 


- dx 


(a) 6x — x 2 = 9 - (x 2 - 6x + 9) = 9 — (x — 3) 2 


J 7 6x - 


: dX = 


dx 


7 9 - (x - 3) 2 


. x - 3 
= arc sin i 


+ C 


(b) u = 7x, u 2 = x, 2 u du = dx 


76« 2 — id 


(2u du) = 


76 — u 2 


u 

76 


rfu = 2 arcsin — 7= + C = 2 arcsin — 7 + C 


■(3) 


(c) ^ 







-2 


The antiderivatives differ by 
a constant, ir/2. 

Domain: [0, 6] 


64. Let/(x) = arctan x — 


1 + x 2 


fix) = rh ~ (hw = dTx 2 ) > Oforx > °- 


Since /(0) = 0 and /is increasing forx > 0. arctan x — 


1 + x- 


> 0 for x > 0. Thus, 


arctan x > 


1 + x 2 ' 
Let g(x) — x — arctan x 


y 



g\x) = 1 - Y777 = T777 > 0 for x > °- 

Since g(0) = 0 and g is increasing for x > 0, x — arctan x > 0 for x > 0. Thus, x > arctan x. 
Therefore, 
x 


1 + X 2 


< arctan x < x. 
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Section 5.10 Hyperbolic Functions 


e 0 + e 0 

2 . (a) cosh( 0 ) = — = 1 


(b) sech(l) = ~ 0.648 

e + e 1 


4. (a) sinh '(0) = 0 
(b) tanh _ 1 ( 0 ) = 0 


6 . (a) csch '(2) = ln^- — — ~ 0.481 

(b) coth-'(3) = ^ ln (|) “ 0.347 


„ 1 + cosh 2x 1 + ( e 2x + e 2a )/2 e 2x + 2 + e 2x1 ( e x + e ■ r '\ 2 _ ( 7 

o • I I cosh x 

2 2 4 \ 2 


10. 2 sinh x cosh x = = = sinh 


(x + y\ 


(x - y) 

— 9 

g fc + y)/2 _|_ g -(x + y)/2 

e O~y)/2 _|_ e -(x-y)/2 

[ 2 j 

cosh 

\ 2 ) 

- ^ 

2 

2 


e* + e y + e~ y + e~ x _ e x + e~ x e y + e~ y 


= cosh* + coshy 


14. tanhj: = - 

2 


+ sech 2 x = 1 => sech 2 x = t => sech x = 

2/ 4 2 


cosh x = 


1 = 2^3 

V3/2 ~ 3 


COthj: = — — = 2 

1/2 


sinh jr = tanh x cosh jr = 


\W)-4 


Putting these in order: 

' h ^ 
sinh x = — 

, 2 V 3 


cosh x = 


tanh x — — 
2 


sech 2 : = 


“ l ”‘y!/5 = 75 


16. y = coth(3jr) 
y' = —3 csch 2 (3.v) 


18. g(.v) = ln(cosh x) 


g \x) = — (sinh x) = tanh x 

cosh x 


20 . y = x cosh jr — sinh x 

y ' = x sinh x + cosh x — cosh x = x sinh jr 


22 . h(t) = t — coth t 

h \t ) = 1 + csch 2 t = coth 2 t 
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24. g(x) = sech 2 3x 

g'(x) = — 2 sech(3x) sech(3x) tanh(3x)(3) 
= — 6 sech 2 3x tanh 3x 


26. f(x) = e sinhx 

f\x) — (cosh x)(e slnh *) 


28. y = sech(.x +1) 

y' = — sech(x +1) tanh(x + 1) 


30. fix) — x sinh(x — 1) — cosh(x — 1) 

fix) = x cosh(x — 1) + sinh(x — 1) — sinh(x — 1) = x cosh(x — 1) 

fix) = 0 for x = 0. By the First Derivative 

Test,(0, — cosh(— 1)) ~ (0, — 1.543) is a relative minimum. 



( 0 ,- 1 . 543 ) 


6 


32. h(x) — 2 tanh x — x 


2 



( 0 . 88 , 0 . 53 ) 

(- 0 . 88 ,- 0 . 53 ) 



-2 


Relative maximum: (0.88, 0.53) 

Relative minimum: (—0.88, —0.53) 

36. fix) = coshx /( 1) = cosh(0) ~ 1 

fix) = sinh x /'( 1) = sinh(0) ~ 0 

fix) = coshx /"( 1 ) = cosh(0) ~ 1 

Pfx) =/(0) +/'(0)(x - 0) = 1 
P 2 ix) = 1 + \x 2 


34. y = a cosh x 
y' = a sinh x 
y" = a cosh x 
Therefore, y" — y = 0. 



38. (a) y = 18 + 25 cosh 


x 

25’ 


-25 < x < 25 


25 


(b) At x = ±25, y =18 + 25 cosh(l) « 56.577. 
At x = 0, >> = 18 + 25 = 43. 

( c ) y' = sinh— .At x = 25, y' = sinh(l) ~ 1.175 



40. Let u — Vx, du = — dx. 

2fx 


cosh fx 


-l 1 


dx — 2 | cosh Vx^ ^~y= ] t/x = 2 sinh Vx + C 


42. Let i/ = cosh x, r/;/ = sinh x dx. 
sinh 


1 + sinh 2 x 


dx = 


sinh x . — 1 „ 

dx = — - — + C 


cosh 2 x “ ' cosh x 
= — sechx + C 


44. Let u — 2x — 1 , du = 2 dx. 


sech 2 (2x — 1) dx = — sech 2 (2x — l)(2) dx 


46. Let u = sech x, du = 
f sech 3 x tanh x dx = 


— sech x tanh x dx. 

— f sech 2 x(— sech x tanh x) dx 


= — tanh(2x — 1) + C 


— j sech 3 x + C 
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48. I cosh 2 xdx= I 1 + cosh 2x dx 


x + 


2 

sinh 2x 


+ C 


— —x + — sinh 2x + C 
2 4 


50. 


o 725 — x 2 


dx = 


. x 
arcsm — 


52. 


[ — 2 dx = 2 f 1 J 2) dx = -2 Inf * + ^ + 4jr ) 

J x7l + 4x 2 J (2x)7l + (2x) 2 V |2x| / 


+ C 


54. Let u = sinh x, du — cosh x dx. 


cosh x . ( sinh x\ 

— . = dx — arcsm — - — + C 

79 - sinh 2 x V 3 / 

/ g* 

= arcsinl ; | + C 


56. y = tanh 1 


1 /I 


1 - (x/2) 2 \2j 4 - x 


58. y = sech '(cos 2x). 0 < x < 


y = 


-l 


cos 2 .t 7T — cos 2 2x 
since sin 2x > 0 for 0 < x < tt/4. 


{ — 2 sin 2x) = 


2 sin 2x 


cos 2.r| sin 2x\ cos 2x 


= 2 sec 2x, 


60. y — (csch 1 x) 2 


y' 


= 2 csch 1 



— 2 csch 1 x 

\x\ 7l + x 2 


62. y — x tanh 1 x + In 7l — x 2 = x tanh 1 x + — ln( 1 — x 2 ) 


y =x\ 


1 — X- 


+ tanh 1 x + 


1 — x‘ 


= tanh 1 x 


64. See page 401, Theorem 5.22. 


66. Equation of tangent line through P = (x 0 , y 0 ): 

y — a sech -1 — + J a 2 — x n 2 = — -^-(x — x n ) 

ci x 0 

When x = 0, 

y = a sech -1 — — Jed — x 0 2 + Ja 2 — x n 2 = a sech -1 — . 

a a 

Hence, Q is the point [0, a sech -1 (x 0 /a)]. 

Distance from P to Q: d = y/x 0 2 + ( — 7« 2 — x 0 2 ) 2 = a 


68 . 


9 - x 4 


dx = — — 


—2x 


2] 9 

- (x 2 ) 2 

— In 

3 -x 2 


12 


3 +x 2 


dx = — “(“lln 

2\6 / 


+ C 


3 -x 2 


3 + x 2 


+ C 


y 



= arcsin 


"sT I in 
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70. Let u = x 3 / 2 , du = — 7* dx. 


f , ^ dx = ^ ==(^- x /r N ) dx = \ sinh l (x^ 2 ) + C = \ ln(;t 3 / 2 + 7l + x 3 ) + C 

J yr+y 3 j yrrowz ; 3 3 v ' 


72. 


& 


(j: + 2) 7a 2 + 4x + 8 ) (x + 2)7(x + 2) 2 + 4 


dx 


= 1 J2 ± ^T2F±4 

2 \ |jc + 2| 


74. 


(* + 1) 727 + 4x + 8 


(it = 


1 


(.* + l)72(x + l) 2 + 6 

1 f 1 


dx 


^22 (x + 1)7U- + l) 2 + (V3) 2 76 


d* = -^lnf ^ + V( - Y+ + 3 ) + C 

X + 1 


76. Let w = 2(x — 1), du = 2 dx. 

>-k 


: dX = 


dx = 7= In 


(.t - 1)4? 4.v 2 I 8.v I ' J 2 (jc - 1)V(73) 2 - [2(x - l)] 2 ^ 


73 + 7-47 + 8.t — 1 


2(x - 1) 


+ C 


. 1 — 2x . 4-2* , 1 

78. y = r- dx = a dx + 3 7 -ta dx 

1 4.v -x 2 J 4x - x 2 J (x - 2) 2 - 4 


= ln|4x - x 2 | + - In 


(x - 2) - 2 


(x - 2) + 2 


+ C = ln\4x — x 2 \ + — In 


x - 4 


+ C 


80. A = tanh 2x dx 


82. A = 


o 

2 2x 


I 


: dx 


if 2 1 

2 Jo + 


dx 

z^2)(e 2x - e _2x ) dx 


ln(e 2l; + e ■**) 


3 Vx 2 - 4 
6 ln(x + 7x 2 — 4) 

= 6 ln(5 + 721) - 6 ln(3 + 75) 

7+ V 21 ) 


= 6 In 


3+71 


3.626 


= | ln(e 4 + <? 4 ) - | In 2 


= In. 


/r + e 


1.654 


84. (a) v(t) = —32 1 


(b) s{t) = 



(-32*) dt = -16t 2 + C 


*•(0) = - 16(0) 2 + C = 400 => C = 400 
!■(/) = - 16 f- + 400 


—CONTINUED— 



84. —CONTINUED— 
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The velocity is bounded by — x/32/ *Jk. 

(e) Since /tanh(rt) dt = (1/c) in cosh (ct) (which can be 
verified by differentiation), then 

s(t) = J — tanh( ~J‘. 32k t) dt 

= — — y - — Inf cosh( V32 ~k f)l + C 

Jk J 32k L J 


= —— ln[cosh( v/32 k t)] + C. 


When t = 0, 
s(0) = C 

= 400 => 400 - (1/it) ln[cosh( J32k f)]. 
When k = 0.01, 

s 2 (t) = 400 — 100 ln(cosh v/0.32 t) 

s,(t) = - 16 f- + 400. 

ij(t) = 0 when t — 5 seconds. 

s 2 (t) = 0 when t ~ 8.3 seconds 

When air resistance is not neglected, it takes 
approximately 3.3 more seconds to reach the ground. 
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Review Exercises for Chapter 5 


2. fix) = Info - 3) 

Horizontal shift 3 units to 
the right 

Vertical asymptote: x = 3 


y 



4. ln[fo 1 2 + l)fo — 1)] = Info 2 + 1) + Info — 1) 


6 . 


3[ln x — 2 Info 2 + 1)] + 2 In 5 


= 3 In x — 6 Info 2 + 1) + In 5 2 = In x 3 — Info 2 + l) 6 + In 25 = In 


25y 3 

(x 2 + 1) 6 _ 


8. ln.v + Info — 3) = 0 
ln.v(jc — 3) = 0 
x(x — 3) = e° 
x 2 — 3x — 1 = 0 

3 ± yi3 
* 2 

3 + yis , . 3 - yi 3 „ 

x = only since < 0. 


10 . 


h(x) = In 


x(x — 1) 
x — 2 


ln.r + ln(.v 


1) 


ln(.v — 2) 



1 


Y — 1 


1 = y 2 - 4y + 2 

y — 2 y 3 — 3y 2 + 2y 


12. fix) — ln[Y(Y 2 — 2) 2 / 3 ] = In y + ^ ln(Y 2 — 2) 


fix) 



lx 2 - 6 
3y 3 — 6y 


16. 


y = 


1 b , a + bx 

1 — t In 

ax a~ x 


= 1 — ^rinla + bx) — In y] 

ax a 


dx a\ x ) a~\_a + bx x 


1 & —a 

ax 2 a 2 |_Y(fl + bx) 


J b 

ax 2 ax{a + bx) 


(a + bx) — bx _ 1 

<ZY 2 (a + bx) x 2 (a + bx) 


20. it = In x, du = — dx 
x 



dx = -(In y )" + C 
4 


24. 



x dx 


■ 

( 77 \ 


In 

co \f-- x ) 


_ 

_ 


-o- ln (i)-i |n2 


14. y = - ^[a + bx — a ln(a + ta)] 
b~ 

dy _ 1 / ab \ _ x 
dx b 2 \ a + bx) a + bx 


18. u = x 2 — 1, du = 2y dx 



1 f 2 y 
2J x 2 - 1 


dx 



+ C 


22 . 




2 
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26. (a) f(x) = 5x — 7 
y = 5x — 7 


y + 7 

5 


x + 1 
5 


= y 




x + 7 
5 



(c) / ‘(/(x)) = / '(5 jc - 7) = — — ^ + 7 = x 


28. (a) /(x) = x 3 + 2 

y = x 3 + 2 
4/v - 2 = x 
^/x — 2 = y 
/ _1 (x) = 4/x — 2 


30. (a) /(x) = x 2 — 5, x > 0 

y = x 2 - 5 
Vy + 5 = x 
Jx + 5 = y 

= Jx + 5 


32. /(x) = xVx — 3 

/(4) = 4 

/'(x) = Jx - 3 + ~x(x - 3)“ 1/2 


/'(4) = 1+2 = 3 


(/->)'(4) 


1 

/'(4) 


1 

3 


36. (a) f(x) = e 1 x 
y = e l ~ x 
lny = 1 — x 
x = 1 — In y 
y = I — I n x 
/ _1 (x) = 1 — lnx 



(c) / H/(x)) = / Hx 3 + 2) = 3/(x 3 + 2) - 2 = x 
/(/“‘(x)) = jtyx ~ 2) = (Vx - 2) 3 + 2 = x 



(c) / ‘(/(x)) =/ Hx 2 - 5) = V(x 2 - 5) + 5 = x for x > 0. 
/(/“Hx)) = f(Jx + 5) = (Jx + 5)" - 5 = x 


34. fix) = lnx 
f~\x) = e 1 
if~')'(x) = e 1 
(/-V(0) = e° = 1 


(b) r i 



L, 




(c) / H/(x)) = / ‘(e 1 A ) = 1 - lnfe 1 A ) 
= 1 — (1 — x) = x 


/(/ ’(x)) =/( 1 — lnx) = e 1 (I lnr) = e lnx = x 
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38. y = 4e * 2 


40. 


g(x) = ln( 


\ 

1 + e x ) 


y 



= In e* — ln(l + e x ) = x — ln(l + e x ) 


g'{x) = 1 - 


e x 

1 + e A 


1 

1 + e x 


42. h(z) = e j2 / 2 
/t'(z) = — ze “~ 2/2 


44. y = 3e 3 /' 

Qp—3/t 

y' = 3e- 3 / f (3r 2 ) = 


46. /(0) = |e sin2e 
/'((?) = cos 2 0e sm2e 


48. cos x 2 = xe v 


— 2x sin x 2 = xe y — + e y 
dx 

dy _ 2x sin x 2 + e y 
dx xe y 


52. Let u = e 2x + e Zr , du = (2e lr — e 2a ) dx. 
f e 21 — e~ 2jc if 2e 2x — 2e~ 2x 

J e 1 ' + e~ 2r dX = 2 J e 2A + c” 2 ' * 

= ^ ln(e 2 ' : + e _2A ) + C 

f e 2 -' 1 f 1 

56. — ^ dx — - — -2e 2A dx 

J e 2r + 1 2j e lr + 1 

= ^ ln(e 2A + 1) + C 


50. Let m = — , c/« = — dx. 
x x 




dx = — e 1 ^ + C 


54. Let u = x 3 + 1, du = 3x 2 dx. 



dx 



(3x 2 ) dx 



+ C 



(b) V = 8000e-°- 6 ', 0 < t < 5 
V'(t) = -4800e-°- 6f 
V'(l) = —2634.3 dollars/year 
V'(4) = —435.4 dollars/year 
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66. f(x) = 4 x e x 

f'(x) = 4 x e x + (In 4)4 v e A = 4 x e x ( I + In 4) 

X 

70. h(x) = log 5 ^ ! = log 5 - log 5 (.v - 1) 


1 

"1 

1 

1 

-1 

In 5 


X — 1_ 

In 5 

_.*(.* — 1)_ 


68. y = x(4~ x ) 

y' = 4- x - x ■ 4~ x In 4 

f 2 -I/ ' 1 

72. — r-rf/ = — 2 -V' + C 

J < ! In 2 



Vertical asymptote: /t = 18,000 


(c) 


t = 50 log 10 | 


18,000 \ 
18.000 - h) 


lO'/so = 


18,000 
18,000 - h 


18,000 -h = 18,000(10^/ 50 ) 

h = 18,000(1 - IO-'/ 50 ) 


As h—> 18,000, /— > 00 . 

(d) t = 50 log 1(l 18,000 - 50 log 10 (18,000 - h) 

df = 50 

dh (In 10)(18,000 - h) 

dH = 50 

dh 2 (In 10)(1 8,000 - h ) 2 

No critical numbers 

As t increases, the rate of change of the 

altitude is increasing. 


76. 


2 P = Pe l0r 
2 = e l0r 
In 2 = lOr 

r = ^ ~ 6.93% 


78. 


y = 5i 
>•(600) = 51 


1 

2 

1' 

2 , 


f /1620 


600/1620 


3.868 grams 


80. (a) 


-f = —0.012V, i > 50 
ds 


-1 [dy = [ 1 

0.012 y dS 


y = Ce~ om2s 

When s = 50. y = 28 = Ce~ 001 2(50 > => C = 28e° 6 
> = 28e°- 6_0 012s , s > 50 


(b) 


Speed(s) 

50 

55 

60 

65 

70 

Miles per Gallon (>) 

28 

26.4 

24.8 

23.4 

22.0 


82 . 


dy = 
dx 

dy = 


e~- x 

1 + e“ 2t 

e _2x , 1 

2 dx = — — 

1 + e~ 2x 2 

1 


-2e~ 


dx 


y = — — ln(l + e 2a ) + C 


1 + e“ 2t 
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84 . y' ~e y smx = 0 


dy 

-f- = e y sin x 
clx 


e y dy — sin x dx 


— e y = —cos x + Cj 

1 

e y = 

cos x + C 

y = in | — a 

cos.* + C 


(C = -Cj) 

= — ln|cos* + C| 


86 . — = — (homogeneous differential equation) 

dx x 

3(* + y) dx — * dy = 0 
Let v = vx, dy = * dv + v dx. 

3(* + v*) <it — *(* dv + v dx) = 0 
(3* + 2vx) dx — x 2 dv = 0 

(3 + 2v) dx = * dv 


dx = 


1 


3 + 2v 


- dv 


1 


ln|*| = — In 1 3 + 2v\ + C l = ln(3 + 2v ) 1/f2 + In C 2 

* = C 2 ( 3 + 21 -) 1 / 2 

* 2 = C(3 + 2v) = C^3 + 2^ 

x 3 = C(3x + 2y) = 3 Cx + 2 Cy 
x 3 — 3 Cx 


2 C 


88 . 


dv 

dt 


= kv - 9.8 


(a) 




^ ln|£v — 9.8 1 = t + Cj 

In | kv - 9.8 1 = kt + C 2 
kv — 9.8 = e k,+c ' 2 = C 3 e kt 


9.8 + C 3 e h 


At t = 0, v 0 = —(9.8 + C 3 ) => C 3 = kv 0 - 9.8 


v = -[9.8 + (kv 0 - 9.8)e*'] 


Note that k < 0 since the object is moving downward. 


(b) lim v(t) = - 7 - 

t — >00 k 


(c) s(f) = I -[9.8 + (&v 0 — 9.%)e k{ \ dt 


9.8 1 + ~(kv 0 - 9.8)e fa 


+ C 


9 -Y + j^o - 9.8)c fo + C 


«(0) = -jn{kv 0 - 9.8) + C => C = s 0 - -^(kv t 


i 2V 


■S (f) = + ^'0 - 9.8)e fa + s 0 - - 

= + 75(Ai’o “ 9.8)(e 1 '' - 1) + j„ 


9.8t 1 

~Y + ie- { 


- 9.8) 
9.8) 
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90. h{x ) = — 3 arcsin(2.ic) 


y 



94. y = arctan(A 2 — 1) 

, _ 2x _ 2x 
y ~~ 1 + {x 2 - l) 2 ~~ -v 4 - 2a 2 + 2 


92. (a) Let 0 = arccot 2 
cot 0=2 


tan(arccot 2) = tan 9 = — . 

(b) Let 9 = arcsec 75 
sec 9 = 75 

cos(arcsec 75) = cos 9 = \ . 

75 



96. v = — arctan e 2t 


1 ) ( 2 e— v ) = e ' 


2 \ 1 + e 4 


1 + e 4 


98. y = 7 * 2 — 4 — 2 arcsec 2 < x < 4 

, _ x 1 _ a 4 _ a 2 - 4 _ Jx 2 - 4 

^ 7a 2 — 4 ( | jc| /2) 7(a/2) 2 — 1 7a 2 — 4 |a|Va 2 — 4 |a|7a 2 — 4 * 


100. Let u = 5a, du = 5 dx. 

f 1 , if 1 , 1 5 a 

— 7^7 dx = - 7 — ^77 (5 ) dx = 7 : arctan — ^ + C 

J 3 + 25a 2 5j (V 3) 2 + ( 5 a ) 2 5 75 73 


f i 1 a 

102. — 7 etc = — arctan , + C 

J 16 + a 2 4 4 


104. I — dx = 4 I — 7 etc + — | (4 — a 2 ) '/ 2 (— 2c) etc = 4 arcsin — + 74 — a 2 + C 

J 74 - a 2 J 74 - a 2 2 J 2 


106. Let i/ = arcsin a, du = — , dx. 

TT^Tc 2 


arcsin a , 1 

— . etc = -(arcsin a) + C 

TT^ 2 2 V 



7t/2 

Since the area of region A is 1 1 I sin y e?y 


the shaded area is | arcsin a etc = — — 1 = 0.571. 


110. y = a tanh 1 2 a 
2 


y = ai 


1 - 4a 2 


112. Let u = a 3 , du = 3a 2 etc. 


2 jc 

+ tanh -1 2 a = 7 7—7 + tanh -1 2 a 

1 - 4a 2 


A 2 (sech a 3 ) 2 dx = — (sech a 3 ) 2 (3a 2 ) etc = - tanh a 3 + C 
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Problem Solving for Chapter 5 



4. y = 0.5 v and y = 1 .2-' intersect y = x. 
y = 2 X does not intersect y = x. 

Suppose y = x is tangent to y = a x at ( x , y). 
a x = x => a = x'7 

y ' = a x In a = 1 => x In x 1 /* = 1 => In x = 1 => x = e, a = 
For 0 < a < e x ! e ~ 1.445, the curve y = a' intersects y = x. 



6. (a) y = f(x ) = arcsin x 
sin y = x 


Area A = 

AreaB = 

J2/2 


tt/A 


sin y • t/v = — cos y 


77-/6 

sXf 


7T/4 

J7t/6 


72 , 73 73 - x/2 


+ 

2 2 


0.1589 


12 


0.2618 


(b) 


arcsin x dx — Area(C) = 


1/2 


J2 

2 


- A - B 

Ttjl 73 - 72 


7 T 
12 


72 _ J_\ 72 - 73 

8 12 


0.1346 


—CONTINUED— 


1 1 <n 




Problem Solving for Chapter 5 555 


6. —CONTINUED— 


(c) Area A = | e y dy 

i 3 

= e y \ =3-1=2 
Jo 

Area B = j In x dx = 3(ln 3) - A = 3 In 3-2 = In 27 - 2 = 1.2958 

(d) tan y — x 

rtr/i 

Area A = tan y dy 

J it/ 4 


y 



= — ln|cos;y| 


7t/3 

Att/4 


= — In — + In -A = ] n = — In 2 
2 2 2 


V3 

Area C = | arctan x dx = ( y 


— — In 2 — 
2 




= y^(473 - 3) - \ In 2 « 0.6818 


y 




y = 

e x 


y' = 

e 

y - 

b = 

e a (x - a) 


y = 

e a x — ae“ + b Tangent line 

if y 

= 0, 



e a x = ae a — b 
bx = ab — b (b = e a ) 
x = a — 1 
c = a — 1 

Thus, a — c = a — (a — 1) = 1. 


10 . Let u = tan x, du = sec 2 x dx 


Area = 


7r/4 


1 


sin 2 x + 4 cos 2 x 


dx = 


l 


tt/ 4 o 

seer % 
tan 2 * + 4 

1 du 
m 2 + 4 


dx 


1 

— arctan 1 
2 


= — arctanl 


12 ‘ (a) ‘dt ~ ^ ~ = \ 



ln|_y | - ln|l - y\ = t + C 


In 


1 


y 

- y 


t + c 


y 

i -y 


C x e‘ 


y = C x e' — yC x e‘ 

= C ' e ' = 1 
~~ 1 + C x e‘ ~ 1 + C 2 e~' 


y(o) 


l 

4 


1 

1 + C 2 


C 2 = 3 


Hence, y 


1 

1 + 3e~ r 



d 2 y 1 

— = y = y - 2yy => y = 0 fory = - 

> 0 if 0 < >> < ^ and ^<0if^<y<l. 
dt- ■ 2 dt 2 2 ' 

Thus, the rate of growth is maximum at y = — , the 
point of inflection. 


—CONTINUED— 


2 I ri 
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12. —CONTINUED— 



1 

2 


Thus, y 



The graph is different: 



14. (.) ,, - 985.93 - (98593 - <™.0OT(0.095) ^ + 0|5j* 

(985 93 _ ( 12 °.° W ( | >« )( 1 + 

(b) The larger part goes for interest. The curves intersect when t ~ 27.7 years. 

(c) The slopes are negatives of each other. Analytically, 

du dv 

u = 985.93 - v 

w'(15) = — v'(15) = -14.06. 

(d) t = 12.7 years 


1000 



Again, the larger part goes for interest. 
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CHAPTER 5 

Logarithmic, Exponential, and Other Transcendental Functions 

Section 5.1 The Natural Logarithmic Function: Differentiation 

Solutions to Odd-Numbered Exercises 


1. Simpson’s Rule: n = 10 


* 

0.5 

1.5 

2 

2.5 

3 

3.5 

4 

J 

PH, 

'i 1 

-0.6932 

0.4055 

0.6932 

0.9163 

1.0987 

1.2529 

1.3865 


Note: 




t 


3. (a) In 45 « 3.8067 


•45 1 
. 1 f 


(b) dt « 3.8067 


5. (a) In 0.8 « -0.2231 

f 08 l 

(b) dt = -0.2231 


7. f(x) = In x + 2 

Vertical shift 2 units upward 
Matches (b) 


9- fix) = In (x - 1) 

Horizontal shift 1 unit to the right 
Matches (a) 


11. fix) = 3 In x 
Domain: x > 0 


13. f(x) — In 2x 
Domain: x > 0 


15. fix) = ln(x — 1) 
Domain: x > 1 





17. (a) In 6 = In 2 + In 3 ~ 1.7917 

(b) In | = In 2 — In 3 ~ -0.4055 

(c) In 8 1 = In 3 4 = 4 In 3 ~ 4.3944 

(d) In V3 = In V' 2 = \ In 3 « 0.5493 


xv 

21. In — = In x + In y — In z 

z 


19. In | = In 2 — In 3 


23. In i/ ti 2 + 1 = ln(a 2 + l) 1//3 = j ln(a 2 + 1) 


218 
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i^- — -J - -j = 3[ln(x 2 — 1) — In x 3 ] 

= 3[ln(x + 1) + ln(x — 1) — 3 ln.x] 


27. In z{z ~ l) 2 = In z + ln(z - l) 2 
= In z + 2 ln(z - 1) 


29. ln(x — 2) — ln(x + 2) = In — — 

x + 2 


31. - [2 ln(.x + 3) + In x — ln(x 2 



x(x + 3) 2 
.x 2 - 1 


In 


x(x + 3) 2 
.x 2 - 1 


33 


2 In 3 — — ln(x 2 + 1) 


In 9 — InVx 2 + 1 = In — . 

v^TT 



39. lint ln[.x 2 (3 — x)] = In 4 ~ 1.3863 


41. _v = In x 3 = 3 In x 



At (1, 0), y' = 3. 


43. y = In x 2 = 2 In x 



At (1, 0), y' = 2. 


45. g(x) = I n .x 2 = 2 lnx 


47. y = (In x) 4 




49. y = In xjx 1 - 1 = In x + \ ln(.x 2 - 1) 

dy _ 1 1/ 2x \ _ 2x 2 — 1 

t lx x 2\x 2 — 1/ x(x 2 — 1) 


53. g(t) 


In t 

l 2 


g\t) 


t 2 (l/t) — 2t In t _ 1 — 2 In t 

? = r 3 


57. y = In 


\ [ln(x + 1) - ln(x - 1)] 


dy 

dx 


f 

2 


1 

x + 1 



1 


1 — X 


2 


51. f{x) = In X = ln.x — ln(.x 2 + 1) 
x + 1 



2x 

x 2 + 1 


1 -x 2 
x(x 2 + 1) 


55. y = ln(ln x 2 ) 

dy _ 1 d _ (2x/x 2 ) _ 2 

dx In x 2 dx 11 " V In x 2 x In x 2 


59. f{x) = In 
/'(*) = 


74 + x 2 
x 

X 1 


4 + x 2 


| ln(4 + x 2 ) - In x 
-4 

x(x 2 + 4) 


4(ln x) 3 

x 


1 

x In x 
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61- y = Va ' 2 + 1 + ln(jc + y?TT) 

% 

dy _ — x(x/Vx 2 + l) + y.v 2 + 1 ^ I 1 x ^ 

dx x 2 + \x + Jx 1 + 1 / y + Jx 2 + 1 / 

1 + ( 1 \ ( + x \ l l _ 7?~TT 

x 2 Vx 2 + 1 \x + Jx 2 + 1/ \ Jx 2 + 1 / x 2 Vx 2 + 1 x/x 2 + 1 x 2 Jy? + 1 x 2 


63. y = ln|sinx| 

dy cos x 

-f- = — = cot X 

<r/x sm x 


65. >’ 


In 


COS X 
COS X — 1 


= ln|cosx| — ln|cosx — 1| 

dy — sin x — sin x sin x 

— = = -tanx H r 

ax cos x cos x — 1 cos x — 1 


67. 



— 1 + sin x 
2 + sin x 


= ln| — 1 + sin x| — In 1 2 + sin x| 

dy _ cos x cos x 

<r/x — 1 + sin x 2 + sin x 


3 cos x 

(sinx — l)(sinx + 2) 


69. f(x) = sin 2x In x 2 = 2 sin 2x In x 


/'(x) = (2 sin 2x) ^ — J + 4 cos 2x In x 


= - (sin 2x + 2x cos 2x In x) 


= -(sin 2x + x cos 2x In x 2 ) 


71. (a) y = 3x 2 — lnx, (1,3) 


dy 

dx 


= 6x — 


1 

x 


When x = 1,^ = 5. 
dx 

Tangent line: y — 3 = 5(x — 1) 
y = 5x — 2 
0 — 5x y 2 


73. x 2 - 3 Iny + y 2 = 10 


2x — 


3 dy 
y dx 


+ 2y 


dy 

dx 


= 0 


dy( 3 
dx\y 



dy _ 2x _ 2xy 
dx (3/y) — 2y 3 — 2y 2 


x 2 

77. >’ = 2 - lnx 

Domain: x > 0 

, 1 (x + l)(x ~ 1 ) 

y = x — = 

X % 

v-l + i>0 
Relative minimum: (l.o) 


0 when x = 1. 



75. y = 2 (In x) + 3 

*' = ? 


xy" + y' = jd — T “* — = 0 


2 



3 
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Relative minimum: (e 1 ,—e ') 




83. fix) = In x, /( 1) = 0 
fix) = m = 1 

rw = -^, ra) = -i 

P t ix) =/( 1) + /'(1)(x - 1) = X - 1, P,(l) = 0 
P 2 (x) =/(l) +f(l)(x - 1) + \f"{\){x - l) 2 

= (*s*l) -\{x- l) 2 , P 2 (1) = 0 

P/ix) = I, P/U) = 1 

P 2 '(x) = 1 - (x - 1) = 2 - X, P 2 '{1) = 1 

P 2 %x) = -1, P 2 "(lj = - I 


The values off P,, P 2 , and their first derivatives agree at 
x = 1. The values of the second derivatives of/ and P 2 
agree at x = 1 . 


2 



-2 



Approximate root: x = 0.567 
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BO * 2 V3* - 2 

89 - 

In y = 2 In x + ^ ln(3x — 2) — 2 ln(* — 1) 
1 = 2 + 3 2 


y\dx) x 2(3* — 2) x — 1 


dy 

dx 


y 


3x 2 — 15* + 


2*(3* — 2)(* — 1). 

3x 3 — 15* 2 + 8* 

2(x - l)V3* - 2 


91. 


y = 


x(x - pv 2 
V X + 1 


3 1 

In y = In. v + — ln(* — 1) — — ln(* + 1) 


lrfv\ 1 3/ 1 


y\dx 

dy = y_ 

dx 2 


x 2\x — 1 


1/ 1 


2\x + 1 

1 


2 3 

x jr — 1 x + 1 


4.t 2 + Ax - 2 
2 |_ ,v(j: 2 — 1) | 


(2x 2 + 2x — 1)x/.t — 1 
(v • II 1 ’ 


93. Answers will vary. See Theorem 5.1 and 5.2. 


95. In e x = x because f(x) — In x and g(.t) = e x 
are inverse functions. 


97. (a) /( 1) #/( 3) 


(b) f'(x) = 1 — — = 0 for* = 2. 


99. p 


p { 10- 10 ) 


101Ogl0 (l0^) = In' ' i’o ln ( l 0^ l6 ) = ln!o [ln/ + 16 ln 10] = 160 + 101 ° glo/ 

[in 10~ 10 + 16 ln 10] = [— 10 ln 10 + 16 ln 10] = [6 ln 10] = 60 decibels 

ln 10 ln 10 ln 10 


101. (a) You get an error message because ln h does not exist 
for h = 0. 

(b) Reversing the data, you obtain 
h = 0.8627 - 6.4474 ln p. 



(d) If p = 0.75, h = 2.72 km. 

(e) If h = 13 km, p ~ 0.15 atmosphere. 

(f) h = 0.8627 - 6.4474 ln p 

1 = — 6.4474 - — (implicit differentiation) 
p dh 

dp = p 

dh - 6.4474 

For h = 5, p = 0.55 and dp/dh = —0.0853 atmos/km. 

For h = 20, p = 0.06 and dp/dh = —0.00931 atmos/km. 

As the altitude increases, the rate of change of pressure 
decreases. 



For x > 4 , g '(x) > f'(x). g is increasing at a faster rate 
than /for “large” values of*. 


For* > 256, g'(x) >/'(*). g is increasing at a faster rate 
than /for “large” values of *./(*) = ln * increases very 
slowly for “large” values of*. 
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105. False 

In x + In 25 = ln(25x) + ln(x + 25) 


Section 5.2 The Natural Logarithmic Function: Integration 


1. | — dx = 5 —dx = 5 In IjcI + C 
x x 


3. u = x + 1, du = dx 

= ln|x + 1| + 


C 


5. u = 3 — 2x, du = —2 dx 


— dx = — — —(—2) dx 

3 • - 2.v 2 3 — 2x v 


7. u = x 2 + 1, du — 2 xdx 

)/■ \ dx 2jr'l^ )</v 


= — — ln|3 - 2x\ + C 


= - ln(x 2 + 1) + C 


= Inj'x 2 + 1 + C 


9. I — dx = (x - -) dx 

x \ X) 


= Y - 4 ln|x| + C 


11. u — x 3 + 3x 2 + 9x, du = 3(x 2 + 2x + 3) dx 


. ' 


x 2 + 2x + 3 if 3(x 2 + 2x + 3) 

ax = — — ; — ; — dx 


: 3 + 3x 2 + 9x 3 I x 3 + 3x 2 + 9x 


= — ln|x 3 + 3x 2 + 9x| + C 


, . I x 2 — 3x + 2 ( . 6 . , 

13. — dx = x — 4 H — - )dx 


x + 1 


x + 1 


*J ! 


- 3x 2 + 5 1 1 o - I 

dx = x- H ax 

x — 3 I \ x — it 


= — — 4x + 6 ln|x + 1 1 + C 


= y + 5 ln|x - 3| + C 


x 


17. rt X : 4 dx= I fx 2 — 2 H — x——r }dx 


x 2 + 2 


x 2 + 2 


= — — 2x + — ln(x 2 + 2) + C 


19. u = In x, du = — dx 
x 


(In x) 2 _ a3 


dx = -(In x) + C 
x 3 


21 . u = x + 1 , du = dx 

= 2(jc + 1 ) 1/2 + C 

— 2->A + 1 "I” C 


„ , 2x , 2x — 2 + 2 

23 - l(— ip^ = J (jt _ 1)2 * 


2(x - i) A i 

dx + 2 7 TTx dx 


(* - l ) 2 


(X - l ) 2 


= 2 I — — - dx + 2 | t — ... dx 


x — 1 


(x - l) 2 


= 2 ln|x — 1| — 


(x - 1) 


+ C 
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25. u = 1 + -J2x, du = . — <ic => {it — 1) du = dx 

J2x 

— dx = f— — du — f (u — — ) du 

1 + J2x J u J \ u) 

= u — ln|«| + C, 

= ( 1 + Jlx] - ln| 1 + Jlx\ + Cj 
= V2x — ln(l + sflx) + C 
where C = C l + 1. 


27. « = — 3, du = — — dx => 2{u + 3) du = dx 

2jx 


Jx , ^ f (« + 3) 2 „ « 2 

— 7= dx = 2 du = 2 — 

J Vi - 3 J M J 


-d* = 2 d„ = 2 r + fa + 9 i/ii = 2 I (if + 6 + 9 ) d„ 

u 


u 


= 2 


— + 6u + 9 ln|w| 


+ Cj — m^ + 12m + 18 1ii|m| + Cj 
= ( Vx - 3) 2 + 12(75 - 3) + 18 ln| Vjc - 3| + C, 

= x + 6 s/x + 18 In | s/x — 3| + C where C = C t — 27. 


29. ( C ° S ^ dd = lnlsin 6l| + C 
J sin 9 

{u = sin 9, du = cos 9 d9) 


31. | esc 2x dx = — (esc 2x)(2) dx 


= — — lnjcsc 2x + cot 2x\ + C 


„ ( cos t , , , . , „ 

33. : — dt = In 1 + sin t + C 

J 1 + sm f 1 1 


37. y = 


2 — x 


dx 


= -3 


1 


- dx 


(l,0) x 

\L 


N 


' x — 2 

= -3 ln|jc -2\+ C 

(1,0): 0 = — 3 In 1 1 -2|+C=>C = 0 
y = — 3 ln|x — 2| 


35 


fsecxtan^^ = ^ 

J sec x — 1 

39. ,s=f tan(29) d9 


-A-J 

A 1 

XX 
1 A 

XX 

XX 


= -J tan(20)(2 c/0) 

= — — ln|cos 20| + C 


(0, 2): 2 = — - ln|cos (0)| + C => C = 2 


5 = — — ln|cos 20| + 2 


41. 4 - -X (0. 1) 

dx x + 2 
(a) y 



(b) 


y = J 2 dx = ln|x + 2| + C 

>■(0) = 1 => 1 = In 2 + C => C = 1 — In 2 

\x + 2 


Hence, y = ln|x + 2[ + 1 — In 2 = In 


+ 1. 







Section 5.2 The Natural Logarithmic Function: Integration 225 


43. 


3x + 1 


dx = 


-ln|3.r + 1| 


= - In 13 = 4.275 


47. 


A 2 - 2 
x + 1 


dx = \ x — 1 — 


x + 1 


dx 


- x 2 — x — ln|.v + 1 1 


= — In 3 


51. — ln|cos.v| + C = In 


+ C = ln|sec x\ + C 


45. u = 1 + In x, du — - dx 
x 


V (1 + In y) 2 

.i * 


|(1 +lnx) 3 


7 

3 


49. 


2 1 — cos 9 
_ , 6 — sin 9 


dd 



sin 


e| 


2 

1 


= In 


2 — sin 2 
1 — sin 1 


= 1.929 


53. ln|sec.Y + tanjr| + C = In 


(sec x + tan Y')(sec x — tan „y) 
(sec x — tan x) 


+ C = In 


sec 2 x — tan 2 x 


sec x — tan x 


+ C 


= In 


1 


sec x — tan x 


+ C = — ln|secY — tan.v| + C 


55. I — _ dx = 2(l+ V x ) — 2 ln( 1 + J 'x ) + 

J 1 + Jx 

= 2[ Vy — ln(l + s/y)] + C where C = C x + 2. 


57. J cos( 1 — y) dx = — sin( 1 — y) + C 

rir/2 

59. (esc y — sin y) dr = — ln|csc x + cot.Y| + cosy 

J 7t/4 L 


1r/2 /? 

= ln(v/2 + l) - « 0.174 

7t/4 2 


Note: In Exercises 61 and 63, you can use the Second Fundamental Theorem of Calculus or integrate the function. 


61. F(x) = j — dt 


F ' [x) = X 


x \ 

63. F(x) = I -dt = 
F\x) = f - 1 = 0 


dt — [ — dt 


65. 



A = 1.25 
Matches (d) 


67. A = 


X ^dx= x + ±)dx 
X ,\x / 


+ 4 In y 


14 1 

= (8 + 4 In 4) - - 


15 


= — + 8 In 2 = 13.045 square units 
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69. 


o nX i 12 I 
2 sec — r- dx = — | sec 

6 7 T 


TTX \ 7T 
6 /6 dx 


r 12 , 

TTX 

77 X 

— In 

sec — — 

+ tan — 

77 

6 

6 J 


= — In 

7 7 


7T 77 

sec 1- tan — 

3 3 


— “ ln| 1 + 0| 

7 T 


in 

= — ln(2 + 73) « 5.03041 


10 



4 


71. Power Rule 


73. Substitution: (u — x 2 + 4) 
and Log Rule 


75. Divide the polynomials: 


x + 1 


= x — 1 + 


1 


x + 1 


1 4 8 4 

77. Average value = — — <r/x = 4 x~ 2 dx 

4 — 2 J 2 x- J 2 


. , 1 In x 1 

79. Average value = dx = 

e — \J 1 x e — 1 


(In x) 2 
2 


- 4 I 

X 


— t 

e — 1\2 




= i 


i 

2e - 2 


0.291 


8L P{t) = j 1 +°0°25f ^ = (3000)(4) J j °'l 5 25f dt = 12,000 ln|l + 0.25f| + C 

P( 0) = 12,000 ln|l + 0.25(0)| + C = 1000 
C = 1000 

P(t) = 12,000 ln|l + 0.25r| + 1000 = 1000[12 1n|l + 0.25f| + 1] 

P( 3) = 1000[12(ln 1.75) + 1] « 7715 


83. 


1 f 50 90,000 , 

U.X 

50 - 40 J 40 400 + 3x 


3000 In 1 400 + 3x| 


- 50 
_ 40 


$168.27 



(c) In part (a), 2x 2 — y 1 = 8 

4x - 2 yy ' = 0 


y' = 


2x 

y ' 


In part (b), y 2 = - = 4x 1 
2yy 

~2 _ ~ 2y _ ~ 2y __ -y 
yx 2 y 2 x 2 4x 2x ' 


Using a graphing utility the graphs intersect at (2.214, 1.344). The slopes are 3.295 and —0.304 = (— 1)/3.295, respectively. 
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87. False 


89. True 


|(lnx) = InOc 1 / 2 ) * (lnx) 1 / 2 


dr = ln|x| + C\ 


= ln|x| + In | C| = ln|Cx|, C # 0 


Section 5.3 Inverse Functions 


1. (a) fix) = 5x + 1 

f(g(x))=f{ X ^ 1 ) = 5(^) + l=x 
g((/(x)) = g( 5x + 1) = + 5 1 ' 1 = x 

3. (a) f(x) = x 3 
g(x) = ^x 

figix)) =/(4/x) = (-i*/x) 3 = x 
gifix)) = g(x 3 ) = Vx 3 = x 


5. (a) fix) = Jx — 4 

gix) = x 2 + 4, x > 0 

f(g(x)) = fix 2 + 4) 

= y(x 2 + 4) - 4 = Vx 2 = x 
gifix)) = g(v/x - 4) 

= [Jx - 4) 2 + 4 = x- 4 + 4 = x 

7. (a) /(x) = ^ 

= x 

figix)) = * 
g{ f (x)) =Yl x = x 





(b) 



9. Matches (c) 


11 . Matches (a) 
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15 . f(8 ) = sin 6 

Not one-to-one; does not have an 
inverse 

y 


e 





23 . f(x) = {x + a) 3 + b 

fix) = 3(x + a) 2 > 0 for all x. 

/is increasing on ( — oo, oo). Therefore, /is strictly 
monotonic and has an inverse. 


25 . f{x) = j - 2x 2 

f (x) = y? — 4x = 0 when x = 0, 2, — 2. 

/is not strictly monotonic on (— oo, oo). Therefore, /does 
not have an inverse. 


27 . f(x) = 2 — x — x 3 

fix ) = — 1 — 3x 2 < 0 for all x 

/is decreasing on (— oo, oo). Therefore, /is strictly monotonic and has an inverse. 



-2 


7 
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35. /(x) = 74 — x 2 = y, 0 < x < 2 

x = 74 - y 2 
y = 74 - x 2 

f-\x) = 74 - 7, 0 < x < 2 


37. /(x) = 7x — 1 = y 

x = v 3 + 1 
y = x 3 + 1 
f~\x) = x 3 + 1 


y 




The graphs of/ and/ -1 are 
reflections of each other 
across the line y = x. 


39. /(x) = x 2 / 3 = y, x > 0 

x = y 3 / 2 

v = x 3 ^ 2 

/ -1 (x) = X 3 / 2 , x > 0 


41 . f{x) 


7x 2 + 7 



x = 


T7y 


4 



The graphs of/and/ -1 are 
reflections of each other 
across the line y = x. 


r\x) 


Jlx 

7i — x 2 ' 


— 1 < X < 1 


//-■ 


The graphs of/ and/ -1 are 
reflections of each other 
across the line y = x. 


% 

1 

2 

3 

4 

f-\x) 

0 

1 

2 

4 


y 



45 . (a) Let x be the number of pounds of the commodity 
costing 1.25 per pound. Since there are 50 pounds 
total, the amount of the second commodity is 50 — x. 
The total cost is 

y = 1 ,25x + 1.60(50 - x) 

= —0.35x + 80 0 < x < 50. 

(b) We find the inverse of the original function: 

y = — 0.35x + 80 
0.35x = 80 — y 

x = f (80 - y) 

Inverse: y = 3^(80 — x) = y(80 — x). 
x represents cost and y represents pounds. 

(c) Domain of inverse is 62.5 < x < 80. 

(d) If x = 73 in the inverse function, 

y = 3^(80 — 73) = 33 = 20 pounds. 
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47. f(x) — (x — 4) 2 on [4, oo) 

f'(x) — 2(x — 4) > 0 on (4, oo) 

/is increasing on [4. oo). Therefore, /is strictly 
monotonic and has an inverse. 


49. fix) = on (0, oo) 

fix) = — < 0 on (0, oo) 

/is decreasing on (0, oo). Therefore, /is strictly 
monotonic and has an inverse. 


51. f(x ) = cos x on [0, it] 

f\x) = — sin x < 0 on (0. 77 ) 

/is decreasing on [0, tt\ Therefore, /is strictly monotonic and has an inverse. 


53. f{x) = 4 = y on (- 2, 2) 

x 2 y — Ay = x 


Domain: all x 
Range: — 2 < y < 2 


x 2 y — x — 4y = 0 
a = y,b — — 1, c = —4y 

1 ± Vl - 4(v)( — 4y) = 1 ± 7l + 16y 2 
1 2y 2y 

_ j . _ f(l — 71 + I6x 2 )/2x, if x ¥= 0 
y ~ f (X) ~ | 0, if x = 0 



The graphs of/and/ -1 are 
reflections of each other 
across the line y — x. 



(c) Yes, /is one-to-one and has an inverse. The inverse 
relation is an inverse function. 


(c) g is not one-to-one and does not have an inverse. 
The inverse relation is not an inverse function. 


59. f(x) = V* — 2, Domain: x > 2 

f\x) = — . 1 > Oforx > 2. 

2jx — 2 

f is one-to-one; has an inverse 
V.r — 2 = y 
x — 2—y 2 

x = y 2 + 2 
y = x 2 + 2 

f~ l (x ) = x 2 + 2, x > 0 

63. fix) = ix — 3) 2 is one-to-one for x > 3. 
(v - 3) 2 = y 
x - 3 = Vy 

x = s/y + 3 
y — Vx + 3 

f~\x ) = Vx + 3, x > 0 


61. f(x) = \x — 2\, x < 2 
= ~{x - 2) 

= 2 — x 

/is one-to-one; has an inverse 
2 — x = y 
2 — y — x 

f~\x) = 2 — x, x > 0 


65. fix) = \x + 3 1 is one-to-one for x > — 3 
x + 3 = y 
x = y - 3 
y = x - 3 

f~ l (x) = x — 3, x > 0 
(Answer is not unique) 


(Answer is not unique) 
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67. Yes, the volume is an increasing function, and hence 
one-to-one. The inverse function gives the time t 
corresponding to the volume V. 


69. No, C(t) is not one-to-one because long distance costs are 
step functions. A call lasting 2. 1 minutes costs the same as 
one lasting 2.2 minutes. 


71. f{x) = x 3 + 2x - 1, /(l) = 2 = a 
f\x ) = 3x 2 + 2 

= - = — L = \ = I 

U /'(/ - 1 ( 2 )) /'( 1 ) 3 ( 1) 2 + 2 5 


fix) = sin x,f{^ = \ = 


fix) = cos X 

(r .){I) = ! = _ L_ = 1 

\2/ /'(/ ‘(1/2)) /W6) cos(ir/6) 

= 1 = 2V3 

73/2 " 3 


75. fix) = x 3 — /(2) = 6 — a 

fix) = 3x 2 + ^ 

(/ 1),(6) = /V" 1 (6)) = /(2) = 3 (2) 2 + (4/2 2 ) = 13 


77. (a) Domain /= Domain/ 1 = ( — 00 , 00 ) 
(b) Range/ = Range/ -1 = (— 00 , 00 ) 
fcf y 



79. (a) Domain / = [4, 00 ), Domain/ 1 = [0, 00 ) 
(b) Range/ = [0, 00 ), Range/ -1 = [4, 00 ) 



/'(5) ^ \ 


f~\x) =x 2 + 4, (1,5) 

(/ _1 )'W = 2x 

(/-')'( 1 ) = 2 
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81. 


x = y 3 — ly 2 + 2 


I =3/?- l 4 />’ 


dx dx 

1 ,A,(-4,1)*- 1 


dy = _ 

dx 3y 2 -14y'*" v ’’ dx 3-14 

Alternate solution: let/(x) = x 3 — 7x 2 + 2. 
Then/'(x) = 3x 2 — 14x and/'(l) = — 11. 

Hence dy = — = — 

-ii ir 


-l 

ir 


In Exercises 83 and 85, use the following. 
fix) = ix - 3 and g(x) = x 3 
f~'(x) = 8(x + 3) andg _1 (x) = i/x 

83. (r 1 °g-‘)(l) =/- 1 (r‘(D) =/-‘(l) = 32 85. (/- 1 ./->)( 6) =/-'(/• ‘(6)) = /->(72) = 600 

In Exercises 87 and 89, use the following. 
f(x) = x + 4 and g(x) = 2x — 5 

f-\x) = x - 4 andg-^x) = 


g 'if '(•*)) 

89. (/°g)(x) = figix)) 

g~'(x - 4) 

1 

* 

<N 

II 

(x - 4) + 5 
2 

= (2x - 5) + 4 

x + 1 

= 2x - 1 

2 

Hence, if-g) '(x) = ? 


(Note: (fog)- 1 = g“‘ °/ _1 


91. Answers will vary. See page 335 and Example 3. 93. y = x 2 on (-oo, oo) does not have an inverse. 

97. Let (/°g)(x) = y thenx = (/° g) _1 (y). Also, 

(/°g)W = y 
/(«(■*)) = y 
g(x) =f~ l (y) 

* = g _ 1 (/ _ 1 (y)) 

= (g _1 °/ _ 1 )(y) 

Since/and g are one-to-one functions, 

(f’g )- 1 = g~ l °f~f 

99. Suppose g(x) and h(x) are both inverses of/(.x). Then the graph of/(x) contains the point (a, b) if and only if the 
graphs of g(x) and h(x) contain the point (b, a). Since the graphs of g(x) and h(x ) are the same, g(x) = h(x). 
Therefore, the inverse of/(.x) is unique. 


95. /is not one-to-one because many different x - values yield 
the same v- value. 

Example: /( 0) = fir r) = 0 

xt ■ (2n — l)ir 

Not continuous at , where n is an integer 
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101. False 

Let/(x) = x 2 . 


103. True 


105. Not true 


Let f(x) = 


107. 


X, 


0 < x < l 


'x 

/to = -ff=v /( 2) = 0 

J2 


[ 1 — x, 1 < x < 2 ' 

/is one-to-one, but not strictly monotonic. 


f'(x) = 


dt 

J2 \/l + t 4 ’ 

1 

Vi + x 4 
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1. e° = I 
lnl = 0 


3. In 2 = 0.6931 

£, 0 . 6931 . =2 


5. e lnx = 4 
x = 4 


7 - e r = 12 

x = In 12 = 2.485 


11. 50c- 1 = 30 



x = ln(|) = 0.511 


15. ln(x - 3) = 2 
x — 3 = e 2 

x = 3 + e 2 ~ 10.389 


9. 9 - 2e r = 7 
2e x = 7 
e* = 1 
x = 0 

13. In x = 2 

x = e 2 « 7.3891 


17. Wx + 2 = 1 

Vx + 2 = e 1 = e 
x + 2 = e 2 

x = e 2 - 2 = 5.389 
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Horizontal shift 2 units to the 
right 


(b) 1 



/f 




-3 


A reflection in the x-axis and a 
vertical shrink 


(c) 



Vertical shift 3 units upward 
and a reflection in the v-axis 


25. y = Ce ax 

Horizontal asymptote: y = 0 
Matches (c) 

29. f(x) = e 2 * 

g(x) = In v fx = — In x 



27. y = C(l — e~ ax ) 

Vertical shift C units 

Reflection in both the x- and y-axes 

Matches (a) 

31. fix) = e x — 1 
g(x) = ln(x + 1) 



33. 



As x— »oo, the graph of/approaches the graph of g. 

(, 0.5^ 

lim 1 + - 


37. (a) y = e 3x 
y' = 3e 3 * 

At (0, 1), y' = 3. 


35. 1 + 


1 


1 , 000,000 


1,000,000 


2.718280469 


e « 2.718281828 


e > 1 + 


1 

1,000,000 


(b) y = e 3x 
y' = — 3e~ 3x 
At (0, 1), y' = -3. 


39. /(x) = e 2r 

/'(x) = 2e 2 * 


41. /(x) = e“ 2r+x2 


rfy 

dx 


2(x — l)e 2 * + - t2 


43. y = 

dy _ 

dx 2v ^ 


45. g(t) — (e ' + e') 3 

g\t) = 3(e~' + e')V - e~') 


47. y = In e x 2 = x 2 



49. y = ln(l + e 2x ) 

dy _ 2e 2r 
dx 1 + e 2 * 
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51. 


y = 

dy = 
dx 


2 

e x + e~ x 
-2(e x + e 


2(e x + 


-.v)-2( e v 


- e x ) 


— 2(e x - e~ A ) 

(e x + e _A ) 2 


53. >’ = A 2 e x — 2jce x + 2e x = e r (A 2 — 2a + 2) 
-j- — e x (2x — 2) + e x (x 2 — 2x + 2) = x 2 e x 


55. f(x) = e x In x 

fix) = e _A ^;j — e~ x \nx = — InA 

59. a<?- v - 10x + 3v = 0 

Ae- V ^ + e y- 10 + 3^ = 0 
dx dx 

y- [xe y + 3) = 10 - e y 
dx 

dy _ 10 — e y 
dx xe y + 3 


57. y = e r (sin x + cos a) 

-7- = e v (cosA — sin a) + (sin a + cosA)(e- v ) 
dx 

= e r (2 cos a) = 2e x cos a 

61. /(a) = (3 + 2a)c _3a 

/'(a) = (3 + 2a)(— 3e _3x ) + 2e _3A 
= (-7 - 6A)e“ 3 * 

/%a) = (— 7 — 6a)(— 3c _ 3a ) — 6e _3A 
= 3(6a + 5)e _3A 


63. y = e v (cosV2A + sin J2.x) 

y' = e x (— V2sin J 2x + v/2cos V2 a) + e A (cosy2A + sin V2 a) 

= 4(i + V2) cos 72 a + (l — v^sin^/lv] 

y" = e'[— (v^2 + 2)sin s/2x + ( n/ 2 — 2)cos n/2a] + e"{(l + n /2)cos>/2a + (l — v/2)sin */2x\ 
= e A [( — 1 — 2v/2)sin */2x + (— 1 + 2v/2)cos v^2a] 

— 2v' + 3y = — 2e‘[(l + v/2)cos ^/2x + (l — v/2)sin s/2xj + 3e A [cosV2A + sin V2 a] 

= e A [(l — 2V2)cos y/2x + (l + 2 N /2)sin ~/2x\ = — y" 

Therefore, — 2y ’ + 3v = — y" => y" — 2v ' + 3y = 0. 


65. /(a) = 


e x + e~ x 


/'(a) = - — — - — = 0 when a = 0. 


fix) = > 0 


Relative minimum: (0, 1) 



67. #(a) = . — e (a 22 t 1 l 2 

s/2l T 


-1 


_ r y\p—(x — 2) 2 /2 


g'(x) = —f==ix ~ 2) 

s/2l T 

g"i a) = ~k=(x - !)(■* “ 3)e~ (x ~ 2 ^ 2 

LTT 


Relative maximum: ^2, 
Points of inflection: ( 1, 


1 


J2rt) 

1 


(2, 0.399) 


1/2 , 3 


p-l/2 


(1,0.242), (3, 0.242) 
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69. f(x) = x 2 e x 

f'(x) = — x 2 e~ x + 2xe~ x — xe~ x (2 — x) = 0 whenx = 0 , 2. 
f"(x) = —e~ x (2x — x 2 ) + e~ x (2 — 2x) 

= e~ x (x 2 — 4x + 2) = 0 when x = 2 ± J2. 

Relative minimum: (0, 0) 

Relative maximum: (2, 4e~ 2 ) 
x = 2 ± v /2 
y = (2 ± V2) 2 e _ * 2± ^ 

Points of inflection: (3.414, 0.384), (0.586, 0.191) 


3 



° (2 ± V2. (6 ± 4 V2)<T (2 ±V1) ) 


71. g( f ) = 1 + (2 + i)e-' 
g'(t) = (1 + t)e~' 
g"(t) = te~> 

Relative maximum: (—1,1 + e) ~ (— 1, 3.718) 
Point of inflection: (0, 3) 



73. A = (base) (height) = 2xe x 2 

-p- = —4x 2 e~'~ + 2e~ x ~ 
dx 

/ 7 

= 2 c _l '(l — 2 x 2 ) = 0 when x = 

A = J2e~ x ' 2 



75. y = ——77, a > 0, b > 0, L > 0 

1 + a<? A/B 



1 (1 + ac - A / fc ) 2 (1 + ae~ x ! b ) 2 

(1 + ae~ x / b ) 2 {^Y ±e ~ x,b ^ ~ (ye _l/i, ) 2 (l + ae~ x/b ){-^- e~ x/ ^j 

- V (1 + ae-V*) 4 

(1 + ae-^^e-^ + 2 (f «“ x/fc )(f 

(1 + ae~ x / b ) 2 

_ Lae~ x / b [ae~ x/b - 1] 

(1 + ae~ x ! b y , b 2 

y" = 0 if ae~ x t b = 1 => - 7 — = Inf-) => x = In a 
b \aj 

y{h In a) - j + ae - ibXna)/b ~ j + “ 2 


Therefore, the y-coordinate of the inflection point is L/2. 
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77. e x — x => f(x) = x — e x 
f'(x) = 1 + e~ x 


fix,, 


X n + 1 X n rr( \ X ” 


x„ — e " 


fix,,) 


1 + e 


x l = 1 


x 2 = x t - = 0.5379 


fix i) 

05670 

'•■'’"/w' 0 - 5671 

We approximate the root of/to be x = 0.567. 



-2 


(b) When x increases without bound, 1 /x approaches zero, 
and e 1 ^ approaches 1. Therefore, fix) approaches 
2/(1 + 1) = 1. Thus,/(.r) has a horizontal asymptote 
at y = I . As x approaches zero from the right, l/x 
approaches oo, e 1 /* approaches oo and/(jr) approaches 
zero. As x approaches zero from the left, 1 /x approach- 
es — co, e l ' x approaches zero, and/(.r) approaches 2. 
The limit does not exist since the left limit does not 
equal the right limit. Therefore, x = 0 is a 
nonremovable discontinuity. 


h 

0 

5 

10 

15 

20 

p 

10,332 

5,583 

2,376 

1,240 

517 

In P 

9.243 

8.627 

7.773 

7.123 

6.248 


(a) ji 



y = — 0. 1499/7 + 9.3018 is the regression 
line for data (/j, In P). 

(c) 12,000 



83 . f(x) = e x '\m = 1 
fix) = fe> /2 ,/'(0) = \ 

f'ix) = j*' 2 ,f"{ 0) = \ 

Pfx) = 1 + |(x - 0) = | + 1, P i(0) = 1 

pM = \pA o) = \ 

P 2 (x) = 1 + \(x - 0) + |(x - 0) 2 = J + | + 1, P 2 {0) = 1 
fix) = ^x + \.P 2 X 0) = | 

Pfix) =J.M0) =\ 


(b) In P = ah + b 

p — gdh + b = gbgdh 

P = Ce ah , C = e b 

For our data, a = -0.1499 and C = e 9 3018 = 10,957.7 
P = 10,957.7<r° 1499A 


dP 

(d) — = (10,957.7l)(-0.1499)e“° 1499,1 
ah 

= - 1642.56e-° 1499/! 


dP dP 

For h = 5, — = —776.3. For h = 18, — 
dh dh 


-110.6. 



The values off P 1 , P 2 and their first derivatives agree at x = 0. The values of the second derivatives of/and P., 
agree at x = 0. 
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85. (a) y = e x 

yi = i + x 


4 



> 

..." 



-1 


(c) y = e* 

,.=, + , + f + f 



(b) y = e x 

y 2 = i + -v + (|) 



87. Let = 5x, du = 5 dx. 


e x 5 dx = e 5 ' + C 


89. Let u = — 2*, = — 2 <Lt. 


1 if 1 

e~ 2x dx = — — e _lc (— 2) dx — 
Jo 2 J 0 


— /? — 2x 

2 


1 ^2 — 1 


91. | xe X dx = — ^ e r ’(— 2 x)dx = — -e - t_ + C 


93. | ^,'dx 
lx 


= 2 f e ^~ x \ — ' . \dx = 2e^~ x + C 
2v.tr/ 


95. Let u = 1 + e x , du = — e 1 dx. 


— dx = — — dx = — ln(l + e x ) + C — ln( -) + C = x — ln(e- r + 1) + C 

1 + e x 1 + e x \e x + 1 / 


3 3 

97. Let u — ~,du = — ~ dx. 

x x z 


' 3 ^dx=-\f 3 e>/{A)dx 

J i * 3 J, \ x~j 


99. Let u = 1 — e', du — — e x dx. 


je-ynxfjx- -fa wo* 


1 ,/ 
pl/x 

3 


= ^ - 1) 
l i 


f(l - e x f 2 + C 


101. Let u = e x — e x , du — (e r + e x ) dx. 




e* + e~ x 

— dx = lnle-* — e~ x \ + C 

e x — e x 


103. — — jp- dx — 5e 2x dx — e x dx 

J ^ 


= --e“ 2 ' + e~ x + C 


105. e sm 7rr cos ux dx = — e sm m (t t cos ttx) dx 

it 


= — e sm ™ + C 

7 T 


107. | e x tan(e x ) dx = — J [tan(e r )]( — e x ) dx 
= ln|cos(e _A )| + C 
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109. Let it = ax 2 , du — 2 ax dx. (Assume a + 0) 




y = I xe ax dx 




e a ' 2 (2ax) dx = —e ax ~ + C 
v 2a 


111. f'{x) = J ^(e v + e X )dx = |(e r - e x ) + C, 
/'( 0) = C, = 0 

fix) = ||(e' - e~ x )dx = |(e A + e“ A ) + C 2 

f( 0) = 1 + C 2 = 1 => C, = 0 
/(*) = \i<? + e“ A ) 



119. (a) f(u — v) = e u v = (e“)(e v ) = 
(b) f(kx) = e kx = {e x ) k = [/(y)]*. 


= /(w) 
/(v) 


121. 0.0665 e-° 0139, '- 48)2 * 


Graphing Utility: 0.4772 = 47.72% 



X IX 

e r > t 
_ o L Jo 


e x — 1 > x => e x > 1 + x for x > 0 


125. /(y) = e v . Domain is (— oo, oo) and range is (0, oo). 
/is continuous, increasing, one-to-one, and concave 
upwards on its entire domain. 

lim e x = 0 and lim e x = oo. 

X — > — OO A — >00 


e X dx > 0. 


127. Yes. /(y) = Ce x , C a constant. 


129. e“ A > 0 


’o 
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131 . fix) = 


In x 


(a) f\x) = 3 — - = 0 when x — e. 


On (0, e),f\x ) > 0 => /is increasing. 

On ( e , co ),f'{x) < 0 => /is decreasing. 

(b) For e < A < B, we have: 

In A In B 
A > B 

B In A > A In B 

lnA B > In B A 

A B > B A . 

(c) Since e < it, from part (b) we have e 17 > ir c . 



Section 5.5 Bases Other than e and Applications 


1 . y = 



At t 0 = 6, y = 




/ 1 \ 10/7 

At t 0 = 10, y = ( - 1 = 0.3715 


5. log 2 | = log 2 2 3 = -3 


7. log 7 1 = 0 


9 . (a) 2 3 = 8 

log 2 8 = 3 

(b) 3-4 

log 3 |=-l 


11 . (a) log 10 0.01 = -2 
10- = 0.01 
(b) log 0 5 8 = - 3 
0 . 5- 3 = 8 

( i )" 3 - 8 


13 . >■ = 3 7 


X 

-2 

-1 

0 

1 

2 

y 

1 

9 

1 

3 

1 

3 

9 




X 

-2 

-1 

0 

1 

2 

y 

9 

3 

1 

1 

3 

1 

9 


y 



17 . hix) = 5'- 2 


X 

-1 

0 

1 

2 

3 

y 

1 

125 

1 

25 

1 

5 

1 

5 
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19 . (a) log 10 1000 = x 

10 ' = 1000 
x = 3 

(b) log 1() 0.1 = x 
10 ' = 0.1 

x = — 1 


21. (a) log 3 x = — 1 
3 _1 = x 

l 

X = 3 

(b) log,x = -4 



23. (a) x 2 — x = log 5 25 

x 2 — x = log 5 5 2 = 2 
x 2 — x — 2 = 0 
(x + l)(x - 2) = 0 
x = — 1 OR x = 2 


(b) 3x + 5 = log 2 64 
3x + 5 = log, 2 6 = 6 
3x = 1 

l 

X = 3 


25 . 3 2r = 75 

2x In 3 = In 75 

1 In 75 
* “ 2 In 3 


1.965 


27 . 2?~ x = 625 

(3 — x)ln 2 = In 625 
In 625 


3 — x = 


In 2 


x = 3 — 


In 625 
In 2 


29 . 


1 + 


0.09 V 
12 ) 


= 3 


0.09 \ 


12# ln^l + ^1 = In 3 


t = 


In 3 


12 , 


In 1 + 


0.09 \ 
12 


12.253 


33. log 3 x 2 = 4.5 
x 2 = 3 4 - 5 


x = ± . 


±11.845 


35 . g(x) = 6(2 1_ v ) - 25 
Zero: x ~ — 1 .059 


30 


VI 

(-1.059, 0) 

/ 

\ 





31 . log 2 (x — 1 ) = 5 

x - 1 = 2 5 = 32 
x = 33 


37. h(s) = 32 log 10 (j- - 2) + 15 
Zero: s ~ 2.340 


40 





K2.340, 0) 


-6.288 


-30 


-20 
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39. f(x) = 4' 
g(x) = log 4 x 


X 

-2 

-1 

0 

1 

2 

1 

fix) 

1 

16 

1 

4 

1 

2 

4 


X 

1 

16 

1 

4 

1 

2 

4 

g ( x ) 

-2 

-1 

0 

1 

2 

1 


41. fix) = 4 A 
fix) = (In 4) 4 r 


43. y = 5- v_2 


dy 

dx 


(In 5) 5 A_2 


y 



t 2 2' 

t 2 (In 2) 2' + (2 1) 2' 
t2‘ {t In 2 + 2) 

2' 7(2 + fin 2) 


47. hid) = 2“ e cos 7 7 0 

h '( 6) = 2 “ e (— 77 sin 77 0) — (In 2)2^ e cos 77 0 
= — 2“ e [(ln 2) cos 770 + 77 sin 770] 


49. y = log 3 x 

dy _ 1 

dv .v In 3 


51. fix) = log 2 

= 2 log 2 x — log 2 (,t — 1) 


fix) 


2 1 

x In 2 {x — 1) In 2 

x — 2 

(In 2)x(x — 1) 


55. g{t) = 


10 log 4 t 


10 /In t 
In 4 1 t 


g%t) = 


10 
In 4[ 

10 

t 2 In 4 


7(1/7) — In 7] 


[1 — In 7 ] = 


7 2 In 2 


(1 — In 7) 


59. y = (x~ 2) a+1 

Iny = ix + 1) In (.7 — 2) 

i(S = (x + 1 ) (-^b) + ln(x_2) 


dy 

dx 


y 


\ X + 1 
x — 2 


+ In (.7 — 2) 


= (.7 - 2) A + 1 


7+1 
7 — 2 


+ ln(7 — 2) 


53. y = log 5 V 7 2 - 1 = | log 5 (7 2 - 1) 

dy _ 1 27 _ 7 

dx 2 {x 2 — l)ln 5 (7 2 — l)ln 5 


57. 


= x 2 l x 


In v = — In 7 

7 


y\dx) 


(x) + lnX (~^) = x 2(1 ~ lnX) 

& = ^(1 - In 7 ) = 27 (2 /-> - 2 ( I - In 7 ) 


2/1 

% 


61. 


f 


y dx = — + c 
In 3 
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63. 2 A dx = 


In 2j 
1 

In 2 


4 - 


7 _ 7 

2 In 2 “ In 4 


67. | , dx, u = 1 + 3 2r , du = 2(ln 3)3 2 - r (fa 

1 + 3 -t 


1 f(2 

2 In 3 J 1+3 


(2 In 3)3 2 * 1 

:zr~ <fa — , . — r ln( 1 + 3 ) + C 


2 In 3 


69. = 0.4^ 3 , (o± 

dx V 2 


y = 0.4* /3 dx = 3 0.4 r/3 (2 dx) 

J J / 


In 0.4 


0.4'/ 3 + C = 3 (In 2.5)(0.4) J; / 3 + C 


y = 3 In 2.5(0.4)^ 3 + - - 3 In 2.5 

_ 3(1 - 0.4*/ 3 ) 1 

In 2.5 + 2 


65. \ x5 x dx = — 


5 A ( — 2jc) dx 

n 5 "%c 


\2/ In 5 

-1 
2 In 5 


(5- 


+ C 



71. Answers will vary. Example: Growth and decay problems. 



l 

2 

8 

y 

0 

1 

3 


2— 

1 - .( 2 , 1 ) 
(1,0) 

.—I h 


(a) y is an exponential function of x: False 

(b) y is a logarithmic function of x: True; y = log 2 x 

(c) x is an exponential function of v: True, 2 y — x 

(d) y is a linear function of x: False 


75. f(x) = log 2 x => f\x) = — ^ 
g(x) = x* => g'{x) = x*(l + lnx) 

[Note: Fet v = g(x). Then: lny = lnx 1 = xlnx 

1 , 1 , 

- y = x • — f In x 

y x 

y' = y(l + lnx) 

y' = x r (l + In x) = g'(x).] 

h(x) = x 2 => h'ix) = 2x 

k(x) = 2 X => k\x) = (In 2)2' 

From greatest to smallest rate of growth: 
g(x), k(x), h(x),f(x) 


77. C(r) = P(1.05)' 

(a) C(10) = 24.95(1. 05) 10 

= $40.64 

(b) C ^- = P(ln 1.05)(1.05) f 
dt 

When t = 1: ^ = 0.051P 
dt 

When t = 8: dC = 0.072P 
dt 

(c) ^ = (In 1 .05)[P( 1 .05)'] 

= (In 1.05)C(r) 


The constant of proportionality 
is In 1.05. 
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79. P = $1000, r = ?>\% = 0.035, t = 10 


A = 


1000 1 + 


0.035 V0" 
n ) 


A = lOOOe (0035) ( 10) = 1419.07 


n 

1 

2 

4 

12 

365 

Continuous 

A 

1410.60 

1414.78 

1416.91 

1418.34 

1419.04 

1419.07 


81. P = $1000, r = 5% = 0.05, t = 30 


A = 


1000 1 + 


0.05 V°” 
n J 


A = 1000e (ao5)3 ° = 4481.69 


n 

1 

2 

4 

12 

365 

Continuous 

A 

4321.94 

4399.79 

4440.21 

4467.74 

4481.23 

4481.69 


83. 100,000 = Pe 005 ' => P = lOO.OOOe -0 05 ' 


t 

1 

10 

20 

30 

40 

50 

P 

95,122.94 

60,653.07 

36,787.94 

22,313.02 

13,583.53 

8208.50 


/ 0 05 V 2 ' / 0 05 \ -12 ' 

85. 100,000 = P{ 1 + — j => P = 100,000(l + 


t 

1 

10 

20 

30 

40 

50 

P 

95,132.82 

60,716.10 

36,864.45 

22,382.66 

13,589.88 

8251.24 


87. (a) A = 20,000 1 + 


0.06 V 
365/ 


,(365)(8) 


$32,320.21 


(b) A = $30,000 


(c) A = 8000 1 + 


0.06 V 

365/ 


i(365)(8) 


+ 20,000 1 + 


0.06 V 


i(365)(4) 


365/ 


$12,928.09 + 25,424.48 = $38,352.57 


(d) A = 90001 ( 1 + 

= $34,985.11 
Take option (c). 


0.06 \ 
365/ 


<365)(8) 


+ 1 + 


0.06 \ 
365/ 


(365)14) 


+ 1 


89. (a) lim 6.7e ( 48 -0A = 6.7e° = 6.7 million ft 3 

t — >00 

(b) V' = - e _ < 481 )A 

t 2 

V\20) « 0.073 million ft 3 /yr 
V'(60) ~ 0.040 million ft 3 /yr 


91. y = 


300 

3 + 17e _0 0625A 



(b) If x = 2 (2000 egg masses), y ~ 16.67 ~ 16.7%. 


(c) If y = 66.67%, then x ~ 38.8 or 38,800 egg masses. 

(d) y = 300(3 + nc-o-oezs*)- 1 

, _ 318.75e~ 00625A 
> _ (3 + I7e-° 0625t ) 2 

19.921875e _00625 ’ c (17e _0 0625 ’ c - 3) 

V - (3 + He -0 0625 ') 3 

17 6 -°.° 625 .t _3 = o =^. x ~ 27.8 or 27,800 egg masses. 
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93. (a) B = 4.7539(6. 7744) rf = 4.7539e 1 - 913M 


(c) B\d) = 9.0952e 1913M 



B'(0.8) ~ 42.03 tons/inch 
B'(1.5) ~ 160.38 tons/inch 



(c) The functions appear to be equal: f(t ) = g(t) = h(t) 
Analytically, 


/W = 4 £ 


3\- r / 3 


= 4 


/3\V3> ( 9 l ^\ 

Is] J = 4 h“)=s« 


h(t) = 4e _0 - 653886f = 4[ e -o.653886]» = 4(0.52002)' 


g(t) 


=4f^y= 


V 4 


4(0.52002)' 


No. The definite integrals over a given interval may be 
equal when the functions are not equal. 


-10 

97. P = 2000<?^°° 6 ' dt 

Jo 


2000 

-0.06 


e - 0 . 06 r 


10 

0 


= $15,039.61 


t 

0 

1 

2 

3 

4 

y 

1200 

720 

432 

259.20 

155.52 


y = c(k‘) 


When t = 0,y = 1200 => C = 1200. 


y = 1200 (Id) 


720 432 

1200 “ ' 6 ’ 720 


0 . 6 . 


259.20 

432 


0.6, 


155.52 

259.20 


= 0.6 


Let k = 0.6. 
y = 1200(0.6)' 


101. False, e is an irrational number. 


103. True. 

f(g(x)) = 2 + find - 2 > 

= 2 + x — 2 = x 
g(f(x. )) = ln(2 + e* - 2) 
= In e x = x 


105. True. 

— [e r ] = e x and — [ e~ x ] = — e~ x 
dx dx 


e x — e x when x = 0. 
(e°)(-e-°) = -1 
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107. 


ft -?u o) = i 


dy 


= — dt 


4/1 


y[(5/4) - y] 25 


5j \y (5/4) - y 


dy = \ —dt 


Iny - ln(7 -y) = 5 ? + c 


lnl 


(5/4) - y 


“5 f+C 


Z = M/5)i + C - c p(v 5)' 

(5/4) - y 


y( 0 ) = 1 


Ci = 4 


4 e (2/5 )l — 


(5/4) - y 

4 e (2/5)/| _ yj = y => 5e^ 5) ' = 4e (2 / 5 ^y + y = (4e (2 / 5 ^ + l)y 


= 5g (2/5) ' = 5 = 1.25 

y ~ 4 e (2/5), + i ~ 4 + e ~OA, ~ ! + o.25e“ 0 ' 4 ' 


Section 5.6 Differential Equations: Growth and Decay 


1. 


dy 

dx 


x + 2 


(■ 


y = I (* + 2 )dx = — + 2 x + C 



yy' = 5 * 



5x dx 



5.* dx 


\y 2 = + c, 


y 2 - 5x 2 = C 


3. 


dy 

tx~ y + 2 


dy 

y + 2 

1 


= dx 


jvh* - f 


y + 2^ = I dX 

ln|y + 2| = x + C, 
y + 2 = e x+c ' = Ce x 
y = Ce x — 2 


7. 

y' = 

V*y 


y_' = 
y 

V* 

/ 

ii 

■8 

V. >> 

J Jx dx 


H 

J Jxdx 


In y = — x 3 / 2 + C, 

y = e (2/3 )^ 2 + c, 
= gC, gtl/i)^ 

= Ce ( 2/ 3)^ /2 
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9. (1 + x 2 )y' - 2xy = 0 


y 


2 xv 


1 + x 2 
y' _ 2x 


y 


If* - / 

/?-/i 


1 + X 2 

2x 


1 + x 
2x 


2 dx 
dx 


+ x 2 

Iny = ln(l + x 2 ) + Cj 
In >■ = ln(l + x 2 ) + In C 
Iny = In C(1 + x 2 ) 
y = C( 1 + x 2 ) 


11 . 


dQ 
dt 

d Q , I k , 

— dt= | — dt 
dt 


dQ = — + C 

t 


Q=- t + C 


13. ^ = fe(250 - s) 

as 


ds = | fe(250 — s) ds 


dN = -2( 2 50 - i-) 2 + C 


N = --(250 - s) 2 + C 



(b) ^ = x(6 - y), (0, 0) 


dy 

y ~ 6 



ln|v - 6| = ~Y~ + C 

y — 6 = e -t2 / 2 + c = C x e~^! 2 

y = 6 + CV* 2 / 2 

(0, 0): 0 = 6 + Cj => C\ = — 6 => y = 6 — 6e“' t2/2 


n. f (o,io) 


<4 = I -f dt 


y = 4 f2 + c 


10 = -(0) 2 + c 

4 


y = 7 f 2 + 10 
4 



ToTioT^ 




C = 10 


>’• S- 4- <»■'»» 


f dy f 1 , 

— = -- dt 

J y J 2 


Iny = + C; 

y = e _ ( f / 2 ' + c i = e -f /2 = Ce~d 2 

10 = Ce° => C = 10 
y = lOe^d 2 



y = Ce tlr (Theorem 5.16) 
(0, 4): 4 = Ce° = C 


* = Vf 

3 V 2 . 


(3, 10): 10 = 4e 3A 
When x = 6, y = 4e*/ 3 ln (5/2)(6) = 4 e in(5/2) 2 


- '•(I)’ ' - 5 


23. ^ = fey 

dt 

V = Ce h (Theorem 5.16) 
(0, 20,000): C = 20.000 


* = Wf) 


(4, 12,500): 12,500 = 20,000e 4A 
When t = 6, V = 20,000e 1 / 4 ln ( 5 / 8M6 > = 20,000e ln ^/ 8)3/2 


= 20,000f^V /2 « 9882.118 
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25. y = Ce k ‘, (o, ij, (5, 5) 


C = 


y = 2 ek ‘ 


5 = — e^k 

2 

k = « 0.4605 


= _ e 0.4605f 
2 


29. A differential equation in x and y is an equation that 
involves x, y and derivatives of y. 


27. y = Ce k ', (1, 1), (5, 5) 
1 = Ce k 
5 = Ce 5k 
5 Ce k = Ce 5k 
5e k = e 5 * 

5 = e 4 * 


A; = 


In 5 


0.4024 


y = Ce 0 4024 ' 

] = Ce 04024 
C « 0.6687 
y = 0.6687e°' 4024f 



1 


2 


*y 


-^ > 0 when xy > 0. Quadrants I and III. 
dx 


33. Since the initial quantity is 10 grams, y = lOe^ 1 ^ 2 ^ 1620 ^. When f = 1000, y = 1 1 / 2 1/ 1 620 1 < 1 ooo) ~ g 52 grams. When 

t = 10,000, y = 1 0e' Dn< 1 / 2) / 1 620]( 1 0 ()00 > » 0.14 gram. 

35. Since y = Cc^ 1 ^ 2 ^ 1620 ^*, we have 0.5 = Ce^ 1 / 2 ^ 162 ® 10,000 ^ => C ~ 36.07. 

Initial quantity: 36.07 grams. 

When t = 1000, we have y = c e Mi/ 2 )/ 1S2 °]< 1000 ) = 23.51 grams. 

37. Since the initial quantity is 5 grams, we have y = 5.0e[ ln d/ 2 )/5730> 

When t = 1000, y ~ 4.43 g. 

When t = 10,000, y ~ 1.49 g. 

39. Since y = Cel 1 "*'/ 2 )/ 24,360 ]', we have 2.1 = Ce l ln(1 / 2 )/ 24 - 360 l( 1 <>oo) => c ~ 2.16. Thus, the initial quantity is 2.16 grams. When 
t — 10,000, y = 2.16^ ln<1 / 2 ^ 24 ' 36 ® 10,000 * ~ 1.63 grams. 

43. Since A = lOOOe 0 06 ', the time to double is given by 
2000 = lOOOe 006 ' and we have 

2 g0.06 / 

In 2 = 0.06t 
In 2 

f = 0i)6~ 11 - 55yearS - 

Amount after 10 years: A = lOOOe^ 0 06 ^ 1 ® ~ $1822.12 


41. Since y- = kv, y = Ce kt or y = y 0 e kl . 

\y 0 = y 0 e l620k 

-in 2 
1620 

y = J, g-(ln 2 )</ 1620 - 

When t = 100, y = y 0 e _ * ln2 )/ 16 - 2 ~ y 0 (0.9581). 
Therefore, 95.81% of the present amount still exists. 
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45. Since A = 750e" and A = 1500 when t = 7.75, we have 
the following. 

1500 = 750e 7 ' 75r 

r = " « 0.0894 = 8.94% 

7.75 

Amount after 10 years: A = 750e ao894 V°) ~ $1833.67 


47. Since A = 500e" and A = 1292.85 when t — 10, we have 
the following. 


1292.85 = 500c 10 '' 

ln(1292. 85/500) 
r 10 

The time to double is given by 

1000 = 500e 00950 ' 

In 2 „ 

? = 0^95“ 730 yearS - 


0.0950 = 9.50% 


49. 500,000 = P 1 + 


P = 500,000 1 + 


0.075 y^xzo) 
12 ) 


0.075V 240 
12 


$112,087.09 


/ 0.08\ (12)(35) 

51. 500,000 = Pi 1 + -yV I 


P = 500,000 1 + 


= $30,688.87 


0.08 

12 


53. (a) 2000 = 1000(1 + 0.07) 
2 = 1.07' 

In 2 = tin 1.07 
In 2 


In 1.07 


t = 


(b) 2000 = 1000 1 + 


10.24 years 


0.07 \ 12 ' 
12 


2=1 + 


In 2 = 12? In 1 + 


0.007V 2 ' 
12 ) 

0.07 
12 


t = 


In 2 


12 ln(l + (0.07/12)) 


9.93 years 


55. (a) 2000 = 1000(1 + 0.085) 
2 = 1.085' 

In 2 = t lnl.085 
In 2 


t 


1; 1.085 


(b) 2000 = 1000 1 + 


8.50 years 


0.085 3 


2=1 + 


In 2 = 12? In 1 + 


12 / 

0.085 V 2 ' 

12 ) 

0.085 


12 


'=11/ ^O.OSS^ 8 - 18 ^ 
In 1 + 


12 


(c) 2000 = 1000 1 + 


0.07 \ 


,365f 


2 = 


(l + ™Z) 

\ 365/ 


365/ 

,365r 


In 2 = 365? In 1 + 


0.07 

365 


? = 


In 2 


(d) 2000 
2 

In 2 


365 ln(l + (0.07/365)) 9 - 90 y ears 

1000e (o07) ' 


. gU.u/r 

; 0.07? 
In 2 


f = 77V+ “ 9 - 90 y ears 


0.07 

(c) 2000 = 1000( 1 + 
2 


= 1 + 


0.085 \ 365 ' 
365 / 

0.085 \ 365 ' 


365 / 


In 2 = 365? In 1 + 


0.085 

365 


? = 


In 2 


365 , / 0.085 

In 1 + 


365 


! 8.16 years 


(d) 2000 
2 

In 2 


lOOOe 0085 ' 

g 0.085f 

0.085? 


? = 


In 2 

V085 ^ 8 - 15yearS 



250 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions 


57. P = Ce k ' = Ce-° M9 ' 

P(-l) = 8.2 = => C = 8.1265 

P = 8.1265e -0009 ' 

P(10) « 7.43 or 7,430,000 people in 2010 


59. P = Ce k < = Ce 0 036 ‘ 

P(- 1) = 4.6 = Ce 0036( ~ 1 1 => C = 4.7686 
P = 4. 7686c 0036 ' 

P(10) = 6.83 or 6,830.000 people in 2010 


61. If k <0, the population decreases. 
If k >0, the population increases. 


65. (a) 19 = 30(1 - e 20k ) 

30e 20k = 1 1 

MliM 

20 

N = 30(1 - C" 00502 ') 


67. S = Ce k '< 


(a) S = 5 when t = I 

5 = Ce k 


lim Ce k >' = C = 30 

f — >GO 

5 = 30e A ' 

k = In = -1.7918 
5 = 30e“ 17918 / f 


63. P = Ce fa , (0, 760), (1000, 672.71) 
C = 760 

672.71 = 760c 1 0001 

ln(672. 71/760) 

- T = 1000 -0-000122 

p ^ 760 c~ 0 ' 9 00122 jr 

When x = 3000, P « 527.06 mm Hg. 

(b) 25 = 30(1 — e~ 00502 ') 

,,-0.0502 1 _ 1 
6 

^^2~ 36d ^ S 


(b) When / = 5, S ~ 20.9646 which is 20,965 units. 

(c) 30 



69. A(f) = y(;)e -010 ' = 100,000e O8 ' /r e“ 010f = lOO.OOOe 0 - 8 ^ -0 - 10 ' 


dA 

dt 


0.4 


= 100,000( —f- - 0.10 ] e °-8v7— o.io, = o when 16 


The timber should be harvested in the year 2014, (1998 + 16). Note: You could also use a graphing utility to graph A(t) 
and find the maximum of A(t). Use the viewing rectangle 0 < x < 30 and 0 < y < 600,000. 


71. 13(1) = 10 log 1() y-, I 0 = 10- 16 

IQ- 14 

(a) /3(10 I4 ) = 101og 10 ^p^ = 20 decibels 

H)- 9 

(b) /3(10 9 ) = 10 log 10 y^piis = 70 decibels 

1Q-6.5 

(c) y8(10 6 5 ) = 101og 10 ^zi6 = 95 decibels 

10 -4 

(d) /3(10 4 ) = 101og 10 y ( p T5 = 120 decibels 


73. R = ln / / = e Rln 1(1 = 10 s 


(a) 8.3 = 


ln 10 

In / - 0 


(b) 2 R = 


ln 10 

I = io 8 - 3 « 199,526,231.5 
In / - 0 


ln 10 

/= g-R ln 10 _ glR ln 10 _ ^R ln 10^2 _ QQ^) 2 


Increases by a factor of e 2 


■ 10 *. 


(c) 


1 


dR 


dl I ln 10 
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75. False. If y = Ce k ', y' = Cke k! ¥= constant. 77. True 

Section 5.7 Differential Equations: Separation of Variables 


1. Differential equation: y ' = 4y 
Solution: y = Ce 4x 
Check: y' = 4 Ce 4x = 4y 

3. Differential equation: y" + y = 0 
Solution: y = C, cos x + C 2 sin x 
Check: y ' = — C, sin x + C 2 cos x 

y" = —Ci cos x — C 2 sin x 

y" + y = — Cj cos x — C 2 sin x + C l cos x + C 2 sin x = 0 


5. y = — cosx ln| secx + tanx| 

v' = ( — cosx) (secx • tanx + see 2 .*) + sin x In I sec x + tanxl 

seex + tanx 

( — cosx) . .. . . . . 

= (sec xjttan x + seexj + sin x In sec x + tanx 

sec x + tan x 

= — 1 + sinxln|secx + tanx| 

y" — (sinx) (secx • tanx + sec 2 x) + cosxlnlsecx + tanxl 

secx + tanx 

= (sinx) (secx) + cos x In | secx + tanx| 

Substituting, 

y" + y = (sinx)(secx) + cos xln| secx + tanx| — cos xln| secx + tanx| 
= tanx. 


In Exercises 7-11, the differential equation isy <4 * — 1 6v = 0. 

9. y = e _2x 

yW = I6e -2 * 

y (4 > - I6y = I6e~ 2x - Ibe^ = 0, 
Yes. 


7. y = 3 cos x 

y< 4 > = 3 cos x 

y^ — 16y = —45 cosx + 0, 
No. 


11. y = C x e 2x + C~,e ^ + C 3 sin 2x + C 4 cos 2x 

yW = 1 6C x e lx + + 16C 3 sin 2x + 16C 4 cos 2x 

y(4) - 16y = 0, 

Yes. 
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In 13-17, the differential equation is xy ' — 2y = x 3 e x . 

15. y = x 2 {2 + e x ), y' = x 2 (e v ) + 2x(2 + e x ) 

xy' — 2y = x[x 2 e r + 2xe x + 4.x] — 2[x 2 e r + 2.x 2 ] = x 3 e x . 
Yes. 


13. y = x 2 , y' = 2x 

xy' — 2y = x(2x) — 2(x 2 ) — 0 ¥= x i e x 
No. 


17. y = In x, y ' = 


1 


.xy' - 2y = *1 \ 


— 2 In x # x 3 e r . 


No. 


19. y = C<? t,r 


dx 


Cke kx 


Since dy/dx = 0.07y, we have Cfce** = 0.07 Ce kx . 
Thus, k = 0.07. 


21. y 2 = C.x 3 passes through (4, 4) 

16 = C(64) => C = j 

Particular solution: y 2 = j x 3 or 4v 2 = x 3 


23. Differential equation: 4 yy' — x — 0 

General solution: 4y 2 — x 2 = C 

Particular solutions: C = 0, Two intersecting lines 
C = ±1, C = ±4, Hyperbolas 




25. Differential equation: y ' + 2y = 0 
General Solution: y = Ce -2 * 
y ' + 2y = C(- 2)e~ 2x + 2(Ce~ 2x ) = 0 
Initial condition: y(0) = 3, 3 = Ce° = C 
Particular solution: y = 3e~ 2x 

27. Differential equation: y" + 9y = 0 

General solution: y = C, sin 3.x + C 2 cos 3x 
y' = 3C[ cos 3.x — 3C 2 sin 3x, 
y" = — 9C, sin 3x — 9 C 2 cos 3.x 
y" + 9y = (— 9Cj sin 3.x — 9C 2 cos 3x) + 
9(Cj sin 3.x + C 2 cos 3.x) = 0 


Initial conditions: yl — 1 =2, yl— J = 1 


2 = Cj sin]^— j C 2 cos y T/ Ci = 2 

y' = 3Q cos 3.x — 3C 2 sin 3x 
1 = 3Cj cos(f) - 3C 2 sin^j 


3C 2 => C 2 j 


— - cos 3x 


Particular solution: y — 2 sin 3x 
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29. Differential equation: x 2 y" — 3xy ' + 3y = 0 


Initial conditions: v(2) = 0, y'(2) = 4 


General solution: y = C x x + C 2 x 3 

y' = Cj + 3C 2 x 2 , y" = 6 C 2 x 

x 2 y" — 3 xy' + 3v = x 2 {6 C 2 x) — 3x{C ] + 3 C 2 x 2 ) + 

3(C,x + C 2 x 3 ) = 0 


0 = 2C 1 + 8C 2 

y'= Cj + 3C 2 x 2 

4 = Cj + 12C 2 

C, + 4C 7 = 0 ] 1 

C 2 = C, = -2 
C, + 12C, = 4 2 2’ 1 


Particular solution: y = — 2x + — x 3 


31. ^ = 3x 2 


33. = * 

dx 1 + x 2 


y = 3x 2 dx = x 3 + C 


-p - ^ — 2 dx = — ln(l + x 2 ) + C 


(u = 1 + x 2 , z/m = 2x dx) 


« dy = ~ 2 _ 2 

<r/x x x 


y = 1 z/x 

x 


= x — 2 In |x| + C = x — In x 2 + C 


37. ^7- = sin 2x 
dx 


y ~ J S3n 2* = — 2 cos ^ 

(m = 2x, du = 2 dx) 


39. — = xVx — 3 Let u = s/x — 3, then x = u 2 + 3 and dx = 2zz z/zz. 
dx 


y — xjx — 3 z/x = (u 2 + 3)(zz)(2 u)du 


— 2 (u 4 + 3u 2 ) du — 2|^— + zz 3 J + C — — (x - 3) 5//2 + 2(x - 3) 3 ^ 2 + C 


41. ^ = xe x2 
dx 


43. ? = * 

dx y 


(m = x 2 , z/zz = 2x dx) 


y dy = - 

J 


= I x dx 


y 2 x 2 „ 

— = 1 - c 

2 2 1 


y 2 -x 2 = C 


dr 

45. — = 0.05r 

ds 


Jy = J 0-05 ds 

In \r\ = 0.05s + C, 


47. (2 + x)y' = 3y 


St-h 


In y = 3 ln(2 + x) + In C = In C( 2 + x) 3 
y = C(x + 2) 3 


r = e 0.05s+C, = C e 0-05s 
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49. yy ' = sin x 
Jy dy = J sin x dx 


y , „ 

— = — cos x + C[ 
y 2 = — 2 cos x + C 


53. y In x — xy ' = 0 



« = In x, du 



In y = ^(lnx) 2 + C, 

y = e (l/2)(lwc) 2 + C l — (j e (\nx) 2 /2 


57. y(x + 1) + y' = 0 


4’ = _ 
. >’ 


= — J (x + l) dx 
l".v - -feiili + c , 


y = Ce _ ^ +1 ^/ 2 

Initial condition: y(— 2) = 1, 1 = Ce -1 / 2 , C = e 1 / 2 
Particular solution: y = gli-fe+O 2 ]/ 2 = e -(x‘+ 2 x )/2 


dy = — , dx 

Vl - 4x 2 

IW/rh?* 

= “I J( J - 4x 2 )- 1/2 (-Bxdx) 
y = -1(1 - 4X 2 ) 1 / 2 + C 


55. yy' — e x = 0 



T = e * +C 


1 


y 2 = 2e v + C 

Initial condition: y(0) =4, 16 = 2 + C, C = 14 
Particular solution: y 2 = 2e x + 14 


59. y(l + x 2 ) J = x(l + y 2 ) 


lln(l + y 2 ) — 1 ln(l + x 2 ) + C, 

ln(l + v 2 ) = ln(l + x 2 ) + In C = ln[C(l + x 2 )] 
1 + y 2 = C(1 + x 2 ) 
y(0) = V3: 1 + 3 = C=>C = 4 
1 + y 2 = 4(1 + X 2 ) 
y 2 = 3 + 4x 2 


tlu . 2 

61. — = uv sin v 

dv 


63. dP - kP dt = 0 


f du i 

r I 

f dP [ 

[vsinv 2 dv J 

— = £ 

IH 

1 P J 


In u = — — cos i' 2 + Cj 


In P = fa + Cj 
P = Ce*' 


u = Ce“ (cos ' ,2)/2 


Initial condition: u(0) = 1, C = 


1 

e- 1/2 


e 1 ' 2 


Initial condition: P(0) = P„, P 0 = Ce° = C 
Particular solution: P = P 0 e k ' 


Particular solution: u = e (1 cosl ' )/ 2 
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dy _ —9 x 
dx 1 6y 


16 y dy — — 9x dx 


8v 2 = x 2 + C 

9 25 

Initial condition: y(l) = 1,8= — — + C, C = — 


dy 0 - y 

67. m = — = -t 

dx (x + 2) — x 


\-=\-\ dX 

J y J 2 


In y = + c, 

y — Ce~ x ! 2 


—9 25 

Particular solution: 8v 2 = — — x 2 + — , 
2 2 

16y 2 + 9x 2 = 25 


69. /(x, y) = x 3 - 4xy 2 + y 3 

f(tx , ty) = t 3 x 3 — 4 txt 2 y 2 + t 3 y 3 
= t 3 (x 3 — 4xy 2 + y 3 ) 
Homogeneous of degree 3 


71. fix. y) = 


n y jw + ty + 

Homogeneous of degree 3 


73. f{x, y) = 2 In xy 
f(tx, ty) = 2 In t x ty 

= 2 In f 2 xy = 2(ln t 2 + In xy) 


75. fix, y) = 2 In - 


. . tx x 

fitx, ty) = 2 In — = 2 In - 

ty y 


Not homogeneous 


Homogeneous degree 0 


, _ x + y 


, x - y 

y = — — , y = vx 
x + y 


dv x + vx 

v + x Tx = ^r 


dv x — xv 

V + X — = — 

dx x + xv 


dv l+i' 

X dx ~ ~2 V 


dv _ a 


— ln(l — i') 2 = ln| jr| + In C = ln| C jc| 


(1 - v 2 ) 


T 7 1 — V , 

i' dx + x dv = ax 

1 + v 

v + 1 , f dx 

— ; r dv = — I — 


J v 2 + 2v - 1 J x 

1 C 

— In | v 2 + 2v — l| = — In |.xr| + In Cj = In — - 


I v 2 + 2v - 1| = -7 


[1 - (y/x)] 2 

\x\ = C(x — v) 2 


y y c 

T + 2 - — 1 =-j 

x~ x x~ 


|y 2 + 2xv — x 2 | = C 
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81. 


, xy 


dv 

V + x — = 


dx x 2 — x 2 v 2 


v dx + x dv = 


1 - v 2 

1 — v 2 , f dx 

dv = — 

v J I x 


-,dx 


~ ln|v| = ln|jc| + In Cj = ln| C[ Jf| 


^4 = In | CjXv\ 


V“ 


= ln l c iy| 

y = Ce~*W 


85. | x sec - + yj dx — xdy = 0,y = vx 

(x sec v + x v)dx — x(v dx + x dv) = 0 

(sec v + i’) dx — v dx + x dv 

cos v dv = 

sin v = In x + In C l 
x = Ce sin 
— Ce s " l(y/x) 

Initial condition: y( I ) = 0. 1 = Ce° = C 
Particular solution: x = e sm ' y ^ x ’ 


83. x dy — ( 2xe y ! x + y) dx = 0, y = vx 

x(v dx + x dv) — (2xe~ v + vx) dx = 0 



e v = In C l x 2 
e y/ x = In Cj + In x 2 
e y ! x = C + In x 2 

Initial condition: y(l) = 0, 1 = C 
Particular solution: €>!* = 1 + In x 2 



y 
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95 . ~ t ~ — ky,y = Ce kl 
dt 

Initial conditions: y(0) = y 0 

><1620) = | 
C = > 0 


yo 

2 


y 0 e 


1620 k 


k = 


Mi m 

1620 


Particular solution: y = y a e ,(ln 2) / 1620 
When t = 25, y ~ 0.989y o , y = 98.9% of y 0 . 


97. %-Uy- 4) 

The direction field satisfies ( dy/dx ) = 0 along y = 4; but 
not along y = 0. Matches (a). 


». | - M, - 4) 

The direction field satisfies (dy/dx) = 0 along y = 0 and v = 4. Matches (c). 


101 . 


dw 

dt 


dw 


= *(1200 - w) 


= \k dt 


1200 - w 
ln(1200 - vv) = -kt + Cj 
1200 - w = e - fo+c . = 

w = 1200 - Ce~ kt 


w(0) = 60 = 1200 - C => C = 1200 - 60 = 1140 
tv = 1200 - 1 140e~ kl 



1400 



(b) k = 0.8: t = 1.31 years 
k = 0.9: t = 1.16 years 

= 1.0: r = 1.05 years 

(c) Maximum weight: 1200 pounds 
lim tv = 1200 


103 . (a) — = k(W - v) 

dt 



-ln(W - v) = kt + Cj 

v = W - Ce~ k ' 

Initial conditions: 

W = 20, v = 0 when t = 0. and 
v = 5 when t — 1 . 

C = 20, k = — ln(3/4) 

Particular solution: 

v = 20(1 - e M3/4)r) « 20(1 - e-°- 2S11 ') 

(b) s = ~ e~ 01877 ') dt 

« 20[r + 3.4761<?-°- 2877 '] + C 

Since 5(0) = 0. C ~ — 69.5 and we have 
5 = 20t + 69.5(e -02877 ' - 1). 
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105 . Given family (circles): x 2 + y 2 = C 107 . Given family (parabolas): x 2 = Cy 

2x + 2yy ' = 0 2x = Cy ’ 



109 . Given family: y 2 = Cx 3 
2yy' = 3 Cx 2 

, = 3 Or = 3x; (f \ = 3y 
2y 2y \x 3 / 2x 


Orthogonal trajectory (ellipses): y' = — — 



-4 


111 . A general solution of order n has n arbitrary constants 
while in a particular solution initial conditions are given 
in order to solve for all these constants. 


113 . M(x, y)dx + N(x, y)dy = 0, where M and N are 115 . False. Consider Example 2. y = x 3 is a solution to 

homogeneous functions of the same degree. xy ' — 3y = 0, but v = x 3 + 1 is not a solution. 

117 . False 


f(tx, ty) — t 2 x 2 + t 2 xy + 2 
* t 2 f(x, y) 
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Section 5.8 Inverse Trigonometric Functions: Differentiation 


1. y = arcsinr 



-1 

-0.8 

-0.6 

-0.4 

-0.2 

0 

0.2 

0.4 

0.6 

0.8 

1 

y 

-1.571 

-0.927 

-0.644 

-0.412 

-0.201 

0 

0.201 

0.412 

0.644 

0.927 

1.571 



(c) 


(d) Symmetric about origin: 

arcsin(— x) = —arc sin x 


Intercept: (0, 0) 


3. False. 


1 7 T 
arccos — = — 

2 3 

since the range is [0, 17]. 


. 1 7 t 

5. arcstn — = — 
2 6 


_ 1 77 

7 . arccos — = — 
2 3 


11. arccsc(— ^2) = 


9 . arctan 


y^ 


13 . arccos(— 0.8) ~ 2.50 


15 . arcsec(1.269) = arccos^ ^ 


0.66 



21. y = cos(arcsin 2x) 

9 = arc sin 2x 
y = cos 9 = y 1 — 4x 2 



23. y = sin(arcsec x) 



The absolute value bars on x are necessary because of 
the restriction 0 < 9 < 77 , 0 # 77/2, and sin 9 for this 
domain must always be nonnegative. 
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35. (a) arccsc x = arcsin — , \x\ > 1 
x 

Let y = arccsc x. Then for 

T T 7 T 

— — < y < 0 and 0 < y < — , 

cscy — x => siny = I /x. Thus, y = arcsin(l/.v). 
Therefore, arccsc x — arcsin(l/jr). 


(b) arctan x + arctan - = — , x > 0 
x 2 

Lety = arctan x + arctan(l/x). Then, 

tan(arctanx) + tanrarctan(l/x)l 
tan ^ = 1 -tan(arctanx)tan[arctan(l/.v)] 

_ x + (1/x) 

1 — x(\/x) 

= — — q / ^ (which is undefined). 

Thus, y = tt/2. Therefore, arctan x + arctan(l/x) = n/ 2. 



f(x) is the graph of arcsin x 
shifted 1 unit to the right. 





Section 5.8 



3 



When t = 1, cW/dt ~ —0.0520 rad/sec. 
When t = 2, dO/dt ~ —0.1116 rad/sec. 
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75. tan(arctanx + arctan y) = 


tan(arctanx) + tan(arctan y) 

1 — tan(arctan x) tan(arctan y) 


x + y 
1 — xy 


,xy + 1 


Therefore, 


arctan x + arctan y = arctanl 


x + y 
1 — xy. 


,xy * 1. 


Let x = j and y 


l 

3- 


arctan — + arctan — = arctan 


(1/2) + (1/3) 

' 1 - [(1/2) • (1/3)] 


arctan 


D/b 


1 - (1/6) 


yj . 

= arctan — - = arctan 1 = 
5/6 


77. f(x) = kx + sinx 

f'(x) — k + cos x > 0 for k > 1 
f'(x) — k + cos x < 0 for k < — 1 

Therefore, /(x) = kx + sin x is strictly monotonic and has an inverse for k < — 1 or k > 1. 


79. True 


81. True 


dr 1 dr , n sec- x sec z x 

— arctan x\ = r > 0 tor all x. — arctamtan x) = ~ » — = 1 

dx 1 + x 2 dx y J 1 + tan 2 x sec 2 x 
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5 . I A 

1. — . dx = 5 arcsin — + C 

J v/9^/? \3/ 


3. Let u = 3x, du = 3 dx. 


f 1/6 

Jo > 


-dx = — 


i i 1/6 i 


o yi - 9x 2 ' 3 Jo 7l - (3x) 


f(3) dx = 


— arcsin(3x) 


1/6 

_ 7 T 

o ” 18 


5 - 1 + C 


7. Let t< = 2x, du = 2 dx. 


V 3/2 


1 1 ^ /2 2 

dx = — - — 7t ,, dx = 


0 1 + 4x 2 2 Jo 1 + (2x) 2 


— arctan(2x) 


V 3/2 


7 7 
6" 


f 1 [2 

— . dx = . = dx = arcsec 2x + C 

J xV4x 2 - 1 J 2xV(2x) 2 - 1 




x 2 + 1 


dx = | x dx — — dx = L 2 — — ln(x 2 + 1) + C (Use long division.) 

2 x I 1 2 2 


13. 


yi — (x + 1) 2 


dx = arcsin(x + 1) + C 


15. Let 11 = t 2 , du — 2 1 dt. 


t , 1 

: dt = — 


, ... 1 . 1 . (2t) dt = — ar 

JT ^7 2 J yi - (f 2 ) 2V 2 


:in(t 2 ) + C 


h I 
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17. Let u = arcsin x, du = 




: dx. 


r i /72 

Jo 




: dx = 


x" 

— arcsin 2 x 
2 


= 32 ~ 0308 


21. Let u = e 2x , du = 2e 2x dx. 


1 f 2e 2r 


Jr <it = ir I 7 ", dx = t arctan ^ + C 

4 + e 4 2 J 4 + (e 2 *) 2 4 2 


25. 


1 


Vx 7l — X 
1 


dx. u — 7x, x — z/ 2 , dx = 2zz du 
du 


ij\ — ir 


(2 u clii) = 2 


7l — zz 2 
= 2 arcsin Vx + C 


= 2 arcsin zz + C 


29. 


x + 5 


79 — Ot — 3) 2 dX 1 79 - (x - 3) 2 dX + J 79 - (x - 3) 2 


fr ~ 3) 


19. Let u = 1 — x 2 , du — — 2x dx. 


o . r o 

dx = — -I (1 — x 2 )~ 1 ^ 2 (—2x) dx 


-i/aVTT 


- 1/2 




-0.134 


23. Let z/ = cos x, du = — sin x dx. 


73-2 


J— 1/2 


7t/2 


1 + cos 2 x 


C?X = — 


7t/2 


1 + cos 2 x 


dx 


— arctan(cos x) 


_ 7 7 

1 7J-/2 4 


27. 


f x 3 j I f 2x , f 1 

^ 7 dx = — — ; r dx — 3 r dx 

J x 2 + 1 2 J X 2 + 1 J x 2 + 1 


= — ln(x 2 + 1) — 3 arctan x + C 


dx 


= — 79 — (if — 3) 2 — 8 arc sin — - j + C 
= — 76* — .v 2 + 8 arcsin^ — 1 j + C 


31. 


i _ f i_ 

_ 0 x 2 — 2x + 2 Jo 1 + (x 


~ D : 


dx = 


arctan(x — 1) 


■ _ 7 T 
o ~ 2 


33. 


2x . f 2x + 6 , 

- dx = — i j —dx — 6 

J* 


' -dx = I _ 2X + 6 . „ dx - 6 1 


x 2 + 6x + 13 J x 2 + 6x + 13 J x 2 + 6x + 13 J x 2 + 6.x: + 13 J 4 + (* + 3) 2 
= ln|x 2 + 6* + 1 3 1 — 3 arctan^ A 1 3 j + C 


dx 


35. 


7“ x 2 — 4x 


dx = 


f 1 , . /x + 2\ ^ 

J 74 - (x + 2) 2 V 2 ) 


37. Let u = —x 2 — 4x, r/zz = (— 2x — 4) dx. 




7== - z/x = “ I ( x 2 - 4x) 1/2 (- 2x - 4) - 7-x 2 - 4x + C 

7-x 2 - 4x 2/ 


39. f 3 n dx = f 

Ji 7 4x - x 2 J2 


2x - 4 
74 x — x : 


dx + 


74x — 


dx = — I (4x — x 2 ) 1/_ (4 — 2x) dx + 


/ _ 2 

— 2 74x — x 2 + arcsin' 


= 4 - 273 + 1.059 

6 


/: 


74 - (X - 2) 2 


dx 
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41. Let u = x 2 + 1, du = 2x dx. 


' x i r ->x 

. x 4 + 2 x 2 + 2 dX = 2 (x 2 + l ) 2 + 1 dX = 2 arctan (-* 2 + 1) + C 


43. Let u = Ve' — 3. Then m 2 + 3 = e', 2u du = e' dt, and du = dt. 


/ f 2 m 2 f f 1 

Vd — 3 dt = 5 c/m = 2 c/m — 6 , du 

J u + 3 J J u 2 + 3 

= 2m — 2 V3 arctan -^ 7 = + C = 2Ve' — 3 — 2 V3 arctan 
n/3 


e' - 3 


+ C 


45. A perfect square trinomial is an expression in x with three terms that factor as a perfect square. 

Example: x 2 + 6x + 9 = (x + 3) 2 

47. (a) 1 dx = arcsin x + C, m = x (b) A c/x = - Vl - x 2 + C, u = 1 - x 2 


49. (a) J Jx — 1 dx — — {x — I ) 3 / 2 + C, u = x — 1 

(b) Let m = Vx — 1. Then x = m 2 + 1 and dx = 2m du. 

| xVx — I c/x = f(zc 2 + 1 )(m)(2zc) c/m = 2 f(cc 4 + m 2 ) du = 21 


U u u 

j + y 


+ c 


— rpr m 3 (3m 2 + 5) + C — — (x - l) 3 / 2 [3(x - l) + 5] + C — — (x - l) 3 / 2 (3x + 2) + C 


(c) Let m = Vx — 1. Then x = m 2 + 1 and dx — 2 u du. 

f ^ r u 2 _j_ j r / u 3 \ 2 2 

J ^ ^ dx = J (2m) c/m = 2j (m 2 + 1) c/m = 2|^— + mJ + C = — m(m 2 + 3) + C = -Vx — l(x + 2) + C 

Note: In (b) and (c), substitution was necessary before the basic integration rules could be used. 
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57. Area « (l)(l) = 1 
Matches (c) 



59 . (a) 


1 + x- 


dx = 


4 arctan x 


= 4 arctan 1—4 arctan 0 = 4^— j — 4(0) = i t 


(b) Let n = 6. 

cl 

I 

4 


, -x dx ~ 4 — 
1 + .r 2 \36 


1 + 


+ 


1 

+ - 


1 + (1/36) 1 + (1/9) 1 + (1/4) 1 + (4/9) 1 + (25/36) 2 | 


3.1415918 


(c) 3.1415927 


61 . (a) 


dx | 

Thus. 




arcsinl —J + C 
du 


J 1 — ( u 2 /a 2 )\ a / s/a 2 — u 2 


J a 2 — u 


■ ( u \ -c r 
- = arcsin — + C. 

2 \a 


(b) h 


1 u 

— arctan — C 
a a 


u'/ a 


1 + (ii/a) 2 


a 2 \_(a 2 + ir)/a 2 \ a 2 + u 2 


Thus, 


du 


a 1 + ir I a 2 + u 


,1 u 

: clx = — arctan — I - C. 


(c) Assume u > 0. 


d_ 

dx 


1 u ^ 

- arcsec — C 
a a 


1 u '/a 

a _ (u/ ci) V(u/a) 2 — 1 


ll u 

, — . = . . The case u < 0 is handled in a simi- 

Vuju 2 - a 2 ) /a 2 uVu^P- lar manner . 


Thus, 


du 


iju 2 — 


r u' 
J uju 2 ■ 


, 1 M 

dx = - arsec J — L + C. 
-a 2 a a 


63 . (a) v(t) = -32 1 + 500 


550 



(b) s(t) = J v(t) dt = J (-321 + 500) dt 
= - 16 1 2 + 500 1 + C 

j(0) = - 16(0) + 500(0) + C= 0^>C = 0 
sit) = - 16 1 2 + 500 1 

When the object reaches its maximum height, 

v(f) = 0. 

v(t) = -321 + 500 = 0 
-32 1 = -500 
1 = 15.625 

i(15.625) = — 16(15. 625) 2 + 500(15.625) 
= 3906.25 ft (Maximum height) 


—CONTINUED— 
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63. — CONTINUED- 


(c) 


1 f 

— — r dv = — dt 

J 32 + kv 2 J 


— : arctan 

V32k \ 


J ^ v ) = + C i 


arctanf = — >/32 kt + C 


—v = tan(c — Vsikt) 

f 

— tan( C — Jyik t) 

When f = 0, v = 500. C = arctan( 500 Jk/ 32 ) , and we 
have 


v(f) = ~\I~T tanl 


arctanf 500^/— ) — 732/rt 


(d) When/t = 0.001, v(t) = 732,000 tan[arctan( 500 70.00003 125 ) - 70.032 t . 


500 



v(t) = 0 when t Q ~ 6.86 sec. 


(e) h = 



732.000 tan[arctan( 500 70.00003 125 ) - 70.032 f] dt 


Simpson's Rule: n = 10; h ~ 1088 feet 
(f) Air resistance lowers the maximum height. 
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3 _3 

1. (a) sinh 3 = * « 10.018 


(b) tanh( — 2) 


sinh( — 2) 
cosh(— 2) 



-0.964 


3. (a) csch(ln 2) 


2 

gin 2 _ g-ln2 


2 

2 - ( 1 / 2 ) 


(b) coth(ln 5) 


cosh(ln 5) 
sinh(ln 5) 


gin 5 + g — In 5 
e ln5 _ ^ — In 5 


5 + (1/5) = 13 
5 - (1/5) “ 12 


5. (a) cosh -1 (2) = ln(2 + 75 ) = 1.317 

2\ , (l + 71 - (4/9) 

ll ' 2/3 


(b) sech 


0.962 


7. tanh 2 x + sech 2 x = 


/ e x — e - c \ 2 
U r + e~ x ) 


2 

e x + e~ 


e 2x — 2 + e~ 2x + 4 
(e x + e -t ) 2 


e 2x + 2 + e _2x 
e 2x + 2 + e -2 * 


I m 
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9. sinh x cosh y + cosh x sinh y = (*L^)(<Z±JZ\ + ^ + ^ ~ ^ 


= ^[e x+y - e~ x+y + e x ~ y - e~ (x+y) + e x+y + e~ x+y - e x ~ y - e~ ix+y) ] 

1 pix+y) — p -(x+y) 

= ^ L 2(e x+y - e~ (x+y) )] = = sinh(x + y) 


11. 3 sinh x + 4 sinh 3 x = sinh x(3 + 4 sinh 2 x) = 


e' — e 
2 

e x — e~ 


3 + 41 


2 [3 + e~ x - 2 + e“ 2r ] = -(e r - e~ x ){e^ + e _2jr + 1) 


1 P? x — c ^ 

= — [e 3r + c - ' + e* — e* — e~ 3x — e~ x ] = = sinh(3x) 


13. sinhx = - 

2 


cosh 2 x It = 1 


cosh 2 x — ~~ 


coshx = 


yis 


tanh x 


csch x 


sech x 


coth x 


3/2 _ 3y/l3 


/13/2 

13 

1 _ 2 


3/2 “ 3 


1 

2713 

yi3/2 ~ 

13 

1 

yi3 

3/713 

3 


15. y — sinh(l — x 2 ) 

y ' = — 2x cosh( 1 — x 2 ) 


19. y 


In 



y' 


1/2 

tanh(x/2) 



1 

2 sinh(x/2) cosh(x/2) 

. , — = cschx 
smh x 


17. f(x) 
fix) 


21 . h(x) 
h '(x) 


= ln(sinhx) 

= } , (cosh x) = cothx 
smh 


= ^ sinh(2x) - | 
= l cosh(2x) - | 


cosh(2x) — 1 
2 


sinh 2 x 


23. /(/) = arctan(sinh f) 


/,(f)= 1 +smh 2 / C ° Shf) 
cosh t 

= ~x~ = sech t 

cosh - t 


25. Let y = g(x). 


y = j^coshjc 


In y = cosh x In x 
1 / cosh x 


yWx 


+ sinh x In x 


— = -[cosh x + x(sinh x) In x] 
dx x 


x 


[cosh x + x(sinh x) In x] 
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27 . y = (coshx — sinhx) 2 

y' = 2(coshx — sinh x)(sinh x — coshx) 
= — 2(cosh x — sinh x) 2 = — 2e~ 2x 


29. f(x ) = sin x sinh x — cos x cosh x, — 4 < x < 4 

f'(x) = sin x cosh x + cos x sinh x — cos x sinh x + sin x cosh x 
= 2 sin x cosh x = 0 when x = 0, ± tt. 

Relative maxima: (iir, cosh tt) 

Relative minimum: (0, — 1) 



31 . g(x) = x sech x = — , — 
cosh x 


i 



^L20^66^ 

^ — 



(- 1 . 20 , - 0 . 66 ) -1 


33. y = a sinh x 
y ' = a cosh x 
y" = a sinh x 
y = a cosh x 
Therefore, y — y ' = 0. 


Relative maximum: (1.20, 0.66) 

Relative minimum: (— 1.20, —0.66) 

35. f(x) — tanhx /(l) = tanh(l) ~ 0.7616 

fix) = sech 2 x f'{\) = cosl | 2 ^ j j ” 0.4200 

fU) — —2 sech 2 x • tanhx f\ 1) ~ —0.6397 

P^x) =/(l) +/'(D(^ - 1) = 0.7616 + 0.42(x - 1) 

P 2 {x) = 0.7616 + 0.42(x — 1) — — ~~(x — l) 2 



37. (a) >> = 10 + 15 cosh - 15 < x < 15 


y 



(b) At x = ±15,y = 10 + 15 cosh(l) « 33.146. 
At x = 0, y = 10 + 15 cosh(l) = 25. 

(c) y' = sinh -p-. At x = 15, y' = sinh(l) ~ 1.175 


39. Let u = 1 — 2x, du = — 2 dx. 


41 . Let u = cosh(x — 1), du — sinh(x — 1) dx. 


sinh(l — 2x) dx = — — sinh(l — 2x)(— 2) dx 


cosh 2 (x — 1) sinh(x — 1) dx = — cosh 3 (x — 1) + C 


= — — cosh(l — 2x) + C 
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43. Let u = sinh x, du = cosh x dx. 

fcosh*^ = , n | sinhr | + c 
J sinh x 


45. Let it = — , du = x dx. 
2 


x csch 2 — dx = 


csch 2 — \x dx = — coth - 
2 / 


47. Let u = — , du = — n dx. 
x x- 


csch(l/*) coth(l/*) 


dx = — | csch - coth — ( — 7 ) dx = csch — t- C 
X x\ X- X 


49. 


25 


r dx = 


10 


In 


5 + x 


5 — x 


o=10 ln9 = 5 ln3 


51. Let u = 2x, du = 2 dx. 


'72/4 

Jo 


Vl - (2 a-) 2 


(2) dx = 


sin(2*) 


172/4 


53. Let u = x 2 , = 2x dx. 

{ ^TT dx = \\ WT~1 dx = \ arctan( - r2) + c 

57. y = sinh - '(tan x) 

y' — — . =(sec 2 x) = | sec* | 

7 tan 2 * + 1 


55. y = cosh *(3*) 

y' = 3 

J9x 2 - 1 

59. y = coth - ‘(sin 2*) 

y ' = . . - (2 cos 2*) = 2 sec 2* 

7 1 - sin 2 2* 2 


61. y = 2* sinh '(2*) — Vl + 4* 2 



yr+tf 


+ 2 sinh '(2*) 


— = 2 sinh '(2*) 

yi + 4* 2 


63. See page 395. 


65. y = a sech — J — J a 2 — x 2 


dy _ — 1 + * _ — a 2 + * _ * 2 — a 2 _ — Ja 2 — 

dx ( x/a ) >/l — (* 2 /a 2 ) Vfl 2 — * 2 xVa 2 — x 2 Ja 2 — x 2 x^/a 2 — x 2 x 


f ‘ A-f , 

J yi + e 2 * J + (e 1 ) 2 


67. | — , _ dx = , . = dx = —csch '(«*) + C = — ln| 


1 + Vi + e 2t 

e x 


+ C 


69. Let m = v^*, du = — — ;= 7*. 

27* 


I — ] - dx = 2 — , 1 =( — ^7= ) dx = 2 sinh 1 V* + C = 2 ln( V* + Vl + *) + C 

J TWl + * J Vl + (^) 2 V27*/ 


f -1 , _ 1 

71 ‘ 4* - * 2 dX (* - 2) 


- dx = — 111 
- 2) 2 - 4 4 


(* - 2 ) - 2 


(* - 2 ) + 2 


i- 


* - 4 


+ C 


+ c 


7 T 

4 
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73. 


r dx = 


dx = 


-1 


1 - Ax - 2x 2 J 3 - 2(x + 1)* Jij + i)] 2 - ( 73) 


J2 


: dx 


-1 

2V6 


In 


Jl(x + 1) ~ 73 


JlAx + l) + 73 


+ C = 


276 


In 


72(x + l) + 73 


V2(jc + 1) - 73 


+ C 


75. Let = Ax — 1, du = 4 dx. 


y = — , dx = 


1 , 1 I 4 

. <r/x = - — , 

780 + 8x - 16x 2 4 J 781 - (4x - l) 2 


. 1 • /4x- 1\ 

dx = - arcsin 

4 V 9 / 


+ C 


77. y = 


x 3 — 21x 


20 


, dx = I —x — 4 + 7 r I dx — (—x — 4) dx + 20 —z 7 -rr dx 

5 + Ax- x 2 V 5 + 4x - x 2 / v 3 2 - (x - 2) 2 


x 2 20 

— — - 4x + — In 
2 6 


(x ^ 2) + 3 


(x - 2) - 3 


+ C = - 4x + — In 

2 3 


X + 1 


x — 5 


+ C = =£- 4x-^ln 
2 3 


x — 5 


x + 1 


+ C 


79. A = 2 | sech — dx 


= 2 


81. A = 


5x 


7x 4 + 1 




^xr/2 _|_ e -x/1 


dx 


- f2 

2J0 


2x 


f 4 e '/ 2 
= 4 7 . . dx 


2 Jo Ax 2 ) 2 + 1 

5 


dx 


0 7 V2 ) 2 + 1 ' 


ln(x 2 + 7-x 4 + l) 


8 arctan(7 2 )J 
= 8 arctan(e 2 ) — 2tt ~ 5.207 


= |ln(4 + 7 17) « 5.237 


/§«. 7 + 32 . * 

3fa = f 1 1 (x - 6) - 2 

16 “ J (x - 6) 2 - 4 " 2(2) (x - 6) + 2 

When x = 0: 1 = 0 


+ 



+ C 


When x = 1: 


When t = 20: 



62x = 
x = 


104 

104 

62 


ff - 1.677 kg 
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85. As k increases, the time required for the object to reach the ground increases. 


87. y = cosh* = 


e x + e 


e x - e 


= sinh * 


89. y = cosh 1 x 

coshy = * 

(sinhyXyO = 1 

1 1 


y = 77 


sinh y y C osh 2 3 


91. y = sechx = 


e x + e x 
y' — — 2{e x + e~ x )~ 2 {e x — e ~ x ) = 


— 2 \ e x — e 


e x + e~ x \e x + e~ x 


= — sech * tanh * 


Review Exercises for Chapter 5 


1. f(x) = In * + 3 

Vertical shift 3 units upward 
Vertical asymptote: * = 0 


y 



3 - ln - 5 / 4*2 + I = I ln ~ A 4 ^^ 1 + ^ = |[ln(2* ~ 1) + In (2* + 1) - ln(4x 2 + 1)] 


5. In 3 + ^ ln(4 — x 2 ) — In x = In 3 + In ^4 — x 2 — In * = ln ^ — — j 


7. lnV* + 1 = 2 


V* + 1 = e 2 
x + 1 = e 4 

x = e 4 - 1 = 53.598 


9. g(x) = In Jx = ^ In * 




11 . fix) = *Vln x 

fix) = (y)(ln y ) _I/2 (“) + 


1 r — 1 + 2 In x 

+ Vint = 


2 v/ln x 


2 Vln x 


13 - >' = ^1 

foy _ 1 

dx b 2 


ln(c/ + fox) + 


a + bxj 


b ab 

a + bx ( a + fox) 2 


15. y = 

dx 


_I ln (E+M = _ I [ln(a + to) _ ln v] 

a \ x ) a 


_1/ fo 


+ for x/ x(fl + fox) 


17. « = lx — 2, fo« = Idx 
1 


1 fox = 1 


7x - 2 


7 7* - 2 


(7) fox = 


1 

— 1 Vx 2 — 1 


X 

(a + fox) 2 


^ ln|7x - 2| + C 
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19. 


Sill x 

1 + COS X 


dx = — 


— sin x 

1 + COS X 


dx 


— — In 1 1 + cos x| + C 


21 . 


x + 1 
x 


dx 





x + ln|x| 


= 3 + In 4 


tt/3 

= ln(2 + V3) 

25. (a) /(x) = \x - 3 

y = - 3 

2(y + 3) = x 
2(x + 3) = y 
f~\x) = 2x + 6 


23. 


sec 9 d9 = 


In | sec 0 + tan 0\ 


27. (a) /(x) = Vx + 1 

y = Vx + 1 
y 2 — 1 = x 
x 2 - 1 = y 

/“'(x) = x 2 - l,x > 0 



(C) / '(/(*)) = / 'G* - 3) = 2(jx - 3) + 6 = x 
f(f~\x)) =/( 2x + 6) = 5(2 x + 6) - 3 = x 


(b) 


V 





(c) / H/(x)) =/ '(Vx + 1) = V(x 2 - l) 2 - 1 = X 
f{f~\x)) =/(x 2 - 1) = V(x 2 - 1) + 1 
= Vx 2 = x for x > 0. 


29. (a) f(x) = Vx + 1 
y = Vx + 1 
y 3 - 1 = x 
x 3 - 1 = y 
/->(x) = x 3 - 1 


31. fix) = x 3 + 2 

f-\x) = (x - 2) 1 / 3 

if-'Yix) = \{x - 2)- 2 / 3 

(/-') '(— D = |(- 1 - 2) _2/3 = 
— ~ 0.160 



(c) / H/W) = / '(Vx + 1) = (Vx + 1) 3 - 1 = x 
/(/“'(*)) =/(V - 1) = V(x 3 - 1) + 1 = X 


33. fix) = tan x 

J _ V3 
; \6/ ~~ 3 

fix) = sec 2 x 



4 

3 


(/-') 



1 

/W 6) 


3 

4 
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35. (a) fix) = In fx 
y = lnfx 
e y = ~Jx 
e 2y = x 
e 2x = y 
f~\x) = e 2x 


(b) i 



Ur 1 

f 


r 


(e) / K/M) — f '(in fx) = e 21n '/* = e lnx = x 
— fie 2 *) = In fe 2 * = In e r = x 


37. y = e~ x ! 2 


y 



41. g(t) = fV 

g'(x) — t 2 e' + 2te' = te'(t + 2) 


39. f(x) = ln(e Jf2 ) = — x 2 
fix) = -2* 


43. y = Ve 2 * + 


y' = — (e 2 * + e - 21 ) ^Ofle 2 * — 2e 2 *) = 


Ve 2A + 


45. g(x) = 


. e v (2x) — x 2 ^ x(2 — x) 

K*) = ^ 


47. y(ln x) + y 2 = 0 

>(;) + MiMfH 

(2y + In x)f = — 
dx x 

dy _ 


-y 


dx x(2y + lnx) 


49. Let u = — 3x 2 , du = — 6x dx. 


'if* 


\xe 2x2 dx = — j I e 3a2 (— 6x) dx = — \e 2x2 + C 


51. 


f e 4x — e 2x + 1 f, , _ , , 

I dx = I (e 3A — e 1 + e A ) dx 


= -e 3jc — e* — e x + C 


— 3e 2x — 3 
3e A 


+ C 


53. 




'“( — 2x) dx 
+ C 


55. Let u = e* — 1, du = e x dx. 



dx = ln| e- 1 — 


+ C 


57. y = e A (a cos 3x + b sin 3x) 

y' = e A ( — 3 a sin 3x + 3 b cos 3x) + e*ia cos 3 x + b sin 3x) 

= e A [( — 3 a + b) sin 3x + (a + 3b) cos 3x] 

y" = e A [3(— 3 a + b) cos 3x — 3 (a + 3b) sin 3x] + e*[(— 3 a + b) sin 3x + (a + 3b) cos 3x] 

= e A [( — 6 a — 8 b) sin 3x + (— 8a + 6b) cos 3x] 

y" — 2 y' + lOy = e A {[( — 6a — 8 b) — 2( — 3 a + b) + 10£>] sin 3x + [( — 8a + 6b) — 2 (a + 3b) + 10a] cos 3x} = 0 
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65. f(x) = 3 A_1 
fix) = 3 r_1 In 3 


69. g(x) = log 3 Vl - x | log 3 (l - x) 

Hx) = l = I 

2(1— x)ln 3 2(x — l)ln 3 

73. (a) y = x a (b) y = a x 

y' = ax a ~ l y' = (In a)a x 


75. 10,000 = p c (o.07)(i5) 

p = 10,000 


$3499.38 


79. P = Ce 0015f 
2 C = Ce 0015f 

9 _ e 0.015r 

In 2 = 0.015f 
ln2 

1 = 0015 “ 46 ' 21 yeafS 


67. >’ = x 2jr+ 1 

ln v = ( 2x + 1) ln x 
y' _ 2x + 1 


.V 

y' = y 


x 

2x + 1 


+ 2 ln x 
+ 2 ln x ) = x 2x+ 1 


2x + 1 


+ 2 ln x 


71. 


(x + l)5^ +l)2 dx = !^t 5< a+1 > 2 + C 


(c) y = x r (d) y = 

ln y = x ln x y ' = 0 

-y' = x • — + (1) ln x 

y * 

y' — y( i + in •*) 

y' = x r (l + lnx) 


77. P(/i) = SOe™ 

P{ 18,000) = 30e 18 - 00 “ = 15 

_ ln(l/2) _ -In 2 
18,000 " 18,000 

= 3() e -(/!ln2)/18,000 

P(35,000) = 30e-< 35 - oooln2 Vi8,ooo « 7.79 i nc h es 


dy __ x 2 + 3 
dx x 



y = y + 3 In |x| + C 
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83. y' 


2 xy = 0 


dy 

dx 


2xy 


dy 


2x dx 


ln|;y | = x 2 + C 1 

+ C, — y 

y = Ce x ~ 


dy j^-2 _|_ y2 

85. — = 1 — - — — (homogeneous differential equation) 
dx 2xy 

{x 2 + y 2 ) dx — 2 xy dy = 0 
Let y = vx, dy = x dv + v dx. 

(x 2 + v 2 x 2 ) dx — 2x(vx)(x dv + v dx) = 0 
(x 2 + v 2 x 2 — 2x 2 v 2 ) dx — 2x 3 v dv = 0 

{x 2 — x 2 v 2 ) dx = 2x 3 v dv 
(1 — v 2 ) dx = 2x dv 
2v 


dx 

x 


1 - v 


dv 


ln| jr| = — ln| 1 — v 2 | + = — In 1 1 — v 2 | + In C 


C 


C 


Cx 2 


1 - v 2 1 - (y/x) 2 x 2 - y 2 


, - Cx - x 

1 2 2 ^ ^1 2 2 
xr — y x~ — y A 


87. y = Cpc + C 2 x 3 
y' = C l + 3 C 2 x 2 
y" = 6C 2 * 

x 2 y" — 3xy' + 3y = x 2 (6 C 2 x) — 3x(C 1 + 3 C 2 x 2 ) + (C^x = C 2 x 3 ) 

= 6 C 2 x 3 — 3 C x x — 9 C 2 x 3 + 3C 1 x + 3 C 2 x 3 = 0 

x = 2,y = 0-. 0 = 2C, + 8C 2 => C, = -4C 2 
x = 2,y' = 4: 4 = C, + 12 C 2 

4 = (— 4C 2 ) + 12C 2 = 8C 2 => C 2 = Cj = -2 
y = — 2x + ^X 3 



89. f(x) = 2 arctan(.r + 3) 
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85. As k increases, the time required for the object to reach the ground increases. 


87. y = cosh* = 


e x + e 


e x - e 


= sinh * 


89. y = cosh 1 x 

coshy = * 

(sinhyXyO = 1 

1 1 


y = 77 


sinh y y C osh 2 3 


91. y = sechx = 


e x + e x 
y' — — 2{e x + e~ x )~ 2 {e x — e ~ x ) = 


— 2 \ e x — e 


e x + e~ x \e x + e~ x 


= — sech * tanh * 


Review Exercises for Chapter 5 


1. f(x) = In * + 3 

Vertical shift 3 units upward 
Vertical asymptote: * = 0 


y 



3 - ln - 5 / 4*2 + I = I ln ~ A 4 ^^ 1 + ^ = |[ln(2* ~ 1) + In (2* + 1) - ln(4x 2 + 1)] 


5. In 3 + ^ ln(4 — x 2 ) — In x = In 3 + In ^4 — x 2 — In * = ln ^ — — j 


7. lnV* + 1 = 2 


V* + 1 = e 2 
x + 1 = e 4 

x = e 4 - 1 = 53.598 


9. g(x) = In Jx = ^ In * 




11 . fix) = *Vln x 

fix) = (y)(ln y ) _I/2 (“) + 


1 r — 1 + 2 In x 

+ Vint = 


2 v/ln x 


2 Vln x 


13 - >' = ^1 

foy _ 1 

dx b 2 


ln(c/ + fox) + 


a + bxj 


b ab 

a + bx ( a + fox) 2 


15. y = 

dx 


_I ln (E+M = _ I [ln(a + to) _ ln v] 

a \ x ) a 


_1/ fo 


+ for x/ x(fl + fox) 


17. « = lx — 2, fo« = Idx 
1 


1 fox = 1 


7x - 2 


7 7* - 2 


(7) fox = 


1 

— 1 Vx 2 — 1 


X 

(a + fox) 2 


^ ln|7x - 2| + C 
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19. 


Sill x 

1 + COS X 


dx = — 


— sin x 

1 + COS X 


dx 


— — In 1 1 + cos x| + C 


21 . 


x + 1 
x 


dx 





x + ln|x| 


= 3 + In 4 


tt/3 

= ln(2 + V3) 

25. (a) /(x) = \x - 3 

y = - 3 

2(y + 3) = x 
2(x + 3) = y 
f~\x) = 2x + 6 


23. 


sec 9 d9 = 


In | sec 0 + tan 0\ 


27. (a) /(x) = Vx + 1 

y = Vx + 1 
y 2 — 1 = x 
x 2 - 1 = y 

/“'(x) = x 2 - l,x > 0 



(C) / '(/(*)) = / 'G* - 3) = 2(jx - 3) + 6 = x 
f(f~\x)) =/( 2x + 6) = 5(2 x + 6) - 3 = x 


(b) 


V 





(c) / H/(x)) =/ '(Vx + 1) = V(x 2 - l) 2 - 1 = X 
f{f~\x)) =/(x 2 - 1) = V(x 2 - 1) + 1 
= Vx 2 = x for x > 0. 


29. (a) f(x) = Vx + 1 
y = Vx + 1 
y 3 - 1 = x 
x 3 - 1 = y 
/->(x) = x 3 - 1 


31. fix) = x 3 + 2 

f-\x) = (x - 2) 1 / 3 

if-'Yix) = \{x - 2)- 2 / 3 

(/-') '(— D = |(- 1 - 2) _2/3 = 
— ~ 0.160 



(c) / H/W) = / '(Vx + 1) = (Vx + 1) 3 - 1 = x 
/(/“'(*)) =/(V - 1) = V(x 3 - 1) + 1 = X 


33. fix) = tan x 

J _ V3 
; \6/ ~~ 3 

fix) = sec 2 x 



4 

3 


(/-') 



1 

/W 6) 


3 

4 
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35. (a) fix) = In fx 
y = lnfx 
e y = ~Jx 
e 2y = x 
e 2x = y 
f~\x) = e 2x 


(b) i 



Ur 1 

f 


r 


(e) / K/M) — f '(in fx) = e 21n '/* = e lnx = x 
— fie 2 *) = In fe 2 * = In e r = x 


37. y = e~ x ! 2 


y 



41. g(t) = fV 

g'(x) — t 2 e' + 2te' = te'(t + 2) 


39. f(x) = ln(e Jf2 ) = — x 2 
fix) = -2* 


43. y = Ve 2 * + 


y' = — (e 2 * + e - 21 ) ^Ofle 2 * — 2e 2 *) = 


Ve 2A + 


45. g(x) = 


. e v (2x) — x 2 ^ x(2 — x) 

K*) = ^ 


47. y(ln x) + y 2 = 0 

>(;) + MiMfH 

(2y + In x)f = — 
dx x 

dy _ 


-y 


dx x(2y + lnx) 


49. Let u = — 3x 2 , du = — 6x dx. 


'if* 


\xe 2x2 dx = — j I e 3a2 (— 6x) dx = — \e 2x2 + C 


51. 


f e 4x — e 2x + 1 f, , _ , , 

I dx = I (e 3A — e 1 + e A ) dx 


= -e 3jc — e* — e x + C 


— 3e 2x — 3 
3e A 


+ C 


53. 




'“( — 2x) dx 
+ C 


55. Let u = e* — 1, du = e x dx. 



dx = ln| e- 1 — 


+ C 


57. y = e A (a cos 3x + b sin 3x) 

y' = e A ( — 3 a sin 3x + 3 b cos 3x) + e*ia cos 3 x + b sin 3x) 

= e A [( — 3 a + b) sin 3x + (a + 3b) cos 3x] 

y" = e A [3(— 3 a + b) cos 3x — 3 (a + 3b) sin 3x] + e*[(— 3 a + b) sin 3x + (a + 3b) cos 3x] 

= e A [( — 6 a — 8 b) sin 3x + (— 8a + 6b) cos 3x] 

y" — 2 y' + lOy = e A {[( — 6a — 8 b) — 2( — 3 a + b) + 10£>] sin 3x + [( — 8a + 6b) — 2 (a + 3b) + 10a] cos 3x} = 0 
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65. f(x) = 3 A_1 
fix) = 3 r_1 In 3 


69. g(x) = log 3 Vl - x | log 3 (l - x) 

Hx) = l = I 

2(1— x)ln 3 2(x — l)ln 3 

73. (a) y = x a (b) y = a x 

y' = ax a ~ l y' = (In a)a x 


75. 10,000 = p c (o.07)(i5) 

p = 10,000 


$3499.38 


79. P = Ce 0015f 
2 C = Ce 0015f 

9 _ e 0.015r 

In 2 = 0.015f 
ln2 

1 = 0015 “ 46 ' 21 yeafS 


67. >’ = x 2jr+ 1 

ln v = ( 2x + 1) ln x 
y' _ 2x + 1 


.V 

y' = y 


x 

2x + 1 


+ 2 ln x 
+ 2 ln x ) = x 2x+ 1 


2x + 1 


+ 2 ln x 


71. 


(x + l)5^ +l)2 dx = !^t 5< a+1 > 2 + C 


(c) y = x r (d) y = 

ln y = x ln x y ' = 0 

-y' = x • — + (1) ln x 

y * 

y' — y( i + in •*) 

y' = x r (l + lnx) 


77. P(/i) = SOe™ 

P{ 18,000) = 30e 18 - 00 “ = 15 

_ ln(l/2) _ -In 2 
18,000 " 18,000 

= 3() e -(/!ln2)/18,000 

P(35,000) = 30e-< 35 - oooln2 Vi8,ooo « 7.79 i nc h es 


dy __ x 2 + 3 
dx x 



y = y + 3 In |x| + C 
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83. y' 


2 xy = 0 


dy 

dx 


2xy 


dy 


2x dx 


ln|;y | = x 2 + C 1 

+ C, — y 

y = Ce x ~ 


dy j^-2 _|_ y2 

85. — = 1 — - — — (homogeneous differential equation) 
dx 2xy 

{x 2 + y 2 ) dx — 2 xy dy = 0 
Let y = vx, dy = x dv + v dx. 

(x 2 + v 2 x 2 ) dx — 2x(vx)(x dv + v dx) = 0 
(x 2 + v 2 x 2 — 2x 2 v 2 ) dx — 2x 3 v dv = 0 

{x 2 — x 2 v 2 ) dx = 2x 3 v dv 
(1 — v 2 ) dx = 2x dv 
2v 


dx 

x 


1 - v 


dv 


ln| jr| = — ln| 1 — v 2 | + = — In 1 1 — v 2 | + In C 


C 


C 


Cx 2 


1 - v 2 1 - (y/x) 2 x 2 - y 2 


, - Cx - x 

1 2 2 ^ ^1 2 2 
xr — y x~ — y A 


87. y = Cpc + C 2 x 3 
y' = C l + 3 C 2 x 2 
y" = 6C 2 * 

x 2 y" — 3xy' + 3y = x 2 (6 C 2 x) — 3x(C 1 + 3 C 2 x 2 ) + (C^x = C 2 x 3 ) 

= 6 C 2 x 3 — 3 C x x — 9 C 2 x 3 + 3C 1 x + 3 C 2 x 3 = 0 

x = 2,y = 0-. 0 = 2C, + 8C 2 => C, = -4C 2 
x = 2,y' = 4: 4 = C, + 12 C 2 

4 = (— 4C 2 ) + 12C 2 = 8C 2 => C 2 = Cj = -2 
y = — 2x + ^X 3 



89. f(x) = 2 arctan(.r + 3) 
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Problem Solving for Chapter 5 



3 = 6 

x 1 + 9 (10 - x) 2 + 36 

(10 - x) 2 + 36 = 2(x 2 + 9) 

100 - 20x + x 2 + 36 = 2x 2 + 18 

x 2 + 20a- - 118 = 0 

x - — 20±V20--4(- JM,_, 0±Vn5 

a = - 10 + 7218 = 4.7648 f(a) « 1.4153 
9 = it - (0j + 0 2 ) « 1.7263 or 98.9° 

Endpoints: a = 0: 6 ~ 1.0304 
a = 10: 0 = 1.2793 

Maximum is 1.7263 at a = — 10 + ^218 ~ 4.7648. 


3. /(a) = sin(ln.r) 

(a) Domain: x > 0 or (0, oo) 


(b) /(a) = 1 = sin(lnA) 

Two values are a = e 1 ^ 2 , e ^ 2 ^ +27r . 


In a = — + 2£tt. 


(c) /(a) = — 1 = sin(ln a) 

Two values are a = e~ n ^ 2 , e 3lr / 2 . 


In a = + 2k it. 

2 


(d) Since the range of the sine function is [— 1, 1], 
parts (b) and (c) show that the range of/is [— 1, 1], 

(e) /'(a) = - cos(ln a) 

/'(a) = 0 => cos(lnA) = 0 


/(W 2 ) = 1 
/(l) = 0 

/(10) « 0.7440 


In a = — + kir 


x = e lr / 2 on [1, 10] 
Maximum is 1 at a = e^ 2 ~ 4.8105 


(f) 


XT 


5 


lim /(a) seems to be — — . (This in incorrect.) 

»o + 2 

(g) For the points a = W 2 , e _3lr / 2 , e -7 ^ 2 , . . . 
we have /(a) = 1 . 

For the points a = e -1 ^ 2 , e~ 5 ^ 2 , e -97r / 2 , . . . 
we have /(a) = — 1 . 

That is, as a— >0 + , there is an infinite number of 
points where /(a) = 1, and an infinite number where 
/(a) = — 1 . Thus lim sin(ln a) does not exist. 

x— >0+ 

You can verifiy this by graphing /(a) on small 
intervals close to the origin. 
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Area sector t t , . t 

5. (a) . , = => Area sector = —(ir) = - 

Area circle 2tt 2tt 2 


1, 


(b) Area AOP = ^ (base) (height) — J Jx 2 — 1 dx 

Y Tcosh t 

A(t) = — cosh t • sinh t — J Vx 2 — 1 dx 


A ft) = -[cosh 2 f + sinh 2 f] — ^cosh 2 t — 1 sinh t 


= —[cosh 2 t + sinh 2 t] — sinh 2 t 
= -[cosh 2 r — sinh 2 1] = — 


A(t) =~t+ C. But, A(0) = C = 0=>C = 0 


Thus, A(t) = —t or t = 2 A(t). 


7. y = Inx 
y ' = x 

y — b — —(x — a) 


y = - x + b — 1 Tangent line 
a 

If x = 0, c = b — 1. Thus, b — c = b — (b — 1) = 1. 


9. Let u = 1 + >/*, V* — u — 1, .* = u 2 — 2 u + 1, 
dx = (2m — 2)r/w. 

Area = f 4 ^ 1 dx = f' 2 “ ~ 2 

J i V* + x J2 (m — 1) + (m — 2m + 1) 

(m - 1) 


p2(M 

J 2 « 2 

I 


- du 


2 In u 


= 2 In 3 - 2 In 2 = 2 In' 


0.8109 


11. (a) 


^ = v 101 
dt - 


jV 101 dy = Jdt 
- 0.01 


y 


-0.01 

1 


r 


= t+c 1 

= -0.01 1 + c 

1 

~ C - O.Olf 

1 


>’ = 


(C - O.Olt) 1 


(b) Jv * 1 + e) dy = Jk dt 
y~ e 

— = fa + C, 

— £ 

y _e = — ekt + C 
1 


y 


(C - £fa) 1/E 


y(°) = To = ^ => c ' /r 1 


y 0 


Hence, y = 


^ - efa y /s ' 

y e o 


c = 


\.v 


y(0) = 1: 1 = ^ioo => C = 1 


For t — > , v— > 00 . 

y e Q sk ■ 


Hence, y 


1 - O.Olt) 100 ’ 


For T = 100, lint y = 00 . 

t^>T- ’ 


Vo | CN 
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13. Since = k(y — 20), 



ln(;y - 20) = kt + C 


y = Ce k ' + 20. 

When t = 0, y = 72. Therefore, C = 52. 

When t = 1, y = 48. Therefore, 48 = 52e k + 20, e k = (28/52) = (7/13), and k = ln(7/13). 
Thus, y = 52</ ln(7 / 13) > + 20. 

When t = 5,y = 52e 51n(7 / 13 > + 20 = 22.35°. 


15. (a) C -j t = k l S{L - S) 


S = 


dS 


— 7 - is a solution because 

1 + Ce~ k < 


, -7.(1 + Ce~ k, )- 2 (- C ke~ k ') 

at 

LC ke~ k ' 

~ (1 + Ce~ k ') 2 

k\ L C Le~ kt 

LJ 1 + Ce~ k ' ' 1 + Ce~ k ‘ 


L 1 + Ce~ k ' 


L - 


i i r'.-kt 


(b) 


f = 1„ (|) SOOO - « 


d 2 S 

dt 2 


= In 


= In 


5 - 


dS 


dt 

(100 - 25) 


+ (100 - 

dS 


dt 

dS 


= 0 when S = 50 or — = 0. 

dt 


Choosing S = 50, we have: 


S) 


dS 

dt 


50 


100 

l + 9gln(4/9)r 


2=1+ 9e ln(4/9) ' 


= k t S(L — 5), where k l 


k 

L' 


jn0/9) 

ln(4/9) 


L = 100. Also, 5 = 10 when t = 0 => C = 9. And, 
5 = 20 when 7=1 => k = -ln(4/9). 

Particular Solution. S = t + ^ n(4 / 9) , 

100 

_ 1 + 9e~ 0Sl09t 


(c) 



10 


t ~ 2.7 months 



(e) Sales will decrease toward the line S = L. 


o 
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CHAPTER 6 
Applications of Integration 

Section 6.1 Area of a Region Between Two Curves 

Solutions to Even-Numbered Exercises 


2. A = 


[(2r + 5) — ( x 2 + 2x + 1)] dx = (— x 2 + 4) dx 



Matches (a) 

y 

A 




264 
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18. The points of intersection are given by 
— x 2 + 4x + 1 = x + 1 


— x 2 + 3x — 0 


x 2 = 3x when x = 0, 3 

A = f [(— x 2 + 4x + 1) — (x + 1)] dx 

Jo 



y 



20. The points of intersection are given by: 
—x 2 + 4x + 2 = x + 2 

x(3 — x) = 0 when x = 0, 3 


•3 

A = [/(*) - gU')] dx 

Jo 


= [(— x 2 + 4x + 2) 


*; 

Jo 


= (—x 2 + 3x) dx = 


— (x + 2)] dx 

3 
0 


— v3 


x D 3 2 

V + 2 X 


y 



24. The points of intersection are given by 
f/x — 1 = x — 1 


x — 1 = {x — l) 3 = x 3 — 3x 2 + 3x — 1 
x 3 — 3x 2 + 2x = 0 
x(x 2 — 3x + 2) = 0 
x(x — 2)(x — 1) = 0 => x = 0, 1, 2 




1) 4/3 T 

_ o 



1 

2 


y 



ON I (M 
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26. The points of intersection are given by: 

2v - y2 = -y 

y{y - 3) = 0 when y = 0. 3 

A = [ [ f(y ) ~ g(y)] dy 
Jo 

= [ [(2y - y 2 ) - (~y)]dy 

Jo 

f 3 T3 1 l 3 9 

= (3y - y 2 ) dy = t.y 2 ~ gy 3 = 9 

Jo l_2 3 Jo 2 






34 . The points of intersection are given by: 
x 4 — 2x 2 = 2x 2 

x 2 (x 2 — 4) = 0 when x = 0. +2 

A = 2 f [2x 2 — (x 4 — 2x 2 )] dx 

Jo 

= 2 f (4x 2 — x 4 ) dx 

Jo 

^ 2 r^! _ t!1 2 = 128 

2 1 3 5 Jo 15 

Numerical Approximation: 8.533 


10 



-2 (0,0) 
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36 . f(x) = x 4 — 4x 2 , g(x) = x 3 — 4x 
The points of intersection are given by: 
x 4 — 4x 2 = x 3 — Ax 
x 4 — x 3 — 4x 2 + 4x = 0 

x(x — l)(.v + 2)(v — 2) = 0 when x = — 2, 0, 1 , 2 



r o ri r 2 

A = I [(x 3 — 4x) — (x 4 — 4x 2 )]rfx + I [(x 4 — 4x 2 ) — (x 3 — 4 x)\dx + [(x 3 — 4x) — (x 4 — 4x 2 f\dx 

J- 2 Jo J 1 

_ 248 37 53 _ 293 

30 + 60 + 60 “ 30 

Numerical Approximation: 8.267 + 0.617 + 0.883 ~ 9.767 



-i 

Numerical Approximation: 6.908 
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The tangent line intersects f(x) 


1 

x 2 + 1 


at x = 0. 



/ 1 \1 f r 2 1 1 7,- — 3 

— — x + 1 dx = arctan x + — — x = — - — ~ 0.0354 
V 2 /J L 4 Jo 4 


62. Answers will vary. See page 417. 


64. x i > x on [— 1, 0] 



f 1 Ty 2 y 4 ! 1 1 

A = 2 (x - x 3 ) dx = 2 = - 

Jo L2 4 o 2 


66. Proposal 2 is better, since the cummulative deficit (the area under the curve) is less. 
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70. lim V (4 - x 2 ) Ax 


4 i 4 

where x, = — 2 H and Ax = — is the same as 

n n 


(4 — x 2 ) dx = 


4X 3~ 


2 

-2 


32 
3 ‘ 



72. [ [(7.21 + 0.26r + 0.02t 2 ) - (7.21 + O.lf + O.Olt 2 )] dt = f (O.Olr 2 + 0.16?) dt 


O.Olf 3 0.16t- 


29 

= — billion ~ $2,417 billion 


74. 5% : P, = 893,000 <? (0 05)f 
3j%: P 2 = 893,000 e ,0035) ' 
Difference in profits over 5 years: 


f 5 

[893,OOOe 005 ' - 893,OOOe 0035 '] dt = 893,000 

~ e 0.05 1 ^0.035/ 

_ 0.05 0.035_ 

Jo 


= 893,000[(25.6805 - 34.0356) - (20 - 28.5714)] 
« 893,000(0.2163) « $193,156 
Note: Using a graphing utility you obtain $193,183. 

76. The curves intersect at the point where the slope of y 2 equals that of y , , 1. 


y 2 = 0.08.r 2 + k => y 2 = 0.16, = 1 => x = — = 6.25 

.16 


(a) The value of k is given by 

Ti = A 

6.25 = (0.08)(6.25) 2 + k 
k = 3.125. 


■f 


(b) Area = 2 (y 2 — dx 


J -6.25 


= 2 (0.08, 2 + 3.125 — x) dx 


= 2 


o 

0.08, 3 


3 +3.125,-- 


6.25 

0 


= 2(6.510417) « 13.02083 



r / 1 \ 2 ~ 


/1\ 2 ] 

« 6.031 - 2 

_ ^ V 16/ _ 

- 2 

HsJj 


5.908 


(b) V = 2A « 2(5.908) « 11.816 m 3 


(c) 5000V « 5000(11.816) = 59,082 pounds 


80. True 
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Section 6.2 Volume: The Disk Method 


■f 


2. V = 77 | (4 — x 2 ) 2 dx — 7r ^ (x 4 — 8x 2 + 16) dx = ir| 

Jo 

4. V = 77 1 ( /9 — x 2 ) 2 dx = 77 J (9 — x 2 ) dx 


8x 3 


+ 16x 


2 _ 25677 
o ~~ 15 


6. 2 = 4- 


V = 77 


2V2 


4 — j) -(2) 2 


dx 



X 3 

3 

oo 

II 

ON 

1 

rljT. 

X 4 

77 

9x - — 

= 1877 

— 277 | 

—r — 2x 2 +12 


3 

0 

II 

OO 

Jo 

L 16 J 


dx 


= +2V2 


= 277 


= 277 


x 5 2x 3 

80“T +12x . 

128 V2 32/2 


2 V 2 

0 


80 


+ 24/2 


448 y/2 
15 


77 « 132.69 


8. >’ = yi6 — . 


x = /l6 — y 2 


V = 77 (/l6 — y 2 )" dy = tt (16 — y 2 ) dy 

Jo Jo 


16y - \ 


4 = 12877 
0 3 


12 . y = 2x 2 , y = 0, x = 2 
(a) R{ v) = 2, r(y) = Jyjl 

y 


V = 77 4 — = I dy = 77i 4y — 


= 1677 


y 



V = 77 [64 — (64 — 32x 2 + 4x 4 )] dx 


(32x 2 — 4x 4 ) dx = 477 (8x 2 — x 4 ) dx 


= 477 


89677 

15 


.v 



10. V=77 (— y 2 + 4y) 2 dy 



8v 3 + 16v 2 ) dy 



2y 4 + 


16/1 4 
3 Ji 


45977 = 15377 
15 5 


(b) R(x) = 2x 2 , r(x ) = 0 


'2 

V = 77 4x 4 dx = 77 

~4x 5 ~ 

Jo 

5 
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14 . y — 6 — 2x — x 2 , y = x + 6 intersect at (—3, 3) and (0. 6). 

(a) R(x) = 6 — 2x — x 2 , rip) = x + 6 (b) /?(.*) = (6 — 2x — x 2 ) — 3, r(x ) = (* + 6) — 3 


V = tt\ [(6 — 2x — x 2 ) 2 — (* + 6) 2 ] dx 


( x 4 + 4x 3 — 9x 2 — 36x) dx 


V = tt\ [(3 — 2x — x 2 ) 2 — (x + 3) 2 ] dx 


(.T 4 + 4x 3 — 3x 2 — 18x) dx 


-v5 + - 3*3 - 18* 2 


0 = 243 7T 
-3 5 


= 7Jj- -X 5 + X 4 - X 3 — 9x 2 


0 = 10877 
-3 5 




18 . R(x) = 4, r(x ) = 4 — sec x 

f w/3 

V = 7T [(4) 2 - (4 - secx) 2 ] dx 


= 77 (8 sec x — sec 2 x) dx 


7r/3 

= 77 8 In | sec x + tan x\ — tan x 
= tt [(8 in| 2 + 73 I - 73) - (8 ln| 1 + 0 | - o )] 

= tt[ 8 ln(2 + 73 ) - 73] « 27.66 
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y 



7t/2 

34. V = 77 I [cos x] 1 dx ~ 2.4674 
Jo 


36. V = i t [ln.v] 2 dx ~ 3.2332 


y 



38. V = 7 r [2 arctan (0.2.x)] 2 dx 


15.4115 



' d 

or V = A(y) dy 



a < c < b. 


46. ^(.r) = jx, r(x) = 0 
h 


f h r 2 

V = 7T | T^.t 2 dx 
It 2 


3h 2 ' 


= —h 3 = — Ttr 2 h 
3h 2 3 


y 
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V = irj (7*) 2 dx = wj x dx — = 87 


Let 0 < c < 4 and set 


77 x dx = 


17 X 2 c 
2 _ o 


c = 7 8 = 2v/2 

Thus, when * = 2 72, the solid is divided into two 
parts of equal volume. 


(b) Set 17 x dx = — (one third of the volume). Then 
Jo 3 


77 C 677 


4 473 


2 3 3 ’ C 73 3 


To find the other value, set 17 1 x dx = — — (two thirds 
of the volume). Then 


ird 2 I677 , 32 732 4 76 

~T = ^-' d = r d= 77 = ^' 

The x- values that divide the solid into three parts of equal 
volume are* = (473)/3 and* = (476)/3. 



54 . (a) First find where y = h intersects the parabola: 

* 2 

h — 4 - 

4 

*’ = 16 — 4b = 4(4 — b) 
x = 274 — b 



* 5 ?* 3 hx 3 I 4 

= 17 — — — — I — - — f b 2 x — 8 bx + 16 * 

80 3 o Jo 

64 128 32, ,,, 1 I", 64, 512~ 

= 17 — — I - —b + 4b 2 — 32 b + 64 =17 4b —b H — — 



—CONTINUED— 
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r 10 

56. (a) V = I 7r[/(jr)] 2 r/jr 

Jo 

Simpson’s Rule: b — a = 10 — 0 = 10, n = 10 

V = j [(2.1) 2 + 4(1. 9) 2 + 2(2. l) 2 + 4(2. 35) 2 + 2(2.6) 2 + 4(2.85) 2 + 2(2.9) 2 + 4(2.7) 2 + 2(2.45) 2 + 4(2.2) 2 + (2.3) 2 ] 


« y[l78.405] « 186.83 cm 3 

(b) f(x) = 0.00249.r 4 - 0.0529.T 3 + 0.3314.V 2 - 0.4999.Y + 2.112 



'10 

(c) V ~ 7 rf(x) 2 dx ~ 186.35 cm 3 

Jo 


58. V = |(10)(2)(3) = 30 m 3 



—CONTINUED— 
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60. —CONTINUED— 



62. The cross sections are squares. By symmetry, we can set 
up an integral for an eighth of the volume and multiply 
by 8. 

A(y) = b 2 = 

V = 8 I (r 2 - y 2 ) dy 

Jo 

= 8 r 2 y - ^-y 3 

3 Jo 




= | tt(R 2 - r 2 yi 2 


66. (a) When a = 1: |jr| + |y| = 1 represents a square. 

When a = 2: \x\ 2 + |y| 2 = 1 represents a circle. 

(b) |y| = (1 - |.r|“) 1 /- 

A = 2 J (1 - \x\ a )V a dx = 4 J (1 - x a )'/ a dx 

To approximate the volume of the solid, form n slices, each of whose area is 
approximated by the integral above. Then sum the volumes of these n slices. 
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Section 6.3 Volume: The Shell Method 


^3 

II 

4. p(x) = y 

h(x) — 1 — x 

/i(y) = 8 — (y 2 + 4) = 

V = 277 f y(l — x) dx 

•7 

II 

to 

4 

% 

1 

sx 

Jo 

Jo 

fl r 2 ,,311 _ 

r 2 

= 277 j (y - y 2 ) dx = 2tt — — = ^ 

Jo L2 3 Jo 3 

= 277 (4y — y 3 ) dx 

Jo 


T r 4 1 2 

= 277 2y 2 — — = 1 

L 4 Jo 




14 . p(y) = -y (p(y) >0 on [-2,0]) 
h(y) = 4 — (2 — y)=2 + y 


V = 2ttJ (~y)(2 + y) dy 
— 2 tt [ (-2 y-y 2 )dy 



16 . p(y) = y 

h(y) = 16 — y 2 

V = 2tt \ y(16 — y 2 ) dy 

Jo 

= 2tt \ (16y — y 3 ) dy 

Jo 



= 24128 - 64] = 128tt 
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18. p(x) — 2 — x 

h(x) = 4x — x 2 — x 2 = 4x — lx 2 

V = 2t t f (2 — x)(4x — 2x 2 ) dx 

Jo 

= 2tt [ (8.v — 8.v 2 + 2x 3 ) dx 





20. p(x) — 6 — x 
h(x) = yjc 

V = 2tt f (6 — x) s/x dx 

Jo 

= 2t t f ( 6-v 1 / 2 — x 3 / 2 ) dx 

Jo 



22. (a) Disk 



100 200] 5 _ 1904 

3* 3 a J, 15 17 
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26. (a) 





a < c < b 


'4 

28. 2 tt- 

Jo 



dx 


represents the volume of the solid generated by revolving 
the region bounded by y = y/2, y = 0, and x = 4 about 
the v-axis by using the Shell Method. 


•2 

77- [16 - (2 y) 2 ]dy 

JO 


71 [(4) 2 - (2v) 2 ] dy 

Jo 


represents this same volume by using the Disk Method. 


y 




f 1 

(b) V = 2 7i xjl - x 3 dx « 2.3222 

Jo 


32. (a) 

4 -- 
3 -- 
2 -- 




(b) V = 2 tt 


f 3 

.i T 


2x 

+ e 1 /- 1 ' 


i/.y « 19.0162 


34. y = tan x, y = 0, x = 0, x = — 
Volume ~ 1 
Matches (e) 


y 



36. Total volume of the hemisphere is ^(f) 7ir 3 = 37i(3) 3 = 18n. By the Shell Method, p(x) — x, h(x) = J9 — x 2 . 


Find Xn such that 


671 = 2n x j9 — x 2 dx 

Jo 

6 = — [ (9 - y 2 ) 1/2 (— 2x) dx 


-f (9 - y 2 ) 3 / 2 


= 18 - f (9 - y 0 2 ) 3 / 2 
0 3 


(9 ~ y 0 2 ) 3 / 2 = 18 



= J9 - 18 2/3 « 1.460. 


Diameter: 2^9^!^ « 2.920 
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38. V = 4 77 (R — x)Vr 2 — x 2 clx 


= 47 tR - Jr 2 — x 2 dx — 4tt xjr 2 — x 2 dx 


'r 

J —I 


= 4i tR 
= 2 Ti 2 r 2 R 


irr 


2tt(- )(r 2 - * 2 ) 3/2 


40. (a) Area region = I [ ab n — ax ,f \ dx 


ab" x — a 


n + 1 


= ab" +l - a 


n + 1 


= ab n+l \ 1 t — 7) = ab n+ ^ 


n + 1 


n + 1 


ab” 


RM ) = 


n 

n + 1 


(b) lim R x (n ) = lim 


(ab”)b n + 1 

n 


n-»oo 17+1 


= 1 


lim ( ab")b = oo 

n — »oo 


(c) Disk Method: 


V = 27 r x (ab" — ax”) dx 


= 277(7 


= 277(7 


rh 


(xb n - 

- x" +1 )< 

1 0 


~b n 

x” +1 T 

.2* " 

n + 2 J, 

b n ^ 

b n ^ 


n + 2_ 


= mb" 


n + 2 


TTClb" 


R 2 (n) = 


n 

n + 2 


{Trb 2 )(ab”) \n + 2) 

(d) lim R 2 (n) = lim ( ” ) = 1 

n — >oo n— >oo \/7 "T Z / 

lim (Trb 2 )(ab") — OO 

«— » oo 

(e) As n — > oo, the graph approaches the line x = 1. 


42. (a) V = 277 f x/(x) 

Jo 

- 2 [0 + 4(10) (45) + 2(20)(40) + 4(30)(20) + 0] 

= -^-[5800] ~ 121,475 cubic feet 
(b) Top line: y - 50 = ^ _ 5 q ° (jc - 0) = => y = + 50 


Bottom line: y — 40 = ^ — -^(x ~ = _ ^(- X ~ ^ y = — 2x + 80 

V = 277 J xi^ — ^x + 50 j dx + 277 J x(— 2x + 80) dx 


= 277 


r-° / i \ r 

I — — x 2 + 50.r I dx + 277 (— 2x 2 + 80x) dx 

Jo V 2 ) J 2 


'40 

20 



X 3 , 

20 

2x 3 , 

277 

— — + 25x 2 
6 

+ 277 

0 

— — + 40x 2 


= 277 


26,000 


+ 277 


32,000 


121.475 cubic feet 


(Note that Simpson's Rule is exact for this problem.) 
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Section 6.4 Arc Length and Surfaces of Revolution 


2. (1, 2), (7, 10) 

(a) d = V(7 - l) 2 + (10 - 2) 2 = 10 

4 2 

(b) " = 3* + 3 



4. y = 2jC 3 / 2 + 3 
y'= 3x x ’ 2 , [0, 9] 

s = f J\ + 9x dx 

Jo 


^(1 + 9*) 3/2 7 

Jo 

^-(82 3 / 2 - 1) = 54.929 


6. y — |x 2 / 3 + 4 
y ' = j: -1 / 3 , [1, 27] 



| • |(.* 2 / 3 + l ) 3 / 2 


= IO 3 / 2 - 2 3 / 2 « 28.794 


8 . 


x 5 1 

• V “ 10 + 6? 



1 

2x 4 


1 + (/)> ^ + 2jY 


,[ 1 , 2 ] 


'b 

s = Jl + {y') 2 dx 



n . 5 _ j_i 2 

JO* 6.v 3 _ 1 


779 

240 


« 3.246 


10 . 


y = f(e x + e x ) 


y' = 2 ^ - e r )- [°> 2] 


1 + (y') 2 = 


(e A + e x ) 


, [0, 2] 



-(e x + e~ x ) 


(e x + e x ) dx 


dx 




2 = Ue 2 - 1 


0 2 


— « 3.627 


12. (a) >> = x 2 + x — 2, —2 < x < 1 


(b) >-' = 2x + 1 

1 + (yV = 1 + 4.v 2 + 4x + 1 


L = J V2 + 4.t + 4,v 2 dx 


(c) L « 5.653 


14. (a) >' = , 0 < jc < 1 

1 + x 


.V] 

1 1 1 
| y= xTl| 




(b) / = 

1 + (y') 2 = 1 + 

L = 


1 


(1 + x) 2 

1 


(c) L = 1.132 


(1 + *) 4 



1 + 


(1 + xY 


dx 
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16. (a) y = cos x, — y < x < y 



(b) y' = —sin x 

1 + ( y O 2 = 1 + sin 2 x 

fir/ 2 


L = I v/l + sin 2 x dx 

J — 7 t /2 


(c) 3.820 


18. (a) y = In x, 1 < x < 5 


(b) 


y = 


(c) L « 4.367 


1 + (y ') 2 = 1+4 


L = 



1 H r dx 

X 2 


20. (a) x = 436 - y 2 , 0 < y < 3 

y = 436 — x 2 , 3 V3 < x < 6 


(b) J y = f (36 - y 2 ) _1 /2(_ 2 y) 


-y 


v/36 - y 2 



y 


36 - y 2 


r 3 

Jo 


436 - y 


-rfy 


(c) L ~ 3.142 ( 77 !) 


Alternatively, you can convert to a function of x. 


y = 436 — x 2 


y' = $ = 


dx v/36 - x 2 
■6 


'6 t 2 r 6 

L = / 1 + — — — , <7x = 

J 3 V 3 * 36 — x- J 3 V 3 


v/36 — x ; 


dx 


Although this integral is undefined at x = 0, a graphing utility still gives L ~ 3.142. 


22 . 


1 + 


dx 


(tan x) 


dx 


s ~ 1 

Matches (e) 


y 



24. f(x) = (x 2 - 4) 2 , [0, 4] 

(a) d = 4(4 - 0) 2 + (144 - 16) 2 « 128.062 

(b) d = 4(1 - 0) 2 + (9 - 16) 2 + 4(2 - l) 2 + (0 - 9) 2 + 4(3 - 2) 2 + (25 - 0) 2 + 4(4 - 3) 2 + (144 - 25) 2 

« 160.151 

(c) j = [ 4l + [4x(x 2 - 4)] 2 dx « 159.087 

Jo 

(d) 160.287 
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26. Let v = In x, 1 < * < e, y' = — and L l = 



1 H r dx. 

*- 


dx n , r> , 

Equivalently, x = e y , 0 < y < 1 , — = e y , and L n = Vl + e 2y dy = Vl + e 2x d*. 

dy ~ Jo Jo 


Numerically, both integrals yield L = 2.0035 


28. 


y = 31 — 10(<V 20 + e X I 20 ) 


y' = -^(<V 20 - e~ x ' 20 ) 


1 + (y') 2 = 1 + ~{e x/w - 2 + e~ x/w ) = 


i( g A/20 + e -x/20) 


-20 
20 


(e*/ 20 + e~ x ' 20 ) 


(i e x /2° + e x ' 20 ) dx = 


dx 


10( e A/2° _ c -x/20) 


= 20 c - - 

-20 V c 


47 ft 


Thus, there are 100(47) = 4700 square feet of roofing on the bam. 


30. y = 693.8597 - 68.7672 cosh 0.0100333* 
y'= -0.6899619478 sinh 0.0100333* 

(•299.2239 


i=| Vl + (—0.6899619478 sinh 0.0100333*) 2 dx ~ 1480 

-299.2239 

(Use Simpson’s Rule with n = 100 or a graphing utility.) 


32. 


= V25 - . 


34. y = ijx 


y = 


1 + (y') 2 = 


-t 

-l 


V25 - 3 
25 

25 - * 2 

4 


25 


25 — * 2 
5 


dx 


- 3 V25 - * 2 

*3 4 

5 arcsin — 


c/* 


y' = —7=, [4, 9] 


S = 277 2-y/x-/ 1 H — dx 


— An t Jx + 1 dx 


= — 7r(* + 1) 3/2 

= f(l0 3 / 2 - 5 3 / 2 ) = 171.258 


= 5 


.4 . / 3 

arcsin — — arcsin \ — — 


7.8540 


1 


[2tt(5)] « 7.8540 = 5 
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36 . 


y = 


i + (y') 2 = 4. [ 0 , 6] 


s = 2tt I fyjfdx 


'0 

2ttJ5 


= 9^5 ■ 


38. y = 9 - x 2 , [0, 3] 
y' = — 2x 


S = 2tt\ xj 1 + 4x 2 dx 

Jo 

= jf (1 + 4x 2 ) l/2 (8x) zf* 
4 Jo 


-f(l + 4x 2 ) 3 / 2 
6 


= — (37 3 / 2 - 1) « 117.319 
6 


40. y = lnx 

, 1 


y 


X 2 + 1 


1 + (y') 2 = ^rAD, e ] 


X 2 + 1 


5 = 277 I x_ / 2 — dx 

x 2 


= 2tt Vx 2 + 1 dx « 22.943 


42. The precalculus formula is the distance formula between 
two points. The representative element is 


^(Ax,.) 2 + (Ay,.) 2 = 




Axi. 


44. The surface of revolution given by f x will be larger. r(x) is larger for f l . 


46. y = Jr 2 — 


1 + (y') 2 = 


Jr 2 — x 2 
„2 


S = 2ir s/r 2 — x 2 


r f/x 


= 2 77- J r dx = 


2rrrx 


= 477-r 2 


48. From Exercise 47 we have: 
rx 


S = 2tt- 


Jo 


>/r 2 — 


= dx 


— 2x dx 
Jr 2 — x 2 


— Irirjr 2 — x 2 


= 2r 2 7r — 2rTrJr 2 — a 2 
= 2r7r(r — x/r 2 — a 2 ) 

= 2irrh (where h is the height of the zone) 
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50. (a) We approximate the volume by summing 6 disks of thickness 3 and circumference C, equal to the average of the given 
circumferences: 

6 6 / f' \2 o 6 

= _3_ ^ 50 + 65.5 V + ^ 65.5 + 70 \ 2 + ^ 70 + 66 J + ^ 66 + 58 J + ^ 58 + 51 \ 2 + ^ 51 + 48 j r 

= -^-[57.75 2 + 67. 75 2 + 68 2 + 62 2 + 54.5 2 + 49.5 2 ] 

47 T 

— — [2 1 8 1 3.625] = 5207.62 cubic inches 
4 tt 

(b) The lateral surface area of a frustum of a right circular cone is 7 ts(R + r). For the first frustum. 



= 224.30 + 208.96 + 208.54 + 202.06 + 174.41 + 150.37 
= 1168.64 

f 18 

(c) r = 0.00401>’ 3 — 0.1416y 2 + 1.232y + 7.943 (d) V = nr 2 dy ~ 5275.9 cubic inches 

Jo 



52. Individual project, see Exercise 50, 51. 



(c) You cannot evaluate this definite integral, since the integrand is not defined at x = 3. Simpson’s Rule will not work for the 
same reason. Also, the integrand does not have an elementary antiderivative. 


56. Essay 
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Section 6.5 Work 

2. W = Fd = (2800)(4) = 11,200 ft • lb 4 . W = Fd = [9(2000)] [] (5280)] = 47,520,000 ft • lb 


6. W = I F(x) dx is the work done by a force F moving an object along a straight line from x = a to x = b. 


8. (a) W = 6 dx = 54 ft • lbs 

Jo 

(b) W = J 20 dx + j ^ (- 10a- + 90) dx = 140 + 20 
= 160 ft • lbs 

r9 


(c) W = I ^dx= X - 


(d) W = | n/a dx = ~^x^ 2 


= 9 ft • lbs 


9 2 

= -(27) = 18 ft • lbs 
o 3 


* 10 5 

5 . 

ta dx = 

xX 2 

Jo 4 

8 


= 40 in • lb = 3.33 ft • lb 


12 . F(. x) = kx 

80 

800 = *(70) => k = y 

w = r F{X ) dx^ 

Jo J o' ' - 


= 28000 n • cm = 280 Nm 


14 . F(a) = fa 

15 = *(1) = k 


IV = 2 I 15a dx = 

Jo 

= 240 ft • lb 


15a 2 




r i/6 

kx 2 

' 1/6 

16 . IV = 

= 7.5 = 

kx 

dx = —r~ 




Jo 

2 _ 

. 0 


fS/24 


- 

5/24 

IV = 

= 

540a dx 

= 270a 2 



J 1/6 


- 

1/6 


= —=>£ = 540 
72 


= 4.21875 ft • lbs 


18 . IV = 


80,000,000 


fa = 


80,000,000 


h 

4000 


-80,000,000 

li 


+ 20,000 


lim IV = 20,000 mi/ton » 2.1 x 10 11 ft • lb 

h—¥ oo 


20 . Weight on surface of moon: ^(12) = 2 tons 

Weight varies inversely as the square of distance from the center of the moon. Therefore, 


Fix) 


k 


2 = 
k — 
W = 


(1100) 2 

2.42 x 10 6 


2.42 x 10 6 


dx = 


— 2.42 x 10 6 


1150 / 1 

= 2.42 x 10 6 — 
lioo \11UU 



~ 95.652 mi • ton ~ 1.01 x 10 9 ft • lb 
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22. The bottom half had to be pumped a greater distance then the top half. 


24. Volume of disk: 4 tt Ay 

Weight of disk: 9800(4 tt) Ay 
Distance the disk of water is moved: y 


W = y(9800)(4ir) dy = 39,20077 


= 39,200 ir(22) 

= 862,40077 newton-meters 


(2 V 

26. Volume of disk: tt! — v I Av 
Weight of disk: 62.4irf— yj Ay 


Distance: y 

(a) W=|( 

(b) W=|( 


f y 3 dy = 

1 0 


[y 3 dy = 

^(62-4)77^y 4 ) 


28. Volume of each layer: - y ^ (3) Ay = (y + 3) Ay 

Weight of each layer: 55.6 (y + 3) Ay 
Distance: 6 — y 

W = [ 55.6(6 - y)(y + 3) dy = 55.6 f (18 + 3y 

Jo Jo 

3y 2 

18y + f 


= 55.6 
= 3252.6 ft • lb 


« 110.977 ft • lb 
« 7210.77rft • lb 


- y 2 ) dy 

_ YT 

3 Jo 


y 



y 



30. Volume of layer: V = 12(2) V(25/4) — y 2 Ay 
Weight of layer: W = 42(24) 7(25/4) - y 2 Ay 




The second integral is zero since the integrand is odd and the limits of integration are symmetric to the origin. 
The first integral represents the area of a semicircle of radius f . Thus, the work is 


'19\ /5\ 2 /l\ 

W= 1008( — IttI Y) U) = 29,92577ft 


lb = 94,012.16 ft • lb. 
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32. The lower 10 feet of chain are raised 5 feet with a constant force. 
IV, = 3(10)5 = 150 ft • lb 

The top 5 feet will be raised with variable force. 

Weight of section: 3 A y 
Distance: 5 — y 


Jo 


W 2 = 3 \ (5 - y) dy = 


-|(5-v) 2 


5 75 

= -=-ft • lb 
o 2 


75 375 

W = W 1 + W, = 150 + — = ft • lb 


34. The work required to lift the chain is 337.5 ft • lb (from Exercise 31). The work required to lift the 500-pound load is 
W = (500)(15) = 7500. The work required to lift the chain with a 100-pound load attached is 

W = 337.5 + 7500 = 7837.5 ft • lbs 


36. IV = 3 (12 - 2y) dy = 


--(12 - 2y) 2 


6 3 

= — (12) 2 = 108 ft • lb 
o 4 


38. Work to pull up the ball: W 1 = 500(40) = 20,000 ft • lb 
Work to pull up the cable: force is variable 
Weight per section: 1 Ay 
Distance: 40 — x 


W 2 = 


f 


(40 — x) dx = 


— ^(40 - x) 2 


40. 


2500 = 


W = 


k = 2500 


f 3 2500 

- 

dV = 

i V 

2500 In V 


= 2500 In 3 ~ 2746.53 ft • lb 


= 800 ft • lb 

IV = W l + W 2 = 20,000 + 800 = 20,800 ft • lb 

42. (a) W = FD = (8000rr)(2) = 16,000irft • lbs 

(b) 0 + 4(20,000) + 2(22,000) + 4(15,000) + 2(10,000) + 4(5000) + 0] 
3(6) 

« 24,88.889 ft • lb 

(c) F(x) = — 1 6,261. 36* 4 + 85,295.45x 3 - 157, 738.64.x 2 + 104,386.36* - 32.4675 



(d) F(x) = 0 when x ~ 0.524 feet. F(x) is a maximum when x ~ 0.524 feet. 

(e) IV = f Fix) dx = 25,180.5 ft • lbs 


4 / x 2 i 

44. IV = I e ] dx « 1 1.494 ft • lb 
Jo \ 100 


46. W = 1000 sinh x dx « 2762.2 ft • lb 
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Section 6.6 Moments, Centers of Mass, and Centroids 

7( — 3) + 4( — 2) + 3(5) + 8(6) _ 17 12(— 6) + 1(— 4) + 6(-2) + 3(0) + 11(8) 

‘ * 7 + 4 + 3 + 8 11 ' A 12+1 + 6 + 3 + 11 


6. The center of mass is translated k units as well. 


10 . 


x = 

y = 

(x,y) = 


10(1) + 2(5) + 5(— 4) 

■ = 0 

10 + 2 + 5 

10(- 1) + 2(5) + 5(0) 

= 0 

10 + 2 + 5 

(0, 0) 

i 

6 - 
4 - 

m 3 2- 

(-4, 0) 

nir. 

(5, 5) * 

-4 -2 

-2 - 

• t»] 4 6 

- (l.-i) 


8. 200.V = 550(5 — x) (Person on left) 
200x = 2750 - 5 5 Ox 
7 5 Ox = 2750 
x = 3§ feet 
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20. m = 2 p (4 — x 2 / 3 ) dx = 2p 

Jo 

By symmetry, M and x = 0. 

r8 J4 + x 2 / 3 \ 


4x - ^x 5 ' 3 


128p 


M x = 2p 


2 j(4 - x 2/3 ) rfjf = p 


16.r — ^-x 7 / 3 


8 = 512p 
o 7 


512p ( 5 

y ~ — 


20 

7 \128pJ ' 7 




•1 


22. m = p (2y — y 2 ) dy = p 


My = P 


2y-y 


2 ,( 2 y~y 2 Uy = 2 


2 _ 4p 

o 3 

3 7 5 


2 = 8 p 

o 15 


_ 8p/ 3 


m 15 \4 pj 5 

M x = p f y(2y - y 2 ) rfy = p 

Jo 

y = K = 4p(A) = 1 


2f_)A 
3 4 


2 _ 4p 
o ~~ 3 


m 3 \4p, 

<*?>-(!• >) 


24. 


III = p J 

f [{.v + 2) - y 2 ] rfv = P 

">■ - 'J 

r [( j+2)+^ [(v+2 ) 

-l z 


f 2 n 

p 

2j 

| [(y + 2) 2 - y 4 ] r/v = - 

m 

36p / 2 \ 8 

5 \9p/ “ 5 

m ■ - "J 

f y[(y + 2) - v 2 ] dy 
-1 

-pj 

f (2y + y 2 ~ y 3 ) dy = p 
-1 



- ,v 2 ] dy 


(V + 2) 3 
3 







9p 

4 


M^ = 9pm = i 

7 w 4 \9 pj 2 



y 



y 



y 
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28. A = f — (x 2 — 4) dx = 2 f (4 — x 2 ) dx = 


8x — 


2x 3 


2 =16 


1 P if 2 

M A . = - (* 2 — 4) (4 — x 2 ) dx = —— I (x 4 — Sx 2 + 16) dx 

^ J —2 ^ t 


8* 3 


+ I6x 


2 

-2 


-2 


256 
" 15 


M v = 0 by symmetry. 


30. m = p f xe x ! 2 dx ~ 2.3760p 

Jo 

r4 J xe~ x/2 \ 


M x — p 


)(xe x ! 2 ) dx = — .r 2 <? A dx ~ 0.7619p 

'o \ 2 J 2 


i 

Jo 


M v = p x 2 e A / 2 rfx ~ 5.1732p 


o 

M v 

x = —~2.2 
m 


M 

y = — * ~ 0.3 


Therefore, the centroid is (2.2, 0.3). 

dx ~ 6.2832 p 


32. m = p 

M x = p 


• 2 

J — : 


.r 2 + 4 


1 


2\x 2 + 4/\x 2 + 4 


dx = 32 p 


1 

- 2 (* 2 + 4) 2 



(x,y) 

/ 

^ > . n . 




dx « 5.14149p 


M 

y = — - ~ 0.8 


x — 0 by symmetry. Therefore, the centroid is (0, 0.8). 


34. 


A = bh — ac 

J_ _ J_ 

A ac 


J_ 1 

ac 2 


<b v (b 

j +a ) - b) 


dy 


1 f c (2 ab 


2 ac 

1 

2ac 


-y + a 2 dy 


ab 


- y 2 + afy 


c 1 1 

= [abc + a 2 c\ = — (b + a) 

o 2 ac 2 




(*.?) = ( 


ac 

b + a c 
~2 ’ 2 


dy = 


Iz! 

c 2 


_ c 
o “ 2 



This is the point of intersection of the diagonals. 
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36 . x = 0 by symmetry 

. 1 2 
A = 2 7rr ~ 


1 


TTI- 
2 

nr 2 2 J_ 

1 


1 r r 

2 

J-r 


' dx 


7 * 3 

r A x 

r _ 1 

4r y 

L 3 J 

—r irr 2 

_ 3 _ 


4 r 
3tt 







38 . 


A = | [1 — (2* — .r 2 )] dx = — 


= 3 


f 


x = 3 x[l — (2x — x 2 )] dx = 3 I [x — 2x 2 + x 3 ] dx = 3 


— - -x 3 + — 

2 3 4 


/' 

■/' 


[1 + (2x X 2 )] ^ _ (2x _ ^ ^ = l | [-J _ (2x _ ^2)2] , /x 


/‘l 


= - I [1 - 4x 2 + 4x 3 — x 4 ] dx = - 


4 3 , 4 * 5 
* - 3 X + * - T 


1 - 1_ 

o ~~ 10 


1 

4 


(x,y) = 



40 . (a) M = 0 by symmetry 


M y = 


V5 


x(b — x 2 ") dx = 0 




because bx — x 2n + > is an odd function. 
% (b + x 2n )(b - x 2 ") 


(c) M x = 


~ — 


1 


- dx = 


! </E 


= - b 2 x — 


2 Vb 

~Vb 


= b 2 b l / 2n — 


4n + 1 

£,(4n+l)/2n 4 ^ 

4 n +1 4/7 A- 1 


'g/b 1 

~{b 2 — x 4 ") dx 

- 2 yfc 


U(4n+ l)/2 n 


A = 


2 Vb 


(. b — x 2n ) dx = 2 


= 2 




b • b x ! 2n — 


bx — 


n+ \)/2n 


In + 1 


^2n + 1 

2 n + 1 
4 n 


2 Vb 

o 


2 n + 1 


2 n + l)/ 2 n 


M r 


y = 


4n ^i 4 " +1 )/ 2 "/(4n + 1) 277 + 1 

A 4n fo (24 " + 1) / 2 "/(2n +1) 4n + 1 ' 


(b) y > 


b 

2 


because there is more area above y = 


than below. 


(d) 


n 

l 

2 

3 

4 

y 

f b 

lb 

& 

Tib 


(e) lim y = lint fp \h = pb 

n—>co ' n—>o o 4/7 +1 2 


(f) As n — > oo, the figure gets narrower. 



I (N 
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42 . Let/(.r) be the top curve, given by / + d. The bottom curve is d{x). 


X 

0 

0.5 

1.0 

1.5 

2.0 

f 

2.0 

1.93 

1.73 

1.32 

0 

d 

0.50 

0.48 

0.43 

0.33 

0 


(a) Area = 2 \f(x) — d(xj] dx 


2 3 ( 4 )[ L5 ° + 4(1 ' 45 ^ + 2 ( L30 ) + 4 (-") + °1 


= —[ 13 . 86 ] = 4.62 


M, = 


-2 


f(x) + djx) 


(fix) ~ d(x )) dx 


= \f(x) 2 ~ d(x) 2 ]dx 


= [ 3.75 + 4 ( 3 . 4945 ) + 2 ( 2 . 808 ) + 4 ( 1 . 6335 ) + 0 ] 


= 7 [ 29 . 878 ] = 4.9797 
6 

M x 4.9797 

> = -a = = L078 

(x,y) = ( 0 . 1 . 078 ) 


( b ) f(x) = — 0 . 106 1* 4 - 0 . 06126 a ' 2 + 1.9527 

d(x) = — 0 . 02648 . V 4 - 0 . 01497x 2 + .4862 
M 4.9133 


(c) 


7 A 4.59998 
(x,y) = ( 0 , 1 . 068 ) 


= 1.068 



44 . Centroids of the given regions: 



Area: A = 3 + 2 + 2 = 7 


x = 


y = 


(x,y) = 


3 ( 1 / 2 ) + 2 ( 2 ) + 2 ( 7 / 2 ) 
7 

3 ( 3 / 2 ) + 2 ( 1 / 2 ) + 2 ( 1 ) 
7 

/ 25 15 
1 14 ' 14 



25/2 = 25 
7 14 

15/2 = 15 
7 14 


y 

4 



46 . m l 




m 2 = 





By symmetry, x — 0. 

( 7 / 4 )( 7 / 16 ) + ( 287 / 64 )( 55 / 16 ) = 16,569 = 5523 
y ~ ( 7 / 4 ) + ( 287 / 64 ) “ 6384 “ 2128 

<S. v) - (o, if) - ( 0 . 2 .595) 


y 
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48. Centroids of the given regions: (3, 0) and (1, 0) 50. V = 2i tiA = 2tt(3)(47t) = 24ir 2 

Mass: 8 + 7 t 

y = 0 

8(1) + tt(3) = 8 + 3tt 

8 + T T 8 + TT 

TTT- 0 )-' 1 *-® 


52. A = 2^/x — 2 dx = — (x — 2) 3 / 2 


6 _ 32 
J2 3 


M y = 


-6 C6 

(x)2^/x — 2 dx = 2 x^/x — 2 dx 

J 2 J 2 


Let u — x — 2,x = u + 2, du = dx: 


M y = 


2 ( u + 2) sfu du = 2 (i< 3 / 2 + 2m 1 / 2 ) du = 2 

Jo Jo 


2 4 

-M 5 / 2 H M 3 / 2 

5 3 


64 32 

5 + 3 


704 

15 


= 2 

M y _ 704/15 _ 22 
~A ~ 32/3 _ T 

22 


V = 2ttM = 2tt 


22 V 32 \ 140877- 


15 


5 /V 3 


294.89 





54. A planar lamina is a thin flat plate of constant density. The center of mass (x, >’) 
is the balancing point on the lamina. 


56. Let R be a region in a plane and let L be a line such that L does not intersect the interior 
of R. If r is the distance between the centroid of R and L, then the volume V of the solid 
of revolution formed by revolving R about L is 

V = 2mA 

where A is the area of R. 


58. The centroid of the circle is (1, 0). The distance traveled by the centroid is 2tt. The arc length of the circle is also 277. 
Therefore, S = {2tt)(2tt) = 47T 2 . 
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Section 6.7 Fluid Pressure and Fluid Force 

2. F = PA = [62.4(5)](16) = 4992 lb 4. F = 62 Ah + 4)(48) - (62.4)(/i)(48) 


= 62.4(4)(48) = 11,980.81b 

6. h(y) = 3 - y 8. /;(>•) = -y 




12- /t(y) = (l + 375) - y 
L[(y) = 2y (lower part) 

L 2 (y) = 2(3 72 - y) (upper part) 


" r 3 V 2/2 (-372 

= 2(9800) (l + 372 - y)y dy + I (l + 372 - y)(372 - y) dy 

Jo J 3 V 2/2 

[y 2 /- -y3~|3>/2/2 ^3 672 + 1 3v ^ 

= 19,600 7- 372y-=- + 372y + 18y + ^ v 

J- 2 3J 0 [ 3 2 J 3V2/2 _ 


4 4 


= 44.100(3 72 + 2) Newtons 
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14 . h(y) = 6 — y 
L{y) = 1 

F = 9800 1(6 - y) dy 

Jo 

= 9800 Tby - ^-1 = 171,500 Newtons 




18. h(y) = -y 
ill 1 ) = 5 + |y 

F = 140.7 | ^ (-y)(s + |y) rfv 
= 140.7 J 3 (-5y-|y 2 )rfy 

'5 5 1° 

= 140.7^ — -y 2 — -y 3 J ^ 

= 140.7 — - 15 = 1055.25 lb 

L 2 J 

20. /z(y) = | - y 

L(y) = 2(|)y9^4? 

fV2 /, \ (-3/2 2] p/2 

F = 42 I P-y V9 - 4v 2 dy = 63 79 -4 y 2 dy + =- 79 - 4v 2 (~8y)dv 

J— 3/2 / J —3/2 4 J — 3/2 

The second integral is zero since it is an odd function and the limits of integration are symmetric to the origin. 

3 

The first integral is twice the area of a semicircle of radius y. 

(79 - 4y 2 = 27(9/4) - y 2 ) 

Thus, the force is 63 ( 577 ) = 141.7577 ~ 445.32 lb. 

24 . (a) F = wkhb = (62.4)f^-j(3)(5) = 5148 lbs 



22. (a) F = wkirr 1 = (62.4)(7)(7r2 2 ) = 1747.277 lbs 
(b) F = wkitr- = (62.4)(5)(t 73 2 ) = 280877 lbs 


(b) F = wkhb = (62.4)^— J(5)(10) = 10,608 lbs 
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32. Fluid pressure is the force per unit of area exerted by a 34. The left window experiences the greater fluid force 

fluid over the surface of a body. because its centroid is lower. 


Review Exercises for Chapter 6 
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18 . 


f 

Jo 


A = 2 dx + 



Jx — 1 dx 


x = y 2 + 1 

A = f (y 2 + 1) dy 

Jo 


1 , 

v + y 


u 

3 


y 



20 . (a) Rft) = 5.2834(1.2701)' = 5.2834 e 0 - 2391 ' 




(c) Disk 




(b) R 2 (t) = 10 + 5.28 e 0 - 2 ' 


Difference = 



R 2 (?)] dt ~ 171.25 billion dollars 


(b) Shell 


V = 2tt\ (2 - y)y 2 dy 


= 2 it (2y 2 - y 3 ) dy 


— 2t t 


2 3 1 4 

3 y “ 4' V 


2 _ 877 

o 3 


y 



(d) Disk 


■1 


V = 7!- [(y 2 + l) 2 - l 2 ] dy 


(y 4 + 2y 2 ) dy 


— tr\ 




\16tt 

15 


y 
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24. (a) Shell 


(b) Disk 


V = 4tt I (x)~ s/a 2 — x 2 dx 


o 

— 2nb 
a 


■P 

Jo ‘ 


i i 2 

V = 2-tt | — ( a 2 - x 2 ) dx 


f 


(a 2 — x 2 )^ 2 (— 2x) dx 


2n b 2 


a 2 x x 3 

3 


— Airb 
3 a 


(a 2 - x 2 ) 2 ' 2 


4 

= — 7 ra 2 b 
o 3 


= ^7 rab 2 




26. Disk 

V=2tt 


f 

1 

Jo 

_ y/ 1 + X 2 _ 


dx 


2 it arctan x 


= 2 - 77-1 ^ — 0 


77“ 

~2 


y 



30. (a) Disk 

V = 77 f x 2 (x + 1) dx 



28. Disk 


V = 77 (e x ) 2 dx 






(b) Shell 

u = sjx + 1 
x — u 2 1 
dx = 2 u du 


V=2tt 

L 

= 477 

f ( 


Jo 

= 477 

f ( 


Jo 

= 477 

1 

. 7 “ 


2 s/x + 1 dx 
2 — 1 ) 2 u 2 du 
6 — 2z< 4 + u 2 ) du 


K37 


3277 

105 
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32. A(x) = ^ bh = ^{2Va 2 — * 2 )(y3 Jar — x 2 ) 
= V3 (a 2 — x 2 ) 


V = 



x 2 ) dx 




Since (4^3 a 3 )/ 3 = 10, we have a 3 = (5 ~/3)/2. Thus, 


a = 



1.630 meters. 



34. 


* 3 + 1 
y = J + Zc 


, 1 2 1 
y = r T “ 


2* 2 


1 + W - (V + 2?)’ 



i 3 _ n 3 

_6 X 2x\ i 


14 

3 


36. Since /(v) = tan x has f'(x) — sec 2 .*, this integral 

represents the length of the graph of tan * from * = 0 to 
* = tt/ 4. This length is a little over 1 unit. Answers (b). 


38. y = 2 ~Jx 


y' = 


l 

Vx 


i + ( y y- = i + ^ 


* + 1 
* 


s = 



Jx + 1 dx 


40. F = kx 


42. We know that 


50 = k( 9) =* * = y 


p 50 
F = -* 


' 9 50 

25 . 

—xdx = 

— X 2 

Jo 9 

9 


= 225 in • lb = 18.75 ft • lb 


dV _ 4 gal/min — 12 gal/min 
~dt ~ 7.481 gal/ft 3 

V = irr 2 h = 


c/E _ 7r / dh 
dt 9 \dt 


7.481 


ft 3 /min 


dh = 9 fdV\ = 9/ 

dt 7 T\dt) 7t \ 


3.064 ft/min. 


49 minutes 


7.48 1 y 

Depth of water: — 3.064f + 150 
Time to drain well: t = 

3.064 

(49)(12) = 588 gallons pumped 
Volume of water pumped in Exercise 41: 391.7 gallons 
391.7 


527 r 


588 

XI T 


_ 588(52) 

391.7 78 


Work ~ 787rft • ton 
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44 . (a) Weight of section of cable: 4 Ax 
Distance: 200 — x 


W = 4 (200 - x) dx = 


-2(200 - x) 2 


= 80.000 ft - lb = 40 ft • ton 


(b) Work to move 300 pounds 200 feet vertically: 200(300) = 60,000 ft • lb = 30 ft • ton 
Total work = work for drawing up the cable + work of lifting the load 
= 40 ft • ton + 30 ft • ton = 70 ft • ton 


'h 

Ja 


46 . W= | Fix) dx 
Fix) = 


— (2/9)x + 6, 0 < x < 9 

— (4/3)* +16, 9 < x < 12 


W = 


— -x + 6 ] dx + 


— —x + 16 ] dx 


1 , 

9 

2 , 

— -x 2 + 6x 

+ 

— -x 2 + 16x 

L 9 J 

0 

L 3 J 


= (-9 + 54) + (-96 + 192 + 54 - 144) = 51 ft • lbs 


48 . A 

J_ 

A 

x 


y 


(x,y) 


[{2x + 3) 


x 2 ] dx 


x 2 + 3x — 



32 

3 


32 


32 


/: 


XX x(2x + 3 - x 2 ) dx = XX I (3x + lx 2 - x 3 ) dx = — 


32 


32 


3 2 

—x 2 + -x 3 
2 X 3 


[(2* + 3) 2 — x 4 ] dx = 77 | (9 + 12x + Ax 1 — x 4 ) dx 


3 

64 


4 1 

9x + 6x 2 + -x 3 - -x 5 


3 

-l 


64 

17 


If 


17 


3 

= 1 

-1 


y 
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32. Fluid pressure is the force per unit of area exerted by a 34. The left window experiences the greater fluid force 

fluid over the surface of a body. because its centroid is lower. 
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18 . 


f 

Jo 


A = 2 dx + 



Jx — 1 dx 


x = y 2 + 1 

A = f (y 2 + 1) dy 

Jo 


1 , 

v + y 


u 

3 


y 



20 . (a) Rft) = 5.2834(1.2701)' = 5.2834 e 0 - 2391 ' 




(c) Disk 




(b) R 2 (t) = 10 + 5.28 e 0 - 2 ' 


Difference = 



R 2 (?)] dt ~ 171.25 billion dollars 


(b) Shell 


V = 2tt\ (2 - y)y 2 dy 


= 2 it (2y 2 - y 3 ) dy 


— 2t t 


2 3 1 4 

3 y “ 4' V 


2 _ 877 

o 3 


y 



(d) Disk 


■1 


V = 7!- [(y 2 + l) 2 - l 2 ] dy 


(y 4 + 2y 2 ) dy 


— tr\ 




\16tt 

15 


y 
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24. (a) Shell 


(b) Disk 


V = 4tt I (x)~ s/a 2 — x 2 dx 


o 

— 2nb 
a 


■P 

Jo ‘ 


i i 2 

V = 2-tt | — ( a 2 - x 2 ) dx 


f 


(a 2 — x 2 )^ 2 (— 2x) dx 


2n b 2 


a 2 x x 3 

3 


— Airb 
3 a 


(a 2 - x 2 ) 2 ' 2 


4 

= — 7 ra 2 b 
o 3 


= ^7 rab 2 




26. Disk 

V=2tt 


f 

1 

Jo 

_ y/ 1 + X 2 _ 


dx 


2 it arctan x 


= 2 - 77-1 ^ — 0 


77“ 

~2 


y 



30. (a) Disk 

V = 77 f x 2 (x + 1) dx 



28. Disk 


V = 77 (e x ) 2 dx 






(b) Shell 

u = sjx + 1 
x — u 2 1 
dx = 2 u du 


V=2tt 

L 

= 477 

f ( 


Jo 

= 477 

f ( 


Jo 

= 477 

1 

. 7 “ 


2 s/x + 1 dx 
2 — 1 ) 2 u 2 du 
6 — 2z< 4 + u 2 ) du 


K37 


3277 

105 
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32. A(x) = ^ bh = ^{2Va 2 — * 2 )(y3 Jar — x 2 ) 
= V3 (a 2 — x 2 ) 


V = 



x 2 ) dx 




Since (4^3 a 3 )/ 3 = 10, we have a 3 = (5 ~/3)/2. Thus, 


a = 



1.630 meters. 



34. 


* 3 + 1 
y = J + Zc 


, 1 2 1 
y = r T “ 


2* 2 


1 + W - (V + 2?)’ 



i 3 _ n 3 

_6 X 2x\ i 


14 

3 


36. Since /(v) = tan x has f'(x) — sec 2 .*, this integral 

represents the length of the graph of tan * from * = 0 to 
* = tt/ 4. This length is a little over 1 unit. Answers (b). 


38. y = 2 ~Jx 


y' = 


l 

Vx 


i + ( y y- = i + ^ 


* + 1 
* 


s = 



Jx + 1 dx 


40. F = kx 


42. We know that 


50 = k( 9) =* * = y 


p 50 
F = -* 


' 9 50 

25 . 

—xdx = 

— X 2 

Jo 9 

9 


= 225 in • lb = 18.75 ft • lb 


dV _ 4 gal/min — 12 gal/min 
~dt ~ 7.481 gal/ft 3 

V = irr 2 h = 


c/E _ 7r / dh 
dt 9 \dt 


7.481 


ft 3 /min 


dh = 9 fdV\ = 9/ 

dt 7 T\dt) 7t \ 


3.064 ft/min. 


49 minutes 


7.48 1 y 

Depth of water: — 3.064f + 150 
Time to drain well: t = 

3.064 

(49)(12) = 588 gallons pumped 
Volume of water pumped in Exercise 41: 391.7 gallons 
391.7 


527 r 


588 

XI T 


_ 588(52) 

391.7 78 


Work ~ 787rft • ton 
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44 . (a) Weight of section of cable: 4 Ax 
Distance: 200 — x 


W = 4 (200 - x) dx = 


-2(200 - x) 2 


= 80.000 ft - lb = 40 ft • ton 


(b) Work to move 300 pounds 200 feet vertically: 200(300) = 60,000 ft • lb = 30 ft • ton 
Total work = work for drawing up the cable + work of lifting the load 
= 40 ft • ton + 30 ft • ton = 70 ft • ton 


'h 

Ja 


46 . W= | Fix) dx 
Fix) = 


— (2/9)x + 6, 0 < x < 9 

— (4/3)* +16, 9 < x < 12 


W = 


— -x + 6 ] dx + 


— —x + 16 ] dx 


1 , 

9 

2 , 

— -x 2 + 6x 

+ 

— -x 2 + 16x 

L 9 J 

0 

L 3 J 


= (-9 + 54) + (-96 + 192 + 54 - 144) = 51 ft • lbs 


48 . A 

J_ 

A 

x 


y 


(x,y) 


[{2x + 3) 


x 2 ] dx 


x 2 + 3x — 



32 

3 


32 


32 


/: 


XX x(2x + 3 - x 2 ) dx = XX I (3x + lx 2 - x 3 ) dx = — 


32 


32 


3 2 

—x 2 + -x 3 
2 X 3 


[(2* + 3) 2 — x 4 ] dx = 77 | (9 + 12x + Ax 1 — x 4 ) dx 


3 

64 


4 1 

9x + 6x 2 + -x 3 - -x 5 


3 

-l 


64 

17 


If 


17 


3 

= 1 

-1 


y 
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52. Wall at shallow end: 
rs 


F = 62.4 >-(20) dy = 

Jo 

Wall at deep end: 


-n 

2.4 

Jo 


F = 62.4 | >(20) dy = 

Side wall: 


(1248)^ 


(624) > 2 


= 15,600 lb 


= 62,400 lb 


'5 

F, = 62.4 

Jo 


>(40) dy = 


(1248)> 2 


= 31,2001b 


F 2 = 62.4 [ (10 - >)8> dy = 62.4 [ (80> - 8> 2 ) dy 


F = F 1 + F 2 = 72,800 lb 


y 



54. F = 62.4(16it) 5 = 49927rlb 


Problem Solving for Chapter 6 


2. R = x(l — .r) dx = 


f = 1 _ 1 = 1 

> Jo 2 3 6 


.2 3. 

Let (c, me) be the intersection of the line and the parabola. 
Then, me = c(l — c) => m = 1 — c or c = 1 — m. 

f 1 -m 

( x — x 2 — mx) dx 


i/n 

2 \ 6 / 


12 


x - jr 

— — m— 

2 3 2 


1 — m 
0 


(1 — m) 2 (1 — m) 3 (1 — m) 2 

— m~ 


2 3 2 

1 = 6(1 — m) 2 — 4(1 — m) 3 — 6m(l — m) 2 
= (1 — m) 2 (6 — 4(1 — m) — 6m) 

= (1 — m) 2 ( 2 — 2m) 

\ = (1 - '«) 3 


iy/3 


= 1 — m 


/1\ 1/3 

m = 1 - ( -j « 0.2063 


4. 8> 2 = x 2 ( l - .r 2 ) 


, \x\ ~ x 2 

y = 273 



For x > 0 ,y' = 

S = 2(2 it) f jc 
5 x/2ir 


1 - 2t 2 
2jlj\ - x 2 



1 + ( 


1 — 2x 2 
\2V2yi - ,r 2 
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6. By the Theorem of Pappus, 
V = 2itr A 


= 2tt 


d + -Vw 2 + / 2 


Iw 


8- f'(x) 2 = e x 
f\x) = e A ' /2 
f(x) = 2e x / 2 + C 
/( 0) = o => C = -2 
f(x) = 2e x ! 2 — 2 


10. Let p f be the density of the fluid and p () the density of the iceberg. The buoyant force is 

F = P f g [ A(y) dy 
J-h 

where A(y) is a typical cross section and g is the acceleration due to gravity. The weight of the object is 

rL-h 

W=p 0 g\ A(y) dy. 

J-h 

F = W 

r o rL-h 

Pfg\ A(y)dy = p 0 g\ A(y) dy 
J-h J-h 

p 0 submerged volume 0.92 x 10 3 

Pj total volume 1.03 x 10 3 


= 0.893 or 89.3% 


12 . (a) y = 0 by symmetry 


f 6 1 f 6 l 35 

My = 2 J, X U dx ~ 2 J, .r 3 d% = 36 

m = 21 \dx = 

35/36 63 . (63 n 

X 215/324 43 \43’ ° 


(b) M =21 rfv = 


m = 2 I "~t rfx = 


& 2 — 1 
b 2 

2(b 3 - 1) 


X' 3 b 3 

( b 2 - 1 )/b 2 _ 3 bib + 1) 


lim x = 

b — »oo 2 


2(fc 3 - l)/3£> 3 2(fc 2 + b + 1) 

3 





fey) = 


3 b(b + 1) 

2 (b 2 + b + 1)’ 


14. (a) Trapezoidal: Area « ^[0 + 2(50) + 2(54) + 2(82) + 2(82) + 2(73) + 2(75) + 2(80) + 0] = 9920 sq ft 

2 ( 8 ) 

(b) Simpson’s: Area = ^[0 + 4(50) + 2(54) + 4(82) + 2(82) + 4(73) + 2(75) + 4(80) + 0] = 10,413j sq ft 

3(8) 


16. Point of equilibrium: 1000 — 0.4;r = 42 jt 
x — 20, p — 840 

(P 0 ,.v 0 ) = (840, 20) 

J '20 

[(1000 — 0.4x 2 ) — 840] dx = 2133.33 
o 

J ~20 

[840 — 42x] dx = 8400 
o 
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CHAPTER 6 
Applications of Integration 


Section 6.1 Area of a Region Between Two Curves 


Solutions to Odd-Numbered Exercises 


'6 

1. A = [0 — (a 2 — 6a)] dx 

Jo 



6x) dx 


3. A = [( x 2 + 2x + 3) — (a 2 — 4a + 3)] dx = (—2a 2 + 6a) dx 


f 3 

I 

Jo 



2 
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17. The points of intersection are given by: 


19. The points of intersection are given by: 


x 2 - 4x = 0 


x 2 + 2x + 1 — 3x + 3 


x(x — 4) = 0 when x = 0, 4 


(x — 2)(x + 1) = 0 when x = — 1, 2 




21. The points of intersection are given by: 

x = 2 — x and x — 0 and 2 — x = 0 
x = 1 x = 0 x = 2 


23. The points of intersection are given by: 
V3x + 1 = x + 1 

^3x = x when x = 0, 3 


A = [(2 — y) — (>')] <y = 


2y - y 2 


= 1 


Note that if we integrate with respect to x, we need two 
integrals. Also, note that the region is a triangle. 


•3 

A = [/(x) - g(x)] dx 

Jo 



[( >/3x + l) — (x + 1)] dx 



25. The points of intersection are given by: 

y 2 =y + 2 

(y — 2)(v + 1) = 0 when y = —1,2 

n 


A = 


[g(v) - f{y)] dy 


[(y + 2) - y 2 ] dy 


y 2 v 3 
2y + fr- - 
y 2 3 


2 _ 9 

-i 2 


y 
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29. y 


10 


10 

y 


a = 


•li 

J2 


10 


dy 


10 In y 


10 

2 


= 10(ln 10 - In 2) 


= 10 In 5 ~ 16.0944 


y 



31. The points of intersection are given by: 
x 3 — 3x 2 + 3x = x 2 
x(x — l)(x — 3) = 0 when x = 0, 1, 3 


A = [/(*) - g(4\ dx + [g(x] - f(x)] dx 


= [(.v 3 — 3x 2 + 3x) — x 2 ] dx + [x 2 — (x 3 — 3x 2 + 3x)] dx 


Jo 


= I (x 3 — 4x 2 + 3x) dx + (— x 3 + 4x 2 — 3x) dx 


x 4 4,3, 

1 

-X 4 4 3 , 

— ~ o -* 3 + gx 2 

+ 

—— + t * 3 “ 

4 3 2 

0 

4 3 2 


3 _ 37 

i " 12 


Numerical Approximation: 0.417 + 2.667 ~ 3.083 



33. The points of intersection are given by: 
x 2 - 4x + 3 = 3 + 4x — x 2 
2x(x — 4) = 0 when x = 0, 4 


A = [(3 + 4x — x 2 ) — (x 2 — 4x + 3)] dx 


Jo 


= (— 2x 2 + 8x) dx 


2x 3 , 

r + 41 


1 - 21 
o 3 



Numerical Approximation: 21.333 
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35 . f(x ) = x 4 — 4x 2 , g(x) = x 2 — 4 

The points of intersection are given by: 

*4 _ 4x 2 = x 2 - 4 

x 4 - 5x 2 + 4 = 0 

(x 2 — 4)(x 2 — 1) = 0 when x = ±2, +1 
By symmetry, 

A — 2 f [(x 4 — 4x 2 ) — (x 2 - 4)] dx + 2 I [(x 2 — 4) — ( x 4 — 4x 2 )] dx 



-i 

Jo 


= 2 (x 4 — 5x 2 + 4) dx + 2 (— x 4 + 5x 2 — 4)dx 


= 2 


= 2 


+ 4x 


1 

+ 2 

X s , 5x 3 , 

— - + — 4x 

0 

5 3 


i 5 ; 

5"3 +4 


+ 2 


32 40 , . . . 

-^ + ^-8]-n 5 + j -4 


5 3 

Numerical Approximation: 5.067 + 2.933 = 8.0 


= 8 . 


37. The points of intersection are given by: 


1 


1 + .r 2 2 

x 4 + x 2 — 2 — 0 
{x 2 + 2)(x 2 - 1) = 0 
x = ±1 

A = 2 ( \f(x) - g(x)]dx 
1 


= 2 


= 2 


1 + x 2 


arctanx — — 
6 . 


dx 


t t 1 


T T 1 


= 2| - — - ] = - - - « 1.237 
6 







Numerical Approximation: 1.237 


39. v/l + x 3 < — x + 2 on [0, 2] 


Numerical approximation: 1.759 

C2 i 


A = 


— x + 2 — V 1 + ■ 


cfx : 



'77/3 

I 

Jo 


41 . A = 2 [f(x) - g(x)] dx 


tt/3 


= 2 (2 sin x — tan x) dx 


= 2 


— 2 cos x + ln| cos x| 


77-/3 

0 


= 2(1 - In 2) « 0.614 



1.759 
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43. A = I [(2 — cos x) — cos x\ dx 


= 2 I ( 1 — cos x) dx 

~\2tt 


= 2 


= 4tt« 12.566 






47. A = I [(2 sin ^ + sin 2.x) — 0] dx 


49. A = 


AA _ o 


dx 


— 2 cos x — — cos 2x 

TT 

= 4.0 

-e 1,x 

L 2 J 

0 

_ 


= e - e i/3 « 1323 
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55. F(a) 




a 

-1 


2 . va 2 

= — sin 1 

77 2 77 


(a) F(— 1) = 0 


(b) F(0) = - « 0.6366 

IT 



2 + y/2 

7T 


« 1.0868 






59. /(x) = x 3 
/'(■*) = 3x 2 
At (1, 1), /'(l) = 3. 

Tangent line: 

— I = 3(.v — 1) or y = 3.r — 2 
The tangent line intersects /(jr) = j: 3 at x = —2. 


y 



A = 



(3x — 2)] dx 



3X 2 

2 


+ 2x 


i 

-2 


27 

4 


61 . The variable is y. 



3 5 J -i 15 


You can use a single integral because x 4 — 2x~ +1 < 1 — x 2 on [— 1,1]. 


65. Offer 2 is better because the accumulated salary (area under the curve) is larger. 
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-£ 


67. A = I (9 - x 2 ) dx = 36 

-3 


_ — 


[(9 — x 2 ) — h ] dx = 18 


/9-b 
J9 -b 


[(9 - b) - x 2 ] dx = 9 


(9 - b)x - — 


= 9 


| (9 - b) 2 / 2 = 9 
(9 - by / 2 = y 


9 - b = 


4/4 


fo = 9 - ^7= « 3.330 

4/4 


y 



69. lim V (jc.- — x 2 ) Ax 
who , 4^ ' 


where x ; = 


— and Ax = 
n 


— is the same as 
n 


(x — x 2 ) dx = 


x~_ 

2 


xf 

3 


y 



71. 


[(7.21 + 0.58/) 


(7.21 + 0.45/)] dt = 0.13/ dt = 


0.13/ 2 ] 5 

2 Jo 


SI. 625 billion 


73. (a) yi = (275. 0675)(1. 0537)' = (275.0675)e 00523 '] 


(b) y 2 = (239.9407)( 1 .04 17)' = (239.9407)^’ o ■ ()4<)8, 


460 



10 



10 


(C) 



yf) dt ~ 649.5 billion dollars 


(d) No, model y, > y 2 forever because 1.0537 >1.0417. 

No, these models are not accurate. According to news 
reports, E > R eventually. 
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75. The total area is 8 times the area of the shaded region to the right. A point ( x , y) is on the upper 
boundary of the region if 


Jx 1 + y 1 = 2 - y 
x 2 + y 2 = 4 - 4y + y- 
x- = 4 - 4y 
4y = 4 — x 2 


y=1 ~T 


We now determine where this curve intersects the line y — x. 


x=l~j 


X 2 + 4x - 4 = 0 


x = 4 ± ^{ 16 + — = - 2 + 2 V2 => x= -2 + 2^2 


Total area = 8 


= 8 


-2 + 2V2 / 


1 — — x ) dx 


X 12 2 


-2 + 2V2 if. 

= — (4 v/2 - 5) = 8(0.4379) = 3.503 



77. (a) A = 2 


= 2 


P / 1 , \ p . 5 

( 1 — — J5 — x dx + (1—0) dx 

Jo V 5 ) J 5 


* + ^ (5 - -*) 3/2 


5-5 \ / 10 A 

= 2|5 A- + 5.5 - 5 | « 6.031 m 2 

5 


(b) V = 2A = 2(6.031) » 12.062 m 3 


(c) 5000 V ~ 5000(12.062) = 60,310 pounds 


79. True 


81. False. Let f(x) = x and gp) = 2x — P./and g intersect at (1, 1), the midpoint of [0, 2], But 


| f(x) - g(.r)] dx = [x — (2x — x 2 )] dx = — + 0. 

0 3 


Section 6.2 Volume: The Disk Method 


1. V = 7T f ( — X + l) 2 dx — 77 I P 2 — 2x + 1 ) dx = 7T\ 

Jo Jo 

p\ ^\2 r 4 

3. V = 7T (s/x) dx = TT X dx = 




— X- + x 


_ TT 

o 3 


4 = 15tt 
i 2 


5. V = 77 f [P 2 ) 2 — P 3 ) 2 ] dx — 77 I" P 4 — X 6 ) dx = 7T| 
Jo Jo 

7. y = x 2 => x — Vy 

f 4 f 4 

V = ir (Vy) 2 cfy = rr y dy 

Jo Jo 


X J X' 

T“T 


1 _ 2rr 
o “ 35 


9. y = x 2 / 3 => x = y 3 ^ 2 

V = tt f (v 3/2 ) 2 <iy = 7 t f y 3 c/v = vri 

Jo Jo 


_ 77 

o “ 4 


r 

2 


= 877 
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11 . y = Vx, y = 0, x = 4 
(a) R(x) = s/x, r(x) = 0 

V = it f (>/*)" Ay 

Jo 


= 77 X dx = 


= 8 77 


y 

4 



(b) tf(y) = 4, r(y) = y 2 


V = 77 (16 — y 4 ) rfv 


16v - -y 5 


12877 

5 


y 



(c) R(y) = 4 - y 2 , r(y) = 0 
y = 77 f (4 — y 2 ) 2 dy 


= 77 1 (16 — 8y 2 + v 4 ) dy 

Jo 


(d) R(y) = 6 - y 2 , r{y) = 2 
V = 77 f [(6 - y 2 ) 2 - 4]rfy 


= 77 1 (32 — 12y 2 + y 4 ) dy 

Jo 


8 , 1 ' 

2 

25677 



[l6 y--v 3 + -y 5 J 

0 

15 

= 77 

32y - 4y 3 + ^y 5 


2 _ 19277 
0 5 




13 . y = y 2 , y = 4y — y 2 intersect at (0, 0) and (2, 4). 
(a) R(x) = 4y — y 2 r{x) = y 2 

V = 77 f [(4y — Y 2 ) 2 — Y 4 ] dx 

Jo 


(b) R(x) = 6 — y 2 , r(x) = 6 — (4y — y 2 ) 

V = n f [(6 - y 2 ) 2 - (6 - 4y + y 2 ) 2 ] dx 

Jo 


(16y 2 — 8y 3 ) dx 


= 877 


(Y 3 


5y 2 + 6y) dx 


'o Jo 


^y 3 - 2y 4 

- 8 J 

y4 5 

— — -x 3 + 3x 2 

L 3 J 

o 3 

L 4 3 J 


6477 

3 


y 



y 
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15. R(x) = 4 — x, r(x) = 1 


V = 77 [(4 - x) 2 - (l) 2 ] dx 


(x 2 — 8* +15) dx 


-3 

Jo 


- 4* 2 + 15* 


= 1877- 


y 



19. R(y) = 6- y, r(y) = 0 


V = tt (6 — y) 2 dy 


= tt I (y 2 — 12y + 36) dy 

Jo 


3 

208tt 


6v 2 + 36y 


21. R(y) = 6- y 2 , r(y) = 2 

V=n{ [(6 - y 2 ) 2 - (2) 2 ]</v 


-/ 

Jo 


= 2 7 r (/ - 12y 2 + 32) dy 


= 27t| ^ — 4y 3 + 32y 


38477 


17. R(x) = 4, r(x) = 4 - 


V = 77 


42 _ 4 _ 


0 L 

3r 


1 

l + X 

1 ' 2 ‘ 


1 + X. 

1 


dx 


0 I 1 + * (1 + x) 2 

1 


dx 


8 ln(l + x) + 


1 + * 


8 In 4 + \ - 1 
4 


= I 8 In 4 - -It7= 32.485 



y 



23. R(x) = , r(x) = 0 

Vx + 1 


V — TT 


1 


V* + 1 


dx 


1 

* + 1 


dx 


r ln|* + 1| 


= 77 In 4 
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- 2 - 
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49. x = r — 


V = 77 


y = r(l - 0 tf(.v) = r(l - £), r(y) = 0 


r 1 - 


H 


dy = 77-r 2 | ( 1 - -v + ^yy 2 )</y 


v y 2 + 

- H' 


3H 2 ' 


J h 2 h 3 

= 7 rr V' ~ a 1 3//' 


= ^( i -| + a 5 ) 



51. V = 77 ^ ^ ^ .t 2 72 — .vj dx — J .7(2 — x) dx 
53. (a) R(x) = j 725 — x 2 , r(x) = 0 

V-%f ( 25 - x 2 ) dx 
= 1 25 r f 0 (25 ^ x2)dX 

= 2877 

25 



25x “ y 


= 6077 


64 


2x 5 

5 


x 

~6 


77 

30 


(b) R(y) = - 79 - y 2 , Ky) = 0, x > 0 


v = 


25 n 

7 r 

2577 


(9 - y 2 ) 7v 


9y — 


= 5077 


y 



55. Total volume: v = ^ 

Volume of water in the tank: 

(72500 — y 2 ) 2 dy = 77 f (2500 — y 2 ) dy 


2500y - ^ 


>0 

-50 


= 77 2500y o - '-f- + 


y 0 3 250,000 \ 


3 


When the tank is one-fourth of its capacity: 


2 

4 


500,000 77 ^ 

125,000 = 7500y o - y 0 3 


= 77 2500y 0 — 


y 0 3 250,00 \ 

3 3 / 

+ 250,000 


y 0 3 - 7500y 0 - 125,000 = 0 


y 



y 0 ~ — 17.36 
Depth: -17.36 - (-50) = 32.64 feet 

When the tank is three-fourths of its capacity the depth is 100 — 32.64 = 67.36 feet. 
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57. (a) 77 f r 2 dx (ii) 

Jo 



(c) 77 1 ( Vr 2 — x 2 ) 2 dx (iii) 


is the volume of a light 
circular cylinder with radius r 
and height h. 



is the volume of an ellipsoid with 
axes 2 a and 2b. 


y 



is the volume of a sphere with 
radius r. 


y 



(d) 7rJ (^J dx (i) (e) 77 J [(tf + Jr 2 — x 2 ) 2 — (r — Jr 2 - x 2 ) 2 ] dx (v) 

is the volume of a right circular cone with the radius is the volume of a torus with the radius of its circular cross 

of the base as r and height h. section as r and the distance from the axis of the torus to 

the center of its cross section as R. 


y 



y 



59. 



Base of Cross Section = (x + 1) — ( x 2 — 1) = 2 + x — x 2 
(a) A(x) = b 2 = (2 + x — x 2 ) 2 




V = I (4 + 4x — 3x 2 — 2x 3 + x 4 ) dx 


Ax + 2x 3 — x 3 — -x 4 + — x 5 
2 5 


2 

-1 


81 

10 


(b) A(x) = bh — (2 + x — x 2 )l 


V = 


/: 


(2 + x — x 2 ) dx = 


2 V 

2x + — — 

2 3 


2 

-1 


f 

1 

i 


9 

2 


2 + x-x : 
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63. Let A[(.y) and A 2 (y) equal the areas of the cross sections 
of the two solids for a < x < b. Since A,(y) = A 2 (.y), 
we have 

V, = f A, 

Ja 

Thus, the volumes are the same. 


•b 

(. x ) dx = A 2 (x) dx = V 2 



67. (a) Since the cross sections are isosceles right triangles: 




As 0^>9O°, V— >co. 
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Section 6.3 Volume: The Shell Method 


1. pipe) 
h(x) 

V = 


= x 
= x 

(2 

27 T x(x) dx = 


Jo 

277 A 3 ! 2 

_ 3 Jo 


1677 

~T~ 


2 77 A 3 
3 


2 

0 


1677 

"~ 3 ~~ 



3. p(x ) = x 
h( x) = Va 

r 4 

V = 277 x^Jxdx 



x i/2 dx 



12877 

5 


7. p(x) = A 

h( x) — (4a — a 2 ) — a 2 = 4a — 2a 2 



9. p(x ) = x 


h(x) = 4 — (4a — a 2 ) = a 2 — 4a + 4 


V = 277 (a 3 — 4a 2 + 4a) «?a 


= 277 


+ 2a 2 


2 _ 877 

o 3 


y 



13. p(y) = >> 

/i(v) = 2 - y 


V = 277 y(2 — y) <iy 


= 2t 7 (2y - y 2 ) dy 


= 277 


2 _ 877 

0 “ T 


11. p(a) = x 




« 0.986 
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19. p(x ) = 5 — x 
h(x ) = 4,r — x 2 

V =2ir\ (5 — .v)(4.v — jr 2 ) dx 

Jo 

= 2tt f (x 3 — 9x 2 + 20x ) dx 

Jo 


~ 4 1 4 

= 2n — — 3.x: 3 + 10.Y 2 = 647 t 

4 Jo 




(c) Shell 

p(x) = 4 x 


y 
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23. (a) Shell 

p(y) = y 

h(y) = {a 1 ' 2 - y 1 ' 2 ) 2 

V = 2tt I y(a — 2a 1 / 2 y 1 / 2 + y) dy 

Jo 



(b) Same as part (a) by symmetry 


(c) Shell 

p(x) — a — x 
h(x) = (a 1 ' 2 - x 1 ' 2 ) 2 


V = 2t t I (a — x)(a 1 l 2 — x 1 ^ 2 ) 2 dx 

Jo 

= 2tt I (a 2 — 2a i l 2 x x l 2 + 2 a l l 2 x^ 2 — x 2 ) dx 

Jo 


= 2 17 a 2 x - | a^x 2 ' 2 + | a x ' 2 x 5 ' 2 - | x 3 


a _ 4ira 3 
o “ 15 



'd 

25. V = 2tt p(y)h(y) dy 


or 


'b 

V = 2 ir p{x)h(x) dx 


27. i7 J (x — 1) dx = 17 J (■ Jx — l) _ dx 

This integral represents the volume of the solid generated 
by revolving the region bounded by v = dx — 1, y = 0, 
and x = 5 about the x-axis by using the Disk Method. 

2 17 f y [5 - (y 2 + 1)] dy 

Jo 

represents this same volume by using the Shell Method. 



(b) x 4 / 3 + y 4 / 3 = 1, x = 0, y = 0 
y = (1 - x 4 / 3 ) 3 / 4 



Disk Method 




20 Chapter 6 Applications of Integration 



35 . p(x ) = x 



Xq — 8xf + 4 = 0 


Xq — 4 ± 2^/3 (Quadratic Formula) 
Take x 0 = J A — 2^/3 since the other root is too large. 
Diameter: 2~J 4 — 2^3 ~ 1.464 
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41 . (a) 277 rj hx^ l — -j dx (ii) 

is the volume of a right circular cone with the radius 
of the base as r and height h. 


y 



Jo 

volume of a sphere with radius r. 




(b) 27 rj (R — x)(2 Jr 2 — x 2 ) dx (v) 


is the volume of a torus with the radius of its circular 
cross section as r and the distance from the axis of the 
torus to the center of its cross section as R. 




r 200 

43 . (a) V = 2tt I xf(x) dx 

Jo 

= — + 4(25) (19) + 2(50)(19) + 4(75)(17) + 2(100)15 + 4(125)(14) + 2(150)(10) + 4(175)(6) + 0] 
3(8) 

~ 1,366,593 cubic feet 
(b) d = —0.00056b: 2 + 0.0189.* + 19.39 



xd{x) dx ~ 27r(213,800) = 1,343,345 cubic feet 


(d) Number gallons « V(7.48) = 10,048,221 gallons 








22 Chapter 6 Applications of Integration 


Section 6.4 Arc Length and Surfaces of Revolution 


1. (0, 0), (5, 12) 

(a) d = 7(5 - 0) 2 + (12 - 0) 2 = 13 

12 

(b) y = yx 



3. y = — 7/ 2 + 1 
y' = 77 [0, 1] 


'1 

Jo 


= 7 1 + xdx 


f(l + *) 3/2 


= |(78- l)« 1.219 


5. y = — 7^ 3 
2 2 


7 = - 173 ^ 17 ] 



fx 2 ' 2 + l ) 3 / 2 


= 575 - 272 « 8.352 


_ _ 7 ^ i 

7 - - v “ ¥ + 47 

i + (yr-(7 + ^) , .[‘-a 


'b 

= 7i + (y') 2 

J a 


2 x3 + 2x^) dX 


1 4_i 

8 A 47 


2 = 33 

1 16 


y = ln(sin.r), 


tt 3tt 
4’ 4 


y = — — cos x = cot x 
sin x 

1 + (7) 2 = 1 + cot 2 * = esc 2 * 

rlTr/4 

s = I esc x dx 


Jtt/4 

In | esc x — cot x\ 

= ln(72 + l) - ln( 72 - l) » 1.763 


37t/4 
J 7r/4 


11 . (a) y = 4 - x 2 , 0 < x < 2 



(b) y ' = — 2x 

1 + {y) 2 = 1 + 47 


Jo 


L = 7l + 4x 2 dx 


(c) L = 4.647 


2.063 
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15 . (a) y = sin x, 0 < x < n t 


7T 


(b) y' = cos x (c) L 

1 + (v') 2 = 1 + cos 2 x 



1 = Vl + cos 2 x dx 

Jo 



Alternatively, you can do all the computations with respect to y. 


(a) x = e y 0 < y < 2 


19 . (a) y = 2 arctan x, 0 < x < 1 


3 



(b) 


dx 

dy 


— e~ y 



1 + e~ 2y 


L = Vl + e- 2y dy 


(b) y' 


2 

1 + x 2 



1 + T- ZTX dX 

(1 + X 2 ) 2 


(c) L 


(c) L 


(c) L 


« 2.147 


« 3.820 


« 2.221 


« 2.221 


« 1.871 
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23. y = x\ [0, 4] 

(a) d = V(4 - 0) 2 + (64 - 0) 2 « 64.125 

(b) d = V( 1 - 0) 2 + ( 1 - 0) 2 + VC 2 - l) 2 + (8 - l) 2 + V(3 - 2) 2 + (27 - 8) 2 + V(4 - 3) 2 + (64 - 27) 2 

« 64.525 

(c) s = f 

Jo 

(d) 64.672 


' 4 

v/l + (3x 2 ) 2 dx = 71 + 9x 4 dx ~ 64.666 

Jo 



'4 

(c) >V = 1, Lj = V2 « 5.657 

Jo 


^2 



(b) y lt y 2 , y 3 , y 4 


27 . y = — [y 3 / 2 — 3y'/ 2 + 2] 

2 • • 2 

When y = 0, y = 3 . Thus, the fleeting object has traveled f units when it is caught. 


y = 


3 3 

-X^ ~ - X -V 2 
2 2 


1\ y — 1 


2/ y 1 / 2 


1 + (y') 2 = 1 + 


(x - l) 2 (x + l) 2 


4x 


4x 


X + ^ dx = ^ [ (y 1/2 + x 1/2 ) dx = ^ 


|y 3 / 2 + 2tV 2 


^ 4 = 2 f 2 

0 3 \3 


2 y */ 2 2 , 

The pursuer has traveled twice the distance that the fleeing object has traveled when it is caught. 


29 . y = 20 cosh — , — 20 < x < 20 


y ’ = sinh — 


1 + (yO 2 = 1 + sinh 2 ^ = cosh 2 ^ 


L = 


r 20 

cosh — dx = 2 cosh — dx = 2(20) sinh — 
Jo 20 20 


I —20 20 j 0 

= 40 sinh(l) » 47.008 m. 




Section 6.4 Arc Length and Surfaces of Revolution 25 


31. 


.v = 79^ 

, — x 


y 


X 

J9 - x 2 


1 + (y') 2 = 


9 - x 2 



Jo 


9 - x 2 


; dx 


o V9^ 


- ■ •* 
3 arcsin — 


-- dx 


33. , = y 

/ = x 2 , [0. 3] 


n 3 

S — 2tt l jVi + x 4 dx 


Jo 


(1 + x 4 ) I/2 (4x 3 ) dx 


f (1 + * 4 ) 3/2 


= -^(82782 - l) « 258.85 


= 3 ( arcsin — — arcsin 0 


= 3 arcsin — ~ 2.1892 


35 ‘ y = 6 + 2* 

, x 2 1 
y 2 lx 2 

l + W , -( f + 2 ?)''[‘' 2 1 

s ~ 2n ^ ^ + s )(§ + 2 ?)* 


37. y = 3/x + 2 


= 277 


= 277 


lH + ^ 


3.r 2 / 3 


[ 1 , 8 ] 


~X 6 X 2 1 " 

2 47 ir _ 

^(9x 4 /3 + 1)3/2 

12 + 6 8x 2 _ 

i “ 16 

2/ 


y = 


5 = 2ir | x^ / 1 + dx 
= y J x VV9x 4 / 3 + 1 dx 

r 8 

= (9x 4 /3 + l)V2(12xV 3 ) dx 

1S J 1 


5 = 2ir sin xVl + cos 2 x dx 

Jo 


14.4236 


= ^(1457145 - lOTTo) = 199.48 


39. y = sinx 

y' = cos x, [0, it] 


41. A rectifiable curve is one that has a finite arc length. 


43. The precalculus formula is the surface area formula for the lateral surface 
of the frustum of a right circular cone. The representative element is 


2irf{dfVkx 2 + Ay,- 2 = 2irf{di)^/ 1 + (^j Ax,.. 
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45. 


y = ■ 


hx 


47. 


= 79 - 


1 + ( y ') 2 = 


+ h 2 


S = 2n \ x 

Jo 



+ h 2 


lirjr 2 + h 2 (x 2 
2 


dx 


= rtr-Jr 2 + h 2 


y 


7i + (y') 2 = 


79^7 

•2 


S = 2 77 


= — 37 7" 


3x 

79^ 


: dx 


— 2x 


o 79 — 


= <fX 


— 67t79 — 


= 677(3 - 75) « 14.40 
See figure in Exercise 48. 


49. y = — x 1 / 2 — x 3 / 2 

y' = ^x“ 1/2 - |x‘/ 2 = i(x-'/ 2 - 9.x 1 / 2 ) 

1 + (v') 2 = 1 + - 18 + 8 lx) = ^(x- 1 / 2 + 9x‘/ 2 ) 2 

36 36 


5 = 277 J (jX 1 / 2 — X^jy/^X ^ 2 + 9 1 / 2 ) 2 rf.X = _ -' :3 / 2 j(.X ^ 2 + 9X 1 / 2 ) t/x 


77 r 1/3 / 1 \ 77 

3 I l3 + 2x “ 9x )^ = 3 


rX + x 2 — 3x 3 


1/3 77- 

= — ft 2 « 0.1164 ft 2 « 16.8 in 2 
0 27 


Amount of glass needed: V = ffi ^ j ~ 0.00015 ft 3 ~ 0.25 in 3 


51. (a) y = fix) = 0.0000001953X 4 - 0.0001804.x 3 + 0.0496x 2 - 4.8323.x + 536.9270 


'1 

Jo 


(b) Area = f(x) dx ~ 131,734.5 square feet 


3.0 acres 


(Answers will vary.) 

(-400 

(c) L = 7l +f'{x) 2 dx « 794.9 feet 

Jo 

(Answers will vary.) 




—CONTINUED— 
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53. —CONTINUED— 


(c) lim V = lim tt 1 — 7 

b —> 00 b —> 00 \ b 


55. (a) Area of circle with radius L: A = t tL 2 

Area of sector with central angle 9 (in radians) 

5 = ^-A = ^(ttL 2 ) = \l-6 
2t t 2t t 2 


(d) Since 


V.r 4 + 1 


> — = — > 0 on [1, b\ 


we have 

J 1 * 3 


II 

* 

•S3 

* 

J 1 * 

L J 


= In & 


and lim In b — > 00 . Thus, 

b—>oo 

„ f V-r 4 + 1 

lim 2 77 ~ dx = co. 


'b 

- 

Jl 


(b) Let 5 be the arc length of the sector, which is the 
circumference of the base of the cone. Here, 
s = LO = 2irr, and you have 

5 = = Ml) = Z Li ' = Z L(27rr) = wri 


(c) The lateral surface area of the frustum is the difference of the large cone and the small one. 
S = Ttr 2 (L + L,) — 

= irr 2 L + 7rLj(r 2 — r t ) 

L + L x L x 


By similar triangles. 


= — => Lr \ = L l('2 “ r l) 


r 2 r l 

Hence, 

S = Ttr 2 L + 7 rL[(r 2 — r,) = irr 2 L + 77-Lfy 
= TtL(r ! + r 2 ). 



Section 6.5 Work 

1. IV = Fd = (100)(10) = 1000 ft - lb 3. W = Fd = (112)(4) = 448 joules (newton-meters) 


5. Work equals force times distance, W = FD. 


7. Since the work equals the area under the force function, 
you have (c) < (cl) < (a) < ( b ). 


9. F(x) = kx 
5 = k( 4) 


*-! 


w = 


' 7 5 

5 , 

—x dx = 

-x 2 

Jo 4 

8 


245 , 


in • lb 


11. F(x) = £y 

250 = £(30) 


k = — 
^ 3 


'50 r 

IV = F(x) dx = 

J 20 J2 


50 25 , 25,y 2 1 

, = — — - 

20 ^ & - 


= 8750 n • cm = 87.5 joules or Nm 


50 

20 


= 30.625 in • lb ~ 2.55 ft • lb 
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13. F(x ) = kx 
20 = k( 9) 

k 9 


12 20 , 

10 , 

„ v dx = 

—x 2 

Jo 9 

_ 9 _ ( 


12 40 

o =y j 


r i/3 

kx 2 1 ^ 

18 = kx dx 


Jo 

2 _ o 

rl/12 

' 7/12 

324x dx = 

162jt 2 

J 1/3 

_ 1/3 


= -^.= 324 


W = 324x dx = 162 

J 1/3 

[Note: 4 inches = y foot] 


17. Assume that Earth has a radius of 4000 miles. 

k f 410(l ( 

^ (a) W = I - 


‘ “ (4000) 2 
k = 80,000,000 

w . 80,000,000 

= x 2 


4100 80,000,000 , r-80,000,000l 410 ° , n „ n . 

; dx = ~ 487.8 mi • tons 


5.15 x 10 9 ft • lb 


(b) W = 


80,000,000 


dx ~ 1395.3 mi • ton 
= 1.47 x 10 10 ft • lb 


19. Assume that the earth has a radius of 4000 miles. 


F(x) = ^ 
x 1 


(4000) 2 

k = 160,000,000 

w , 160,000,000 
Fyx) 2 


(a) W = 


15 ’ 000 160,000,000 


1 60,000,0001 15 - 000 

dx = 2 2 « - 10,666.667 + 40,000 

X 4000 


= 29,333.333 mi • ton 
~ 2.93 x 10 4 mi • ton 
« 3.10 x 10 11 ft • lb 


(b) IV = 


160,000,000 


dx = — 


160,000,0001 26 - 000 


« -6,153.846 + 40,000 

= 33,846.154 mi • ton 
~ 3.38 x 10 4 mi • ton 
= 3.57 x 10“ ft • lb 


21. Weight of each layer: 62.4(20) Ay 
Distance: 4 — y 


(a) W = J 62.4(20)(4 - y) dy = 4992y - 624y 2 J^ = 2496 ft • lb 


y) dy = 


(b) W = 62.4(20)(4 - v) dy = 4992y - 624y 2 = 9984 ft • lb 



1 2 3 4 5 6 


23. Volume of disk: 7 t( 2) 2 Ay = 4TrAy 
Weight of disk of water: 9800(4 tt) Ay 
Distance the disk of water is moved: 5 — y 


W= (5 - y)(9800)4ir</y = 39,200 tt (5 - y) dy 

Jo Jo 

[ 214 

5y — ^ 

2 Jo 

= 39,2007r(12) = 470,40077 newton-meters 
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25. Volume of disk: 7r ( — v ) Av 


Weight of disk: 62.477 ( — y ] Ay 


Distance: 6 — y 


W = 


4(62.4)7 


(6 - y)y 2 dy = -(62.4) 77 


2y 3 - 4V 4 


= 2995.2tt ft • lb 


y 



27. Volume of disk: 77(736 — y 2 ) 2 Ay 
Weight of disk: 62.477(36 — y 2 ) Ay 
Distance: y 


W = 62.477 y(36 — y 2 ) dy 


= 62.477 (36y — y 3 ) dy = 62.477 


18y 2 



= 20,217.677 ft • lb 


y 



29. Volume of layer: V = Iwh = 4(2) 7(9/4) — y 2 Ay 
Weight of layer: W = 42(8) 7(9/4) — y 2 Ay 


13 

Distance: — y 

2 


W= f 1 5 42(8) 7(974) -y 2 [j-y)dy 


= 336 


7(9/4) - y 2 dy - 7(9/4) - y 2 y dy 



The second integral is zero since the integrand is odd and the limits of integration are symmetric to the origin. 
The first integral represents the area of a semicircle of radius \ . Thus, the work is 


W = 336 




= 245777 ft • lb 


31. Weight of section of chain: 3 Ay 
Distance: 15 — y 

W = 3 [ (15 - y) dy 

Jo 


3 

2 


(15 - y) 2 


15 

0 


= 337.5 ft • lb 


33. The lower 5 feet of chain are raised 10 feet with a 
constant force. 

W 2 ! = 3(5)(10) = 150 ft • lb 

The top 10 feet of chain are raised with a variable force. 
Weight per section: 3 Ay 
Distance: 10 — y 


W, = 3 


'l 

Jo 


--(10 ~y) 2 


(10 — y) dy = 

= 150 ft • lb 


W = Wj + W 2 = 300 ft • lb 
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35. Weight of section of chain: 3 Ay 
Distance: 15 — 2y 


IV = 3 | (15 - 2y) dy = [-f (15 - 2y) 2 T 

Jo L 4 Jo 


= +5) 2 = 168.75 ft • lb 
4 


37. Work to pull up the ball: 1V 3 = 500(15) = 7500 ft • lb 
Work to wind up the top 15 feet of cable: force is variable 
Weight per section: 1 Ay 
Distance: 15 — x 

f 15 r i i 15 

W, = (15 — x) dx — —-(15 — x) 2 

Jo L 2 Jo 

= 112.5 ft • lb 

Work to lift the lower 25 feet of cable with a constant force: 
W 3 = (l)(25)(15) = 375 ft • lb 
IV = Wj + W 2 + W 3 = 7500 + 112.5 + 375 
= 7987.5 ft • lb 


39. p = - 


1000 = - 


k = 2000 


2000 

IV = — — dV = 

9 * 


2000 In |V| 


= 2000 lnl -J « 810.93 ft • lb 


41. F(x) = 
1V = 




= —(units of work) 


43. IV = 1000[1.8 - ln(x + 1)] dx » 3249.44 ft • lb 


45. IV = 100*^125 - x 3 dx = 10,330.3 ft • lb 


Section 6.6 Moments, Centers of Mass, and Centroids 

, _ _ 6(— 5) + 3(1) + 5(3) _ 6 , _ _ 1(7) + 1(8) 


6 + 3 + 5 


, _ 1(7) + 1(8) + 1(12) + 1(15) + 1(18) 

3 - X = l + l + l + l + l =12 


, _ (7 + 5) + (8 + 5) + (12 + 5) + (15 + 5) + (18 + 5) 

5. (a) x = = 17 = 12 + 5 

= 12(— 6 - 3) + 1(— 4 - 3) + 6(— 2 - 3) + 3(0 - 3) + 11(8 - 3) = ^99 
bj A 12 + 1+6 + 3 + 11 33 


7. 50* = 75(L - x) = 75(10 - x) 
5 Ox = 750 - 75x 
125x = 750 
x = 6 feet 


5(2) + 1(— 3) + 3(1) = 10 
5+1+3 9 

5(2) + 1(1) + 3( — 4) _ 1 


5 + 1 + 3 


U>) = (y.4 



1 m, 

2 - 
m ~, 

• - i _ 

•(-3,1) 

(2, 2) 

-3 -2 -1 

-1 - 

1 2 3 

-2 - 


-3 - 

m 3 

-4 - 

- •(1,-4) 
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3 ( — 2 ) + 4 (— 1 ) + 2 ( 7 ) + 1 ( 0 ) + 6 (— 3 ) = _7 
3 + 4 + 2 + 1 + 6 8 

3 (— 3 ) + 4 ( 0 ) + 2 ( 1 ) + 1 ( 0 ) + 6 ( 0 ) = _1_ 
y 3 + 4 + 2 + 1 + 6 16 
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19. m 


m = p [ x dx = p 7JC 5 / 3 = ^ 

Jo L 5 J 0 5 

f 8 v2/3 o r 3 3 8 

M x = p\ X —^) dx = £ ~ -T 7 ^ 3 
Jo 2 2 L 7 Jo 


K _ 192 p/ 5 


7 \96p 


r 8 r 3 n 8 

M = p x{x 2 ^) dx = p -/ 3 = 96p 

Jo L 8 Jo 


M v 

x = — “ 96 p 
m 





21 . 


m = 2 p f (4 - y 2 ) dy = 2p 4y - y- = 

Jo L 3 Jo 3 

Mv = 2P l ( 4 2^ V ~~ ^ = 9 16y ~ f y3 + V 0 


Mv = 256p/ _3_\ = 8 
m ~ 15 \32pj " 5 


256p 

15 


By symmetry, M r and y = 0. 




23. m = p f [(2y - y 2 ) - (-y)J dy = p y- - y = y 
Jo L 2 3 Jo 2 

M v = p | — l + - — [(2y - y 2 ) - (-y)J dy = 9 J (v - y 2 )(3y - y 2 ) dy 

= ? f (v 4 - 4y 3 + 3y 2 ) dy = ^ y - v 4 + y 3 = 

2 J 0 2L 5 Jo 10 

_ = My = _27p/j2_\ = _3 
m 10 \9p/ 5 

M x = p\ y [(2v - y 2 ) - (— y)] dy = p f (3v 2 - y 3 ) dy = p y 3 - y = 

Jo Jo L 4 Jo 4 

- = K = 27p/A\ = 3 

m 4 \9p) 2 






Section 6.6 Moments, Centers of Mass, and Centroids 33 


P r l 3 

27 . A = (2x + 4) dx = x 2 + 4x = 9 + 12 = 21 

Jo L Jo 

if 3 , P Vlr 3 l 3 

M x = — J (2x + 4) dx = I (2x 2 + 8x + 8) <r/x = — — I- 4x 2 + 8x = 18 + 36 + 24 = 78 

r 3 r 2r 3 i 3 

M = ( 2x 2 + 4x) dx = — — I- 2x 2 = 18 + 18 = 36 

Jo L 3 Jo 


29. m = p 10xV125 - x 3 dx « 1033.0p 


M x - p 


lOxv 125 - x 3 


M v = p \ 10x 2 vl25 — x 3 dx = — - 


^125 — x 3 (— 3x 2 ) dx = C00'/5p ___ 3JQ5 gp 




x = 0 by symmetry. Therefore, the centroid is 
(0, 16.2). 



33 . A = ^(2a)c = ac 


I _ I 
A ac 



In Exercise 566 of Section P.2, you found that [b/ 3, c/3) 
is the point of intersection of the medians. 


y 
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35. A = —(a + b) 


I - 2 

A c(a + b ) 
2 

c(a + b) 


b — a 


x + a] dx = 


c (b — a 


c(a + b) 


x 2 + ax dx = 


c(a + b) 


c 3 + 2 


2 

1 

& 

Tt 

2 

2&c 2 — 2ac 2 + 3 ac 2 

c(2b + a) 

(a + 2 b)c 

c(a + £>) 

L 3 2 J 

c(a + fo) 

6 

3 (a + b) 

3 (a + £>) 


1 


b — a 


c(a + b) 2 J 0 
1 


+ a ] dx = 


c(a + b)j 0 


c{a + b) 

1 

3 c(a + b ) 
1 


b — a] 2 x 2 2 a[b — a) x 2 

y + c 2 


+ a 2 x 


(b — a 


1 


2 , 2 a(b — a) , 

x 2 + — 2 -x + a 2 


<r/jr 


Jo c(a + b) 


(b — a) 2 c 


+ ac{b — a) + a 2 c 


[( b 2 — 2 ab + a 2 )c + 3 ac(b — a) + 3a 2 c] 

a 2 + ab + b 2 


3 (a + b ) 
Thus, (x, y) = 


[ b 2 — 2 ab + a 2 + 3 ab — 3 a 2 + 3a 2 ] = 


3(a + b) 


(a + 2 b)c a 2 + ab + b 2 
3 (a + b) ’ 3 (a + b) 


. / \ / / \ •• ^ a a 

The one line passes through (0, a/2) and (c, b/2). It’s equation is y = — - — x + — . 

The other line passes through (0, —b) and (c, a + b). It’s equation is y = — — x — b. 

( x , y) is the point of intersection of these two lines. 



37. x = 0 by symmetry 


A — -mib 
2 


I - 2 

A 7 rab 

2 1 


= — - - - J a 2 - x 2 dx 

t mb 2 


/Z7\ 

2 'V 3 

ax — — 

a _ b 

4 a 2 

\a 2 / 

L 3 J 

-a ltd 2 

_ 3 _ 


4 b 
3i T 


«v)-(oy) 


39. (a) 



(b) x = 0 by symmetry 

*75 


(c) M y = 


. - 


Jb 


xib — x 2 ) dx = 0 because bx — x 2 is odd 


_ b b 

(d) y > — since there is more area above y = — than below 



(e) M x = 


dx 


^ (b + x 2 )(b — x 2 ) 


Vb z 

■Jb U2 _ v 4 1 

— dx = ~ | ft 2 JC — 

-75 2 


75 
5 J - 75 


= i 2 yz> - 


b 2 ^/b 4 b 2 ^/b 


A = 


75 


- v/6 


(£> — x 2 ) dx = 


— : 


75 

-75 


= fcVft - 




2 = 4 




_ K 4b 2 Vb/5 3, 

V = = 7= = — /?. 

A 4bVb/3 5 
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41 . (a) x = 0 by symmetry 

r4o 


A = 2 J f(x)dx = f^[30 + 4(29) + 2(26) + 4(20) + 0] = +(278) = 


5560 


M, = 


1 fix) 7 


dx = ++30 2 + 4 (29) 2 + 2(26) 2 + 4(20) 2 + 0] = + (7216) = 


10 , 


72160 


2 "" 3(4) L ~“ - ' v “'' •• “ v ““' - - “ J 3 'T"*' 3 


_ M , 72160/3 72160 

• V A 5560/3 5560 

(x,y) = (0, 12.98) 

(b) y = (-1.02 x 10- 5 ).v 4 - 0.0019* 2 + 29.28 
M x 23697.68 


(C) V A 1843.54 
(x,y) = (0, 12.85) 


12.85 


43 . Centroids of the given regions: (1,0) and (3, 0) 
Area: A = 4 + 7r 


4 ( 1 ) + tt(3) = 4 + 3t t 
4+77 4+77 

_ 4 ( 0 ) + 77 ( 0 ) 

4+77 

(x,y) = ( j ^,o)~(i.ss,o) 


y 



45 . Centroids of the given regions: ^0, — j, (0, 5), and 

Area: A = 15 + 12 + 7 = 34 

_ 15(0) + 12(0) + 7(0) 

* 34 

15(3/2) + 12(5) + 7(15/2) = 135 
' V 34 34 



y 



(x,y) 



47 . Centroids of the given regions: (1, 0) and (3, 0) 49 . V = Itti'A = 27r(5)(1677) = I6O77 2 ~ 1579.14 

Mass: 4 + 277 

4(1) + 277 ( 3 ) = 2 + 377 
4 + 277 2 + 77 

y = 0 

(x, y) = (|^.°) -( 2 . 22 , 0 ) 
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53. m = m 1 + • ■ • + m n 
M y = m 1 x 1 + • • • + m n x„ 
M X = m 1 y l + ■ • • + m n y n 


55. (a) Yes. (x, y) = 




(b) Yes. (x, y) 



17 _5_ 
6’ 18 


x 


M y _ _ M x 

m ’ ' V m 


(c) Yes. fey) = (§,-^1) 


(d) No. 


57. The surface area of the sphere is S = 4irr 2 . The arc length 
of C is j = 7rr. The distance traveled by the centroid is 


d = 


S 

s 


4-77T 2 

ITT 


This distance is also the circumference of the circle of 
radius y. 

d = 2777 

Thus, 2777 = 4r and we have y = 2 r/ 77. Therefore, the 
centroid of the semicircle v = -Jr 2 — x 2 is (0, 2r/ if). 


y 



59. A = 


f,- 

Jo 


dx — 


71+1 


77+1 


771 = pA = 

P 


M. = 


M=p 




77 + 1 
(x") 2 t/x = 

) dx = 

77+1 


■[ 

f x(x n 

Jo 


p X 


2 271 +1 


P ' 


77+2 


0 2(277 + 1) 

1 = £ 

0 77 + 2 




y = — = 


777 77 + 2 

77+1 


Centroid: 


77+1 

777 2(277 + 1) 477 + 2 

77 + 1 77 +1 


\77 + 2’ 471 + 2 
As 77 — > oo, (x, y) — > (l, |). 


y 



The graph approaches the x-axis and the line x = 1 as n — > oo. 
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Section 6.7 Fluid Pressure and Fluid Force 

1 . F = PA = [62.4(5)](3) = 936 lb 3 . F = 62 A(h + 2)(6) - (62.4)(/0(6) 

= 62.4(2)(6) = 748.8 lb 


5 . h(y) = 3 - y 
L{y) = 4 



y 2 l - 

).6 3y - ; 

L 2 Jc 


= 1123.21b 



7 . h(y) = 3 - y 
L « - 2 (] + >) 

F - 2(62.4) j (3 - ,)(( + l) dy 

- ,24s !’ 

r v 3 i 3 

= 124.8 3y - yr = 748.8 lb 
9 Jo 



9 . /i(v) = 4 — y 
L(y) = 7 Jy 

F = 2(62.4) I (4 - y)Vydy 

Jo 

= 124.8 ( (4v 1/2 - y 3/2 ) dy 

Jo 


= 124.8 



23,5/23 4 


1064.96 lb 






38 Chapter 6 Applications of Integration 


13. h(y) = 12 — y 
Uy ) = 6 - 2 j 

F = 9800 | (12 - v)^6 - yj dy 

o 31 9 

= 9800 72 v -7 y 2 + =y~ = 2,381,400 Newtons 

9 Jo 





17. /i(v) — \ — y 
L(y) = 6 

F = 140.7 ( (4 - y)(6) dy 

Jo 

= 844.2 [ (4 - y) dy 

Jo 


y 2 

'T- v - yj 


- ^ = 6753.6 lb 





The second integral is zero since its integrand is odd and the limits of integration are symmetric to the origin. The first integral 
is the area of a semicircle with radius r. 



wktrr 2 
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23. h(y) = k — y 

Uy) = b 

fh/2 


F = W 


'h/2 

( 

J-h/2 


(k — y)b dy 


= wb 


b ~ tt 


h/2 


2 J -li/2 


= wbihk ) = wkhb 


y 


— 

h 

2 

water level 









b 

2 



b 

2 


h 

2 




25. From Exercise 22: 

F = 64(15)(1)(1) = 9601b 


27. h(y) = 4 — y 

F = 62.4 f (4 — y)L(y) dy 

Jo 

Using Simpson's Rule with n = 8 we have: 


F « 62.4 



= 3010.8 lb 


l[0 + 4(3.5)(3) + 2(3)(5) + 4(2.5)(8) + 2(2)(9) + 4(1.5)(10) + 2(1)(10.25) + 4(0.5)(10.5) + 0] 


29. h(y) = 12 — y 

L(y) = 2(4 2 / 3 - y 2/ 3 )3/2 

F = 62.4 f 2(12 — y)( 4 2 / 3 — y 2 / 3 ) 3 / 2 dv 

Jo 

« 6448.73 lb 



31. (a) If the fluid force is one half of 1123.2 lb, and the height 
of the water is b, then 

h(y) = b - y 

Uy) = 4 


F = 62. 


'b 

A 

Jo 


(b - y)(4) dy = -(1123.2) 


(b - y) dy = 2.25 




= 2.25 


b 1 

b 1 - — = 2.25 
2 

b 1 = 4.5 => b » 2.12 ft. 
(b) The pressure increases with increasing depth. 


'd 

33. F = Fw = w h(y)L(y) dy, see page 471. 
Jc 
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Review Exercises for Chapter 6 




: 2 — 8x + 3)] dx 


170.667 
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13. y = (l — JxY 

A = I ( 1 — Jx)- dx 

Jo 


= (l — 2x 1 / 2 + x ) dx 


- Zx 3 ' 2 + 


Jo 6 


0.1667 


2 



,( 0 , 1 ) 


( 1 , 0 ) 


-1 


15. x = y 2 - 2y ^ x + \ = (y - \) 2 


— 1 ± s/ x + 1 


'() ro 

A — [(l + Jx + l) — (l — Jx + 1 )] dx = 2jx + 1 dx 

J - i J-i 


A = \ [0 - (y 2 - 2y)] dy = (2y - y 2 ) dy = 


y- 3 y 3 


2 = 4 
o 3 


y 



17. A = 


1 _ 1 _ 2 


dx + [1 — (x — 2)] dx 


C2 r 3 

X , 

= -dx + 

Jo ^ J 2 


(3 — *) dx 


y = 1 - 


x = 2 — 2y 


y = x — 2 => x = y + 2, y = 1 


A = I [(y + 2 ) - (2 - 2y)] dy 
3 


3y c?y = 




' = 3 

0 2 





19. Job 1 is better. The salary for Job 1 is greater than the salary for Job 2 for all the years except the first and 10th years. 



—CONTINUED— 
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21. —CONTINUED— 


(c) Shell 

V = 2tt I (4 — x)x dx 

Jo 

= 27 r I ( 4x — x 2 ) dx 

Jo 


(d) Shell 

V = 2tt f (6 — x)xdx 

Jo 

r 4 

= 277 (6x — x 2 ) dx 

Jo 


1 

CN 

CN 

4 6477 

= — — = 277 

3x 2 — ^x 3 

L 3 J 

o 3 

L 3 J 


y 





25. Shell 


V = 2t7 


r * 

Jo + 1 


rfx 


■f 


(2x) 

(x 2 ) 2 + 1 


dx 


■ arctan(x 2 ) 




77 

T 
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27. Shell 

u = Vx — 2 
x = u 2 + 2 
dx = 2 u du 


V = 2tt 


'6 

. 2 1 


+ Jx — 2 


. ( u 1 + 2)m 

ax = 47 t — - — : du 

'o 


1 + ll 


. . ' u 3 + 2u * ( , 3 

= 477 — aw = 477 I U U + 3 — 


1 + u 


1 + u 


du 


= 477 


u 2 + 3m — 3 ln(l + u ) 


477 . 


= —(20 - 9 In 3) = 42.359 
o 3 



29. Since y < 0, A = — J xjx + I dx. 


u = x + 1 
x = u — 1 
dx = du 


A = — f (u — 1) s/it du = — f (w 3 / 2 — u 1 / 2 ) du 

Jo Jo 


XJ7 


31. From Exercise 23(a) we have: V = 6477 ft 3 


— V = 1677 
4 


Disk: 


r° i6 

77 —(9 — y 2 ) dy = I677 

J-3 " 


-M 5 / 2 

- -u 2 ' 2 

1 

4 

r 1 ,1 

9y ~ tv 3 

|_5 

3 J 

0 

15 

L 3 J 


(9 - y 2 ) dy = 1 


= 9 


( 9 % - **, 3 ) - (-27 + 9) = 9 
y 0 3 - 27y 0 -21 = 0 

By Newton’s Method, y Q ~ — 1.042 and the depth of the 
gasoline is 3 — 1.042 = 1.958 ft. 


33. f(x) = -x 5 / 4 

fix) = x 1 / 4 
1 + \f\x)] 2 = 1 + Jx 

ll = 1 + y/x 
X = (u — l ) 2 
dx = 2(u — 1) du 


= J y/ 1 + y/ x dx = 2 Ju(u — 1) du 
= 2^ (n 3 / 2 — u x ! 2 )du 


= 2 


lu 5 ' 2 - t « 3/2 


3 = ± 

1 15 


m 3 / 2 (3m — 5) 


= ^(l + 6^3) = 6.076 


35. y = 300 cosh 


/= 20 Smh V2000 


f— 

\2000 

x 


- 280, -2000 < x < 2000 


r 2000 [ 

J-2000 ’’ 

±f 20C 
20 J_ 2C 


20 Smh \2000 


dx 


400 + 9 sinh 2 | 


2000 


dx 


4018.2 ft (by Simpson's Rule or graphing utility) 
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41. Volume of disk: j Ay 


Weight of disk: 62.4 tt^— j Ay 


Distance: 175 — y 


W = 


62.477 


(175 - v) dy = 


62.477 


I75v - \ 


150 

0 


43. Weight of section of chain: 5 Ax 
Distance moved: 10 — x 


»/■ 


W=5 I (10 — x) dx = 

Jo 


-f do - *) 2 


= 250 ft • lb 


= 104,00077 ft • lb = 163.4 ft • ton 


'b 

45. W = F(x) dx 


80 


~ , ax D 
ax dx = — 



» 3 . 75 

64 4 


47. A = ( s/a — ~Jx)~ dx = (a — 2s/a x 1 ^ 2 + x ) dx = 


ax — ^ s/a x 2 ' 2 + ^ x 2 


a~ 

6 


1 = 6 
A a 2 


'a ^ 'a 

- xts/a — s/x) 2 dx = —r (ax — 2 s/a * 3 / 2 + x 2 ) dx 

Jo « Jo 


v = (Va — s/x) 4 dx 

\a ) 2 n 


'Cl 

Jo 


= 4 I (a 2 — 4a 3 / 2 .* 1 / 2 + 6a* — 4a 1 / 2 * 3 / 2 + * 2 ) <:/* 


a 2 x — —a 3 / 2 * 3 / 2 + 3a* 2 — —a 1 / 2 * 5 / 2 + -* 3 


_ a 
o ~~ 5 


y 



(*,y) 
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49 . By symmetry, x = 0. 

A = 2 f ( a 2 — a 2 ) c?a = 2 


4fl 3 


1 3 

A 4fl 3 


y = 


AH 

4a 3 / 2 


6 

8a 3 

6 

8a 3 


'a 

Jo 


(a 2 — x 2 ) 2 dx 
(a 4 — 2a 2 A 2 + a 4 ) dx 


4 2 « 2 3 , 1 5 

a*x —a 3 + -.v 3 


- !(<•’ " I 


a 5 + -a* I = 


2 a 2 


y 



51 . y = 0 by symmetry 
For the trapezoid: 

m = [(4)(6) - (l)(6)]p = 18p 


M v = p x 

Jo L 


6 A ' M ) ( 6 V " ' 


dx 


p | ^a 2 + 2* ) dx = p 


A , , 

1 + ^ 


= 60p 


For the semicircle: 


m = (1(tt)(2) 2 p = 2np 


y 



r 8 r 8 

M v = p x[s/4 — ( x — 6) 2 — (— n/4 — (a — 6) 2 )] dx — 2 p aV4 — (a — 6) 2 t/a 

J6 J 6 

Let u — x 6, then x = u + 6 and dx = r/u. When a = 6, u = 0. When a = 8, a = 2. 

M y = 2 p I ( u + 6) v/4 — u 2 du = 2p I m V4 — w 2 + 12p I V4 — zr 2 c/zr 

Jo Jo Jo 


= 2p 


■if 


(4 - ZZ 2 ) 3 / 2 


+ 12p 


tt(2) 2 


16 P . 4p(4 + 9 tt) 

3 + 127IP = 3 


Thus, we have: 


A(18p + 2irp) 


m i 4pl ' 4 + 

6 °p + 3 


180p + 4p(4 + 9 tt) _ 1 = 2(9 77 + 49) 

3 ’ 2p(9 + t r) 3(77 + 9) 


The centroid of the blade is 


( 2(977 + 49) \ 

V 3(77+9) ’ 
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53. Let D = surface of liquid; p = weight per cubic volume. 


F = p (D - y)[/(y) - g(v)] dy 


D[f(y) - g(y)]</v - y[/(y) - g(y)]</y 


[/(.v) - g(v)] dy 


y[/(y) - g(y)l dy 


D — 


'c 

Jc 


[/(y) - g(y)l dy 


■&r™ 


= p(Area)(D - y) 

= p(Area)(depth of centroid) 


Problem Solving for Chapter 6 


1 ■ T = ^c(c 2 ) = K: 3 


R = (cx — x 2 ) dx = 

Jo 

-c 3 

T 2 

lim — = lim - — = 3 

c— »0 + R c— »o + 1 . 

6 c 


2 3 6 


3- (a) |v = J [77(2 + 7 1 - ,y 2 )~ - 7r(2 - 7 1 - y 2 )~] dy 

= 77 f [(4 + 4 y 1 - y 2 + (1 - y 2 )) - (4 - 4 y 1 - y 2 + (1 - y 2 ))]dy 

Jo 

= 877 [ y 1 — y 2 rfy (Integral represents 1/4 (area of circle)) 


= 8tt( — ) = Itt 2 => V = 47T 2 


(b) (.* - I?) 2 + y 2 = r 2 

1 

2 


= R ± Jr 2 - 


\v = f [77(1? + y r 2 - y 2 )" - tt(r - Jr 2 - v 2 )'] dy 
1 Jo 

4 R y r 2 — y 2 dy 


= 77 ( 4 /?)— tti 2 — trr-R 
V = 277 2 7 2 ^ 


5. V = 2(277) jryr 2 — x 2 dx 


= —277 
— 477 


|(y - .r 2 ) 3 / 2 


If 

’ 8 


77/1 3 


V^-(ti 2 /4) 


which does not depend on r! 
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7. (a) Tangent at A: y = x 3 , y' — 3x 2 
y-l=3{x- 1) 
y = 3x — 2 

To find point B: x 3 = 3x — 2 

x 3 — 3x + 2 = 0 


(x - l) 2 (x + 2) = 0 => B = (-2, -8) 
Tangent at B: y = x 3 , y' = 3x 2 

y + 8 = 12(x + 2) 
y = 12x + 16 


To find point C: x 3 = 12x + 16 

x 3 — 12x — 16 = 0 
(x + 2) 2 (x - 4) = 0 => C = (4, 64) 


Area of R = 
Area of S = 




(x 3 — 3x + 2) dx = 


21 


(12x + 16 — x 3 ) dx = 108 


Area of 5 = 16(area of R ) 


area S 
area R 


16 


(b) Tangent at A(a, a 3 ): y — a 3 = 3fl 2 (x — a ) 

y = 3a 2 x — 2 a 3 

To find point B: x 3 — 3a 2 x + 2 a 3 = 0 

(x — a) 2 (x + 2a) = 0 => 

B = (—2a, —8a 3 ) 

Tangent at B: y + 8a 3 = 12a 2 (x + 2a) 


y = 12a 2 x + 16a 3 
To find point C: x 3 — 12a 2 x — 16a 3 = 0 

(x + 2a) 2 (x — 4a) = 0 => 

C = (4a, 64a 3 ) 

f fl 27 

Area of R = [x 3 — 3a 2 x + 2a 3 l dx = —a 4 

J-2a 4 

rAa 

Area of S = I [I2a 2 x + 16a 3 — x 3 ] dx = 108a 4 

J — 2a 

Area of S = 16(area of R) 


9. i(x) = + f\t ) 2 dt 


(a) j'(*) = ^ = V 1 + f\x) 2 

(b) ds = Vl +/'(x) 2 dx 
)ds) 2 = [1 + f\x) 2 \dx) 2 = 


1 + 


( 

\dx) 


(dx) 2 = (dx) 2 + (dy) 2 


(c) j(x) = I V 1 + {¥ /2 ) dt = I J 1 + \ tdt 


(d) s( 2) = 



1 H — t dt — 
4 


27 


9 y / 2 

1+ / 


2 = ^^22 - ^70 « 2.0858 
! 27 27 


This is the length of the curve y = x 3 ^ 2 from x — 1 to x = 2. 


11. (a) y = 0 by symmetry 



(b) 



b 2 — 1 
b 2 



2 (b - 1) 
b 


2 (b - 1 )/b _ lb 
(b 2 — 1 )/b 2 b + 1 


fey) = ( 


2b 

b + 1’ 


(c) 


lim x = 

b—> oo 


lim j——r 
b—^ao b + 1 


= 2 


(x, y) = (2, 0) 
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13 . (a) IV = area = 2 + 4 + 6= 12 

(b) IV = area = 3 + (1 + 1) + 2 + \ = 7^ 


15. Point of equilibrium: 50 — 0.5* = 0.1 25* 
x = 80, p = 10 


(P 0 ,x 0 ) = (10, 80) 
Consumer surplus 

Producer surplus = 


[(50 - 0.5*) - 10] dx = 1600 


[10 - 0.125*] dx = 400 


17 . (a) Wall at shallow end 

From Exercise 22: F = 62.4(2)(4)(20) = 9984 lb 

(b) Wall at deep end 

From Exercise 22: F = 62.4(4)(8)(20) = 39,936 lb 

(c) Side wall 

From Exercise 22: F, = 62.4(2)(4)(40) = 19.968 lb 


Jo 


F, = 62.4 (8 - y)(10y) dy 


= 624 (8v — y 2 ) dy = 624 

Jo 

= 26,624 lb 


4, 2 - 


Total force: F l + F 2 = 46,592 lb 


y 




CHAPTER 7 
Integration Techniques, L’Hopital’s Rule, 
and Improper Integrals 


Section 7.1 Basic Integration Rules 308 

Section 7.2 Integration by Parts 312 

Section 7.3 Trigonometric Integrals 321 

Section 7.4 Trigonometric Substitution 328 

Section 7.5 Partial Fractions 336 

Section 7.6 Integration by Tables and Other Integration Techniques . . 343 

Section 7.7 Indeterminate Forms and L’Hopital’s Rule 348 

Section 7.8 Improper Integrals 353 

Review Exercises 358 

Problem Solving 363 


CHAPTER 7 


Integration Techniques, L’Hopital’s Rule, and Improper Integrals 

Section 7.1 Basic Integration Rules 

Solutions to Even-Numbered Exercises 



(b) 


d 2x 
dx _(x 2 + l) 2 


+ C 


(x 2 + l) 2 (2) — (2x)(2)(x 2 + l)(2x)_ 
(x 2 + l) 4 


(c) 


— [arctan.x + C] 
dx 


1 

1 + x 2 


2(1 - 3.x 2 ) 
(x 2 + lp 


(d) — [ln(.x 2 + 1) + C] 
dx 


2x 

x 2 + 1 



dx matches (a). 


4. (a) — [ 2x sin(.x 2 + 1) + C) = 2.x[cos(.x 2 + l)(2x)] + 2 sin(x 2 + 1) = 2[2x 2 cos(x 2 + 1) + sin(x 2 + 1 )] 
dx 


(b) 


dx 


— ' sin(x 2 + 1 ) + C 


= — — cos(.x 2 + l)(2.x) = — ,tcos(x 2 + 1) 


(c) h 


— sin(x 2 + 1) + C 


= — cos(x 2 + l)(2x) = x cos(.x 2 + 1) 


(d) — [— 2x sin(x 2 + 1) + C] = — 2.x[cos(x 2 + l)(2x)] — 2 sin(x 2 + 1) = — 2[2x 2 cos(x 2 + 1) + sin(x 2 + 1)] 


x cos(x 2 + 1) dx matches (c). 


6 . 


2 1 - 1 
t 1 - t + 2 


dt 


= r 2 — t + 2, du = (2 1 — 1) dt 


Use 1^. 
u 


8 . 


- dt 


(2 1 ~ l) 2 + 4 
u = 2t — 1, du = 2 dt, a = 2 
du 


Use 


u~ + a- 


f 


— 2x 


dx 


u = x 2 — 4, du — 2x dx, n = — t 


Use u n du. 


12 ‘ J sec 3.x tan 3.x dx 
u = 3x, du = 3 dx 

Use f sec u tan u du. 


14 . 


1 


: dx 


.Xn/x 2 — 4 

u = x, du = dx, a = 2 
du 


Use 


iVir — a 2 


308 



Section 7.1 Basic Integration Rules 309 


16. Let u — x — 4, du = dx. 


(x - 4)6 

6(x — 4 ) 5 dx = 6 (x — 4 ) 5 dx = 6 - — 7 1- C 

J 6 


= (x - 4 ) 6 + C 


18. Let u — t — 9, du = dt. 
2 


-2 


( f _ 9)2 dt = 2 ( ? - 9) 2 dt = — - + C 


20. Let u = 4 — 2* 2 , c/z/ = — 4x dx. 
| x^J 4 — 2x 2 dx = 


(4 - 2x 2 ) 1 / 2 (-4x)d.x 


-1(4 - 2x 2 ) 3 ' 2 + C 
6 


22 . 


(2x + 3) 2 


dx = | x dx — — I (2* + 3) (2) dx 


x 2 3 (2x + 3) _1 


2 2 -1 
3 


+ C 


= - + 


2 2(2* + 3) 


+ C 


24. Let u = x 2 + 2x — 4, du = 2(.r +1) dx. 




. X + dx = 77 1 (x 2 + 2x — 4) 1 / 2 (2)(* + 1) dx 
Jx 2 + 2x - 4 2 J 

= Jx 2 + 2x — 4 + C 


26. J — dx = j 2 dx + j — dx = 2x + 8 ln|* — 4\ + C 


28. 


1 


1 ^ dx = h , 1 (3) dx - | 1 (3) dx 


lx - 1 3x +1/ 3 3.v - I 


-ln|3.r - 


3 3*+ r 


|ln|3* + 1| + C = | In 


3* - 1 


3* + 1 


+ C 


1)3 / 3 3 1 

30. I *( 1 H — = .*( 1 H 1 — ; 1 — 7 I dx — 


j dx = yx + 3 + — + dx = ^x 2 + 3x + 3 ln|x| — - + C 


32. | sec 4 x dx = — | sec(4*)(4) dx 


= — ln|sec4* + tan4x| + C 


34. Let u = cos *, du = — sin * dx. 
sin * 


v< 


cos * 


dx = — J(cos*) '/ 2 (— sin x) dx 
= — 2 v/cos * + C 


36. Let u — cot x. du = —esc x dx. 


38. 


3e x - 2 


dx = 5 


= 5 


1 


3e x - 2)\e~ 
e~' 


dx 


3 - 2e~ x 


- dx 


— — ( 2e x ) dx 

2) 3 - 2e~ x v 


= — In 1 3 - 2e~ x \ + C 
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62. Let u — 2x, clu = 2 dx. 


y ' hvih t * = f 

= arcsec|2*| + C 


2*V(2*) 2 — 1 


dx 


64. Let u = sin t, clu = cos / dt. 


sin 2 t cos t dt = 


1 • r 

— sin 3 t 


= 0 


66. Let u = 1 — In x, du = — - dx. 

x 


dx = — (1 — ln*)( — -)d* 

Jl X V X ) 


“(1 - In -*) 2 


= I 

i ~~ 2 


68 . 


~dx= (l -~)dx 


* — 2 In * 


= 1 - In 4 « -0.386 


70. 


o V25 - x 2 


dx = 


4 4 

= arcsm 7 ~ 0.927 
0 5 


72 ‘ .^ + 4,+ 13 dx = \ ln ^ + 4x + I 3 ) - | + C 

The antiderivatives are vertical translations of each other. 


74. 


/( 


e x + e~ x \ 3 1 

dx = — [e 3 - 1 + 9e x — 9e~ x — e~ 3x ] + C 

2 / 24 L J 


76. sec u tan u du = sec u + C 


The antiderivatives are vertical translations of each other. 



78. Arctan Rule: 



1 ( 4\ „ 

— arctan — + C 
a \a / 


80. They differ by a constant: 

sec 2 * + Cj = (tan 2 * + 1) + Cj = tan 2 * + C. 


82. /(*) = ^(* 3 — lx 2 + 10*) 

r 

I /(*) dx < 0 because 

Jo 

more area is below the *-axis 
than above. 


5 



-5 


84. 

Jo 


dx ' 


x 1 + 1 

Matches (d). 


y 
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88. lirx 2 dx 


(a) Let/(.r) = 2ttx 2 over the 
interval [0, 2], 

A = f (2-itx 2 ) dx 

Jo 


(b) Letf(x) = Jlx over the 
interval [0, 2], Revolve this 
region about the x-axis. 

V = ir f ( s/2x)~ dx 


(c) Let/(x) = x over the interval 
[0, 2], Revolve this region 
about the y-axis. 

r- 

V = 2n I x(x) dx 

Jo 



92. y = 2^/x 

, 1 
V “ Jx 

1 + (y-)2 = 1 + I = 

* X 

S = 2tt f 2^ ( X ^ ^ dx 


= 2it I 2^/x + 1 dx 
) 

(2 


4 A 3 )(■* + l) 3/2 


= -y(i0>/l0 - l) « 256.545 



94. 


= V 2 / 3 


7 = * 


3* 1 / 3 


1 + ( y ') 2 = 1 + 


9.v 2 / 3 



1 +^ 2 7 ^ « 7.6337 


Section 7.2 Integration by Parts 

2. - 7 "[^ 2 sin x + 2x cos x — 2 sin x] = x 2 cos * + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x 2 cos jt. Matches (d) 
dx 
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4. —[—x + vlnv] = — 1 + x (— ) + lnv = Inx Matches (a) 
ax \xl 


s.j. 


6. | x 2 e 1 ' dx 

u = x 2 , dv = e 2 * dx 


8 . J In 3.v dx 

u = In 3x, dv = dx 


10. J x 2 cos x dx 

u = x 2 , dv = cos x dx 


dv = e~ x dx => v-jvdx- e 
du — dx 


U = X 


f X 

f 

’ — dx = z 

’. xe 

Je x 

J 


= 2 


f- 


— xe ' — — e x dx 


= 2 [— xe x — e '] + C 


14 . 


Mt 


dt = — I e 1 /'l — I dt = — e 1 /' + C 


— —2xe x — 2e x + C 


16. dv = x 4 dx 


u = Inx 


xx 

v = y 


du = — dx 
x 


x 4 In x dx = In x — -r- ( — ) dx = -7- In x — 7 | x 4 dx 

5 J 5 \xj 5 5 1 

= y In x — ^r.v 5 + C = ^ (5 In x — 1) + C 


18. Let u = In x, du = - dx. 

x 


x(ln x) 


dx = (In x) 3 (— )dv = + C 


2(ln x) 2 


20. dv = vr dx => v = I —z dx = 


u = Inx => du = - dx 
x 


Inx , Inx a .. . 

— 7- dr = 1- — dx = 

x- x 1 ' 


Ja 2 


i+c 

v x 


22. dv = 


(x 2 + l) 2 
u = x 2 e xZ 


dx 


I 


v = Kx 2 + 1) 2 xdx= - + ^ 

du = (2v 3 e* 2 + 2ve' r ) dv = 2xe A ’(x 2 + 1) dv 


/ 


(x 2 + l ) 2 


2(.v 2 +1) 


xV~ , x 2 e x ~ f , , x 2 e 

- dx = — , — tv + tee dx = — 


2(x 2 +1) 2 


e x ~ 

+ — + C = 




2(x 2 + l) 


+ C 


24. dv = -V dx 


v = — r dv = — 


u = In 2v 
f ln(2.v) 


dw = - dx 
x 


dx = — 


ln(2x) 


. 


+ — t dx = — 


ln(2x) 1 


-- + C 
x 


ln(2v) + 1 


+ C 
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26 . dv = — . 1 dx => v = I (2 + 3.x) 1;,2 d.x = ~zj2 + 3.x 
v/2 + 3.x J 3 

u = x => du = dx 


x , 2xj2 + 3x 2 „ 

. dx = — V 2 + 3x dx 

/2 + 3x 3 3 J 

= W2 3 +3X - ^(2 + 3x) 3 / 2 + C = 2V2 27 + 3 * [9x - 2(2 + 3.,)] + C = 2x/2 ? + 3 * (3x - 4) + C 


28. dv = sin x dx => v = — cos x 
u = x => du = dx 


x sin dx = —x cos x — — cos x dx = — x cos x + sin x + C 


30. Use integration by parts twice. 

(1) u — x 2 , du = 2x dx, dv = cos x dx, v = sin x 


x 2 cos x dx — x 2 sin x — 2 x sin x dx 


(2) « = x, r/« = dx, dv — sin x dx, v = — cos x 


x 2 cos x dx = x 2 sin x — 2 — x cos x + cos x dx 


= x 2 sin x + 2x cos x — 2 sin x + C 


32. dv = sect? tan Odd => v — sect? tan Odd = sect? 


du = dd 


9 sect? tanf? dO = OsecO— sec Odd 


= 9sec9 — ln|sec(? + tant?| + C 


34. dv = dx 


v = dx = x 


u — arccos x => du = , dx 


4 arccos x dx = 4 x arccos x + — . dx 

J J yr^? 


- yi - x 2 ] + c 


36. Use integration by parts twice. 


(1) dv = e x dx => v = e x dx = e 


u — cos 2x => du = — 2 sin 2x dx 


(2) dv = e x dx => v = e x dx — e 


u = sin 2x ^ du = 2 cos 2x dx 


e r cos 2x dx = e r cos 2x + 2 e' sin 2x dx = e r cos 2x + 2\ e x sin 2x — 2 I e r cos 2x dx 


5 I e x cos 2x dx = cos 2x + 2e' sin 2x 


e x cos 2x dx — — (cos 2x + 2 sin 2x) + C 


38. dv = dx 


u — In x du = - dx 
x 


y ' = In x 


f 

y = In x dx = x In x — x( — 1 dx = x In x — x + C = x(— 1 + In x) + C 

J J W 
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/< 


40 . Use integration by parts twice. 

(1) civ = s/ x — 1 clx => 

u = x 2 => du = 2x dx 

(2) dv = (x — 1 y/ 2 dx => 

« = x => du = (fa 


1 ' = | (x — 1 )'/ 2 (fa = “(x — l) 3 / 2 




v = I (x — 1 ) 3 / 2 dx = -(x — l) 5 / 2 


y = Js - 2 Jx — 1 dx 


— ^x 2 (x ~ l) 3 ^ 2 — j x ( x ~ 1 ) 3 / 2 dx = ^x 2 (x ~ 1) 3 ^ 2 “ ~| 


^x(x — l) 5 / 2 — j | (x — 1 ) 5 / 2 dx 


= |x 2 (x - l) 3 / 2 - ^ x( X - I ) 5 / 2 + j^(x - I ) 7 / 2 + C = 2( ' Y 105 1)3/2 ( 15 - v2 + 12* + 8) + C 


42 . dv = dx 


v = <ix = x 


dx = - — — — -z dx 


x 1 

u — arctan — s du — ✓ , n. ~ \ i «-*.*• — . 0 

2 1 + (x/2) 2 \2/ 4 + x 2 

x x I 2x x 

y = I arctan — dx = x arctan 1 : — r dx = x arctan 1 ln(4 + x 2 ) + C 

21 2 2 I 4 + x 2 2 v 



(b) ^ = e x/3 sin 2 x, (o. ?»|| 
y = J e~ x / 3 sin 2x <fa 
Use integration by parts twice. 

(1) u = sin 2x, du = 2 cos 2x 
<r/v = e~ x ^ 3 dx, v = — 3c - */ 3 


/ 


c V 3 s j n 2x dx = — 3e */ 3 sin 2x + | 6e - r / 3 cos 2.x dx 

(2) u = cos 2x, = — 2 sin 2x 

<iv = e ~ x / 3 <fa, v = — 3c - */ 3 


( 

7 S‘ 


e */ 3 sin 2x dx = — 3e */ 3 sin 2x + 6 


— 3c */ 3 cos 2x — 6e */ 3 sin 2x dx 


6 


+ C 


37 | e r / 3 sin 2x dx = —3c */ 3 sin 2x — 18c */ 3 cos 2x + C 
1 


- 


= e sin 2x dx = 


37 


— 3e */ 3 sin 2x — 18c */ 3 cos 2x 


+ C 


0. — j: — r~ = ^-[0 - 18] + C => C = 0 
37 / 37 37 L J 


y = -^-[3e */ 3 sin 2x + 18e */ 3 cos 2x] 
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46. Cp = - sin x, >'( 0 ) = 4 
dx y 


8 .( 0 . 4 ) 






— 








■■ ffi / '• 

, \ -• >■ -- 

- •, ' 

i i '■ 

. \ -• / ^ 

- / / \ \ '■ 

. M / ' 




I -- \ 

■- x v f i / 

■ \ i ■•. . 


U s y f > 

■ •>. ■, \ .• 


48. See Exercise 3 . 
n 


-i 

Jo 


x 2 e x dx = 


x 2 e x — 2xe x + 2e x 


= e - 2 « 0.718 


50. dv = sin 2x dx => v = | sin 2x dx = — — cos 2x 
du = dx 


x sin 2x dx = — -x cos 2x + — I cos 2x dx 
2 2 


— r- x cos 2 x + ~7 sin 2x + C 
2 4 


= -(sin 2x — 2x cos 2x) + C 
4 




Thus, x sin 2x dx = 


-7(5111 2x — 2x cos 2x) 
4 


7 T 

0 " _ 2' 


52. dv = x dx 


v — lx dx = 


u = arcsin x 


du — 


2x 


Vl — x 4 


x arcsin x 2 dx = — arcsin x 2 — 
2 


<r/x 


yi - x 4 


dx 


= y arcsin x 2 + y ( 2)(1 — x 4 ) 1 ^ 2 + C 


= i[x 2 arcsin x 2 + — x 4 + C 


r 1 1 

x arcsin x 2 dx = — 

x 2 arcsin x 2 + Vl — x 4 

0 2 

_ 


54. Use integration by parts twice. 

(1) dv = e~ x , v = —e~ x , u = cosx, du — —sin x dx 


| e x cos x dx = —e x cos x — J e x sin x dx 
(2) dv = e~ x dx, v = —e~ x , u = sinx, du = cos x dx 


e x cos x dx = —e x cos x — 


— e x sin x + e x cos x dx 


= 4(71-2). 


2 I e x cos x dx — e x sin x — e x cos x 


Thus, 

'2 


e x cos x dx = 


0 


e x sin x — e x cos x 


Jo 


-e~ 2 1 

— - — [sin 2 — cos 2] + — 


56. dv = dx 


-/■ 


i' = dx = x 


2x 


u = ln(l + x 2 ) => <r/i/ = — - c?x 

1 + x 2 


ln(l + x 2 )dx = xln(l + x 2 ) — 

= x ln(l + x 2 ) — 2 


2x 2 

1 + X‘ 


dx 


1 - 


1 + x 2 


dx — x ln(l + x 2 ) — 2 x + 2 arctan x + C 


Thus, I ln(l + x 2 ) dx 

Jo 


x ln( 1 + x 2 ) — 2x + 2 arctan x 


= In 2 - 2 + -. 
0 2 








66 . Answers will vary. 68 . Yes. 70 . No. Substitution. 72 . No. Substitution. 

See pages 488, 493. u = In x, dv = x dx 

74 . I a 4 sin 7ra da = (an) 4 cos na + 4(air) 3 sin na + I2(an) 2 cos na — 2A(an ) sin 7ra — 24 cos na] + C 

I -TT' 


x 4 (25 — x 2 ) i/2 dx = 


1,171,875 arcsin(.v/5) 
128 


x(2x 2 + 25)(25 — x 2 ) 5 / 2 625x(25 — x 2 ) 3 / 2 

16 + 64 


= 14,381.0699 
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78. (a) dv = JA + xdx => v = J (4 + x) 1 / 2 dx = |(4 + x) 3/2 
it = x => du = c/x 

J x-yA + x dx = ^x(4 + x) 3 / 2 — f |"(4 + x) 3 / 2 dx 


= ^x(4 + x)3/ 2 — -^(4 + x)V 2 + C = yj(4 + x) 3 / 2 (3x — 8) + C 


(b) n = 4 + x => x = m — 4 and c/x = c/m 


xV4 + x c/x = (m — 4)m'/ 2 c/m = (m 3 / 2 — 4k 1 / 2 ) du 

J J 


= |m 5 / 2 - |m 3 / 2 + C = j^m 3/2 (3m - 20) + C 
= ^(4 + x) 3/2 [3(4 + x) - 20] + C = (4 + x) 3/2 (3x - 8) + C 


80. (a) dv = s/4 — x dx 


/' 


= (4-x)‘/ 2 c/x 


= -f (4 - x)V 2 

c/« = c/x 


9 9 

xV 4 ;• x dx = — -x(4 — x) 3 / 2 + — | (4 — x) 3 / 2 c/x 

J 


= -|x(4 - x) 3 / 2 - ^(4 - x) 5 / 2 + C 


= — —(4 — x) 3 / 2 [5x + 2(4 — x)] + C 


= ~(4 - x) 3 / 2 (3x + 8) + C 


(b) m = 4 — x => x = 4 — u and dx = — du 
j x jA — x dx = — J (4 — u) Vm c/m 


= — (4m 1 / 2 — m 3 / 2 )c/m 


= -|m 3 / 2 + ±M 5 / 2 + C 


= — — m 3 / 2 (20 - 3m) + C 
= —^(4 - x) 3 / 2 [20 - 3(4 - x)] + C 


= -4|(4 - x) 3/2 (3x + 8) + C 


82. n = 0: £* dx = e* + C 


"'"I' 

4 
4 


n = l:jxe'dx = xe'-e r +C = xx I - je 1 dx 
n = 2: \x 2 e x dx = x 2 e x — 2xe x + 2e x + C 


= x 2 e* — 2J xe x dx 
n = 3: I x 3 e x dx = xV — 3x 2 e r + 6xe l — 6e x + C 


3:|x 

4 


= x 3 e x — 3 x 2 e x dx 


x 


n = 4: J x 4 e x dx 

= xV r — 4x 3 e A + 1 2x 2 e x — 24xe v + 24^' + C 
-,V-4 |,Vi, 


In general. fx"e x dx = x”e* — mJx" 'e'c/x. 
(See Exercise 86) 


84. dv = cos x c/x => v = sin x 

m = x" => c/m = mx" _1 c/x 

x" cos x c/x = x” sin x — n fx" ~ 1 sin x dx 


86. dv = e ax dx 


x”e ax dx = 


— s V 

= —e ax 


a 

dw = 

nx n ~ l dx 

x n e ax 

n f i 

x n ~ 1 e ax 

a 

a J 
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98. In Example 6, we showed that the centroid of an equivalent region was 
(1, 7 t/ 8). By symmetry, the centroid of this region is (7 t/8, 1). 

You can also solve this problem directly. 


A = 



arcsin x dx 


7 T 

—x — x arcsin x — 
2 



(Example 3) 



(- 1 )= 1 


y 



My 


X = ~A = 1 ^ 


'1 

Jo 


— arcsin* 


dx = 


M x _ fW2) + arcsin x 


? = AT = 


77 

— — arcsin x 
2 


dx = 1 


100. (a) Average = (1.6tlnf + 1 )dt = 


/> 


(b) Average = (1.6tlnf + 1 )dt = 


0.8 1 2 In t — 0.4f 2 + t 
0.87 2 In t — OAt 2 + t 


102. c(t) = 30,000 + 500t, r = 1%, t x = 5 


p\ (30,000 + 500 i)e-° m dt = 500 f (60 + t) e -° 07 ' dt 

Jo Jo 

Let u = 60 + t, dv = e ~ 0 01 ' dt, du = dt, v = — ^-e _0 07f . 


P = 500 


= 500 


(60 + f)( -^ e -oo7f 


(60 + f)( g—0.07t 


100 
o 7 


o 

10,000 

49 ' 


3.2(ln 2) - 0.2 = 2.018 

12.8(ln 4) - 7.2(ln 3) - 1.8 « 8.035 


$131,528.68 


104. 



cos nx dx 


x~ . 

2x 

— sm nx + 


n 

n 2 


, sin nx 
n s 


277 277 . , 

= — COS 1177 H T COS(— 1177J 

n n 


477 

= — COS 1177 
11 - 


{ ( 477 /n 2 ), if n is even 
— (4 77 / n 2 ) , if 11 is odd 

(-1)"477 


106. For any integrable function, f f(x) dx = C + J fix) dx, but this cannot be used to imply that C = 0. 

r-ir/2 

< x dx. 

Jo 


0, 


, sin x < 1 => x sin x < x 


' 77-/2 

* 

Jo 


x sin x dx 


108. On 
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110 . f'(x) = cosv^./(0) = 2 

(a) It cannot be solved by integration. (b) You obtain the points 


n 


y„ 

0 

0 

2 

1 

0.05 

2.05 

2 

0.10 

2.098755 

3 

0.15 

2.146276 

* 

l 

* 

80 

4.0 

2.8403565 
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2. (a) y = sec x => y ' = sec x tan x = sin x sec 2 x. 
Matches (iii) 


(b) y = cos x + sec x => y ' = — sin x + sec x tan x 

= — sin x + sec 2 x sin x 
= sin x(— 1 + sec 2 x) 

= sin x tan 2 x Matches (i) 


(c) y = x — tan x + 


1 


tan 3 x 


y ' = 1 — sec 2 x + tan 2 x sec 2 x 
= — tan 2 .r + tan 2 x(l + tan 2 *) 
= tan 4 x Matches (iv) 


(d) y = 3x + 2 sin x cos 3 x + 3 sin x cos x => 

y ' = 3 + 2 cos x(cos 3 x) + 6 sin x cos 2 _v(— sin x) + 3 cos 2 x — 3 sin 2 x 
= 3 + 2 cos 4 * — 6cos 2 .v(l — cos 2 .v) + 3 cos 2 * — 3(1 — cos 2 *) 

= 8 cos 4 * Matches (ii) 


cos 3 x sin 4 x dx = 

J 


4- cos 3 * sin 4 * dx = cos*(l ~ sin 2 *)sin 4 x dx 


— (sin 4 * — sin 6 *)cos x dx 


+ C 


X 1 JC 

8. Let u = sin — , du — — cos — dx. 

3 3 3 


cos 3 ^ dx = (cos ^j( 1 — sin 2 dx 


= 3 M 1 — sin 2 f)(| cos fjd* 

= 31 sin | - 3sin 3 f) + C 


= 3 sin — — sin 3 ^ + C 
3 3 


6. Let u = cos *, du = — sin x dx. 


in 3 * dx = sin x(l — cos 2 x) dx 


= J cos 2 *(— sin x) dx + | sin x dx 

1 3 I f-i 

= — cos J X — cos X + C 
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10. | SU1 dt = I sin f(l — cos 2 t) 2 (cos t ) */ 2 dt 
/cos t 


= sin f(l — 2 cos 2 t + cos 4 r)(cos t) '/ 2 dt 


= [(cos t) '/ 2 — 2(cos f) 3 / 2 + (cos f) 7 / 2 ]sin t dt 


— 2(cos ?)*/ 2 + ^(cos f) 5 / 2 — ^(cos f) 9 / 2 + C 


12 . J» 


. , [ 1 — cos 4a , 1 ( 1 . , 

sin- 2x dx = I dx = —I a — — sin 4a ] + C 

= ^( Ax — sin 4x) + C 


. , . . , . 1 — cos 49 1 — cos 49 , 

14. sin 4 29 d9 = • d9 


= - (1—2 cos 49 + cos 2 49) d9 
4 


1 j 1 + cos 8 9\ 

= — I 1 — 2 cos 49 H ] d9 


^ ^ — 2 cos 49 + ^ cos 8 9 ] dO 


— ~ sin 40 + -7 sin 80 
2 2 16 


+ C 


= 70 — - sin 40 + 77 sin 80 + C 
8 8 64 


16. Use integration by parts twice. 

, . , , 1 — cos 2x 

dv = sin- x dx = = 


* sin 2x 1 . 

v = — ; — = ~(2x — sin 2x) 

2 4 4 


du = 2 x dx 


dv = sin 2x dx 


i' = — — cos 2x 


f 


=> du = dx 

x 2 sin 2 x dx = — x 2 (2x — sin 2x) — — | (2.r 2 — x sin 2x) dx 


= ^ x 3 — ^x 2 sin 2x — ^.r 3 + — | x sin 2x dx 


1 3 1 2 . 0 , 1 
= 7 A' — 7 A sin 2a + — 
6 4 2 


— x cos 2 a 4 — cos 2 a dx 
2 2 


1 

2j C 


1 3 1 2 

V - 1 V- 


1 . 


A 2 sin 2 a — -a cos 2 a + 7 sin 2 a + C 


= —(4a 3 — 6 a 2 sin 2 a — 6 a cos 2 a + 3 sin 2 a) + C 


18. Let u = sin a, du = cos a dx. 


7t/2 7J-/2 

cos 5 x dx = (1 — sin 2 jv) 2 cos x dx 

I Jo 


7t/2 


( 1—2 sin 2 a + sin 4 a) cos a dx 


fir/2 | rir/2 

20. | sin 2 a dx — — (1 — cos 2a) dx 

2 Jo 


x — — sin 2 a 
2 


IT/ 2 ^ ^ 

0 “ 4 


2 . 


1 . 


sin a — 7 sin a + 7 sin a 


7t/2 

0 


15 
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22. | sec 2 (2x — 1) dx = — tan(2x — 1) + C 


J tan 2 x dx = J 


26. tan 2 x dx = (sec 2 x — 1 )dx = tan x — x + C 


24. | sec 6 3 x dx = J (1 + tan 2 3x) 2 sec 2 3 xdx 

= f (1 + 2 tan 2 3x + tan 4 3x)sec 2 3x dx 


12 1 
= — tan 3x + — tan 3 3x + — tan 5 3x + C 


28. | tan 3 ^ sec 2 ^ dx = J tan 4 + C 
2 2 2 tt 2 


30. Let u — sec 2 1, du — 2 sec 2 1 tan It 

f tan 3 2 1 • sec 3 2 1 dt = J (sec 2 It — l)sec 3 2 1 • tan It dt 

= J (sec 4 2 1 — sec 2 2t)(sec 2 1 tan 2 1) dt 
sec 5 2t sec 3 2t 


10 


+ C 


32. | tan 5 2x sec 2 2x dx = — tan 6 2.y + C 


, x x , x j I x x\ , 

34. sec- — tan — dx = 2 sec — — sec — tan — dx 

2 2 2 \2 2 2 / 


= sec 2 - + C 


2 2 


X 

/I 


tan - 

— sec^ — 

2 

V2 

2/ 


= tan 2 ^ + C 


36. tan 3 3x <ix = (sec 2 3x — l)tan 3x dx 


= \ I tan 3x(3 sec 2 3x) dx + ]- | — — dx 

3 J 3 J cos 3x 

= — tan 2 3x + — ln|cos 3x| + C 


38. 


tan~x sirx 


cos 5 x dx 

:os- x 

' I " 1 41 

= J sin 2 x(l — sin 2 x)cos x <ix 

= J (sin 2 x — sin 4 x)cos x dx 

_ sin 3 x sin 5 x 
“ 5 + 

42. y — J Vtan x sec 4 x dx 

= ^"tan 1 / 2 x(tan 2 x + l)sec 2 xrfx 
= f (tan 5 ^ 2 x + tan 1 / 2 x) sec 2 x dx 


= ^ tan 7 / 2 x + — tan 3 / 2 x + C 


. | . j OL ^ OC j 

40. s = sirr — cos — da 
2 2 


1 — cos a\l 1 + cos a\ 1 — cos 2 a 

da = : da 


= — sin 2 a da = — 1(1 — cos 2a) da 
4 8 1 


e - 


sin 2 a 


+ C 


= ~(2a — sin 2a) + C 
16 
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(b) = sec 1 2 x tan 2 x, [ 0, — 7 

dx V 4 


y = J sec 2 x tan 2 x dx u = tan x, du = sec 2 x dx 
tan 3 x 


n i\ 1 1,1 

4/4 7 3 4 


46. = 37v tan 2 x, y(0) = 3 


48. cos 40cos(— 39) dQ = cos 40 cos 39 dO 



= — (cos IQ + cos 9) dQ 


sin 19 sin 9 
14 + + 


50. sin(— 4x) cos 3x dx = — si n 4x cos 3x dx 


= — — | (sin x + sin lx)dx 


— cos x — — cos lx 


+ c 


, X , 1 , X , 

52. Let u = tan — . du = — sec- — dx. 

2 2 2 


tan 4 x sec 4 ^ dx = | tan 4 “(tan 2 ^ + 1 ]sec 2 




= 2 | ( tan 6 1 + tan 4 sec 2 dx 


= — T7 cos x + cos 7x1 + C 
14 


2 2 , x „ 

= — tan 7 — + - tan 5 — + C 
12 5 2 


54. u = cot 3x, du = — 3 esc 2 3x dx 


1 


esc 2 3x cot 3x dx = — — | cot 3x(— 3 esc 2 3x) dx 


= — 7 cot 2 3 x + C 
o 


56. 


cot 3 1 

CSC t 


dt = 


cos 3 1 _ f(l — sin 2 r)cos t 


- dt = 


dt — cos t dt 


sin- t 

cos t 
sin 2 t 

= - 7 — — sin t + C 
sin t 

= — esc t — sin t + C 


sin- t 


dt 


__ , sin 2 x — cos 2 x , (1 — 2cos 2 x , . . . , , , , . „ . 

58. | dx = I dx = (sec x — 2 cos xjax = In sec x + tan x — 2 sin x + C 


1 1 _ sec t , cos t — 1 

60. I dt = , , dt 

cos t — 1 J (cos t — 1 ) cos t 


= I sec t dt = ln|sec t + tan t\ + C 


fw/3 f tt/3 

62. tan 2 x dx = (sec 2 x — 1) dx 

Jo Jo 


tan x — x 


tt/3 


= 73- 


64. Let u = tan t, du = sec 2 t dt. 


66 . | sin 39 cos Odd = — | (sin 49 + sin 2 9)d0 


rW 4 

2 

7t/4 

2 



sec 2 rvtan7 J? = 

— tan 3 / 2 f 



1 

1 _ 1 

Jo 

L3 

0 

_ 3 


— cos 49 + — cos 29 




2 

4 2 J 


= 0 


H I (M 
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7t/2 

68. I (sin 2 * + 1) dx = 

J — 7r/2 


7t/2 

— 7r/2 
7 t/2 

I 

— 7J-/2 


1 — cos 2x 

2 

3 1 0 

- — - cos 2 

2 2 


+ 1 rfx 


\ 

"3 1 

1 ax = 

— x — 7 sin 2x 

L2 4 J 


’’Z 2 _ 3ir 

— 7t/2 2 


[). J sin 


70. | sin 2 x cos 2 x dx = — [4x — s i n 4x] + C 


72. | tan 3 (l — x) dx = — ^ — — ln|cos(l — x 




74. sec 4 (l — x) tan(l — x) dx = — 


sec 4 (l — x) 


+ C 


76. 


77/2 


(1 — cos 9) 2 df) = 


3 1 

- 9 — 2 sinf? H — sin 29 
2 4 



7r/2 j 

78. I sin 6 x dx = — 
Jo ° 


— 2 sin 2x + x sin 4x + \ sin 3 2x 
2 8 6 


^Z 2 _ 5 it 
o “ 32 


80. See guidelines on page 500. 


82. (a) Let u = tan x, du = sec 2 x dx. (b) 


sec 2 x tan x dx = — tan 2 x + C l 


Or let u = sec x, du = sec x tan x dx. 


sec x(sec x tan x) dx = — sec 2 x + C 


(c) — sec 2 x + C = —(tan 2 x + 1) + C = — tan 2 x+(-+C]= - tan 2 x + C, 
2 2 2 \2 2 2 



84. Disks 

R(x) = tan.v 
r{x) = 0 


Ctt/4 

V = 2tt tan 2 x dx 

Jo 

r-tr/4 

= 2tt (sec 2 x — 1) dx 


= 2tt tanx — x 


7r/4 



:)| + C 


77/2 

0 
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Ci r/2 Ctt 2 r t n _ 

7 T 7T 1 • 

V = 77 cos 2 X dx — — ( 1 + cos 2x) dx = — x + — sin 2* 

Jo “ Jo 2 L 2 Jo 


ir/2 77 2 


f 1r / 2 r “lir/2 

(b) A = cos x dx = sin x =1 
Jo L Jo 

Let u = x, dv = cos x dx, du = dx, v = sin x. 


'tt/2 

X = X COS X d!x = 

Jo 


■nil r 

x sin x — 

Jo Jo 


^/2 fV T TV 2 77- TT — 2 

— sin x dx = x sin x + cos x = — — 1 = — - — 
0 Jo L Jo 2 2 


1 r /2 

y = - cos 2 x dx 


(1 + cos 2 x)dx 


If .1 J^ 2 TT 

= — x + — sin 2 x = — 
4 2 08 


fey) = ( 


TT ~ 2 TT 

2 ’ S, 



88. dv = cos x dx => v = sin x 

u = cos' 1- 1 x => du = — (n — l)cos" -2 x sin x dx 


cos" x dx = cos" 1 x sin x + (n — 1) cos" 2 x sin 2 x dx 


= cos" 1 x sin x + (n — 1) I cos" 2 x( I — cos 2 x) dx 


= cos" 1 x sin x + (n — 1) cos" 2 x dx — (n — 1) cos" x dx 


Therefore, n cos" x dx = cos" 1 x sin x + (n — 1) cos" 2 x dx 


cos" 1 x sin x n—1 _ 7 

cos" x dx = 1 cos" x dx. 

n n 


90. Let u = sec" 2 x, du = (n — 2) sec" 2 x tan x dx, dv = sec 2 x dx, v = tan x. 


dx — sec" 2 x tan x — I (n — 2) sec" 2 x tan 2 x dx 


= sec" 2 x tan x — (n — 2) sec" 2 x(sec 2 x — 1) dx 


tanx — (n — 2) sec" x dx — sec" 2 x dx 


(n — 1) sec" x dx = sec" 2 x tanx + (11 — 2) sec" 2 x dx 


, 1 -7 17 — 2 

sec" x ax = sec" 2 x tan x H sec" 2 x ax- 
il — 1 n — 1 


f . , cos 3 x sin x 3 f ~ , cos 3 x sin x 3 f cos x sin x if, 

92. cos'* x ax = 1 — cos 2 x ax = 1 — 1 — ax 

4 4 4 4 2 2 


1 3 3 1 

= - cos 3 x sin x H — cos x sin x H — x + C = — T2 cos 3 x sin x + 3 cos x sin x + 3x1 + C 
4 8 8 8 
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94 . sin 4 x cos 2 x dx = — 


cos 3 x sin 3 x 1 . , . , 

g r — I cos - x sin- x dx 


cos 3 x sin 3 x 1 


6 


cos 3 x sin x 

if , , ‘ 

— 

+ T cos xdx 

4 

4j J 


1 


1 


= — — cos 3 x sin x — — cos x sin x + 


cos x sin x x 
' 2 + 2 


+ C 


["8 cos 3 x sin 3 x + 6 cos 3 x sin x — 3 cos x sin x — 3x1 + C 

48 


96 . (a) n is odd and n > 3. 

f7r/2 

cos" x dx = 


7J-/2 


n - 1 r /2 

n Jo C 


n — 1 
n 


cos" J x sin x 
n — 2 


7t/2 


cos" 2 x dx 

7t/2 


ft — 3 
n ~ 2 Jo 


4 x dx 


n — 1 n — 3 


n — 2 


n — 4 


V2 n — 5 r V2 , , 

-I t cos" 6 x dx 

o » - 4 Jo 


n — 1 n — 3 n — 5 


f7r/2 


n 

n — 

2 

ft — 

4jc 

n — 1 

n — 

3 _ 

ft — 

5 

n 

n — 

2 ' 

ft — 

4 ’ ' 

n — 1 

n - 

- 3 

ft - 

- 5 _ 

n 

n - 

- 2 

ft - 

- 4 ' 

n — 1 

n — 

3 _ 

ft — 

5 

n 

n — 

2 ’ 

ft — 

4 ’ ' 


cos" 6 x dx 

7r/2 


7t/2 

0 


COS X dx 

» 

• (sin x) 

1 (Reverse the order) 


= (D 


(b) n is even and n > 2. 

fir/2 

cos" x dx = 



ft — 1 

ft — 

3 _ 

ft — 

5 

rn/2 

ft 

ft — 

2 ’ 

ft — 

4 ' ‘ 

Jo 

ft — 1 

ft - 

- 3 

ft - 

- 5 _ 

• i x 

n 

ft - 

- 2 

ft - 

- 4 ' 

\2 

ft — 1 

ft — 

3 _ 

ft — 

5 

n 

ft 

ft — 

2 ' 

ft — 

4 ’ ' 

' 4 


COS 2 X dx (From part (a).) 


+ — sin 2x 


7t/2 

0 
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Section 7.4 Trigonometric Substitution 


2 -i 


8 In Jx 1 — 16 + x + -xjx 2 — 16 + C 


(x/ Jx 2 — 16) + 1 
J x 2 — 16 + jc 
8(x + Jx 2 — 16) 


1 

+ ~zx 


. , + gjx 2 — 16 

2 V V* 2 - 16 j 2 

Vx 2 — 16 


Jx 2 — 16( >/x 2 — 16 + x) 2 >/x 2 + 16 2 

16 + x 2 + x 2 - 16 


2 Jx 2 — 16 

.2 


X 

Jx 2 — 16 


Indefinite integral: 


Jx 2 — 16 


Matches (d) 


dx 


. x — 3 (x — 3) ^7 + 6x — x 2 


8 arcsin 2 + 

4 


+ C 


1 1 

Jl - [(x - 3)/4] 2 4 


+ \{x - 3) 3 + \jl + 6x - x 2 

2 Jl + 6x - x 2 2 


(x - 3) 2 716 - (x - 3) 2 


+ 


716 — (x — 3) 2 2^16 — (x — 3) 2 2 

16 — (x 2 — 6x + 9) + 16 — (x 2 — 6x + 9) 

2716 - (x - 3) 2 
= 2[16 - (x - 3) 2 ] 

2s/l6 - (x - 3) 2 

= V16 — (x — 3) 2 
= Jl + 6x — x 2 


Indefinite integral: J Jl + 6x — x 2 dx Matches (c) 


6 . Same substitution as in Exercise 5. 

10 . . .. f 5 cos 0 dQ 


2 j25^. 


: dx = 10 


2 2 

„ = - esc 2 8 d6 = — cot 9 + C — 

(25 sin 2 0)( 5 cos 9) 5 J 5 


-2^25 - x 2 
5x 


+ C 


8. Same substitution as in Exercise 5 


J 25 - x 2 


dx = 


25 sin 2 8 , 
5 cos 8 


"? J 


(5 cos 0) d6 = — (1 — cos 20) dO 


= — ^-sin20j + C = -^(0 — sin 0cos 0) + C 


25 

2 


v/25 — x 2 


+ C = 


1 


25 arcsin) - ) — xV25 — x 2 


+ C 


10 . Same substitution as in Exercise 9 

/ -v-2 _ 4 f 2 fori ft 

- dx = | x r(2 sec 9 tan 0) dd — 2 I tan 2 0 c/0 = 2 I (sec 2 0—1) c/0 


(Jx 2 -4 J f 

C7X 

J 


2 sec 0 
= 2(tan 0 - 0) + C = 2| 


JJ ^ 4 


„ — arcsec — 

2 \ 2 


+ C = Vx 2 — 4 — 2 arcsec) - j + C 
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12. Same substitution as in Exercise 9 


I — A dx = I ^ S6C (2 sec 0 tan 6) d9 = 8 I sec 4 6 d6 

J J 2 tan 9 J 

= 8 J (1 + tan 2 9) sec 2 9 d9 = 8^tan 9 + tal2 - j + C = j tan 9(3 + tan 2 9) 
8 / Jx- - 4 


3 + — — — j + C — -Vx 2 — 4 (12 + x 2 — 4) + C — -v 


14. Same substitution as in Exercise 13. 


Oy3 r 0 

dx = 9 sec 2 9 d9 = 9 I (sec 2 9 — l)sec 9 tan 9 d9 — 9 


vrr 


sec 9 


sec 3 9 


— sec 9 


+ C 


= 3 sec 9(sec 2 9 — 3) + C = 3 Vl + x 2 [(l + x 2 ) — 3] + C = 3 Vl + x 2 (x 2 — 


16. Same substitution as in Exercise 13 


; dx = 


(i+xr- j ( vrTx 2 )' 

i 


dx = 


tan 2 9 sec 2 0 dO 


sec 4 8 


= sin 2 0d6 


2 j (1 - cos 29) d8 = - 


9 - 


sin 29 


= —[9 — sin 9 cos 9] + C 


arctan x — 


Vl + x 2 / \ V 1 + x 2 


+ C = 


arctan x — 


1 + x 2 


+ c 


18. Let u = x, a — 1. and du = dx. 


20 . 


J Vl + x 2 dx = ^ (x V 1 + x 2 + ln|x + Vl + x 2 |) + C 

J y 9 X ~ x 2 dx = ~\\ I 9 ” x 2 )~ 1/2 (~2x) dx 


22 . 


1 .x 

dx = arc sin — 


V25 - x 2 


= — (9 — x 2 ) 1 / 2 + C (Power Rule) 

24. Let u = 16 — 4x 2 , du = —8 x dx. 

J xVl6 — 4x 2 dx = — ^ J (16 — 4x 2 )'/ 2 (— 8x)dx = 

26. Let u = 1 — t 2 , du = — 2 1 dt. 


“(16 - 4x 2 ) 3 / 2 


+ C=--(4- 


(1 J t 2y/2 dt = “IJl 1 " ?2 ) 3/2 (-2 t)dt = + c 


28. Let 2x = 3 tan 0, dx = — sec 2 0 d6 , V4r 2 + 9 = 3 sec 0. 
V4x 2 + 9 , _ [3 sec 9[(3/2) sec 2 9rf9] 


V4x 2 + 9 , 

4 dx = 

J * J 


(3/2) 4 tan 4 9 
8 ( cos 9 

dO 


9 I sin 4 9 



27 sin 3 9 


+ C 


= ——esc 3 8 + C 
27 


— (4x 2 + 9) 3 / 2 
27x 3 


+ C 


+ C 


x 2 - 4 (x 2 + 8) + C 


2) + C 


+ C 


x 2 ) 3 / 2 + C 
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30. Let 2x = 4 tan 9, dx — 2 sec 2 9 d9, 74x 2 +16 = 4 sec 9. 

1 f 2 sec 2 9 d9 

: dX = 


74x 2 + 16 ' J 2 tan 0( 4 sec 0) 


1 sec 9 , 1 , 

- ~d0 = — esc 0c/0 

4 tan 9 4 


= — — lnlcsc 9 + cot 0| + C = “Tin 
4 i i 4 


7x 2 + 4 + 2 
x 


+ C 



32. Let x = 73 tan 9, dx — 73 sec 2 9 d 9, x 2 + 3 = 3 sec 2 9. 
1 f 73 sec 2 0;/0 

(* 2 + 3)3/ 2 ^ - J 3 73 sec 2 0 


1 


cos 0 d9 


= ^ sin 0 + C 



3 7x 2 + 3 


+ C 


34. Let u = x 2 + 2x + 2, A/ = (2x + 2) dx. 

J (x + 1) 7x 2 + 2x + 2 dx = ^ j (x 2 + 2x + 2) 1 / 2 (2x + 2) dx = ^-(x 2 + 2x + 2) 3 / 2 + C 


36. Let 7* = sin 0, x = sin 2 0, <ix = 2 sin 0 cos 0 c/0, 7l — x = cos 0. 
(Vi — x _ f cos 0(2 sin 0 cos 0 c/0) 

J 7x J sin 0 


= 2j cos 2 0 dO 
= f(l + cos 20) dO 



V7 


= (0 + sin 0cos 0) + C 


= arcsinTx + 7x7 1 — x + C 


38. Let x = tan 0, dx = sec 2 0 rf0, .v 2 + 1 = sec 2 0. 




x 3 + x + 1 
: 4 + 2x 2 + 1 


t/x = 


1 ' 

4. ■ 


4x 3 + 4x 
4 I x 4 + 2x 2 + 1 


dx + 


1 


= — ln(x 4 + 2x 2 + 1) + 
4 


(x 2 + l) 2 
sec 2 9 d9 


dx 


sec 4 0 


= ^ ln(x 2 + 1) + ~ | (1 + cos 20) d9 
= ^ ln(x 2 + 1) + ^(0 + sin 0 cos 0) + C 


ln(x 2 + 1) + arctanx + n + - 


+ C 
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1 x~ 

40. u = arcsin x, => clu = — , dx, dv = x dx => v = — 




x arcsin x dx = arcsin x — 


1 x 2 


2 J J 1 - r 


dx 


= sin 9, dx = cos 6 dO, Jl — x 2 = cos 9 


C 2 

1 

sm- 9 

X 2 

1 f 

x arcsin x dx = — arcsin x 

= — 

. cos 6 dO = 

— arcsin x 

— — 

2 

2 

cos 0 

2 

4 J 


x 2 . 1 

= — arcsin x — , 
2 4 


9 — — sin 29 
2 


1 

+ C = — arcsin x — —[9 — sin(?cos(i] + C 


^2 j _ j j- . 

= — arcsin x — — arcsin ,v — xV 1 — x 1 + C = ^[(2x 2 — 1) arcsin x + ,rVl — x 2 + C 


42. Let x — 1 — sin 9, dx = cos 9 d9, s/l — (x — l) 2 = ~j2x — x 2 = cos 9. 


dx = 


J2x — x 2 J Jl — (x — l ) 2 


: dx 


r (] + sin 0) 2 (cos 9d9) 
cos 9 


= J( 1 + 2sinfi + sin 2 9) d9 


= | y + 2 sin 9 — ^ cos 29 ) d9 


3 1 

= —9 — 2 cos 9 — - sin 29 + C 
2 4 


3 1 

= — 9 — 2 cos 9 — — sm 9 cos 9 + C 
2 2 



s/l-ix-l ) 2 


3 j 

= — arcsin(jc — 1) — 2j2x — x 2 — . (x — 1) J2x — x 2 + C 


= ^arcsin(.v — 1) — \s/2x ~ x 2 (x + 3) + C 


44. Let x — 3 = 2 sec 9, dx = 2 sec 9 tan 9 d9 , V(.r — 3) 2 — 4 = 2 tan 9. 

f x f x j f (2 sec 9 + 3) . 

J Jx 2 - 6x + 5 J V(x - 3) 2 - 4 J 2 tan 9 


(2 sec 2 9+3 sec 9) d9 
2 tan 9+3 lnjsec 9 + tan 9\ + C x 


2,' a» - ay - 4 n 


x — 3 s/(x — 3) 2 — 4 


+ C x 


= s/x 2 — 6x + 5 + 3 In {x — 3) + s/x 2 — 6x + 5 + C 
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46. Same substitution as in Exercise 45 


(a) 


dt = 


(i - t 2 y 2 J cos 5 e 


cos 9 d6 


= sec 4 9 dd = (tan 2 0+1) sec 2 9 dO 


1 ■, 1 

= - tan 3 9 + tan 0 + C = 


+ 


Thus. 


rV 3/2 

Jo ( 


(1 - t 2 y / 2 


dt = 


3 vyr^TV vr^r- 

t 


+ c 


+ 


3d - 1 2 y' 2 jr^T 2 


V3/2 

0 


-|# + Ji- y5+ ' /s - 2 ' /5 ‘ 3464 


(b) When t = 0, 0 = 0. When t = 73/2, 0 = tt/ 3. Thus, 


'V3/2 

Jo ( 


(1 - t 2 ) 5 / 2 


dt = 


— tan 3 0 + tan 0 


( " /3 = |(n/3) 3 + 73 = 273 « 3.464. 


48. (a) Let 5* = 3 sin 0, dx = — cos 6 dO, J9 — 25x 2 = 3 cos 6. 
J 79 — 25.i“ dx = J(3 cos 0) - cos OdO 


9(1+ cos 20 


r/0 


9 

10 


0 + — sin 20 


+ C 


= — [0 + sin 0 cos 0] + C 


_9_ 

10 


. 5x 5x 79 - 25.V 2 

arcsin — + — • 

3 3 3 


+ C 


r 3/s 9 

. 5x 5x 79 - 25x 2 
arcsin „ + 

3/ L 9 

77 

j 79 — 25x 2 dx = — 

Jo 10 

3 9 

10 

0 

_ 2 _ 


9ir 

20 ' 


(b) When x = 0. 0 = 0. When x = 0 = y. 


3/5 


Thus, 79 — 25.tr 2 c/x = 


— (0 + sin 0cos 0) 


77/2 _ 9 


o “ 10' 

2 / 


50. (a) Let x = 3 sec 0, r/x = 3 sec 0 tan 0 dO, 7x 2 — 9 = 3 tan 0. 


77^9 f 

, ax = 

J •* 


3 tan 0 
9 sec 2 0 

tan 2 0 


3 sec 0 tan 0 dO 


sec 0 
sin 2 0 


r/0 

r/0 


cos 0 
1 — cos 2 0 


d6 


cos 0 

= I (sec 0 — cos 0) r/0 


= ln|sec 0 + tan 0| — sin 0 + C 

77^9 


= In 


x 7x 2 — 9 

3 + 3 


+ C 


—CONTINUED— 



Section 7.4 Trigonometric Substitution 333 


50. —CONTINUED— 

r6 Vx^9 


Hence. 


'6 
J 3 


dx = 


In 


x Vx 2 — 9 
3 + 3 


W^9 


= In 2 + y/3\ ~ 


V3 


(b) When x — 3, 9 = 0; when x = 6, 9 = — . 


Hence. 


J 3 


W^9 


rfx = 


lnjsec 6 + tan 0| — sin d 


^ = ln| 2 + V3| - 
Jo 2 


52. J (x 2 + 2x + 11 y/ 2 dx = ^-(x + 1 )(jc 2 + 2x + 26) V* 2 + 2x + 11 + -y- ln| Jx 2 + 2x + 11 + (x + l)| + C 


54. | x 2 V* 2 — 4 dx = ^-x 3 Vx 2 — 4 — ^xV* 2 — 4 — 2 In x + V* 2 — 4 + C 


56. (a) Substitution: it = x 2 + 1, du = 2x<ix 
(b) Trigonometric substitution: x = sec 9 


58. (a) x 2 + (y — k) 2 = 25 
Radius of circle = 5 
k 2 = 5 2 + 5 2 = 50 
k = 5^2 



(b) Area = square — ^-(circle) 

= 25 - ^(5) 2 = 2 5 (l - f 


(c) Area = r 2 — -tti' 2 = r 2 \ 1 — — 
4 \ 4 


60. (a) Place the center of the circle at (0, 1); x 2 + (v — l) 2 = 1. The depth d satisfies 0 < d < 2. The volume is 

V = 3 • 2 f Vl - (y - l) 2 dy 

Jo 

1[ 


= 6 


sin(v — 1) + (> — l)Vl - (y ~ O 2 


(Theorem 7.2 (1)) 


= 3[arcsin(r/ — 1) + (d — 1) V 1 — (d — l) 2 — arcsin(— 1)] 


= 7^- + 3 arcsin(tf — 1) + 3 (d — l)^/2d — d 2 . 



(c) The full tank holds 3ir ~ 9.4248 cubic meters. The 
horizontal lines 

3rr 3ir 9 tt 

• v = T’ y = T’ y = T 

intersect the curve at d = 0.596, 1 . 0, 1 .404. The dip- 
stick would have these markings on it. 


(d) V = 6 f Vl - (y - l) 2 dy 

Jo 


dV dv dd c r — 71 — m 1 

— = — • — = 6Vl - (d ~ l) 2 • d\t) = 7 
dt dd dt 4 


d'(t) = 


1 


24 Vl - (d ~ l ) 2 


(e) 



The minimum occurs at d = 1, which is the widest 
part of the tank. 
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62. Let x — h = r sin 9, dx = r cos 9 d9, Jr 2 — (x — h) 2 — r cos 9. 

Shell Method: 

Ch + r 


'h + r 

V = 4 77 xjr 2 — (x — h) 2 dx 

J h — r 


7t/2 


= 47 t (h + r sin 0)r cos 0(r cos 0) dO = 4irr 2 I (h + r sin 0) cos 2 0 dO 


— 7t/2 


7t/2 


— tt/ 1 


= 47 tr 2 \ 


7r/2 


(1 + cos 20) dO + r\ sin 0 cos 2 0 dO 


— tt/2 


rn/2 

■ s 
J — tt/2 


2Trr 2 h 

9 + — sin 29 

7t/2 



l 2 J 

— tt/2 

V 3 )_ 


7t/2 


= 2Tt 2 r 2 h 



~Jr 2 -(x-h ) ! 


64. y = ^x 2 , y’ = x, l + (y 2 ) 2 = \ + x 1 

4 

(Theorem 7.2) 

o 

= |[4yi7 + ln(4 + yi7)] « 9.2936 


= Vl + x 2 dx = 


hx Jx 2 + 1 + In x + y.v 2 + 1 


66. (a) Along line: d l = J a 2 + a 4 = a v/l + a 2 
Along parabola: y = x 2 , y ' = 2x 

d-, = I y 1 + 4.r 2 A 

Jo 


1 

4 

4 


|^2xy4x 2 + 1 + ln|2x + y4x 2 + 1 | 
[2ay4(/ 2 + 1 + ln(2a + J\a 2 + l) 


(Theorem 7.2) 


(b) For a = l, d 1 = V2 and d 2 = ^ ln(2 + >/5) ~ 1.4789. 

Fora = 10, y = loyiol « 100.4988 
d 2 « 101.0473. 

(c) As a increases, y — y — > 0. 


y 




36 
" 2 


1 - 


36 


1 + 1 - 


36 


+ In 


1 - 


36 


1 + 1 - 


36 


= -18[(-V2 + ln| — 1 + V2\) - (y2 + ln|l + V^))] = 36V2 + 18 ln^ ^ + « 82.641 
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70. First find where the curves intersect. 


V 2 = 16 — ( x ~ 4) 2 = -J-x 4 

16 

16 2 - 1 6(x - 4) 2 = y 4 
16 2 — 16 y 2 + 128 y — 16 2 = x 4 
x 4 + \6x 2 - 1 2 By = 0 
y(y — 4)(y 2 + 4y + 32) => y = 0. 4 

1 1 


A = —x 2 dx + -7t(4) 2 = — y 3 

1 a 4 12 


16 


+ 4ir = — + 4 tt 

0 3 


M y = 


"4 r 1 1 r 

Y — Y 2 dx + 

J() ^ J 4 


X 

16 


dx + J yV16 — (y — 4) 2 dx 

4 r» 

+ (y — 4) yi 6 — (x — 4) 2 dx + 4 716 — (y — 4) 2 

0 J4 J 4 


dx 


= 16 + 


-y~(16 - (y - 4) 2 ) 3 / 2 


+ 2 


x — 4 / — — 

16 arc sin — I- (y — 4)vl6 


= 16 + |l6 3 / 2 + 2 


161 


= 16 + — + 16t t = — — I- 1677 


r 4 i/i \2 r 8 1 

M x = -\jx 2 \ dx + -(16 - (y - A) 2 )dx 

Jo z / J 4 A 


32 5 


8y — 


(y - 4) 3 


32 


64 


= — +64 -— - 32 = 


416 

15 


My 


_ = Jiy = 112/3 + 1677 = 112 + 4877 = 28 + 12t7 ^ 
A 16/3 + 477 16 + 1277 4 + 377 


y 



(y - 4) 2 


8 

4 


_ _ _ 416/15 _ 104 

■ V _ A ~ (16/3) + 477 “ 5(4 + 377) 

(x,y) « (4.89, 1.55) 


72. Let r — L tan 6 , dr = L sec 2 9 dO, r 2 + L 2 = L 2 sec 2 6 . 
1 2 mL _ 2mL f h L sec 2 6 d9 

R J 0 (r 2 + l 2 ) 2 ' 2 dT = R J a L 3 sec 3 9 


2m 
\ RL 


cos 9d9 


2m . 

JL smd 


2m r R 

RL Jr^TL 2 \ 0 

2m 



LjR 2 + L 2 
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74. (a) F i 


= 96 


= 96 


r 0.8 

= 48 J (0.8 - y)(2) V 1 - y 2 dy 
r 0.8 ro.8 

0.8 J Vl — y 2 //y — J yVl — y 2 <iy 

^(arcsiny + y V 1 - y 2 ) + |(l - y 2 ) 3/2 

ro.4 

0>) Outside = 64 J ^ (0.4 - y){2 )JT^J 2 dy 

ro.4 ro.4 

= 128 0.4 J Vl - y 2 dy - J yVl - y 2 dy 
= 128| ^-(arcsiny + y Vl — y 2 ) + ^(1 — y 2 ) 3 / 2 


96(1.263) « 121.3 lbs 


92.98 


76. S = V1520.4 + 111.2? + 15.8/ 2 


78. False 


60 

1 ~ 1 . l 


J * 


'] 

7 


tan 6 
sec 0 

tan 2 9 d6 


(sec 0 tan 9 dO) 


(b) S\t) = -(1520.4 + 111.2t + 15.8/ 2 )“ 1/2 (111.2 + 31.6 1) 
S\5) « 2.71 


(c) Average value = — I 5(f) dt ~ 68.24 
*~JlQ 


80. True 


'1 n r-rr/2 

x 2 Vl — x 2 dx = 2 Wl — x 2 dx — 2 (: 

J — i Jo Jo 


x 2 ^/l — x 2 dx = 2 I x 2 Vl ~ x 2 dx = 2 I (sin 2 0)(cos 0)(cos 0 d6) = 2 sin 2 0 cos 2 0 dO 


7t/2 


Section 7.5 Partial Fractions 


„ 4y 2 + 3 A B C 

2. 7 ZTT = + 7 7777 + 


(y — 5) 3 x — 5 (x — 5) 2 (y — 5) 3 


4. 


x — 2 


x — 2 


A B 

+ 


x 2 + 4x + 3 (y + 1)(y + 3) y + 1 y + 3 


2y — 1 _ A Bx + C Dx + E 

6 ‘ y(y 2 + i) 2 “ 7 + vTT + (y 2 + i) 2 


8 . 


4y 2 - 9 (2y — 3)(2y + 3) 2y - 3 2y + 3 

1 = A(2y + 3) + B(2x - 3) 

When y = |, 1 = 6A, A = 

WhenY = -1, 1 = -6 B, B = -L 


1 , 1 

4^9 dx= 6 


2x - 3 


dx — 


1 


2y + 3 


dx 


1 


= ^Dn|2Y - 3| - ln|2Y + 3|] + C 


10 . 


fx 2 + 4x 1 + 3 dx = f 


(x + 1) 


(x + 1)(y + 3) 

1 


dx 


x + 3 


dx = ln|.v + 3| + C 


= 12 ln 


2y - 3 
2y + 3 


+ C 
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5x 2 — 12jc — 12 A B C 

12. _ — — b + 

x(x — 2)(x + 2) x x — 2 x + 2 

5x 2 — 12x — 12 = A(x 2 — 4) + Bx(x + 2) + Cx(x — 2) 

When x = 0, -12 = -4 A => A = 3. When x = 2, - 16 = 8B => B = -2. Whenx = -2, 32 = 8 C => C = 4. 




5v2 — ]2v — 12 13 / — 2 14 

dx = | dx + I — dx + I — dx = 3 ln|x| — 2 ln|x — 2| + 4 ln|x + 2\ + C 


x 2 - 4x 


x — 2 


x + 2 


. . x 3 — x + 3 , 2x + 1 , A B 

x 2 + x — 2 (x + 2)(x — 1) x + 2 x— 1 

2x + 1 = A(x — 1) + B(x + 2) 

When x = -2, - 3 = — 3A, A = 1. When x = 1, 3 = 3B, B = 1. 


r ~ r 

x 3 — x + 3 . 

— ; dx = 

J x 2 + X— 2 J 


, 1 1 

X — 1 H ; — T + 


x + 2 x — 1 


dx 


2 2 
= -^ — x + ln|x + 2| + ln|x — l| + C = -^ — x + ln|x 2 + x — 2| + C 


,, x + 2 A B 

16 . — — H — 

x(x — 4) x — 4 x 

x + 2 = Ax + B(x — 4) 

When x = 4, 6 = 4A, A = \. 


When x = 0, 2 = — 4B, B = 
x + 2 


r ^ r 

x + 2 

— ; — dx = 

J + 2 - 4x J 


3/2 _ 1/2 
x — 4 x 


dx 


= |ln|x ~ 4| - ^ln|x| + C 


18 . 


S 


2x - 3 = A 

(x — l) 2 x — 1 (x — l) 2 

2x — 3 = A(x - 1) + B 

When x = 1, B = - 1. When x = 0, A = 2. 


2x - 3 

(x - l) 2 


dx = 


2 1 

x — 1 (x — l) 2 


dx 


= 2 ln|x — 1| + 


1 


x — 1 


+ C 


4x 2 _ 4x 2 _ 4x 2 _ A B C 

X 3 + X 2 — X — 1 x 2 (x + 1) — (x + 1) (x 2 — l)(x +1) X — 1 + X + 1 + (x + l) 2 

4x 2 = A(x + l) 2 + B(x — l)(x + 1) + C(x — 1) 

Whenx = - 1. 4 = -2 C => C = -2. Whenx = 1, 4 = 4A => A = 1. Whenx = 0, 0=l-fi + 2 

4x 2 , 11.13. 12 


B — 3. 


. ' 


X 3 + X 2 — X 


— dx = I — - dx + I — - dx — I 
1 Jx - 1 J X + 1 J 

= ln|x — 1 1 + 3 ln|x + 1| + 


(x + l) 2 
2 


<r/x 


(x + 1) 


+ C 


6x 6x A £x + C 

22 . = = 1 

x 3 — 8 (x — 2)(x 2 + 2x + 4) x — 2 x 2 + 2x + 4 

6x = A(x 2 + 2x + 4) + (Bx + C)(x — 2) 

Whenx = 2, 12 = 12A => A = 1. Whenx = 0, 0 = 4 - 2C => C = 2. Whenx = 1, 6 = 7 + (B + 2)(-l) =^> B = 


- 1 . 


6x f 1 

J x 3 - 8 J x - 2 J 


— x + 2 
x 2 + 2x + 4 


dx — 


1 


x — 2 


dx + 


— x — 1 
x 2 + 2x + 4 


dx + 


(x 2 + 2x + l) + 3 


dx 


= ln|x — 2| — — ln|x 2 + 2x + 4| + — -j= arctan^ ^ j + C 
= ln|x — 2| — ^-ln|x 2 + 2x + 4| + */3 arctan^ ^ + C 
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„ x 2 — x + 9 Ax + B Cx + D 

(x 2 + 9) 2 x 2 + 9 (x 2 + 9) 2 

x 2 — x + 9 = (Ax + B)(x 2 + 9) + Cx + D 

= A* 3 + Bx 2 + (9 A + C)x + (9 B + D) 


By equating coefficients of like terms, we have A = 0, 6 = 1, D = 0, and C = — 1. 
/ (* 2 + 9) 2 = /x 2 + 9 * ” /(x 2 + 9) 2 * 


= — arctan) 


,3/ 2(x 2 + 9) 


26. 


x 2 - 4x + 7 


(x + l)(x 2 — 2x + 3) x + 1 


A Bx + C 

+ 


2x + 3 


x 2 — 4x + 7 = A(x 2 — 2x + 3) + (Bx + C)(x + 1) 

When x = — 1, 12 = 6A. When x = 0. 7 = 3A + C. When x=l,4 = 2A + 2B + 2 C. Solving these equations we have 
A = 2,B = -1, C = 1. 


_ ' 


x 2 - 4x + 7 
3 — x 2 + x + 3 


dx — 2 


1 , 

— ~r dx + ■ 

J -^ + 1 J 


—x + 1 
2 - 2x + 3 


dx 


= 2 ln|x + 1 1 — — ln|x 2 — 2x + 3| + C 


x 2 + x + 3 _ Ax + B Cx + D 
(x 2 + 3) 2 “ + (x 2 + 3) 2 

x 2 + x + 3 = (Ax + B)(x 2 + 3) + Cx + D 

= Ax 3 + Bx 2 + (3A + C)x + (36 + D) 


By equating coefficients of like terms, we have A = 0, B = 1,3 A + C = 1, 36 + D = 3. Solving these equations we have 
A = 0,6 = 1, C = 1,D = 0. 


* ' 


x 2 + x + 3 
x 4 + 6x 2 + 9 


dx = 




x 2 + 3 


(x 2 + 3) 2 

1 


dx 


1 x . 

— ; } = arctan —p= — crrx, TV + C 

73 73 2(X 2 + 3) 


x 2 (x +1) X + X 2 + X + 1 

x — 1 = Ax(x + 1) + B(x + 1) + Cx 2 

When x = 0, 6 = — 1. When x = — 1, C = —2. When x = 1, 0 = 2A + 26 + C. Solving these equations we have A = 2, 
6 = — 1, C = —2. 


x — 1 


<r/x 




1 

x + 1 


t/x 


2 In |x| + 


2 ln|x + 


5 

1 


2 In 


x 

x + 1 


+ 


1 5 

X 1 



4 

5 
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32. [ f~ X dx= [etc - [ 
Jo X- + X + 1 J 0 Jo 


2x + 1 
X 2 + X + 1 


dx = 


— \n\x 2 + x + 


34. —77 777 dx = 3 In 


6x 2 + 1 
x 2 (x — l) 3 ' 


X — 1 
X 


(2, 1): 3 In 


1 _ 2 7 

x x — 1 2(x — l) 2 

1 


12 7 

+ — + - — — + C — 1=> C — 2 — 3 In 
2 12 2 


36. 


/ 


Jx^dx = \ mk 2 -4|-^ +C 


1 2 22 1 
(3, 4): - In 5 - - + C = 4 => C = y - - In 5 



1 - In 3 


4 



38. 


x(2x — 9) 


x 3 — 6x 2 + 12v — 

(3, 2): 0 + 1 + 5 + C = 2 


dx = 2 ln| jc — 2\ + 


x — 2 (x — 2) : 


+ C 


C = -4 



40. 


x 2 — x + 2 . | 

t ; 7 dx = — arctanx + In U — 1 + C 

3 — x 1 + x — 1 


(2, 6): — arctan 2 + 0 + C = 6=>C = 6 + arctan 2 



42. Let u — cos x, du = sin x dx. 

1 _ A B 

u(u +1) U 11 + 1 

1 = A(u + l) + Bu 

When u = 0, A = 1. When u = — 1, B = — 1, m = cos x 
du = — sin dr. 


cos.r + cos 2 r 


dx = — 


1 


u(u + 1) 
1 


du 


du — 


du 


u + 1 J u 

= ln|w + 1| — In | u | + C 

|w + 1 1 


= In 


= In 


+ C 


cos X + l 


+ C 


cos X 

= ln| 1 + sec x\ + C 


44. 


A B , , , 

= 1 ; — r, u = tan x, du = sec- x dx 


u(u +1) u u + 1 

1 — A(u + l) + Bu 

When u — 0, A = 1 . 

When u = ~ 1, 1 = -B => B = - 1. 


sec 2 x dx 


tan.r(tanx +1) J u{u + 1) 


1 1 


- du 


du 


\u u + lj 
= In | m | — ln|« + 1| + C 
u 


= In 


= In 


u+ 1 
tan x 


+ C 


tanr + 1 


+ C 
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(b) The slope is negative because the function is 
decreasing. 

(c) For y > 0, lim y(t) = 3. 

t —>oo 


(d) 


dy 


A B 
= - + 


y(L ~ y) y L- y 


dy 


y{L - y) 


1 = A(L-y) + By => A = j, B = j- 


= \kdt 


1 , 1 , 

-dy + dy 

y J L~y 


= I k dt 


y[lnb| - ln|L - y\] = kt + C l 

ln|^— | = k Lt + LC, 


L- y 


C,e ttr = — 


L-y 


When t = 0, 


Zo 


= C, 


z 


Zo g kLl 


L-y o ~ 2 L-y L — y 0 

Zo L 


Solving for y, you obtain y = 


Zo + (L - y 0 )e~ 


(e) k = 1,L = 3 
0) y(0) = 5: y = 


15 


5 - 2e“ 


1 3/2 3 

(") “ 2' V “ (1/2) + (5/2)e~ 3 ' ~ 1 + 5e~ 3 ' 



(f) ^ = ky(L-y) 


d 2 y 

dt 2 


= it 




= o 


dy . dy 

y Jt = [L ~ y) Jt 


From the first derivative test, this is a maximum. 


60. (a) V — 7r 


2x \ 2 


x 2 + 1 


dx = 477 


= 477 


= 477 


= 277 


' 0 t* 2 + I) 2 

'3 


dx 


1 


1 


X 2 + 1 (x 2 + l) 2 

1 / 


dx 


arctan x — — I arctan x + 


arctanx — 


x 2 + 1 


X 

3 

= 2tt 

arctan 3 — — 

X 2 + 1_ 

0 

10 


(partial fractions) 


(trigonometric substitution) 


5.963 


—CONTINUED— 
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60. — CONTINUED- 


(b) A = 


~ 3 2x 
. o x 2 + 1 


dx = 


1 

Jo 
1 

In 10 


lx 1 1 

■ dx = 


ln(x 2 + 1) 

3 


= In 10 


In 10 L \ x 2 + 1 


dx 


2x — 2 arctan x 


In 10 


[3 — arctan 3] ~ 1.521 



dx 


2 

In 10 


1 x 3 1 

— arctan x — crr^, tv = . — - i 

2 2(x- + 1) Jo In 10 1 



arctan x — 


(partial fractions) 

(trigonometric substitution) 
3 


x 2 + 1 


3 _ 1 

o In 10 


arctan 3 — 


10 


0.412 


(x,y) « (1.521,0.412) 


62. (a) 


1 


A B I 

+ , A = . B = 


1 


1 


(y 0 - x){z 0 - x) y 0 — X z 0 ~ X z 0 ~ y 0 

1 1 


zo - y 0 


(Assume y 0 # Z() ) 


z 0 - y 0 J \y 0 -X Z Q - x 


dx = kt + C 


1 


M) - 7o 


-In 


Zo~ x 


y 0 ~ x 


= kt + C, when t = 0. x = 0 


1 


Zo - .Vo 


In 


Zo - X 


Vo - x 

In 


- lnl 


Vo/ 
Vo(zo “ *) 


C = In — 

z 0 “ Vo Vo 

= kt 


= (z 0 - y<) kt 


Lz 0 (v 0 - x)i 

■ Vo(z ° ~ = e fe„-y„)fa 

z 0 (v 0 - x) 


y 0 z 0 [g (:: ° y ° )kl ~ 1] 


z 0 e 


(zo-Vo)fa _ 


Vo 


(b) (1) If y 0 < Z 0 > lim X = y 0 - 

t — Voo 

(2) If y 0 > zo, lim x = Zq . 

1 ~^oo 


(c) If y 0 = z 0 , then the original equation is 
; dx = f k dt 


(V 0 - x) 2 j 
(Vo “ x)-' = kt + Cj 
1 


x = 0 when t = 0 


Vo 


= c, 


1 = kt + 1 = fcf - v o + 1 

Vo - x y 0 Vo 

v _ x = ^ 

0 kty 0 + 1 


^ = Vo “ 


Vo 


kty o + 1 
As t— >oo, x—>y 0 = x 0 . 
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Section 7.6 Integration by Tables and Other Integration Techniques 


2. By Formula 13: (b = 2, a = — 5) 


_J <& = Izl 

3 J x 2 (2x - 5) 2 3\ 25 

_ 8 _, 

375 ln 


-5 + 4x 4 , 

H ln 


x(— 5 + 2x) —5 

2 (4x - 5) 


x 

2x - 5 


75 x(2x - 5) 


2x - 5 
+ C 


+ C 


4 . By Formula 29: {a = 3) 

1 [Vx 2 - 9 , 1 r 7 - |x| , ^ 

— dx = — vx — 9 — arcsec + C 

3 x 3 3 


6. By Formula 41: 


2x 


J<)- X* dX 2 J y 3 2 - (x 2 ) 2 


dx 


1 . x 2 

= — arcsin — + C 


8. By Formulas 51 and 47: 


- dx = 2^" cos 3 — -j= j dx 


= 2 


Vx sin Vx 2 f /-/l 


+ - cos Vx — V= ] dx 

3 J \2jx, 


= — sin Vx(cos 2 Vr + 2 ) + C 


u = Vx, du = — 7= dx 

2Vx 


10 . By Formula 7 1 : 
1 


dx — “ 


1 — tan 5x 5 I 1 — tan 5x 


1 


-(5) dx 


= — ln|cos u — sin u\) + C 

= y^(5x — lnjcos 5x — sin 5x|) + C 


u = 5x, du = 5 dx 


12 . By Formula 85: («=—-,& = 2 




e x ! 2 sin 2 x dx = 


»“*/ 2 


(1/4) + 4\ 2 


— -7 sin 2x — 2 cos 2x I + C 


= ^«-.«(-i s i~l I - 2 co S 2 ,| + C 


14 . By Formulas 90 and 91: (ln x) 3 dx = x(ln x) 3 — 3 (ln x) 2 dx 


= x(ln x) 3 — 3x[2 — 2 ln x + (ln x) 2 ] + C 
= x[(ln x) 3 — 3(ln x) 2 + 6 ln x — 6] + C 


16. (a) By Formula 89: | x 4 ln x dx — [— 1 + (4 + 1) ln x] + C — ^ + -x 5 ln x + C 

1 x 5 

(b) Integration by parts: u = ln x, du = — dx, dv = x 4 dx, v — — 


, , , ^ . | X 5 1 , X 5 , X 5 

x ln x dx = — ln x — I — — dx = — ln x — — + C 

5 5 x 5 25 
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18. (a) By Formula 24: a = 775, a = u, and 



1 

2^75 


In 


A- - y/75 
A + s/75 


+ C 


73 a - 775 
30 ^ a + 775 


+ c 


(b) Partial fractions: 

1 _ A B 

a 2 - 75 ~~ x - 775 a + 775 

1 = a(x + 775) + B( x - 775) 


a = 775: 1 


a = - 775: 


= 2A775 =>A = — 7= 
2775 

1 = — 2B 775 => B = - 


1 

~~ 1073 

73 

30 


73 

30 



dx 



73/30 ~ 
a + 775- 


dx 


73 A - 775 
30 ln A + 775 


+ c 


20. By Formula 21: 


x 2 

: — , ' i/a = --(2 — a)71 + a + C 

„ v 1 X 3 


22. By Formula 79: f arcs.c 2a * - |l, arcs.c 2a - ,„|2r + V4^T|] + C 


u = 2a, du = 2 <7a 


24. By Formula 52: a sin a dx = sin a — a cos a + C 


f a 2 1/25 \ 

26. By Formula 7: — -y dx = — |^3a — — + 10 ln|3A — 5| j + C 


28. By Formula 14: 


1 , 2 ( 2a + 2\ , ,, ^ 

- dx = — 7= arctanl — - — + C = arctan(A + 1) + C 


7 CU-VsltUll _ 

A- + 2x + 2 74 V 2 


30. By Formula 56: 
9 2 


1 ■ = l 7 K—x } W 2 de 

1 — sin 6P 3 1 — sin 




= -(tan d 3 + sec $ 3 ) + c 


32. By Formula 71: 


g x ]/ \ 

dx = — \e x — lnlcos e x — sin e x \) + C 

1 - tan e x 2 V 1 17 

u = e x , du = e x dx 


34. By Formula 23: 


r dt = 


t[ 1 + (In?) 2 ] J 1 + (ln t) 2 \ t 


(-) dt = arctan(ln t) + C 


u = ln t, du = - dt 
t 


36. By Formula 26: J 73 + a 2 dx = — (a7a 2 + 3 + 3 ln|A + Jx 2 + 3|) + C 
38. By Formula 27: J a 2 72 + (3a ) 2 dx = (3a) 2 V(72) 2 + (3a ) 2 3 dx 


= ^=t[3a(18a 2 + 2) 72 + 9a 2 - 4 M|3a + 72 + 9a 2 |] + C 

o[27) 
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40. By Formula 77: J *Jx arctan(.Y 3 / 2 ) dx = jJ arctan (x 3 ^ 2 )(^s/xj dx 


= ^ x 3 / 2 arctan(x 3 / 2 ) — In 7l + x 3 + C 


gX gX 

42. By Formula 45: I , , dx = — . + C 

2 1 (1 - e 1 ') 3 / 2 Vl - e 2x 

u = e x , du = e x dx 


44. By Formula 27: 


f i f 

(2x — 3) 2 7(2.v — 3) 2 + 4 dx = — (2x — 3) 2 7(27^l5) 2 7- _ 4(2) dx 

J * 


= h2jc - 3)[(2* - 3) 2 + 2] v / (2^^3) 2_ -r~4 - ln|2x - 3 + 7(2* - 3) 2 + 4| + C 

O 


m — 2x — 3, du — 2 dx 


46. By Formula 31: 


7sin 2 x + 1 
u — sin x, du — cos x dx 


dx = In | sin jc + 7sin 2 x + 1 1 + C 


48. 


3 — x , 3 — x . 

dx = — , dx 

3 + x 


79^x 2 ' 


= 3 


79^ 


: dX + 


79^ 


f dx 


= 3 arcsin - + 79 — x 2 + C 


50. By Formula 67: 


tan 3 0 d9 = — — | tan 0 dO 

tan 2 6 , | | 

= — 1- ln|cos *| + C 


52. Integration by parts: w = it", dw = mi" 1 du, dv = 




= —7a + for 


7« + fac ^ 

f m" , 2m" , — 2n f , — , 

— , du = — — va + fac —I m” 1 va + bu du 

J 7a + bu b b J 

2m" , — 2n f _. / — 7a + far 

= — — Va + bu —I m” V a + bu • — , mm 

o a J 7 a + far 

2m" / — 2m fau "~ 1 + &m" 

= — — va + om — . c/m 

o o J 7 a + far 

2m" / — 2na f m" -1 f u n , 

= — — va + bu — — , du — 2 n — . du 

b b J y a + bu J 7 a + bu 


Therefore, (2m + 1) 


w" , 2 

, - aM = — 

7a + bu b\ 


u"^Ja + bu — 


7a + far 


far 


and 


m" _ 2 

7a + far (2 m + l)7> 


M"7a + bu — na | , c/m 

7a + fac 


54. m"(cos m) c/m = u" sin m — n u n '(sin u ) <7m 


w = m", dv = cos m c/m, c7w = mm" 1 c/m, v = sin u 
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56. | (In u)" du = u(ln u) n — | n(ln u) n *( — )z< du = «(ln «)" — n | (In u) n 1 du 


w — (In u)", dv = du, dw — «(ln u)" — J du, v = u 


58. j xVx 2 + 2 xdx = -[2(x 2 + 2.v) 3 / 2 — 3(.* + 1) Vx 2 + 2x + 3 ln| jr + 1 + Jx 2 + 2x\] + C 


(0,0): -[31n|l|] + C = 0 => C = 0 


\ 

J 

(0, 0) 



60 . 


v/2 - 2x ~ . 


x + 1 


- dx = J2 — 2x — x 2 — ~/3 In 


y/3 + J2 - 2x - . 
x + 1 


+ C 


(o, 72): 72- 73 ln( 73 + 75) + C = 72 C = 73 ln( 73 + 75) 



62 . 


sin 6 

(cos 9)( 1 + sin (?) 


d6 


2 


— sin 6 
1 + sin 6 


+ In 


1 + sin d 
cos d 


+ C 


(0, 1): C 


2 


— sin 9 
1 + sin 9 


+ In 


1 + sin 6 
cos 9 


+ 1 



64 . 


sin 9 

1 + cos 2 9 


d9 = - 


— sin 9 
1 + (cos 9) 2 


d9 


= — arctan(cos (?) + C 


66 . 


-ir/2 j 

_ () 3 — 2 cos 9 ^ 


2 u 

1 + u 2 


2(1 - u 2 ) 
1 + a 2 




1 

5u 2 + 1 


du 


[ 75 

2 

75 


arctan( 75 u) 
arctan 75 


l 

o 


68 . 


cos 9 
1 + cos 9 


d9 = 


cos 6{ 1 — cos (?) 

(1 + cos (?)(1 — cos (?) 


d9 


70 . | — ^ -d9 = jp-, -x -rrf(? 

sec 9 — tan 9 J (1/cos (?) — (sin 9 / cos 9) 


-f 

-J 

-J 


cos 9 — cos 2 6 
sin 2 9 

(esc 6 cot 9 — 
(esc 6 cot 9 — 


dd 

cot 2 (?) d9 
(esc 2 9 — 


1)) d9 


d9 


f —cos 9 
J 1 — sin 9 ' 

= — In 1 1 — sin 9\ + C 


u = 1 — sin 9, du = —cos 6 d9 


= —esc 9 + cot 9 + 9 + C 
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72 . A = 


1 + e x ' 


dx 


1 ( “ lx dx 


2 J 0 1 + e* 

\x 2 — ln(l + e' 2 ) 


4 - ln(l + e 4 ) 
0.337 square units 


+ - In 2 
2 


y 



74. Log Rule: 


- du , n = e v + 1 
u 


76. Integration by parts 


78. Formula 16 with u = e 2 * 


80 . A reduction formula reduces an integral to the sum of a 
function and a simpler integral. For example, see Formula 
50. 54. 


82 . W = 


‘ 500* 

726 — x 


: dx 


= -250 (26 - x 2 )-'l\- 2x) dx 

Jo 

H5 

-500726 - x 2 

_0 

= 500( 726 - l) 


« 2049.51 ft • lbs 


84 . 


1 f 2 5000 2500 f 2 

2 -oJ 0 l + e 4.8-.,,^- -1.9 J 0 1 


-1.9 dt 

+ e 4 - 8 -'-' 


2500 


1.9 

2500 , 

1.9 


(4.8 - 1.9 1) - ln(l + e 4 - 8_1 - 9t )J 
[(1 - ln(l + e)) - (4.8 - ln(l + e 4 - 8 ))] 


2500 

1.9 


3.8 + lnl 


1 + e 
1 + e 48 


401.4 


86. (a) [ 6x 2 e~ x ' 2 dx = 50 

Jo 

By trial and error, k = 5.51897. 


(b) 


6x 2 e x I 2 dx 


20 



5.52 


88. True 
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Section 7.7 Indeterminate Forms and L’Hopital’s Rule 


2. lim — « - 1 

*-»0 Jt 



-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

fix) 

-0.9516 

-0.9950 

-0.9995 

-1.00005 

-1.005 

-1.0517 



4. lim — , - ~ 3.4641 ( exact: 

*->°° 73x 2 - 2x \ 73, 


X 

1 

10 

10 2 

10 3 

10 4 

10 5 

fix ) 

6 

3.5857 

3.4757 

3.4653 

3.4642 

3.4641 


fZ 


100 


6. (a) lim 2x2 ~^~ 3 = lim (2 * ~ 3)( * + ^ = Um (2 * - 3) = -5 

x — » — 1 X “I - 1 jc — > — 1 JC H - 1 x — » — 1 


2x 2 — x — 3 (d/dx)[2x 2 — x — 3] _. 4* — 1 _ 

(b) lim — = lim /tit \ r — ~~n = lim — : = — 5 


mil mil / 7 / i \r ii 

x — i x + 1 x —>—i (d/dx) lx + 1 J 


4-i 1 


„ . . sin 4x Vsin4x\ 

8. (a) lim — - — = lim 2 — , — = 2(1) = 2 
.v — >0 2x x^o \ 4x ) 


, sin4x (d/dx)\sm4x\ . 4 cos 4x 

(b) lim — — = lim - , . , r = lim = 2 

x — >0 2 x x — >0 (a/ax([2xj x->o 2 


10. (a) lim - 7 -^— 7 — = Jim (2M±iiM = 0 = o 


» 4x 2 + 


X x — »oo 


4 + (l/x) 4 


,, , 2x + 1 (d/dx)[ 2x + 1] 2 

(b) lim = lim =r = lim = 0 

*->oo 4x z + X x — >oo (d/dx) [AX' + X\ *->00 qx + 1 


12. lim * 2 ~*: 2 = lim ^=-3 


*-i x + 1 


>-1 1 


14. lim 


74 — x 2 _ —xjj4 — . 


= lim 

x —>2~ X — 2 x->2- 


= lim 


2” 74 - X 2 


16. lim gX ~ (1 3 + x) = lim ^ 

X — »o + X 3 A- —>o + 3x - 


= lim — = 00 
a -^o + 6x 


1S lnx 2 21 nx 

lim — = lim 


a-»i x 2 — 1 a->i x 2 — 1 
2/x 


= lim ; 
x — > 1 2 x 


= lim — = 1 

A->1 X~ 


sin ax a cos ax a 

20. lim — — — = lim — = - 

a — >0 sin bx *->o b cos bx b 


„„ arctanx — (tt/4) 1/(1 + x 2 ) 1 

22. hm , = lim - LA — = - 

A — > 1 X — 1 A — > 1 1 2 


„ . X - 1 1 

24. lim — = lim = 0 

a — >co x“ + 2x +3 a — ^oo 2x + 2 


3x 2 


26. lim = lim 

A — »00 X 4 1 A — *00 1 


28. lim — = lim — = lim — = 0 

x — »oo 6 X x—>oo £ X x—>oo 6 ? 


OO 
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42. (a) lim (e x + x) 2 ^ x = 1°° 

x— » 0 + 

(b) Let;y = lim (e x + x) 2 ^ x . 
»0 + 

, 2 ln(e x + *) 

lny = lim 

*-»o + x 


2{e x + l)/(e x + x) 

= lim , = 4 

x->0 + 1 










350 Chapter 7 Integration Techniques, L'Hopital’s Rule, and Improper Integrals 


46. (a) lim (1 + x) l ^ x = oo° 

x —>oo 

(b) Lety = lim (1 + x) 1 /*. 

x — »oo 

, v ln(l + x) 

In _y = lim 

x — »oo X 

- lim ( . o 

>oo \ 1 / 

Thus, In y = 0 => y = e° = 1. 
Therefore, lim (1 + x)^ x = 1. 


(c) 


= lim 


48. (a) lim [3(x - 4)] x ~ 4 = 0° 

x->4 + 

(b) Lety = lim [3(x — 4)}'~ 4 . 

jc->4 + 

In y = lim (x - 4)ln[3(x - 4)] 

x—>4 + 

ln[3(x - 4)] 

£*+ l/(x — 4) 

= 1 Zk ~ 4 ) 

*4“ - l/(x - 4) 2 
= lim [-(x - 4)] = 0 

x—>4 + 

Hence, lim [3(x — 4)]'“ 4 = 1. 

x— »4 + 

(c) 



50. (a) lim 

M0+ 



(77 \ 

COS 

1 

1 


= 0 ° 


(b) Let v = lim 

jc— »0 + 


7 T 

COS| — — X 


In v = lim x In 

A->0+ 


T T 

cos | — X 


= 0-0 = 0 


Hence, lim 

A->0+ 


77 

COS| — — X 


= 1. 


(C) 



52. (a) lim 

x ->2 + 

(b) lim 

x — »2 + 



>A - A 

x 2 - 4 / 

>/x - A 

x 2 - 4 / 


lim 


1 — Jx — 1 

x 2 - 4 


lim 

A- — »2 + 2x 


lim 


-1 


2+ 4xVx — 1 


-1 

8 


(C) 0.25 



-0.25 



56. (a) 


2 


2 



(b) Let y = (sin x) r , then In y = x ln(sin x). 


lim 

A -^0 + 


ln(sin x) 

1/x 


cosx/sinx —x 2 — 2x 

lint -m — = hm = lim — : — 

x -^o+ — 1 x- x -^o+ tan x .<■ ->o+ sec 


Therefore, since In y = 0, y = 1 and lim (sinx) r = 1. 

jc -»0 + 


-1 
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58. (a) 





(b) lim 

x—>oo 6‘ 


A 

,2x 


lim 

x->oo 


3x 2 

2e 2x 


lim 

x — >co 


bx 

4e 2x 


lim 

x — >oo 


6 

8e Zy 


= 0 


60. See Theorem 7.4. 


62. Let f(x) = x + 25 and g(x ) = x. 


3x 2 


6x 


6 


64. lim — - = lim — r- = lim — xr = lim — r: = 0 


x — »oo £ x — »oo 


4e 2 ' 


8e 2r 


^ ,■ (In +) 2 ,. (2 In x)/x 

66. lim r — = lim - , 

x — >oo X X — »oo 

2 lnx 


= lim 

x — >co 


2/x ..2 

= lim — T = lim —-j = 0 

x — >oo 9x x — >oo 


68. lim — = lim mX> 


m- 1 


x—^oo € nX x—>oo TIC”' 

m(m — l)x m ~ 2 


„nx 


= lim 


x — »oo 


= • • • = lim 


= 0 



l 

5 

10 

20 

30 

40 

50 

100 

e x 

2.718 

0.047 

0.220 

151.614 

4.40 x 10 5 

2.30 x 10 9 

1.66 x 10 13 

2.69 x 10 33 


72. y = x x , x > 0 


lim x x = oo and lim x x — l 

x — >oo x— »0 + 

No horizontal asymptotes 

In y — x In x 

1 dy /l\ , 

— — = x - + In x 
y dx \x) 


dy 

dx 


= x*(l + lnx) = 0 


Critical number: x = e~ l 

Intervals: (0, e~ l ) (e _1 , 0) 

Sign of dy/dx: — + 

y = fix). Decreasing Increasing 


Relative minimum: (e (e ')*’ ') = 


J. n\i/e 

e’ \e, 



Sin 7TX — 1 

76. lim — 0 (Numerator is bounded) 

x — >oo X 

Limit is not of the form 0/0 or oo/oo. 
L’Hopital’s Rule does not apply. 


74. y = 


In x 


Horizontal asymptote: y = 0 (See Exercise 29) 


dy _ x(l/x) — (lnx)(l) _ 1 — lnx 
dx x 2 x 2 


Critical number: x = e 

Intervals: (0, e) 

Sign of dy/dx: + 

y = fix): Increasing 

Relative maximum: (e,— 

\ e 


( e , oo) 
Decreasing 



4 


78. lim - - = 0 

x -»oo 1 + e x 1+0 


Limit is not of the form 0/0 or oo/oo. 
L'Hopital’s Rule does not apply. 
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80. A = P 1 



In A = In P + nt ln( 1 H — = In P + 
n 


In 1 + 


nt 


lim 

n — >co 


1 

S' 

+ 

a 1 ^ 

i 

= lim 

n — >oo 

« 2 ( 1 + (r/n)) 

= lim 

n — »oo 

rf 



i 

( 1 \ 

V + L .) 


nt 


\n 2 t) 





= rt 


Since lim In A = In P + rt, we have lim A = = e ,nP e " = Pe". Alternatively, 

= Pe". 


lim A = lim P\ I + 

n — »oo n — »oo 


( r \n, 

/ r \n/r 

’ 1 + - 

= lim P 

1 + - 

\ n) 

n — >oo 

L\ n) J 


82. Let N be a fixed value for n. Then 


y n- i 
lim 

x—>oo 6 X 



x — >oo 


\)x N ~ 2 

e x 



x — >co 


1 )(N - 2)x N ~ 3 
e* 


. . = lim 

x — »oo 


(N - 1 )! 

e' 


= 0. 


(See Exercise 68) 


84. f{x) 

_ x k 

- 1 
k 



k = 

1, 

fix) = 

= X — 1 


k = 

0.1, 

fix) = 

X 01 - 

0.1 

- = 10(x ai 




v 0.01 _ 

] 

k = 

0.01, 

fix) = 

A 

0.01 

— = 100(x‘ 


lim 

k -^0+ 



lim 

k ->0 + 


xM]n x) 

1 


In x 



86. fix) = f g(x) = x 2 - 4, [1, 2] 

/(2)-/(l) /(c) 

g(2) - g( 1) g'(c) 

-1/2 -1/c 2 

3 2c 

_ I 1 _ 

6 2c 3 

2c 3 = 6 
c = //3 


88. /(x) = In x, g(x) = x 3 , [1. 4] 

/( 4)~/(l) /V) 

g(4) - g(l) g'(c) 

In 4 _ 1/c _ 1 
63 3c 2 3c 3 

3c 3 In 4 = 63 


3= 2f_ 

C In 4 



90. False. If y = e'/-* 2 , then 

x 2 e* — 2xe x xe r (x — 2) e*(x — 2) 

7 = 74 = 74 = 7 ) • 


92. False. Let/(x) = x and g(x) = x + 1. Then 

lim — = 1, but lim [x — (x + 1)] = — 1. 

1C ->oo X + 1 X ->00 
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94. g(x) = 


g-i/.r 

O’ 


x ¥= 0 
x = 0 


g'(0) = lim 


• g(*) ~ g(O) 


x -+0 X — 0 


= lim 


-iA : 


g-i/^ 2 

Let v = . then In y — Ini 


* -+o x 

g-i/* 2 


1 , — 1 — x 2 lnx 

= — , In .v 7 . Since 

X 2 X- 


lim x 2 In x = lim ttx = lim , = lim f r* : ‘‘ I = 0 
.r->0 nol/r X ^>0—2/ X s \ 2/ 


we have lim 

x — >0 


— 1 — x 2 In x 


= — oo. Thus, lim y = e °° = 0 => g'(0) = 0. 



Note: The graph appears to support this conclusion — the tangent line is horizontal at (0, 0). 


96. lim f(x) g(x t 

y = f(x) g(x) 

iny = g(x) lnf(x) 

lim g(x) ln/(x) = (— oo)(— oo) = oo 
As x—>a. In y => oo, and hence y = oo. Thus, 
lim f(x) g ^ = oo. 

x —>a 


98. lim JT 1 " 2/(1+ In a) 

x ->0+ 

Let y = x ln2 K 1+lnx \ then: 


In v 


lim In y 

.V ->()+ 


Thus, lim y 

x —»oo 


In 2 (In 2) (In x) 

~~ * In x ~~ 

1 + In x 1 + In x 

(In2)(lnx) (ln2)/x 

= lim — : = lim — 

v ->o + 1 + In x x -^o + 1 /x 

= lim (In 2) = In 2 

A->0 + 

= e ln2 = 2. 
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2. Infinite discontinuity at x = 3. 


f 4 i f 4 

dx = lint lx — 3) 3 / 2 dx 
J3 ( x — 3) 3/2 ^ 2+ )b 


= lim 

b — »3 + 


-2{x - 3)“ 1/2 


= lim 

b — >3 + 


2 + 


Jb - 3. 


Diverges 


4. Infinite discontinuity at x = 1 . 


1 

(x - I ) 2 / 3 


dx = 


r_L 

Jo (■* - 


- 1)2/3 dX + J, (.V - 1)2/3 dX 


- Jo (x - 1)2/3 


fitv + lim 


1 

lm t 

-^ 1+ Jc (x ~ 


~ I) 2 / 3 


r/x 


= lim 

6->i- 


3V.x — 1 


+ lim 

0 c->l + 


3^x — 1 


= (0 + 3) + (3 - 0) = 6 


Converges 
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6. Infinite limit of integration. 


0 r 0 

e 2x dx = lint | e 2x dx 

b 


b—> — o 


= lint 

b-¥— oc 


Converges 


S ’ | 
Jo 


8. e x dx ¥= 0. You need to evaluate the limit. 


'b 

lim < 

^o° J () 


lim e x dx = lim 


b—>oo 


1 , 

-e 2 * 

0 

l 



r -| 

2 

6 

2 

2 

= lim 

b—> oo 

— e~ b + 1 


= l 


10. ru- lim f4* 

J, X J J , X J 


= lim 

b—>oo 


~2 X 



foo 4 

rh 


12. ~TFdx = lim 

4x _1/ 


J, 7x 

1 1 

b 5 

= lim 

J6 3/ 4 

_i “ 2 

b—>co 

. 3 J 


= oo Diverges 


f°° f* 

14. xe A / 2 dx = lim .re */ 2 dx — lim 

Jo Jo 


e X l\ — 2x — 4) 


= lim e */ 2 (— 2 b — 4) + 4 = 4 

0 b—>oo 


■ f 

im 

^°° Jo 


16. (x — 1)^ x dx = lim (x — l)e x dx = lim 


VO x 


b l-b 

= lim ( — h + 0 ] = 0 by L’Hopital’s Rule. 


r 


18. | e ax sin bx dx = lim 

c—*oo 


= 0 - 


e “(—a sin bx — b cos bx) 


+ b 2 


— b 


+ b 2 a 2 + fe 2 


20 . 


ln.t , , . f In x , 

ax = lint ax 

X 6->oo x 


= lim 


(In x) 2 


= oo Diverges 


22 . 


[°° x 3 f b x f 1 

, n , dx = lint , , dx - lim 

Jo {x 2 + 1)- k— >°°J q X“ 4“ 1 b^co Jo 


(x 2 + l) 2 


dx 24. 


'oo 

. 0 1 


dx = lim 

+ e r 6->oo 


ln(l + e*) 


= oo — In 2 


= lim 

b—>oo 


— ln(x 2 + 1) + . i 

2 v 2(x 2 + l) Jo 


Diverges 


1 


Diverges 


26. 


roo 

• * 

lim 

X 

b 

f 8 

' 4 8 

- 

sin — dx = 

— 2 cos — 


28. -dx = lim 

- dx = lim 

8 In x 

Jo 2 

b—>oo 

2. 

0 

Jo x b^O* 

Jfc •* A_>0+ 

_ 


Diverges since cos — does not approach a limit as x—> oo. 


Diverges 


30. 


f — . ^ dx = lim f 4(6 — x) '/ 2 dx 
Jo 76 -x *->«- J 0 


= lim 

b—> 6 


-8(6 - x)'/ 2 


= -8(0) + 876 
= 876 


32. In x 2 dx = lim 2 In x dx 


■ r 

-^ 0+ Jo 


= lim 
fc-> o+ 


2x In x — 2x 


= lim [(2e — 2e) — (2b In b — 2d)] 
fc-> o+ 

= 0 


34. 


'tt/2 

- 

b 

r i 

/ x\ 

sec (fd$ = lim 

0 fc->(7r/2) 

In | sec 6 + tan 0| 

= oo, 

0 

36. dx = lim 

Jo 74^7? ^ 2 ~ 

arcsinl — 1 


77 " 

o ~~ 2 


Diverges 
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38. 


1 


4 - x 1 2 
Diverges 


dx = lim 

b 


I 


+ x 2 — x ) 


dx = lim 

j in 

2 + x 

J 6-> 2- 

L4 

2 — x _ 


= oo — 0 


40. 


dx = 2(x — 2) 8 / 3 dx + J 2(x — 2) 8 / 3 dx 


'3 

= lim I 2(x — 2) -8 / 3 dx + lim 2(x — 2) -8 / 3 dx 
b^2~ I, ^ 2+ J c 


= lim 

b-> 2~ 


-f (X - 2)-5/ 3 


+ lim 

c— >2 + 


-f (X - 2)-5/ 3 


Diverges 


42. 


I — r- — dx = lnlln Wl + C 
J x In x 

-oo j f e i f°° i 

— : — dx = — — dx + — - — dx 

j x In x J i x In x J e x In x 


44. If p — 1 


f'i 

Jo x 


dx = lim lnx 

X a— > 0 + 


= lim —In a = oo. 

a— >0+ 


Thus. 


Diverges. If p t 4 1, 
“‘l 


r \-p 


= lim 


i x ~p 


= lim 

fc-> i + 


ln(ln x) 


+ lim 

1 c — >oo 


ln(ln x) 


Diverges 


dx = lim , , . , , 

X p 0 + I 1 — pja a^ 0 + [ 1 — p 1 ~ p 

This converges to — - — if 1 — p > 0 or p < 1. 

1 - P 


46. (a) Assume g(v) dx = L (converges). 

Ja 

J 'oo r oo r oo 

f(x) dx < I g(.v) dx = L and f(x) dx converges. 

a J a Ja 

J 'oo r oo r go 

g(x) dx diverges, because otherwise, by part (a), if g(.v) dx converges, then so does f(x) dx. 

a Ja Ja 


AO , 1 1 3 

48. | dx = TTTtr = o converges. 


1 - (1/3) 2 

(See Exercise 44. p = |.) 


50. x 4 e x dx converges. 

Jo 

(See Exercise 45.) 


1 1 p°i f°° ] 

52. Since — > — on [2, oo) and - dx diverges by Exercise 43, — . dx diverges. 

Jx - 1 x J 2 x J 2 J x - 1 


54. 


11 f” 1 1 

Since — — < -777 on [1, oo) and —777 dx converges by Exercise 43, — — dx converges. 

Jx(I + x) x i/2 J j x 3/2 J, Jx{\ + x ) 

[°° I 

J 2 Jx h 


11 r°°i 

56. — — > — since Jx In x < x on [2, 00). Since - dx diverges by Exercise 43 

Jx In x x J 2 x ' ' 

58. See the definitions, pages 540, 543. 


dx diverges. 


60. Answers will vary. 


(a) J TT^ dx 

Converges (Example 4) 


(b) x dx 
J ~oo 

Diverges 


62. f(t) = t 
F(s) = 


poo 

te ~ st 

Jo 


dt = lim 

b—>oo 


~ r ( st — l)e 
s 


= -T, 5 > 0 

s z 
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64. /(f) = e a 

F(s) — I e al e~ sl dt = I e ,( " ~ ,l) dl 


'oo ro 

g at e si c j t — 

Jo Jo 


= 0 — = — - — , s > a 

a — s s — a 


66. /(f) = sin at 

r oo 

F(s) = e~ st sin at dt 


lim 

1 g'(a-s) 

b 

= lint 

b—> oo 

a — s 

0 

b—* oo 


,(~s sin at - 


= 0 + 


s 2 + a- s 2 + a 2 


68. /(f) = sinh at 

roo r oo / 

F(s) = J e~ st sinh at dt = J e~ s ' 

1 


,at g—at\ 


2 / 


if 

2 Jo 


I df = 2. I [V s+a 1 — e' ( s f/f 


= lim — 


1 „t( — .S + /ll 

1 f— x — 

b = o- 1 - 

o 2 

i 

1 

_(—s + a) 

(—s — a) 

(—5 + a) 

(~s — a)_ 


-1 

2 


(— i + a) (— s — fl)J s 2 — a- 


, s > \a\ 


'OO j 

r 

— -,dx = 


i * 2 

x_ 


= 1 


(c) Shell: 


V — 2t t I x — dx = lim 

\X / b—> oo 


2Tf(ln x) 


Diverges 


(b) Disk: 

V — 77 


'CO j 

r — r dx = 

lim 

77 

J i x 4 

b—>co 



72. (x - 2) 2 + y 2 = 1 
2(x - 2) + 2yy' = 0 

v ' = 

y 

Vl + (y') 2 = Vl + [(x - 2) 2 /y 2 \ = - (Assume y > 0.) 


■3 73 

S = 4tt ~dx = 4tt , — 

J i 7 J i Vl - (x - 2) 2 


<r/x = 477 


x — 2 


<r/x 


= lim j 477 — Vl — (x — 2) 2 + 2 arcsin(x — 2) 

a->l* 


1 [Vl — (x — 2) 2 Vl - V - 2) 2 J 

i4. mi s 1 1 m ■ . ... i 

= 47j{0 + 2 arcsin(l) — 2 arcsin(— 1)] = 877 2 


74. (a) F(x) = 4,5 = ,.4L, , A" = 80.000,000 


(4000) 2 


w = 


*°° 80,000,000 , 

2 dx = lim 

— 80,000,000 

4000 * 6->oo 

X 


(b) 




80,000.000 


= 10,000 = 


= 10,000 


-80,000,000 


b 

4000 


4000 
-80,000,000 


= 20,000 mi-ton 
+ 20,000 


b = 8000 


" b 

a cos at) 

_ o 


> 0 


77 

V 


Therefore, 4000 miles above the earth’s surface. 
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•°° o r°° ? v i b 

76. (a) 22 e~ 2, ^ s dt = — e~ 2t ^ 5 dt = lim —e~ 2 ' 5 =1 

J - m 5 Jo 5 L Jo 


P 2 T I 4 

(b) — e~ 2 '/ 5 dt = —e~ 2 '/ 5 = — e -8 / 5 + 1 

. n 5 L Jo 


0.7981 = 79.81% 


rf2 J T 5 lb 

(c) t 22 e 2 '/ 5 dt = lim —te 2 '^ — — e 2 '/ 5 
^0 _5 _ b—>co 2 _ 0 


78. (a) C = 650,000 + 25.000(1 + O.08t)e“ 006 %/f 


= 650.000 + 25,OOo[ j- e~ 006 ' - 0.081 — |-e- 006 ' + L„ e~ (l06 'll « $778,512.58 


(b) C = 650,000 + 25,000(1 + 0.0 %t)e~ 0M ' dt 

Jo 

= 650,000 + 25,OOo[ --^-e-° 06f - O.Osf-^-e- 006 ' + — i— g-o.ofa)] 10 « $905,718.14 


(c) C = 650,000 + 25,000(1 + 0.08 t)e- om ' dt 


= 650,000 + 25,000 lim \ --^-e- 006 ' - 0.08(-^-e- 006, + ,L, e~ (l06 ')T = $1,622,222.22 

b—>oo L 0.06 \0.06 (0.06) 2 /Jo 


80. (a) - fifct = lim 

I X b—>cc 


b 

im ln|jc| 

->o° 1 

• ll* 

im — 

— >oo X 1 


dx = lim — =1 


— dx will converge if n > 1 and will diverge if n < 1 . 


(c) Let dv = sin x dx => v = — cos .r 


du = — ~dx 
x- 


r -\b r°° 

: . cos x cos x 

dx = lim — — tt~ dx 

b ^0 L -V Jl Jt XT 


= COS 1 — tfe 

J 1 

Converges 

82. (a) Yes, the integral is not defined at x = Ttll. 

(c) As n — » oo, the integral approaches 4(ir/4) = 7?\ 


W) 7 « = J 0 1 + (tan x) n dX 
I 2 « 3.14159 
I A = 3.14159 
/« « 3.14159 


(b) It would appear to converge. 




= 3.14159 




358 Chapter 7 Integration Techniques, L'Hopital's Rule, and Improper Integrals 


84. (a) f{x) = 


iJ2tt 


e -fr-70) 2 /18 


fix ) dx = 1.0 


(b) Pi'll < x < oo) = 0.2525 

(c) 0.5 - P(70 < x < 72) = 0.5 - 0.2475 = 0.2525 
These are the same answers because by symmetry, 
P{70 < x < oo) = 0.5 

and 

0.5 = P(70 < x < oo) 

= P(70 < x < 72) + P(72 < x < oo). 


86. False. This is equivalent to Exercise 85. 


Review Exercises for Chapter 7 


2 . 




(2x) dx 



2 

- 1 


+ C 


6. | Ix^Jlx — 3 dx = | iu 4 + 3 u 2 ) du = — + u 3 + C 


2i2x - 3) 3 / 2 


ix + l) + C 


= J2x — 3, x = 


u~ + 3 


, dx = u du 


88. True 


4. J——L=dx= 1 /< 2 ( — 2 x) dx 

= ~- ( i ~ - v2 ) 1/2 + C 

2 1/2 

= - J\ - x- + C 


x 4 + 2r 2 + x + 1 __ x 

x 4 + 2.r 2 + 1 + (x 2 + l) 2 


x 4 + 2x 2 + x + 1 
(x 2 + l) 2 


dx 



2x 

(x 2 + l) 2 


dx 


1 

2(x 2 + l) 


+ C 


10 . 



l)e* dx = (x 2 


iy - 2 


xe v dx = 


(x 2 


(1) dv — e x dx => v = e x 

a = x 2 — 1 => du = 2xdx 

(2) dv = e*dx => v = e x 

u — x => du = dx 


l)e x — 2xe x + 2 e x dx = e r (x 2 


2x + 1) + 1 


12 . u = arctan 2x, du = 


1 + 4x 2 
arctan 2x dx = x arctan 2x — 


dx, dv — dx,v = x 
2x 


1 + 4x 2 


dx 


1 


= x arctan 2x — — ln(l + 4x 2 ) + C 


14. J In Jx 1 — 1 dx = ^ J ln(x 2 — 1) dx 

1 f x 2 

= 2 A ln l -* 2 - 1 | - 

= |xln|x 2 -l| -jdx-j^ 


dv = dx 


= — x ln|x 2 — 1| — x — ^ In 


x — 1 


X + 1 


dx 


+ C 


a = ln(x 2 — 1) => du = 


2x 


■ dx 




Review Exercises for Chapter 7 359 


16. e x arctan(? r ) dx = e x arctan(e' ; ) — 


dx 


= e x arctan(e v ) — — ln( 1 + e 2x ) + C 


dv = e x dx 


u = arctan e x => du — 


e x 


1 + e- 


; dx 


18. I sin 2 -/r dx = — (1 — cos ttx) dx = — 

I 2 2 ' ’ 2 


X Sin TTX 

1 T 


+ C = —[7 tx — sin ttx] + C 
2tt 


20. J tan 9 sec 4 ddd = J (tan 3 9 + tan 6) sec 2 9dd = ^ tan 4 9 + ^ tan 2 9 + C l 


tan 9 sec 4 Odd = | sec 3 9{ sec 9 tan 9) d9 = — sec 4 9 + C-, 


22. cos 26H,sin 9 + cos 9) 2 d9 = (cos 2 9 — sin 2 0) (si n 9 + cos 9) 2 d9 


= | (sin 9 + cos 0) 3 (cos 9 — sin 9) d9 = “(sin 9 + cost?) 4 + C 


24. \^m dx= f i~~4(3 sec 6 tan Odd) 
J x J 3 sec 9 


3 sec 9 

= 3 ftan 2 9d9 


= 3j (sec 2 0-1) d9 
= 3 (tan 9- 9) + C 


= Jx 2 — 9 - 3 arcsec|^-j + C 
x = 3 sec 9 , dx = 3 sec 9 tan 9 d9, Jx 2 — 9 = 3 tan 9 



26. I s/9 — 4.v 2 dx = — s/9 — (2x) 2 (2) dx 


1 _ 1 

2 ’ 2 


2 X 

9 arcsin — + 2x^/9 — 4x 2 


+ C 


9 . 2x x r- t — s „ 

= - arcsin — + - V9 — 4v 2 + C 


28. | S ‘ n 8 s „ 99 = } 1 s/2 sin 9] d9 

1 + 2 cos- 9 s/2 J 1 + 2 cos- 9 


-1 

72 


arctan( s/2 cos 9) + C 


u = s/2 cos 9, du = — s/2 sin 9 d9 
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30. (a) y74 + x dx = 64 tan 3 6 sec 3 6 dd 


= 64 (sec 4 9 — sec 2 9) sec 6>tan 9d9 


64 sec 3 9 


(3 sec 3 9- 5) + C 


(b) y74 + x dx = 2 (m 4 — 4 it 2 ) du 


— -y^-(3M 2 - 20) + C 


2(4 + x y/ 2 


(3y - 8) + C 


2(4 + x y/ 2 


(3x - 8) + C 


k 2 = 4 + x, dx = 2 u du 


x — 4 tan 2 9, dx = 8 tan 9 sec 2 9 d9, 
74 + x = 2 sec 9 


(c) y74 + x dx = (m 3 / 2 — 4n 1//2 ) du 


-(3m -20 ) + C 


2(4 + x ) 3 / 2 


(3x - 8) + C 


(d) I x 


x dx — ~(4 + y) 3 / 2 — r- (4 + x) 3 ^ 2 dx 


= ^(4 + x) 3 / 2 - ^ (4 + y) 5 / 2 + C 


2(4 + y) 3 / 2 


(3y - 8) + C 


u = 4 + y, du = dx 


dv = 74 + y <2y => v = -(4 + y) 3 / 2 
u = x => du = dx 


2y 3 — 5y 2 + 4y — 4 „ 4 

32. y = 2y - 3 + - - 


Y Y — 1 


2y 3 — 5y 2 + 4y — 4 


<it = 2 y — 


4 3 \ 

3 + j dx = y 2 — 3y + 4 ln|jc| — 3 ln|x — 1| 


34 ^y ~ 2 A 5 

3(y - l) 2 y - 1 (y - l) 2 

4y — 2 = 3A(y - 1) + 3B 


Letx =1: 2 = 3 B => B = — 


LetY = 2: 6 = 3A + 36 => A = 


4y — 2 4 1 1 1 4 

3(x- l) 2 dX = 3 Jx - + 3 jj^W dX = 3 ln| ' V “ 


2 

3(y - 1) 


+ C = ^2 ln|x 


36. SCC ^ — d9 = — — - — 7t du = — - — - du — — du 

J tan y(tan 9—1) J m(m — 1 ) J u — 1 J u 


= ln|n — 1| — In | u | + C = In ^ ~ ^ + C = ln|l — cot 0| + C 


u = tan 9, du = sec 2 9 d9 

1 _ A 6 

u(u — 1) u U — 1 

1 = A(m — 1) + Bit 


Let u = 0: 1 = —A => A = — 1 


Let u = 1 : 1=6 



Review Exercises for Chapter 7 361 


38. 


. : dx = — — Jl + 3* + C (Formula 21) 

~j2 + 3x 27 


40. 


6x — 8 
27 


~J2 + 3x + C 


; dx = — | dx 


1 + er 2 1 + e‘ 


(u = X 2 ) 


= — [u — ln(l + e")] + C (Formula 84) 


= -[x 2 - ln(l + e* 2 )] + C 


42. 


: dX = 


2x>/9x 2 — 1 2 ] 3yV(3 x ) 2 — 1 


= — arcsec|3x| + C 


; 3 dx ( u = 3x) 


(Formula 33) 


44. 


1 - dx = - ' 


1 + tan 7tx it I 1 + tan 7rx 


~{Tr)dx 


(u = 7rx) 


J_ 1 

77 2 


17 x + In | cos 77Y + sin itx| + C (Formula 71) 


46. tan "xdx— tan'' 2 x(sec 2 x — 1) dx 


48. 


: s/2x 


= | tan'' 2 x sec 2 x dx — | tan" 2 x <r/x 

1 


/■ 


dx = V5 I csc V2x( — t — 1 dx 

J \V2xJ 

= — ^2 ln|cscV2x + cotV2x| + C 


71 — 1 


t; 


tan 77 1 x — tan” 2 * dx 


u = V2x, du = — — dx 
V 2x 


50. J J 1 + Xx dx = Ju(4u 3 — 4 u) du = J (4u 4 — 4u 2 )du = -^r — — I- C = -^r(l + 7 x)^ 2 (3\/i — 2) + C 

u = J 1 + s/x, x = 7/ 4 — 2m 2 + 1, dx = (4k 3 — 4ji) du 

3x 3 + 4x _ Ax + B Cx + D 

52 ‘ (x 2 + l) 2 = X 2 + 1 + (x 2 + l) 2 

3x 3 + 4x = (Ax + B)(x 1 + 1 ) + Cx + D 

= Ax 3 + Bx 2 + (A + C)x +(/>' + D) 

A = 3,B = 0.A + C = 4 => C = 1, 

6 + £) = 0 => D = 0 


[3x 3 + 4x t f x , f 

J^T1p & = 3 J^TT & + J- 


(x 2 + l) 2 


<ix 


= 2 ln(jc2+1) “2C?T0 + c 


54. (sin 0 + cos 0) 2 = (sin 2 0 + 2 sin 0 cos 0 + cos 2 0) dO 


= | (1 + sin 26 ) dd = 0 - | cos 26 + C = ^(20 - cos 26) + C 
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56. y = 




2* 


2 f 2 cos 0(2 cos 0)c/0 

ax = — — 

J 4sm0 

= J (esc 0 — sin 6) d0 

= [— ln|csc 0 + cos 9\ + cos 0] + C 


= -In 


2 + y 4 — x 2 
x 


74^" 


+ ^- +C 


= 2 sin 0, c/x = 2 cos 0 c/0, y4 — x 2 = 2 cos 0 




58. y = x/l — cos 0 c/0 = 


sin 0 


yi + cos 0 

m = 1 + cos0 , c/m = —sin 0 c/0 


c/0 = — (1 + cos 0) 1/,2 (— sin 0)c/0 = —2^1 + cos 0 + C 


60. 


o (•* “ 2)(x - 4) 


c/x = 


2 ln|x — 4| — ln|x — 2\ 


62. I xe 3x dx = 

Jo 


-(3x - 1) 


2 1 

= k 5e 6 + r 


= 2 In 3 - 2 In 4 + In 2 


= In- « 0.118 

O 


64. — ' dx = 

Jo y i + x 


-2(2 - x) 


yi +. 


3 _ 4 4 _ 

o ‘ * 


3 3 3 


66 - A= ',25^y* 


_ To ln 


x — 5 


x + 5 


1 , 1 1 

~To n 9 = To 


68 . By symmetry, y = 0. 

A — it + 4 tt = 5 77 

_ _ l(7r) + 4(4t t) 
7T + 47 T 

1777 


577 

(x,y) = (3.4,0) 


= 3.4 



70. s = I yi + sin 2 2x c/x = 3.82 

Jo 


„ , . Sin 77X , . 77 COS 77X 77 1 

72. lint — = lim — = — = - 

A ^0Sin 277X x — >0 277 COS —7TX 277 2 


2 X 1 

74. lim xe~ r = lim — = lim 5 = 0 

x — >00 x — >00 £ x x — »oo LX6 x 


76. y = lim (x — l) lnj; 

X ->1 + 

1 n v = lim [(lnx) ln(x — 1)] 

X -»1 + 


= lim 

a- -^i + 




1 




ln(x — 1) 

= lim 

* ->i + 

X — 1 

= lim 

* ->i + 

— In 2 x 

= lim 

1 

(IH 

X — l 

In x 


\x/ln 2 x 


X 



-2(-)( ln x) 


= lim 2x(lnx) = 0 

*->1+ 


= 224.238 


In 9 ~ 0.220 


Since In y = 0, y = 1. 
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84. (a) f{x) = 


iJ2tt 


e -fr-70) 2 /18 


fix ) dx = 1.0 


(b) Pi'll < x < oo) = 0.2525 

(c) 0.5 - P(70 < x < 72) = 0.5 - 0.2475 = 0.2525 
These are the same answers because by symmetry, 
P{70 < x < oo) = 0.5 

and 

0.5 = P(70 < x < oo) 

= P(70 < x < 72) + P(72 < x < oo). 


86. False. This is equivalent to Exercise 85. 
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2 . 




(2x) dx 



2 

- 1 


+ C 


6. | Ix^Jlx — 3 dx = | iu 4 + 3 u 2 ) du = — + u 3 + C 


2i2x - 3) 3 / 2 


ix + l) + C 


= J2x — 3, x = 


u~ + 3 


, dx = u du 


88. True 


4. J——L=dx= 1 /< 2 ( — 2 x) dx 

= ~- ( i ~ - v2 ) 1/2 + C 

2 1/2 

= - J\ - x- + C 


x 4 + 2r 2 + x + 1 __ x 

x 4 + 2.r 2 + 1 + (x 2 + l) 2 


x 4 + 2x 2 + x + 1 
(x 2 + l) 2 


dx 



2x 

(x 2 + l) 2 


dx 


1 

2(x 2 + l) 


+ C 


10 . 



l)e* dx = (x 2 


iy - 2 


xe v dx = 


(x 2 


(1) dv — e x dx => v = e x 

a = x 2 — 1 => du = 2xdx 

(2) dv = e*dx => v = e x 

u — x => du = dx 


l)e x — 2xe x + 2 e x dx = e r (x 2 


2x + 1) + 1 


12 . u = arctan 2x, du = 


1 + 4x 2 
arctan 2x dx = x arctan 2x — 


dx, dv — dx,v = x 
2x 


1 + 4x 2 


dx 


1 


= x arctan 2x — — ln(l + 4x 2 ) + C 


14. J In Jx 1 — 1 dx = ^ J ln(x 2 — 1) dx 

1 f x 2 

= 2 A ln l -* 2 - 1 | - 

= |xln|x 2 -l| -jdx-j^ 


dv = dx 


= — x ln|x 2 — 1| — x — ^ In 


x — 1 


X + 1 


dx 


+ C 


a = ln(x 2 — 1) => du = 


2x 


■ dx 
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16. e x arctan(? r ) dx = e x arctan(e' ; ) — 


dx 


= e x arctan(e v ) — — ln( 1 + e 2x ) + C 


dv = e x dx 


u = arctan e x => du — 


e x 


1 + e- 


; dx 


18. I sin 2 -/r dx = — (1 — cos ttx) dx = — 

I 2 2 ' ’ 2 


X Sin TTX 

1 T 


+ C = —[7 tx — sin ttx] + C 
2tt 


20. J tan 9 sec 4 ddd = J (tan 3 9 + tan 6) sec 2 9dd = ^ tan 4 9 + ^ tan 2 9 + C l 


tan 9 sec 4 Odd = | sec 3 9{ sec 9 tan 9) d9 = — sec 4 9 + C-, 


22. cos 26H,sin 9 + cos 9) 2 d9 = (cos 2 9 — sin 2 0) (si n 9 + cos 9) 2 d9 


= | (sin 9 + cos 0) 3 (cos 9 — sin 9) d9 = “(sin 9 + cost?) 4 + C 


24. \^m dx= f i~~4(3 sec 6 tan Odd) 
J x J 3 sec 9 


3 sec 9 

= 3 ftan 2 9d9 


= 3j (sec 2 0-1) d9 
= 3 (tan 9- 9) + C 


= Jx 2 — 9 - 3 arcsec|^-j + C 
x = 3 sec 9 , dx = 3 sec 9 tan 9 d9, Jx 2 — 9 = 3 tan 9 



26. I s/9 — 4.v 2 dx = — s/9 — (2x) 2 (2) dx 


1 _ 1 

2 ’ 2 


2 X 

9 arcsin — + 2x^/9 — 4x 2 


+ C 


9 . 2x x r- t — s „ 

= - arcsin — + - V9 — 4v 2 + C 


28. | S ‘ n 8 s „ 99 = } 1 s/2 sin 9] d9 

1 + 2 cos- 9 s/2 J 1 + 2 cos- 9 


-1 

72 


arctan( s/2 cos 9) + C 


u = s/2 cos 9, du = — s/2 sin 9 d9 



360 Chapter 7 Integration Techniques, L'Hopital’s Rule, and Improper Integrals 


30. (a) y74 + x dx = 64 tan 3 6 sec 3 6 dd 


= 64 (sec 4 9 — sec 2 9) sec 6>tan 9d9 


64 sec 3 9 


(3 sec 3 9- 5) + C 


(b) y74 + x dx = 2 (m 4 — 4 it 2 ) du 


— -y^-(3M 2 - 20) + C 


2(4 + x y/ 2 


(3y - 8) + C 


2(4 + x y/ 2 


(3x - 8) + C 


k 2 = 4 + x, dx = 2 u du 


x — 4 tan 2 9, dx = 8 tan 9 sec 2 9 d9, 
74 + x = 2 sec 9 


(c) y74 + x dx = (m 3 / 2 — 4n 1//2 ) du 


-(3m -20 ) + C 


2(4 + x ) 3 / 2 


(3x - 8) + C 


(d) I x 


x dx — ~(4 + y) 3 / 2 — r- (4 + x) 3 ^ 2 dx 


= ^(4 + x) 3 / 2 - ^ (4 + y) 5 / 2 + C 


2(4 + y) 3 / 2 


(3y - 8) + C 


u = 4 + y, du = dx 


dv = 74 + y <2y => v = -(4 + y) 3 / 2 
u = x => du = dx 


2y 3 — 5y 2 + 4y — 4 „ 4 

32. y = 2y - 3 + - - 


Y Y — 1 


2y 3 — 5y 2 + 4y — 4 


<it = 2 y — 


4 3 \ 

3 + j dx = y 2 — 3y + 4 ln|jc| — 3 ln|x — 1| 


34 ^y ~ 2 A 5 

3(y - l) 2 y - 1 (y - l) 2 

4y — 2 = 3A(y - 1) + 3B 


Letx =1: 2 = 3 B => B = — 


LetY = 2: 6 = 3A + 36 => A = 


4y — 2 4 1 1 1 4 

3(x- l) 2 dX = 3 Jx - + 3 jj^W dX = 3 ln| ' V “ 


2 

3(y - 1) 


+ C = ^2 ln|x 


36. SCC ^ — d9 = — — - — 7t du = — - — - du — — du 

J tan y(tan 9—1) J m(m — 1 ) J u — 1 J u 


= ln|n — 1| — In | u | + C = In ^ ~ ^ + C = ln|l — cot 0| + C 


u = tan 9, du = sec 2 9 d9 

1 _ A 6 

u(u — 1) u U — 1 

1 = A(m — 1) + Bit 


Let u = 0: 1 = —A => A = — 1 


Let u = 1 : 1=6 
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38. 


. : dx = — — Jl + 3* + C (Formula 21) 

~j2 + 3x 27 


40. 


6x — 8 
27 


~J2 + 3x + C 


; dx = — | dx 


1 + er 2 1 + e‘ 


(u = X 2 ) 


= — [u — ln(l + e")] + C (Formula 84) 


= -[x 2 - ln(l + e* 2 )] + C 


42. 


: dX = 


2x>/9x 2 — 1 2 ] 3yV(3 x ) 2 — 1 


= — arcsec|3x| + C 


; 3 dx ( u = 3x) 


(Formula 33) 


44. 


1 - dx = - ' 


1 + tan 7tx it I 1 + tan 7rx 


~{Tr)dx 


(u = 7rx) 


J_ 1 

77 2 


17 x + In | cos 77Y + sin itx| + C (Formula 71) 


46. tan "xdx— tan'' 2 x(sec 2 x — 1) dx 


48. 


: s/2x 


= | tan'' 2 x sec 2 x dx — | tan" 2 x <r/x 

1 


/■ 


dx = V5 I csc V2x( — t — 1 dx 

J \V2xJ 

= — ^2 ln|cscV2x + cotV2x| + C 


71 — 1 


t; 


tan 77 1 x — tan” 2 * dx 


u = V2x, du = — — dx 
V 2x 


50. J J 1 + Xx dx = Ju(4u 3 — 4 u) du = J (4u 4 — 4u 2 )du = -^r — — I- C = -^r(l + 7 x)^ 2 (3\/i — 2) + C 

u = J 1 + s/x, x = 7/ 4 — 2m 2 + 1, dx = (4k 3 — 4ji) du 

3x 3 + 4x _ Ax + B Cx + D 

52 ‘ (x 2 + l) 2 = X 2 + 1 + (x 2 + l) 2 

3x 3 + 4x = (Ax + B)(x 1 + 1 ) + Cx + D 

= Ax 3 + Bx 2 + (A + C)x +(/>' + D) 

A = 3,B = 0.A + C = 4 => C = 1, 

6 + £) = 0 => D = 0 


[3x 3 + 4x t f x , f 

J^T1p & = 3 J^TT & + J- 


(x 2 + l) 2 


<ix 


= 2 ln(jc2+1) “2C?T0 + c 


54. (sin 0 + cos 0) 2 = (sin 2 0 + 2 sin 0 cos 0 + cos 2 0) dO 


= | (1 + sin 26 ) dd = 0 - | cos 26 + C = ^(20 - cos 26) + C 
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56. y = 




2* 


2 f 2 cos 0(2 cos 0)c/0 

ax = — — 

J 4sm0 

= J (esc 0 — sin 6) d0 

= [— ln|csc 0 + cos 9\ + cos 0] + C 


= -In 


2 + y 4 — x 2 
x 


74^" 


+ ^- +C 


= 2 sin 0, c/x = 2 cos 0 c/0, y4 — x 2 = 2 cos 0 




58. y = x/l — cos 0 c/0 = 


sin 0 


yi + cos 0 

m = 1 + cos0 , c/m = —sin 0 c/0 


c/0 = — (1 + cos 0) 1/,2 (— sin 0)c/0 = —2^1 + cos 0 + C 


60. 


o (•* “ 2)(x - 4) 


c/x = 


2 ln|x — 4| — ln|x — 2\ 


62. I xe 3x dx = 

Jo 


-(3x - 1) 


2 1 

= k 5e 6 + r 


= 2 In 3 - 2 In 4 + In 2 


= In- « 0.118 

O 


64. — ' dx = 

Jo y i + x 


-2(2 - x) 


yi +. 


3 _ 4 4 _ 

o ‘ * 


3 3 3 


66 - A= ',25^y* 


_ To ln 


x — 5 


x + 5 


1 , 1 1 

~To n 9 = To 


68 . By symmetry, y = 0. 

A — it + 4 tt = 5 77 

_ _ l(7r) + 4(4t t) 
7T + 47 T 

1777 


577 

(x,y) = (3.4,0) 


= 3.4 



70. s = I yi + sin 2 2x c/x = 3.82 

Jo 


„ , . Sin 77X , . 77 COS 77X 77 1 

72. lint — = lim — = — = - 

A ^0Sin 277X x — >0 277 COS —7TX 277 2 


2 X 1 

74. lim xe~ r = lim — = lim 5 = 0 

x — >00 x — >00 £ x x — »oo LX6 x 


76. y = lim (x — l) lnj; 

X ->1 + 

1 n v = lim [(lnx) ln(x — 1)] 

X -»1 + 


= lim 

a- -^i + 




1 




ln(x — 1) 

= lim 

* ->i + 

X — 1 

= lim 

* ->i + 

— In 2 x 

= lim 

1 

(IH 

X — l 

In x 


\x/ln 2 x 


X 



-2(-)( ln x) 


= lim 2x(lnx) = 0 

*->1+ 


= 224.238 


In 9 ~ 0.220 


Since In y = 0, y = 1. 
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78. 


lim 

A' — >1 + 




lim 

A ->1 + 


2y — 2 — 2 In x 

(lnv)(-* — 1) 


lim 

A ->1 + 


2 ~ (2/s) 

(v — l)(l/-v) + lnx 


lim - — 

a-»i + ( x 


2x - 2 
— 1) + x In x 


lim : : 

x— »i + 1 + 1 + In x 


= i 


80. 



dx 


lim 

6->l" 


6 ln|x — 



Diverges 


82. 



lim 

b — »oo 


'oo 

84. V = 7T (xe~*) 2 dx 

Jo 


Coo 

= 77 

Jo 

Y 2 e 2x dx 

= lim 

b—> oo 

Tre~ 2r l b 

(2x 2 + 2y 4- l) 

4 Jo 


7 T 

4 


86 . 


'oo 

l l l 

'OO J 'OO 

1 1 2 

2 

_Y 5 + Y 10 + Y 15 . 

dx < , , dx < 

J 2 x 5 ~ 1 J 2 

.Y 5 + Y 10 + Y 15 _ 


dx 


lim 

b—> oo 


l 

Ax* 


J 11* 

9x> 14y 14 _| 2 < 

0.015846 < 



dx < lim 

b—> oo 


l 

Ax 4 


dx < 0.015851 


J 1_P 

9x 9 7y 14 J 2 


Problem Solving for Chapter 7 


2 - (a) In x dx = lim 

b—>0 + 


x In — x 


= (— 1) — lim (b In b — b) = — 1 

b—>0 + 

Note: lim b In b = lim = lim — a = 0 
b—>o + b-> o+ b 1 fc->o+ — 1 jb- 


(lnv) 2 d,Y = lim 


Y(ln x) 2 — 2v In y + 2y 


= 2 — lim (fo(ln b) 2 — 2b In b + 2b) = 2 
(>-> o+ 

(b) Note first that lim + / 2 (ln b) n = 0 (Mathematical induction). 


Also, 


(In y)" + 1 dx = Y(ln x)" + 1 


(n + 1 ) 


(In x) n dx. 


Assume (In x) n dx = (— \) n n\. 


Then, (In x) n+l dx = lim 


x(\nx) n -' 


— (n + 1) (In x) n dx 


= 0 - (n + l)(-l) n w! = (— l) n+1 (n + 1)!. 


“I b 

“1/* =1-0=1 
J a 
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4 . 


lim 

A >tx: \X + C 


x — cY 1 

4 


lim x ln( — -) = In 7 

x->oo \X + C/ 4 


ln(x - c) - ln(* + c) 
lim = — In 4 

x — >oo 1 j X 

l l 


X — C X + c , , 

lim = - In 4 

a— > oo 1 


lim y , 7 ~-7) = “In 4 

.Hto (.t — c)(.v + c) 


, . lcx~ , 
lim — r = In 4 

x — loo X C" 

2c = In 4 
2* = 2 In 2 
c = In 2 


6. sin 9 = BD, cos 6 = OD 

Area A DAB = ^( DA)(BD ) = ^(1 — cos 0)sin 9 

Shaded area = - — -(l)(BD) = — — - sin 0 

2 2 2 2 


= 


ADAB 


1/2(1 — cos 0)sin 0 


Shaded area 1/2(0 — sin 9) 


(1 — cos 0)sin 9 (1 — cos 0)cos 9 + sin 2 9 

lim R = lim — = lim 

e^o + 9->o + 9 — sm 9 e^o + 1 — cos 9 


= lim 

e->o + 


(1 — cos 6)(— sin 9) + cos 9 sin 9 + 2 sin 9 cos 9 
sin 9 


— sm 9 — 4 cos 9 sm 9 4 cos 0—1 

= lim : = lim = 3 

0->o+ sm 9 e^o 1 


„ x 1 — « 2 . ^ l — u 2 3 + u 2 

8. u = tan — , cos x = 2 + cos x = 2 + , = 

2 1 + it 2 1 + u 2 1 + u 2 


dx — 


7t/2 


2 du 
1 + u 2 

1 

2 + cos x 


dx = 


B 


+ IV 


+ It-,/ I + IV 


du 


3 + u 2 


du 


_ 1 it 

2 — 7- arctan — 

VI \V3 


2 / 1 

— 7= arctan — 7= 

73 \ 73 

2 7T Tr73 


73 6 


0.6046 
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10. Let u — cx, du = c dx. 


’ . , f cb , du 1 P 6 

e“ c * <it = e““ = , 


e 1,2 du 


As b — » oo, ci — > oo. Hence, e ri " dx = — e x dx. 

Jo cJo 

x = 0 by symmetry. 


2 — - — dx 

Jo 2 


e 2c x dx 


e c2 '~ dx 


1 V2cJ 0 

2 1 f°° 


e '' dx 


1 _ V2 

2jl ~ 4 

( n 


Thus, (x, y) = ( 0, 


12. (a) Let y = / \x),f(y) = x, dx = f(y ) dy. 


f~\x)dx = I yf’(y) dy 


= .v/(v)- \f(y)dy 


= xf-'(x) ~ !/(>’) dy 


(b) f '(x) = arcsin x = y,f(x) = sinx 


arc sin x dx = x arc sin x — J sin y t/y 
= x arcsin x + cos v + C 
= x arcsin x + >/l — x 2 + C 


« = y, du = t/v 
_t/v = f(y) dy, v =/(y) 



(c) /(x) = e r ,/ : (x) = lnx = y x = 1 <=> y = 0; x = e <=> y = 1 


re e 

In * dx = x\nx — \ e y dy 

i L J i Jo 

l 1 

= e — e y 

_ Jo 

= e — (e — 1) = 1 
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IT 

14. (a) Let x = — — u,dx = du. 


Ctt/2 

_ sin * 

I = ; — dx = 

0 cos* + sinx 


• hr \ 
sin — — m 


' n/2 eos(^ - 


r-u/2 


7 V 7 7 (-du) 

s (f “ ") + sin (f “ “) 


COS M 


Hence, 


r tt/2 
2 / = ’ 


| 0 cos x + sin * 

Ctt/2 


- — dx + 


| () sin u + cos w 

'tt/2 


'i 

Jo 


COS X 


sin* + cos* 


du 


dx 


77 77 

1 dx = — => I = — . 
2 4 


(b) / 


ro 


sin 77 — — m I 


Jo 


7r ^ 2 COS"(-? 
*77/2 


\2 / , , 
/ \ / \ V 


COS" M 


! 0 sin" w + cos" w 

'tt/2 


du 


'tt/2 

Thus, 2 1 = 1 dx 

Jo 


77 


i = - 


4' 


16 . ^4 = J/±- + Jl + . . . + -Jjt— 

D(X) X — C 1 X ~ C 2 X ~ C n 

N(x) = P/x - c 2 )(x - c 3 ). . .{x - c„) + P 2 {x - q)(x - c 3 ). . .(x - c„) + • • ■ + P„(x - qX* - c 2 ). . .(* - c„_j) 
Let x = c,: N(c t ) = P l )c l ~ c 2 Xq ~ c 3 ). . .(7 - cj 

,, . m 


P„ = 


and 


(q - c 2 )(c l 

- q)- 

• .(Cl 

~ c„) 

= P 2 (c 2 - c 

i)(q - 

■ c 3 ). . 

•(c 2 - C„ ) 


N{c 2 ) 



(c 2 - q)(c 2 

- q)- 

• .(c 2 

- <•„) 

1 = - c 

i)(q - 

- C 2 ). . 

•(c„ - c„_i) 


Mc„: 

) 


(c„ ~ q)(c„ 

- c 2 ). 

■ (c„ 

- C n - t) 

1 

tr 

1 

- c 3 ). . 

.(x - 

c„), then by the Product Rule 

c 2 )(x - c 3 ). 

. .(x - 

C„) + 

■ (x - Cj)(x - c 3 ). . .{x - c„) 

- c 2 )(cj - c. 

,). . .(c. 

1 - C n 

) 

- C^Cj - c 3 

;)• . .(c ; 

l ~ Cn 

) 


+ (x ~ Cj)(x - c 2 )(x - c 3 ). . .(x - c n _ 3 ) 


D '(cJ = (c„ - qXq - c 2 ). . ,(c n - C„_i). 
Thus, P k = N(c k )/D\c k ) for k = 1, 2, . . n. 
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18. s(t) = 


S 


-32 1 + 12,000 In - 


50,000 


dt 


50,000 - 400? J 

= - 16? 2 + 12,000 | [In 50,000 - ln(50,000 - 400 ?)] dt 

t ln(50,000 - 400 1) - 


= 16 1 2 + 12,000? In 50,000 - 12,000 


-400? 


, 50,000 

■—16, -+.2.000,1, 5tuM0 _ 400 , + 12.000, 


1 - 


50,000 - 400? 
50,000 


dt 


50,000 - 400? 


dt 


= — 16? 2 + 12,000? In + 12,000? + 1,500,000 ln(50,000 - 400?) + C 

50,000 - 400? 

,s’(0) = 1,500,000 In 50,000 + C = 0 

C = -1,500,000 In 50,000 

, . . [ 50,000 

Sit) = " 16f + 12 -°°° f 1 + 111 50,000 - 400? 

When ? = 100, s(100) « 557,168.626 feet 


+ 1,500,000 In 


50,000 - 400? 
50,000 


20. Let u = (x — a)(x — b), du = \lx — a) + (x — b)] dx, dv = f"(x) dx, v = f'(x). 


Ja 


(j: — a)(x — b ) dx = 


{x - a)(x - b)f'(x) 


Ja 


— [(* — a) + (x — b)]f'(x) dx 


= — ( 2x — a — b)f\x ) dx 


u = 2x — a — b 
dv = f'(x) dx 


~(2x — a — b)f(x) 


l 


+ 2 f(x) dx 



dx 
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CHAPTER 7 

Integration Techniques, L’Hopital’s Rule, and Improper Integrals 

Section 7.1 Basic Integration Rules 

Solutions to Odd-Numbered Exercises 


1. (a) ^\_2jx 2 + 1 + c] = 2^'](x 2 + 1) ,/2 (2x) = 


2x 


J x 2 + 1 


(b) + d = ^ 


(C) 


dx 


-Jx 2 + 1 + C 


1/1 


= ^ (x 2 + l)- 1/2 (2x) = 


(d) — [1 u(jc 2 + 1) + C] = 


/ 


<ix 

x 


2\2 
2x 

x 2 + 1 


2 s/x 2 + 1 


Vx 2 + 1 


dx matches (b). 


3. (a) £[lna?TT + c] = |( ? ^ T 


x 2 + 1 


n» 4l 


2* 


d*L (* 2 + l ) 2 


+ c 


(. x 2 + 1) 2 (2) — (2*)(2)(.x 2 + l)(2x) _ 2(1 — 3x 2 ) 


(c) -7-[arctanx + C] = - — r — o 

dx 1 + xr 

(d) -x[ln(x 2 + 1) + C] = 


dx 

1 


x 2 + 1 


X 2 + 1 


dx matches (c). 


(x 2 + l) 4 


(x 2 + l) 3 


5. J (3x - 2) 4 dx 

u = 3x — 2, du = 3 dx, n = 4 
Use f u" du. 


7. | dx 

Vx(l — 2Vx) 

u — 1 — 2 Jx, du = dx 

Jx 


Use 


du 


: dt 


JT^7 

u = t, du = dt, a — 1 


Use 


du 

Ja 2 — u 2 


11. J t sin t 2 dt 

u = t 2 , du — 2 1 dt 
Use f sin u du. 


13. J cos xe smx dx 

u — sin x, du = cos x dx 
Use f e“ du. 


50 
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15. Let u = — 2x + 5, du — —2 dx. 

<• 

(— 2x + 5 ) 3 ^ 2 dx = 


— - (~2x + 5) 3 / 2 (— 2) dx 


--(-2* + 5) 5 / 2 + C 


17. Let it — z 4, du = dz 


5 dz = 5 I (z ~ 4) 5 dx = 5 


z 4 )~ 

-4 


-5 


4(z - 4)' 


+ C 


19. Let u = t 3 — 1 ,du = 3 1 1 dt. 

_ 1 (t 3 - l) 4 / 3 


3 4/3 

(t 3 - I ) 4 / 3 


+ C 


+ C 


21 . 


v + 


1 

(3v - 1) 3 J 


dv = | v dv + — (3v — 1 


1 , 1 
~~ 2 V " 6(3v - l ) 2 + 


23. Let u — — t 3 + 9t + 1, du = (—3 1 2 + 9) dt = — 3(f 2 — 3) dt. 

1 


t 2 — 3 _ 1 - 3(t 2 - 3) 

-t 2 + 9t + 1 dt ~ ~3 -t 2 + 9 1 + 


dt — — — I — — 7 — dt — — — ln| — f 3 + 9t + 1 1 + 


C 


x — 1 


Xf- \ 

25. | — - — 7 dx = (x + 1) dx + 7 dx 


x — 1 


— —x 2 + x + ln|.r — 1| + C 


27. Let it = 1 + e x , du = e x dx. 

e 


1 + e x 


dx = ln(l + e x ) + C 


29. | (1 + 2x 2 ) 2 dx — | {Ax 4 + 4x 2 + 1 )dx — j.v 5 + ^ x 3 + x + C = -pr(12x 4 + 20x 2 + 15) + C 


31. Let u = Ittx 2 , du = Anxdx. 


x(cos 2i7tr 2 ) dx = - — (cos 277X 2 )(477.x) dx 
47 T 


= - — sin 2ttx 2 + C 
47T 


33. Let u = 7rtr, du = 7 r dx. 


' 1 f 

csc(Trt) cot(7r.t) dx — — csc(ttx) cot(7rx)7T(ix = csc( 7 tt) + C 

J TTJ 77 


35. Let u = 5x, du = 5 dx. 


Je SJ <tx = tj 


= — I e 5x (5) dx = -e 5 * + C 


37. Let « = 1 + e x , du = e x dx. 


I 


e~ x + 1 


dx = 2 


= 2 


1 ]l —)dx 


e~ x + 1 )\e x 
e x 


+ C 


“ 3 (3 )dv 
C 


1 + e 


dx — 2 ln(l + e x ) + C 
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In r 2 

39 . I — — dx = 2 I (In x)— dx — 2 


(In xY 


+ C = (In xf + C 


41. 


' 1 H - 

— - dx = (sec x + tan.r) dx = lnlsec x + tanxl + lnlsecxl + C = lnlsec jr( sec x + tan.v)| + C 

J cos x 


43 . 


1 _ 1 cos 6 + 1 _ cos 6 + 1 _ cos 9 + 1 

cos 9 — 1 cos 9 — 1 cos 9+1 cos 2 9—1 —sin 2 9 

= —esc 9 • cot 9 — esc 2 9 

1 


cos 0—1 


d9 = (—esc 9 cot 9 — esc 2 9) d9 


— esc 9 + cot 9 + C 

1 cos 9 „ 

= + — + C 

sin 9 sin 9 


1 + cos 9 
sin 9 


+ C 


45. 




= | ln(z 2 + 9) + | arctanjj j + C 


47. Let u = 2t — 1, du = 2 dt. 


-1 


71 - ( 2 1 - l) 2 


dt = — - 


-J Vl ~ ( 2 1 - 1 ) 


: dt 


T t ( 2 ) i 2sin(2 /t) 

49. Let u = cos —\,du = ~ dt. 

\t t 2 


tan ( 2 / 1) dt = i 


i 


2 J cos(2 /t) L t 2 


2 sin(2/f) 




= 2 ln 


+ C 


= — — arcsin(2t — 1) + C 


51. 


J v/6.r — .v 2 J V9 - (. 


- (x - 3} 


dx = 3 arcsinf — — — ) + C 


53. 


4jr 2 + 4x + 65 


dx = 


1 , 1 

? , , 7T dx = t arctan 

[jc + (1/2)] 2 +16 4 


* + ( 1 / 2 ) 


^1 / + 1 \ 

+ C = — arctan — - — | + C 
4 Vo 



- 0.8 
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57 . 



V f f f < 

, / f f f , 

& / f f f I 

-■ s / f f f l, 
44 4 L L L i\ i 


i / / t > y 


59. y = 1(1+ c x ) 2 dx = ( e 2x + 2e x + 1) dx 


= -e 2 * + 2 e x + x + C 
2 


y — 3e 02 


61, 


dy _ sec 2 * 
dx 4 + tan 2 * 

Let u = tan *, du = sec 2 * dx. 


y = 


4 + tan 2 * 


( tan . 


dx = — arctan|^ — - — ) + C 


63. Let u = 2x, du = 2 dx. 


7t/4 


cos 2x dx = — I cos 2x(2) dx 
0 2J 0 


7r/4 


— sin 2* 
2 


7r/4 1 

o “2 


65. Let u = ~x 2 ,du — — 2 x dx. 
"i 


if 1 

2l e 


xe ' dx = — ^ | e ' (—2*) dx = 


1 -x 


67. Let u = x 2 + 9, du = 2* dx. 

f .2* dx = f (x 2 + 9) -1 / 2 (2*) dx 
Jo V* 2 + 9 Jo 


= 2U - ^ _1 ) “ 0-316 


2 7* 2 + 9 


= 4 


69. Let u = 3*. du — 3 c/x. 

2/V3 , 


^ '2/vT ^ 

0 4 + 9* 2 3_ 0 4 + (3*) 2 


1 ( 3x 

- arctan — 

6 V 2 


= l8“°' 175 


2/V3 


■ 1 ,1 x + 2\ ^ 

7L !* 2 + 4*+13 &= 3 arCtan l^J + C 

The antiderivatives are vertical translations of each other. 



73. 


1 


- dQ — tan 9 — sec 9 + C or 




1 + sin 9 “ \“‘ 1 + tan(0/2)/ 
The antiderivatives are vertical translations of each other. 


75. Power Rule 


: fu- 


du = + C, n + — 1 . 

n + 1 


u = x 2 + 1 , n = 3 



77. Log Rule: 



In | | + C, u = x 2 + 1. 


79. The are equivalent because 

e x+c ‘ = e x ■ e c ‘ = O', C = e c ‘ 
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81. sin x + cos x = a sin(.v + b) 

sin x + cos x = a sin x cos b + a cos x sin b 
sin x + cos x = (a cos b) sin x + ( a sin b) cos x 
Equate coefficients of like terms to obtain the following. 

1 = a cos b and 1 = a sin b 
Thus, a = 1/cos b. Now, substitute for a in 1 = a sin b. 




« 0.743 


"sf I CO 
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91. A = 


o V25 - x 2 


dx = 


1 


V25 - y : 


5 arcsin — 


dx 


4 _ .4 

= 5 arcsin — 
o 5 


1 777<i (~§) ( 25 " *) 1/2 (-2 x)dx 

m(4/5) \ 2/ J 0 


5 arcsini 
1 

5 arcsin(4/5) 

1 

arcsin(4/5) 

2 _ 
arcsin(4/5) 


(-5) 


(25 - x 2 ) 1 / 2 


[3 - 5] 


2.157 


y 



93. 


y = tan(irY') 
y' = 77 sec 2 (-7nr) 

1 + (yj 2 = 1 + it 2 sec 3 4 (i7.v) 
ri/4 

5 = yi + 77 2 sec 4 (7r.v) e/Y 

Jo 


« 1.0320 


Section 7.2 Integration by Parts 

1. J^-[sin x ~ x cos = cos x ~~ ( — x sin x + cos x) = x sin Matches (b) 


3. — [xfe* — 2xe x + 2e*] = x 2 e* + — 2xe x — 2 ^ + 2e x = x 2 e x . Matches (c) 

dx 


/■ 


5. | Ye 2 ' dx 

u = y, c/v = e 2r dx 


7. J (In y ) 2 Jy 

a = (In y) 2 , e/v = dx 




9. | y sec 2 y dx 

u = x, dv = sec 2 xdx 


11. e/v = e 2x dx => v = | e ^ dx = — 21 


/* 


/ 


e/w = dx 


xe 2x dx = —~xe 2t — —~e 21 dx 

2 2 


= ^ ^ + c = ^J-A 2x + i) + c 
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13. Use integration by parts three times. 


(1) dv = e x dx => v = e x dx = e x (2) dv = e x dx =^> v = e x dx = e x (3) dv = e x dx => v = \e x dx = e x 


du = 3x 2 dx 


du = 2x dx 


du = dx 


x 3 e x dx = x 3 e x — 3 x 2 e x dx = y?e x — 3x 2 e x + 6 xe x dx 


= x 3 e x — 3x 2 e x + 6xe x — 6e x + C = e A (.t 3 — 3x 2 + 6x - 6) + C 


5. j x 2 e xl dx = ^ j e x '(3x 1 )dx = ^ 


- -e- + C 


17. dv = t dt 


v = t dt = — 


u — ln(t + 1) => du = dt 

t + 1 


t 2 1 ft 2 

t ln(r + 1) dt = — ln(t + 1) — — — — dt 


= y ln (r+ 1) - 2J V - 1 + 7T7j* 

t 2 lTr 2 1 

= — ln(r + 1) — - — — f + ln(r +1) + C 


— — [2(t 2 — l) In | r + l| - t 2 + 2 1] + C 


19. Let u = In x, du = — dx. 

x 


{ ^dx= f (In x) 2 ( l -)dx = ^ + C 
x \x/ 3 


2L dv = WVW dx 


v = J (2* + 1) 2 dx 

1 

2 ( 2 * + 1 ) 

du = (2x6^ + e 2r ) tfa 
= e 2A (2.v +1) dx 


Or 2x r 2x 

xe , xe e , 

(27TTp A= -^TT) + jT* 


: 1 h C 

2(2x +1) 4 


4(2x + 1) 


23. Use integration by parts twice. 


(1) dv = e x dx => i' = \e x dx = e x 


du = 2 x dx 


(2) dv = e x dx => v = e r <£t = e 


du = dx 


(x 2 — l)e A dx = x 2 e x dx — e x dx = x 2 e x — 2 xe x dx — e x 


— x 2 e x — 2 


xe x — e x dx 

J 


— e x = x 2 e x — 2xe x + e x + C — (x — l) 2 e x + C 
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25. dv = ~Jx — 1 dx => v = J — 1 ) 1/,2 dx = -(x — l) 3 / 1 2 

u = x => d« = dx 


27. dv = cos x dx => v = cos x <r/x = sin x 


d« = dx 


' r 

xVx — 1 dx = -x(x — l) 3 / 2 ~ (x — 1 ) 3 / 2 dx 

J ^ ^ „ 


= |x(x - I ) 3 / 2 - > - I ) 5 / 2 + C 


2(x - I ) 3 / 2 


(3x + 2) + C 


x cos x dx = x sin x — sin x dx = x sin x + cos x + C 


29. Use integration by parts three times. 

(1) u = x 3 , du = 3x 2 , dv = si n x dx, v = — c 


x 3 sin dx = — x 3 cos x + 3 x 2 cos x dx 


(2) « = x 2 , du — 2x dx, dv = cos x dx, v = sin x 


x 3 sin x dx = — x 3 cos x + 3 x 2 sin x — 2 x sin x dx 


= — x 3 cos x + 3x 2 sin x — 6 x sin x dx 


(3) u = x, du = dx, dv = sin x dx, i' = —cos x 


x 3 sin x dx = — x 3 cos x + 3x 2 sin x — 6 — x cos x + cos x dx 


= —x 3 cos x + 3x 2 sin x + 6x cos x — 6 sin x + C 


31. u = f, du = dt, dv = esc f cot dr, v = —esc t 


33. dv = dx 


v = dx = x 


r esc r cot t dt — —t esc t + esc t dt 


= — t esc t — lnlcsc r + cot r| + C 


u — arctan x => du = ~ dx 

1 + x- 


arctan x dx = x arctan x — ~ dx 

1 + x- 


= x arctan x — — ln(l + x 2 ) + C 


35. Use integration by parts twice. 


(1) dv = e 2,r dx => v = e 2jr dx = — e 2A 


m = sin x du — cos x dx 


dv = e~ x dx => v = j e -dx = 2 ,- 
n = cos x => du = — sin x dx 


I e 2x sin x dx = — e 2x sin x — — | e 2v cos x dx = — e 2r sin x — — ( — e 2r cos x + — I e 2x sin x dx 

J 2 2 J 2 2 \2 2 J 

5 f , . , 1 , . 1 , 

, sin x dx = — e sin x — re cos x 
4 2 4 


e 21 sin x dx = — e 2x (2 sin x — cos x) + C 
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37 . y’ = 

/■ 


y = | xe x dx = —e r + C 


39. Use integration by parts twice. 
1 


(1) dv = 


u = t 


J 2 + 3? 
2 


Jr 


— J (2 + 3?) dt — — x/2 + 


dw = 2 1 dt 


(2) r/v = V2 + 3/dt => v = J(2 + St) 1 / 2 * = |(2 + 3?) 3 / 2 


u — t 


h T 


+ 3? 


: f/? = 


=> r/« = dr 
2?V2 + 3? 4 


— — I t j 2 + 3? dt 


2t 2 Jl + 3? _ 4 
3 3 


f (2 + 3f) 3 / 2 - | | (2 + 3?) 3 / 2 dt 


2t 2 ^/2 + 3 f 8? 16 

— ^ — (2 + 3r) 3/2 + ^(2 + 3r) 5/2 + C 


2j2 + 3? 
405 


(27f 2 - 24? + 32) + C 


41 . (cos y)y ' = 2x 

f cos y dv — j 2x dx 
sin v = x 2 + C 



(b) 


*r- = xVy cos ,r, (0, 4) 
dx 

dy f , 

= I „y cos x dx 

Jy J 

J y~ l l 2 dy = Jx cos x dx ( u = x, du = dx, dv = cos x dx, v = sin x) 

2 y */ 2 = x sin x — f sin x dx 


= x sin x + cos x + C 
(0, 4): 2(4)‘/ 2 = 0+ l+ C=>C = 3 
2 ~Jy = x sin x + cos x + 3 





: s 


45 . ^ - e'/ 8 , v(0) = 2 

ax y 



y / / /// .■ 
■- y y r/j .• 

> ■// / i S i 
/ / i i .• 

-y.y.y y././. < 


r > y / / .. 
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47. u = x, du = dx, dv — e x ^ 2 dx, v = — 2e x ! 2 




2 


xe x / 2 dx = — 2xe x / 2 + | 2e */ 2 dx = — 2xe x / 2 — 4e */ 2 + C 

4 
0 


'4 

r ’ i 

xe~ x ! 2 dx = 

1 

-xf 

1 

1 

H 

CM 

1 

Jo 

L J 


= — 8e 2 — 4e 2 + 4 
= - 12e -2 + 4 « 2.376. 


49. See Exercise 27. 


1-77/2 

r -| 

1 X COS Y dx = 

Y sin Y + COS Y 

Jo 

- 


1,12 = 77 _ i 

o 2 


51. m = arccos x, du = — 




; dx, dv = dx, v = x 


arccos x dx = x arccos x + 




: dx = x arccos x — >/l — x 2 + C 


'1/2 

r -1 

arccos x = 

x arccos x — J 1 — x 2 

Jo 

. 


1/2 

0 


1 fl\ /3 , 

= — arccos — — _ / — + 1 

2 2/ V4 


7 T n/3 

6 ~~ 


+ 1 « 0.658. 


53. Use integration by parts twice. 

u = sin x => du = cos x dx 


(2) dv = e 1 dx => i' ■ 
u = cosy => du 


e x sin x dx = e x sin x — e x cos x dx = e x sin x — e x cos x — e x sin x dx 


2 


2 e x sin x dx = e v (sin x — cos y) 


e x sin y dx = —(sin x — cos x) + C 


r ■ 

s, I e x si 

Jo 


Thus, e x sin x dx — 


— (sinY — cosy) 


1 e , . , , 1 e(sin 1 — cos 1) + 1 

= -(sin 1 - cos 1) + - = 

o 2. 2 2 


y? 1 

55. dv = y 2 dx, v = — , u = In x, du — — dx 


x 2 In y dx = In x — I f—J dx 


= y In y — j I y 2 dx 


1 

3 J "* 


Hence, x 2 In x dx = 


-lnv--Y 3 

3 9 


= -ln2 — - + — = — ln2 — — ~ 1.071. 
3 9 9 3 2 



— sin x dx 


0.909. 
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x 2 1 

57 . dv — x dx, v = — , u — arcsec x, du = — , dx 

2 x jx 2 - 1 


„ . x 2 l 2 

x arcsec x dx = — arcsec x — — , ax 


. 


x- 

2 


= — arcsec x . . 

2 4J 


xVx 2 — 1 

1 I 2x 


dx 


X 2 1 

= — arcsec x — — v.r — 1 + C 
2 2 


Hence, 


'z 

J2 


x arcsec x dx = 


x 1 pi r 

— arcsec x — — v * — 1 


= 8 arcsec 4 — 


2 

yi5 


J2 

It T V3 

3 2 


e 715^73 271 

= 8 arcsec 4 + — — 


7.380. 


J x 2 e 2x dx = - (2x)^e 2t j + 2^e 2r j + C 

= — x 2 e 2l: — — xe 2x H — e 2x + C 

2 2 4 


= -e 2 *(2x 2 — 2x + 1) + C 

4 


Alternate 

u and its 

v ' and its 

signs 

derivatives 

antiderivatives 

+ 

X 2 

e 2x 

- 

2x 

le 2 * 

+ 

2 

\e 2x 

- 

0 

\e 21 


61 . J x 3 sin x dx = x 3 (— cos x) — 3x 2 (— sin x) + 6x cos x — 6 sin x + C 

= —x 3 cos x + 3x 2 sin x + 6.x cos x — 6 sin x + C 
= (3x 2 — 6) sin x — (x 3 — 6x) cos x + C 


Alternate 

u and its 

v ' and its 

signs 

derivatives 

antiderivatives 

+ 

X 3 

sin x 

- 

3x 2 

— cos X 

+ 

6x 

— sin* 

- 

6 

COS X 

+ 

0 

sin x 


63 . 


x sec 2 x dx = x tan x + In I cos x| + C 


Alternate 

u and its 

i ' ' and its 

signs 

derivatives 

antiderivatives 

+ 

% 

sec 2 x 

- 

1 

tan x 

+ 

0 

— In | cos x\ 


65 . Integration by parts is based on the 67 . No. Substitution. 69 . Yes. u = x 2 , dv = e 2 * dx 

product rule. 


71 . Yes. Let it = x and du = — , dx. 

y.x + 1 

(Substitution also works. Let u = Vx + l) 


73 . 


fV 


3 -“ 4, df = (32f 3 + 24f 2 + 12f + 3) + C 

128 


75 . 


'tt/2 

e~ 2x sin 3.x dx 

Jo 


e 2t ( 2 sin 3x 3 cos 3x) 


7t/2 


13 


13 


(2^ 


+ 3) « 0.2374 
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77. (a) dv = ~Jlx — 3 dx => v = j (2x — 3 )‘/ 2 dx = ^-(2x — 3) 3 / 2 


u = 2x 


du = 2 dx 


Jwsn*: - |42» - 3)« - 1/(2* - 3)«* 


= |x(2x - 3) 3 / 2 - y^(2x - 3) 5 / 2 + C 
= ^(2* — 3) 3 / 2 (3x + 3) + C = ^(2x ~ 3) 3 / 2 (x +1)3 


(b) u = 2x — 3 => x — ^ and dx = ^ du 


2x j2x — 3 dx = | 2( U 2 j C ^ U ~ ^ (“ 3 ^ 2 + 3m 1 / 2 ) dM = 


— — m 3 / 2 (m + 5) + C — „ (2x — 3) 3/,2 [(2 .t — 3) + 5] + ( 


79. (a) dv = 


74 + x 2 


dx => i' 
dM = 2x dx 




f 


74 + x 2 


dx = x 2 74 + x 2 — 2 x74 + x 2 dx 


= x 2 T4T7 - |(4 + X 2 ) 3 / 2 + C = ^T4T7( x 2 - 8) - 


1 


(b) u = 4 + x 2 => x 2 = m — 4 and 2x dx = dM => x dx = — dM 


x 3 f x 2 f w — 4 1 

— , dx = — x dx = — - 

J 74 + x 2 J 74 + x 2 J 7m 2 


- du 
2 


= ^|(m 1/2 - 4 m " 1 / 2 ) dM = i(|« 3/2 - 8 m 1 / 2 ! + C 
= — m 1//2 (zz — 12) + C — ~74 + x 2 [(4 + x 2 ) — 12] + C ■ 


© 

II 

s 

rA 

00 

| In x dx = x(ln x — 1) + C 

„ - 1: I 

f X 2 

| x In x dx = —(2 In x — 1) + C 

s 

II 

to 

f x 3 

| x 2 In x dx = —(3 In x — 1) + C 

” ■ 3: J 

f x 4 

x 3 In x dx = —(4 In x — 1) + C 
16 

J 

fx 4 In x dx = ^(5 In x — 1) + C 

f x n ^ 

In general, x”lnxdx = ,,[(« + l)lnx 

J (n + 1)- 


C 

m 5 / 2 + 2 m 3 / 2 + C 
= ^(2x — 3) 3 / 2 (x + 1) + C 


C 


j 74 + x 2 (x 2 — 8) + C 
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89 . n = 3 (Use formula in Exercise 85.) 


91 . a = 2, b = 3 (Use formula in Exercise 88.) 


x 3 In x dx — —[4 In x — 1] + C 
16 


f , v 0 , e 2x (2 cos 3x + 3 sin 3x) , ^ 

| cos 3x dx = — 1- C 
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97. (a) A = J In x dx = | — x + xlnx 
(b) R(x) = In x, r(x) = 0 
V = 77 f (In x) 2 dx 


= 1 (See Exercise 4.) 


= Tr^x(ln.v) 2 — 2xlnx + 2x 
= 7 r(e - 2) « 2.257 


(Use integration by parts twice, see Exercise 7.) 



(c) p(x ) = x, h(x) = In x 

r 

V — 2tt x In x dx = 2t t 


-(— 1 + 2 In x) 


(e 2 + 1)7 


13.177 (See Exercise 85.) 


= JTxlnx* = e 2 + I ^ 
1 4 

= (In x) 2 dx = ^ 

y 1 2 


fey) = 


c 2 + 1 e — 2 


(2.097, 0.359) 


99. Average value = — \ e 4 '(cos 2t + 5 sin 2t)dt 
77 


1077 


— 4 cos 27 + 2 sin 2t 
20 


(1 - e~ 4n ) = 0.223 


+ 5e 


— 4 sin 27 — 2 cos 27 
20 


(From Exercises 87 and 88) 


101. c(?) = 100,000 + 40007, r = 5%, 7, = 10 


P = (100,000 + 40007)e- 0 05 ' dt = 4000 (25 + 7)e“ 005 ' dt 

Jo Jo 

Let 7< = 25 + 7, dv = e~ 00s 'dt, du = dt, v = — 


P = 4000 


= 4000 


(25 + ?)( - ^e-oosr 

(25 + ?)( - ^g-o.os. 


10 100 
0 + 5 


’ dt 


10,000 

25 f 


$931,265 


103. x sin nx dx 


X 

1 . 

— cos nx 

H — r sin nx 

n 

n 2 

7 T 


cos irn 

cos(— ' 

n 

n 

2 tt 


COS7T/2 


n 


f— (277 /n). 

if n is even 

i (277/77), 

if n is odd 
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... , , • (nir \ , , 2 nir , 

105. Let u = x, dv = sin dx, du = dx, v = cos /^— x . 

\ 2 nir I 2 1 


t P • \ 

/, = x sin j§P x 

Jo V 2 / 


dx = 


— 2jc (}. 


cos — x 

;i7T \ 2 


1 2 nir . , 

H cos — x | dx 

o nir „ V 2 


2 /” 7r 'i _1_ 

= «t— cos — It + 
nir \ 2 


o \ 

2 \ 2 . ( nit 
— sin o ^ 

nir/ \ 2 


2 I nir \ 2 y . nir 

= cos — + — Sin — 

nir \ 2 ) \nir \ 2 


Let u = ( x + 2), dv = sin(^-x]dx, du = — dx, v = — — cos(-^-x). 

V 2 / 717T \ 2 / 


I 2 = | (— x + 2) sin^-^-x )dx = 


— 2(— x + 2) (nir 

cos — x 

nit \ 2 


2 

i nir 


2 I n it , 

cos —x ax 


2 j hit 

= — cos — 
nir \ 2 


2 \ 2 . nir 

— sin hr- 1 ' 

nir/ \ 2 


2 I mr\ ( 2 Y . nit 
= — cos — + — sin — 
nir \2 \nirl \ 2 


hifi + U) =b n = h 


+ (-)’"»(? 

nir / V 2 / \mr J \ 2 


8 h . I nir 

Jmr) 2 Sm U 


107. Shell Method: 


V = 27t x/(x) dx 


JC 

dv = x dx => v = — 
u = /(x) => du = /'(x) dx 
V = 2t 7 y/(x) - Jy/'(-x)dx 

(d 2 /(d) - a 2 / (a)) - f x 2 f\x)dx 

Ja 

Disk Method: 



r/M rf(b) 

v = 7T (d 2 — a 2 ) dv + 7 t [d 2 - [/ _1 (y)] 2 ]dy 

J 0 J/(a) 

ff(b) 

= 7t(d 2 - a 2 ) /(a) + irb 2 (f(b) - /(a)) - it [/ _1 (y)] 2 dy 

Jf (a) 

rf(b) 


(b 2 f(b) - a 2 f{a )) - I [/ ‘(.v)] 2 dy 


I 

Jf(a) 


Since x = / *(y), we have/(x) = y and f'(x)dx = dy. When y = /(a), x = a. When y = /(ft), x = 


rf(b) rb 

[/“Hy)] 2 ^y = x 2 /'(x) dx 

J/(a) Jc/ 


b. Thus, 


and the volumes are the same. 
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109 . fix) = xe x 

(a) f(x) = Jxe~ x dx = —xe~ x — e~ x + C 

(Parts: u = x, dv — e~ x dx) 

/( 0) = 0 = — 1 + C => C = 1 
/(x) = —xe~ x — e~ x + 1 


(b) 



4 


(c) You obtain the points 


n 


y„ 

0 

0 

0 

1 

0.05 

0 

2 

0.10 

2.378 x 10- 3 

3 

0.15 

0.0069 

4 

0.20 

0.0134 

: 

: 

: 

80 

4.0 

0.9064 


i 



(d) You obtain the points 


n 

x„ 

y„ 

0 

0 

0 

1 

0.1 

0 

2 

0.2 

0.0090484 

3 

0.3 

0.025423 

4 

0.4 

0.047648 

; 

; 

* 

40 

4.0 

0.9039 



(e) /( 4) = 0.9084 

The approximations are tangent line approximations. The results in (c) are better because Ax is smaller. 
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1. f(x) = sin 4 x + cos 4 x 
(a) sin 4 x + cos 4 x = 


1 — cos 2x\ 2 / 1 + cos 2x\ 2 


= 7[l — 2 cos 2x + cos 2 2x + 1 + 2 cos 2x + cos 2 2x] 
4 

. , 1 + cos 4x 

2 + 2 

2 J 

= ^[3 + cos 4x] 


1 

4 


(b) sin 4 x + cos 4 x = (sin 2 x) 2 + cos 4 x 

= (1 — cos 2 x) 2 + COS 4 X 
= 1—2 cos 2 x + 2 cos 4 x 

(c) sin 4 x + cos 4 x = sin 4 x + 2 sin 2 x cos 2 x + cos 4 x — 2 sin 2 x cos 2 x 

= (sin 2 x + cos 2 x) 2 — 2 sin 2 x cos 2 x 
= 1—2 sin 2 x cos 2 x 


—CONTINUED— 
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1. — CONTINUED- 


(d) 1—2 sin 2 x cos 2 x = 1 — (2 sin x cos ,*)(sin x cos x) 


= 1 — (sin 2 y)(^ sin 2x 


= 1 — ^ sin 2 (2jr) 

(e) Four ways. There is often more than one way to rewrite a trigonometric expression. 


3. Let u = cos x, du = — sin x dx. 

f cos 3 x sin x dx = — J cos 3 x(— sin x) dx 

= — — cos 4 x + C 
4 


5. Let u = sin 2x, du = 2 cos 2x dx. 


sin 5 2x cos 2x dx = — | sin 5 2x(2 cos 2 x)dx 


= — sin 6 2 x + C 


7. Let u = cos x, du — — sin x dx. 


5 x cos 2 x dx = sin y(1 — cos 2 x) 2 cos 2 x dx 


— 1 2 1 

= — | (cos 2 x — 2 cos 4 x + cos 6 x)(— sin x) dx = cos 3 x + — cos 5 x — — cos 7 x + C 


9- cos 3 $ysin Odd = cos 0(1 = sin 2 0)(sin 0) 1 / 2 dO 


= [(sin 0) 1 / 2 — (sin 0) 5 / 2 ]cos Odd 


— ^"(sin d) 3 / 2 — —(sin 0) 7 / 2 + C 


,, i to, i 1 + cos 6x , 
11. cos 7 3x dx = dx 


1 / 1 . , . ^ 

= — y + — sin 6y | + C 

2 \ 6 


= I ^ (6y + sin 6y) + C 


.. | . , , , , 1 — cos 2a 1 + cos 2a , 

13. sin 7 a • cos- a da = • da 


= — (1 — cos 2 2a) da 


1 / 1 + cos 4a\ , 

4 1 2 ]da 


= — I (1 — cos 4a) da 


a — 7 sin 4a 
4 


+ C 


= ^[4“ — sin 4a] + C 
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15. Integration by parts. 


dv = sin 2 x dx = 


1 — cos 2x 


x sin 2x 1 . 

v = = — (2x — sin 2x) 

A A ' ' 


u = x => du = dx 


x sin 2 x dx = ^ x(2x — sin 2x) — ^ | (2x — sin 2x) dx 


= ■ sm 2v) ■ K " 2 + \ cos ^ +c= I 12 * 2 ■ 21 sin 21 ■ cos 2v) + c 


17. Let u = sin x, du = cos x dx. 


rn/2 r-ir/2 

cos 3 x dx = (1 “ sin 2 x) cos x dx 

Jo Jo 


1 . 3 

sin x — — sir x 


n/2 _ 2 

o " 3 


19. Let u = sin x, du = cos tr dx. 


Ctt/2 Ctt/I Ctt/I 

cos 7 x dx = I (1 — sin 2 x) 3 cos x dx = I ( 1 — 3 sin 2 x + 3 sin 4 x — sin 6 x) cos x dx 

Jo Jo Jo 


3 1 

sin x — sin 3 x + — sin 5 x — — sin 7 x 


V 2 _ ^6 
o “ 35 


21 ‘ l sec(3x) dx = ^ In | sec 3x + tan 3x| + C 


j sec 4 5x dx = J 


23 . sec 4 5 x dx = (1 + tan 2 5x) sec 2 5 xdx 


1 / _ tan 3 5x\ _ 

= - tanSx + ^-j + C 


tan 5x 
15 


(3 + tan 2 5x) + C 


25. dv = sec 2 nx dx 


v = — tan 77 X 

7 T 


u = sec TTX 


du = 7 t sec ttx tan ttx dx 


. , 1 f , J 1 

see 5 vx dx = — sec nx tan ttx — sec ttx tan- ttx dx = — sec ttx tan ttx — 

77 77 


sec 77.x(sec 2 77 .x — 1) dx 


2 sec 3 ttx dx = (sec ttx tan 77X + ln | sec 77 X + tan 77x|) + Cj 

J 77 

I sec 3 77X dx = t — ( sec ttx tamrx + lnlsec 77 X + tan 7jx|) + C 
J 277 


27. | tan 5 7 dx = ( sec 2 7 — 1 jtan 3 7 dx 

4 V 4 / 4 


= | tan 3 7 sec 2 — dx — tan 3 7 r/x 
4 4 4 


29. u = tan x, = sec 2 x t/x 


sec 2 x tan x dx = - tan 2 x + C 
2 


= tan 4 1 

4 


, x , \ x , 
c- t — 1 tan 7 dx 


= tan 4 t — 2 tan 2 4 — 4 In 


x 

COS 7 

4 


+ C 
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| , ~ tan 3 x 

31 . tan- x sec- x dx = — 1- C 


33. | sec 6 4x tan 4x dx = — | sec 5 4x(4 sec 4x tan 4x) dx 


sec 6 4x 
24 


+ C 


35. Let u — sec x, du = sec x tan x dx. 

C f 

sec 3 x tan x dx = I sec 2 x(sec x tan x) dx 

1 3 . r 

= — sec 5 x + C 


37. \^ dx = c2x ~ l) dx 


= J (sec x — cos x) dx 
= lnlsecx + tanxl — sinx + C 


39. r = | sin 4 (7T0) dO = — | [1 — cos(2t t 6)] 2 dO 


[1—2 cos(27 t9) + cos 2 (2tt(?)] dO 


1—2 cos (2 irO) + 


1 + cos(4tt0) 


dO 


0 — sin(2770) + ^ + g~ sin(4770) 

7 T 2 877 


+ C 


1 


= ——[ 127 tO — 8 sin(2T7-0) + sin(4770)] + C 
3277 


41 . y = tan 3 3x sec 3x dx 


= (sec 2 3x — l)sec 3x tan 3x dx 


= ^ sec 2 3x(3 sec 3x tan 3x) t lx — ^ | 3 sec 3x tan 3x t lx 


= — sec 3 3x — — sec 3x + C 



49 . | sin 6 sin 30 dO = — | (cos 26 — cos 40) dO 


= ^-f “■ sin 20 — 7 sin 40 1 + C 
2\2 4 


51 . cot 3 2x dx = (esc 2 2x — l)cot 2x dx 


= — — cot 2 x(— 2 csc 2 2 x) dx — — — . ‘ ~ dx 
2 2 sin 2 x 


= ^(2 sin 20 — sin 49) + C 


= — ^ cot 2 2x — ^ ln|sin 2x| + C 


= ^ (In | esc 2 2x| — cot 2 2x) + C 
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73 . 


sec 5 ttx tan i tx dx = 


— sec 5 ttx + C 
5 7T 


5 



77 . 


r /2 r 1 

3x 1 

sin 4 x dx = — 

— — sin 2x + 7 sm 4x 

Jo 4 

L 2 8 J 


7r/2 

0 


377 

T 6 


75 . 


7t/4 


sin 20 sin 30 r/0 = 


sin 0 — — sin 50 


77-/4 

0 


3^2 

10 


79 . (a) Save one sine factor and convert the remaining sine 
factors to cosine. Then expand and integrate. 

(b) Save one cosine factor and convert the remaining 
cosine factors to sine. Then expand and integrate. 

(c) Make repeated use of the power reducing formula to 
convert the integrand to odd powers of the cosine. 


81 . (a) Let u = tan 3x, du = 3 sec 2 3x dx. 

f f 

sec 4 3x tan 3 3x dx = sec 2 3x tan 3 3x sec 2 3x dx 


= 1 | (tan 2 3.x + 1) tan 3 3x(3 sec 2 3 x)dx 


= - J (tan 5 3x + tan 3 3x)(3 sec 2 3 x)dx 

_ tan 6 3x tan 4 3x 
~ 18 + 12 + Cl 

Or let u = sec 3x, du = 3 sec 3x tan 3x dx. 

sec 4 3.x tan 3 3x dx = J sec 3 3x tan 2 3x sec 3x tan 3x dx 

1 sec 3 3x(sec 2 3x — l)(3 sec 3x tan 3 x)dx 


sec 6 3x sec 4 3x 


18 


12 


+ C 


, sec 6 3x sec 4 3x „ (1 + tan 2 3x ) 3 (1 + tan 2 3x ) 2 _ 

(C) 77^ 77; h C = 77; 77; V C 


18 


12 


18 


12 


(b) 



1 


1 


= — tan 6 3x + - tan 4 3x + 7 tan 2 3x + 77 — -7 tan 4 3.x — 7 tan 2 3x — 77 + C 

lo 0 o lo 12 0 12 

tan 6 3.x tan 4 3x / 1 1 \ 

_ 18 + 12 + (l8 _ 12 j + 

_ tan 6 3.x tan 4 3x 
_ 18 + 12 + 2 


83 . A 


sin 2 (irx) dx 
1 1 — cos( 2 irx) 


dx 


---sm(2TTx) 


1 

2 


y 
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85. (a) V = 77 1 sin 2 x dx = ^ (1 — cos 2x) dx = 

2 Jo 


o 


x — ! sin 2x 
2 


' 7T 

- 

sin x dx = 

— cos X 

Jo 

- 


= 1 + 1=2 


Let « = x, dv = sin x dx, du = dx, v = — cos x. 


2 

A 


x sin x dx = x 

— * COS X 

^+1 

r j 

cos x dx 

_ 1 

—x cos x + sin x 

o 2L 


0 J 

\ 

0 J 

~ 2 

_ 


2A 

1 

8 


sin 2 x dx 


(1 — cos 2x)dx 


x — — sin 2x 
2 


77 

o ~~ i 


*»-(?■!) 


77 

0 ~~ I 



87. dv = sin x dx => v = — cosx 

u = sin" _1 x => du = (n — l)sin" -2 x cos x dx 

sin" x dx = — sin" -1 xcosx + (n — l)J sin" _2 x cos 2 x dx 

= — sin" -1 xcosx + ( n — 1 )J sin' ,-2 x(l — sin 2 x)dx 
= — sin" _1 xcosx + (n — 1 )J sin" -2 x dx — (n — l)Jsin"xdx 
Therefore, n f sin” x dx — — sin" “ 1 x cos x + (n — 1 ) f sin" “ 2 x dx 


, — sin" 1 x cos x n — , , 

sin” x dx = 1 sin" 2 x dx. 


1 ’ . 
— sir 


89. Let u = sin" 1 x, du = (n — l)sin" 2 x cos x dx, dv = cos"' x sin x dx, v = 


— nr\Q m 1 


m + 1 


— sin" 1 x cos"' + 1 x n — 1 

cos'" x sin" x dx = 1 

m +1 m + 1 

_ — sin" - 1 x cos"' + 1 x n — 1 
m +1 m + 1 

— sin" - 1 x cos”' + 1 x n — I 


in + n 
m + 1 


m +1 m + 1 

, — sin" - 1 x cos'" + 1 x n — I 

cos'" x sin" x dx = 1 

m +1 m + 1 

— cos'" + 1 x sin" “ 1 n — 1 
cos"' x sin” x dx = ; 1- 


sin" 2 xcos"' + 2 xdx 

sin" " 2 x cos"' x( 1 — sin 2 x) dx 
t . n — 1 

' i / 7 Z v 


H sin" 2 x cos"' x dx sin" x cos'" x dx 


m + 1 


m + n 


m + n 


sin" 2 x cos"' x dx 


cos"' x sin" 2 x dx 
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91. sin 5 x dx = — 


sin 4 x cos x 4 I . , 
1- - | sin 3 x dx 


sin 4 x cos x 4 
5 + 5 


sin 2 x cos x 2 I . 


+ ^ | si n x dx 


1 ■ 4 4 . , 8 

— — sin 4 x cos x — — sin- x cos x — — cos x + C 


15 


L [3 sin 4 x + 4 sin 2 * + 8] + C 


93. I^ 4 ( 2 f)* = ^[sec 4 ( 2 ^)^& 


J5_ 

2tt 

5_ 
67 7 


1 J2itx\ (2 ttx\ 2 f J2 ttx\27t , 
- sec 2 — — tan — — + — sec- — — — ax 
3 \ 5 \ 5 3 \ 5 5 




\ 5 V 5 


5 ( 2ttx\ f " J 2ttx\ 

= 677- tan \ 5 . ) sec hr +2 


V 5 / 
+ c 


+ c 


95. (a) f(t) = a 0 + a, cos — + b, sin — where: 
6 6 


i_ r 

12 Jo 


= 73 /M dt 


a, = - f(t) cos dt 


h \ = ! /(f) sin ^ dr 


«0 « *3. [30.9 + 4(32.2) + 2(41.1) + 4(53.7) + 2(64.6) + 4(74.0) + 2(78.2) + 4(77.0) + 2(71.0) + 


0 3(12) 2 


4(60.1) + 2(47.1) + 4(35.7) + 30.9] « 55.46 


12-0 


1 6(3)(12) 


30.9 cos 0 + 4^32.2 cos ^rj + 2^41.1 cos yj + 4^53.7 cos yj + 2^64.6 cos \ + 
4^74.0 cos + 2(78.2 cos 77) + 4^77.0 cos + 2^71.0 cos + 


4( 60.1 cos + 2^47.1 cos -^J + 4(35.7 cos ^-jr- ] + 30.9 cos 2ir 


-23.88 


12-0 
1 6(3)(12) 


30.9 sin 0 + 4^32.2 sin + 2^41.1 sin yj + 4^53.7 sin^J + 2^64.6 sin + 
4^74.0 sin + 2(78.2 sin 77) + 4(77.0 sin + 2(71.0 sin + 


4( 60.1 sin + 2^47.1 sin + 4^35.7 sin ) + 30.9 sin 277 


-3.34 


7Tt TTt 

H(t) = 55.46 - 23.88 cos — - 3.34 sin — 
6 6 


—CONTINUED— 
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95. —CONTINUED— 

(b) a 0 « + 4(17.7) + 2(25.8) + 4(36.1) + 2(45.4) + 4(55.2) + 2(59.9) + 4(59.4) + 2(53.1) + 

4(43.2) + 2(34.3) + 4(24.2) + 18.0] « 39.34 


Oj = g(g^2) ^ 8 '® cos ® + 4^ 17.7 cos + 2^25.8 cos yj + 4^36.1 cos -^J + 2^45.4 cos -^-j + 
4^55.2 cos + 2(59.9 cos tt) + 4^59.4 cos + 2^53.1 cos + 

4^43.2 cos + 2^34.3 cos + 4^24.2 cos + 18 cos2tt ~ —20.78 
b 1 ~ g^g^|2) ^ 8 '® s * n ® + 4^17.7 sin + 2^25.8 sin yj + 4^36.1 sin + 2^45.4 sin + 

4^55.2 sin^-j + 2(59.9 sin it) + 4^59.4 sin-^-j + 2^53.1 sin^-j + 

4^43.2 sin + 2^34.3 sin -^-'j + 4^24.2 sin + 18 sin 2-77 ~ —4.33 


L(t) « 39.34 - 20.78 cos ^ - 4.33 sin ^ 

6 6 

(c) The difference between the maximum and minimum temperatures is greatest in the summer. 



< \ < \ , 1 sin(w + n)x , sm m - n)x 77 . 

97. cos(t)ur) cosOi.r) clx — — 1 = 0, (in + n) 

2\_ m + n m-n \- v v 


sin(mx) sin(«.\r) dx = — [cos(m — n)x — cos (m + n)x] dx 


1 sin(»7 — n)x sin(m + n)x 17 
2\_ m — n m + n 


= 0, (m =£ n ) 


sin(mx) cos(tu) dx = — [sin(m + n)x + sin(m — n)x\ dx 


1 [cos(m + n)x cos (in — n)*] 77 . . 

= -- + , (m + n) 

2|_ m + n in — n ]-n 


-4[( s 


m + n m — n j-n 

cos (m + it)tt cos (in — ii)tt\ /cos(m + n)(— tt) cos (in — n)(— n) 


= 0, since cos(— 9) = cosd. 


• , N N , 1 sin 2 (mx) 

sin (rax) cos (rax) dx — 

ra 2 
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Section 7.4 Trigonometric Substitution 


4 In 

Vx 2 +16-4 

+ v/* 2 + 16 + C 

_ c/ 

4 lnl v/x 2 + 16 — 4 I — 4 In I x I + ~Jx 2 +16 + C 

_ 

* 

_ 

dx 

1 1 


^ x/Vx 2 + 16 4 + x 

Jx 2 + 16 — 4 •* Vx 2 + 16 

4x 4 x 

V* 2 + I6( Vx 2 + 16 — 4) x J x 2 + 16 
4x 2 - 4jx 2 + 16(Vx 2 + 16 - 4) + x 2 (x/x 2 +16 — 4) 
x jx 2 + 16( Vx 2 + 16 — 4) 

4x 2 — 4(x 2 + 16) + 16 Jx 2 + 16 + x 2 Vx 2 + 16 — 4x 2 
x>/x 2 + 16( Jx 2 +16 — 4) 

7x 2 + 16(x 2 + 16) - 4(x 2 + 16) 

X n/x 2 + 16 ( Jx 2 + 16 — 4 ) 

(x 2 + 16)( Vx 2 + 16 — 4) _ Jx 2 + 16 
x jx 2 + 16( Jx 2 + 16 — 4) x 


Indefinite integral: 


x/x 2 + 16 


dx 


Matches (b) 


3 . 



. x 

arcsin — — 
4 



+ C 


Matches (a) 


R 1/4 x(l/2)(16 —x 2 ) 1,,2 (— 2x) + s/\6 — x 2 

Vl - (x/4) 2 2 

8 + x 2 yi6 — x 2 

v/16 — x 2 2x/l6 — x 2 2 

16 + x 2 (16 - x 2 ) _ x 2 

2 x/l6 — x 2 2x/l6 — x 2 2x/l6 — x 2 Vl6 — x 2 


5. Let x = 5 sin 6, dx = 5 cos 0 c/0, ^/25 — x 2 = 5 cos 6. 



7 . Same substitution as in Exercise 5 


v/25 - 


dx — 


25 cos 2 6 d6 
5 sin 0 


= 5 


1 — sin 2 9 


sin 9 


d9 = 5 (esc 9 — sin 9) d9 


= 5[ln|csc 9 — cot 9\ + cos 0] + C = 5 In 


5 - v/25 - x 2 


+ v/25 — x 2 + C 
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9. Let x = 2 sec 8, dx — 2 sec 8 tan 9 dO, 7x 2 — 4 = 2 tan 8. 


7x^4 


dx = 


2 sec 9 tan 9 dd 
2 tan 8 


= I sec 0r/0 = lnjsec 9 + tan0| + C x 


= In 


x Jx 2 — 4 
2 + 2 


+ C\ 


= In x + 7x 2 — 4 — In 2 + C\ = In x + 7x 2 — 4 + C 



11. Same substitution as in Exercise 9 

J x 3 7x 2 — 4 dr = |"(8 sec 3 0)(2 tan 0)(2 sec 8 tan 9) r/0 = 32 | tan 2 6 sec 4 8 dd 


= 32 tan 2 0(1 + tan 2 9) sec 2 8 dd = 32 


tan 3 8 tan 5 6 

— - — + 


= ^ tan 3 0[5 + 3 tan 2 8] + C = ^ 4)3/2 

15 15 o 


5 

5 + 3- 


+ C 
Cr 2 - 4) 


+ C 


= ^(x 2 - 4) 3 / 2 [20 + 3(x 2 - 4)] + C = ^(x 2 - 4) 3 / 2 (3x 2 + 8) + C 


13. Let x = tan 8, dx = sec 2 9 dd. 7l + x 2 = sec 9. 

xVl + x 2 dx = I tan 0(sec 8) sec 2 Odd = — — P C = — (1 + x 2 ) 3 / 2 + C 

Note: This integral could have been evaluated with the Power Rule. 



15. Same substitution as in Exercise 13 


: dx = 


u +* 2 ) 2 J(yrr ^) 4 


- dx 


sec 2 8 dd 
sec 4 8 


= | cos 2 6dd = — (1 + cos 28) dd 


d + 


sin 2d 


= —[9 + sin 8 cos 8] + C 


arctanx + 


arctanx + 


1 


7l + X 2 / \ 7l + . 

X 


+ C 


1 + x 2 


+ C 



17. Let u = 3x, a = 2, and du = 3 dx. 


J J 4 + 9x 2 dx = y/(2) 2 + (3x) 2 3 dx 

= |(|)(3x>/4 + 9x 2 + 41n|3x + 74 + 9x 2 |) + C 
= —Xy/4 + 9x 2 + - ln|3x + 74 + 9x 2 + C 
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= 7x 2 + 9 + C 

(Power Rule) 

23. Let x = 2 sin 6, dx = 2 cos 0 c/0, 74 — x 2 = 2 cos 6. 


7l6 ~ 4 x 2 c/x = 2^" 74 — x 2 dx 

= 2 f 2 cos 0(2 cos 0 d9) 


= 8 cos 2 0 c/0 


-*I 


= 4 (1 + cos 20) c/0 


= 4 


0 + — sin 20 
2 


+ C 

40 + 4 sin 0cos 0 + C 


4 arcsin^j + x74 — x 2 + C 


21 . 


yi6^ 


: c/x = arcsin 


+ C 



25. Let x = 3 sec 0, dx — 3 sec 0 tan 0 c/0. 
7x 2 — 9 = 3 tan 0. 


1 


7x^9 


c/x = 


3 sec 0 tan 0 c/0 
3 tan 0 


= sec 0 c/0 


= In | 

= In I 


sec 0 + tan 6\ + Cj 

+ c, 


x 7x 2 — 9 
3 + 3 


= In x + 7 x 2 — 9 + C 



27. Letx = sin 0, c/x = cos 0c/0, 7l — -X 2 


7l — x 2 


c/x = 


cos 0( cos Odd) 
sin 4 0 

= J cot 2 0 esc 2 0c/0 
= ~ cot 2 0 + C 


-(1 -x 2 ) 3 / 2 
3x 3 


+ C 



a: 


29. Same substitutions as in Exercise 28 


x74x 2 


+ 9 


: dx — 


(3/2) sec 2 0c/0 
(3/2) tan 0 3sec 0 


1 

3 


esc 0c/0 = — — lnjcsc 0 + cot 0| + C 



74x 2 + 9 + 3 
2x 


+ C 


cos 0. 
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31. Let x = 75 tan 9, dx = 75 sec 2 9 d9, x 2 + 5 = 5 sec 2 9. 

f -5x _ f -5y/5 tan 9 , 2 

J (x* + 5) 1 '- dx J (5 sec 2 0) 222 9 de 

J sec 6 

= — 75 f sin 9 d9 


= 75 cos 9 + C 

= 75 ^= + C 
7x 2 + 5 



33. Let u = 1 + e , dw = 2e 2x dx. 


e 2x J\ + c 2r dx = ^ (1 + e 2 *)'/ 2 (2e 2A: ) rfx = ^(1 + e 2r ) 3 / 2 + C 


35. Let e x = sin 0, e x dx = cos 9d9, 7l — e 2 * = cos 9. 


e' J\ — e lx dx — cos 2 9 dO 


(1 + cos 29) d9 



_ 1 sin 29 

“2 6+ ~1T 


— + sin (?cos (?) + C = ^-(arcsin e 1 + e* 7l — e 2t ) + C 


37. Let x = 72 tan 9. dx = 72 sec 2 9 d 9, x 2 + 2 — 2 sec 2 9. 


4 + 4x 2 + x 4 


f 1 

. (x 2 + 


(x 2 + 2) 2 “ 

72 sec 2 9 d9 
4 sec 4 9 


cos 2 9 d9 


= ~r(^)J ^ + cos 26 ^ de 

= ^(» + isi«2») + C 



(9 + sin 9 cos (?) + C 


lx 1 x 

T ^ H arctan — = + C 

4|x 2 + 2 72 72j 
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39. Since x > 


u = arcsec 2x, => du = — . dx , dv = dx => v = x 

xjAx 2 - 1 


arcsec 2x c/x = x arcsec 2x — 


V4y 2 - 1 


c/x 


2x = sec 6, dx = — sec 6 tan 6 dO, V4.x 2 — 1 = tan 0 

. , ~ . (1/2) sec 9 tan 0c/0 1 . 

arcsec 2x dx = x arcsec 2x — = x arcsec 2x sec 0 dO 

tan 9 2 

= x arcsec 2x — ^ In | sec 9 + tan 0\ + C = x arcsec 2x — ^ ln| 2 jc + >/4.v 2 — 1 + C. 


41. 


jAx — . 


: dx = 


74 — (x — 2) 2 


& = arcsin! ] + C 


43. Let x + 2 = 2 tan 9, dx = 2 sec 2 6 d9, 7(x + 2) 2 + 4 = 2 sec 9. 




: c/x = 


: c/x = 


(2 tan 9 — 2) (2 sec 2 9) c/0 


Vx 2 + 4x + 8 ' J 7(x + 2) 2 + 4 J 2 sec 0 

= 2|"(tan 0 — l)(sec 0) c/0 
= 2[sec 0 — ln|sec 0 + tan 0|] + Cj 


= 2 


7 (x + 2) 2 + 4 

\/{x + 2) 2 + 4 x + 2 

2 

2 2 


+ C, 


= Vx 2 + 4x + 8 — 2[ln | Jxr + 4x + 8 + (x + 2) — In 2] + C x 
= Vx 2 + 4x + 8 — 2 In I 7x 2 + 4x + 8 + (x + 2)1 + C 


45. Let t = sin 0, dt = cos 0 c/0, 1 — t 2 = cos 2 0. 
f t 2 f sin 2 0 cos 0 c/0 

(a) J (1 - t 2 ) 3 / 2 dt ~ J ^9 

= I tan 2 0 c/0 


= J (sec 2 0 — 1) c/0 

= tan 9 — 9 + C 

t 



r V3 / 2 f2 
Thus, I 7- 77777 c/f = 


— arcsin t + C 


— arcsin f 


a-/ 2 ) 3/2 “‘ ltt^7 

(b) When t = 0, 0 = 0. When t = 73/2, 0 = tt/ 3. Thus, 

T7r/3 


73/2 V3/2 .73 /- 77 _ 

= — 7 = — arcsin — — = V3 — — = 0.685. 

0 7175 2 3 


fV3/2 2 

r 1 

, ..... dt = 

1 

C 

cs 

Jo (1 - t 2 ) 3/2 

L J 


= 73 - - « 0.685. 
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47. (a) Let x — 3 tan 9, dx = 3 sec 2 6 d9, 7x 2 + 9 = 3 sec 9. 


r 3 r 

x 

, , dx = 

J Jx 2 + 9 J 


(27 tan 3 0)( 3 sec 2 9 d9) 


3 sec 9 


’f 


= 27 (sec 2 0—1) sec 9 tan 9 d9 


= 27 


= 9 


j sec 3 9 — sec 9 


+ C = 9[sec 3 0 - 3 sec 0] + C 


V?+9 V _ J Jx 2 + 9 


Thus, 


3 3 

JT 


o V.* 2 + 9 


3 / V 3 

c/x = j(x 2 + 9) 3 ^ 2 — 97x 2 + 9 

= (j(54V2) - 2772 J - (9 - 27) 

= 18 - 972 = 9(2 - Jl) « 5.272. 
(b) When x = 0. 9 = 0. When x = 3, 0 = tt/ 4. Thus, 

W4 


+ C = |(x 2 + 9) 3 / 2 - 9 7.x 2 + 9 + C 


Jo 


'3 3 


7x 2 + 9 


dx = 9 


sec 3 0—3 sec 0 


= 9(272 - 372) - 9(1 - 3) = 9(2 - 72) « 5.272. 


49. (a) Let x = 3 sec 9,dx = 3 sec 0 tan 0 c/0, 7x 2 — 9 = 3 tan 0. 


r 

x 

, „ dx = 

J 7x- - 9 


9 sec 2 0 


3 tan 0 

r 

= 9 | sec 3 0 c/0 

1 


3 sec 0 tan 0 c/0 


= 9 


„ sec 0 tan 0 + — I sec 0 c/0 
2 2 


(7.3 Exercise 90) 


= -[sec 0tan 0 + ln|sec 0 + tan 0|] 


77^9 


+ In 


x 7x 2 — 9 
3 + 3 


Hence, 


6 2 
X 2 


n, dx = - 

4 7x 2 - 9 2 


t-7x 2 - 9 


+ In 


/ 6727 

(^ + ln 


2 + 


x 7x 2 — 9 
3 3 

727 


477 


+ In 


4 77 

3 3 




= 9y3-2V7 + ’ l „( (4 -^)( 2 + V 3 )\ 

« 12.644. 



—CONTINUED— 
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49. —CONTINUED— 


(4 

(b) When x = 4. 9 = arcsecl — ). 


When x = 6, 9 = arcsec(2) = — . 


: dX = — 


= WA 

x 2 - 9 2 

9 


sec 9 tan 9 + ln|sec 9 + tan i 


= -[2- V3 + ln|2 + V3|] - - 


7J-/3 

larcsec(4/3) 

4 Jl 


3 3 


+ In 


4 ^7 

3 + 3 


= 9^3 - 2^7 + — Inf 6 + 3n ^ | « 12.644 
2 V 4 + >/7 


51. 


Vx 2 + lOx + 9 ' 2 


<ix = ~^/x 2 + lOx + 9(x — 15) + 33 In (x + 5) + -Jx 2 + lOx + 9 + C 


53. 


I * -dx = ~(xV x 2 — 1 + ln|x + Jx 2 — 1 1 ) + C 55. (a) u = a sin 9 (b) u = a tan 9 (c) 

J \/ X 1 *- 


57. A = 4 — J a 2 — x 2 dx 

a 


4 b 
a 


'a 

Jo 


s/a 2 — x 2 dx 


— )( a 2 arcsin + Xs/a 2 — x 2 


. x 

i — 

a 


-“hi, 

= Ttab 

Note: See Theorem 7.2 for f J a 2 — x 2 dx. 



59. x 2 + y 2 = ci 2 


= ± Ja 2 - y 2 

r a 

A = 2 J a 2 — y 2 dy = 


a 2 arcsin) — ] + y^/a 2 — v 2 

J* 

j + hja 2 — 1 / 


(Theorem 7.2) 


= ( a 2 xr I — ( a 2 arcsinf 


= — a 1 arcsin^— j — hja 2 — h 2 


61. Let x — 3 = sin 9, dx = cos 9 d9, s/l — (x — 3) 2 = cos 9. 

Shell Method: 


r T 
J2 


V = 477 1 xVl — (x — 3 ) 2 dx 

tt/2 

= 477 1 (3 + sin 9)cos 2 9d9 

) — 7t/2 

fTr/2 Ctt/ 2 

(1 + cos 29) d9 + cos 2 9 sin 6d9 

J — 7t/2 J - 


= 477 


= 477 


— tt/2 
7t/2 


1(0 + ^ sin 20) - ~ cos 3 9 
.2 \ 2 / 3 J — tt/2 


= 6t t 2 



— a sec 9 
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1 1 r 2 + 1 

63. y = lnx, y' = 1 + (;y') 2 = 1 H — j = : x — 

x x x 

Let x = tan 0 , c/x = sec 2 6 clO , V.* 2 + 1 = sec 0. 



+ 1 , fVx 2 + 1 , 

-5 — ax = or 

•* J 1 * 

sec 2 9 d9 = P^°|(l + tan 2 (?) c/0 
tan 9 I tan 9 


= (esc 9 + sec (?tan 0) c/0 


— ln|csc 0 + cot 0| + sec 0 


-In 


7 x 2 + 1 1 

b - 

X X 


+ Jtr + 1 


— lnl M + 726 


= In 


5(72 + l) 
726 + 1 


- [ — ln(72 + l) + 72] 

V26 - 1 


+ 726 - 72 « 4.367 or In 


[5(72 — l)J 



+ 726 - 72 


65. Length of one arch of sine curve: y = sin x,y' = cos x 

f T 

Lj = I 7l + cos 2 xdx 


Length of one arch of cosine curve: y = cos x,y'= — sin x 

fcr/2 


L 2 


71 + sin 2 veix 


7t/2 

7t/2 


L7> + «4 - f) 


1 + cos 2 x — — 1 u = x — — , du = dx 


71 + cos 2 « du 

7T 

f’T 

= I 71 + cos 2 « c/« = Lj 

Jo 


67. (a) 



(b) y = 0 for jc = 200 (range) 


(c) >■ = v - 0.005.x 2 , y' = 1 - O.Olx, 1 + (7) 2 = 1 + (1 - O.Olx) 2 
Let u = 1 — O.Olx, du = —0.01 c/x, a = 1. (See Theorem 7.2.) 

f200 P200 

7l + (1 - O.Olx) 2 c/x = - 100 7(1 - O.Olx) 2 + 1(-0.01) c/x 


= -50 

= — 5o| 


(1 - O.Olx) 7(1 - O.Olx) 2 + 1 + ln|(l - O.Olx) + 7(1 - O.Olx) 2 + l\ 
(-72 + ln| — 1 + 72|) - (72 + ln|l + 72|)] 

72+l' 


200 

0 


= 100 72 + 50 ln| 


72 - 1 


229.559 
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4 3 , „ f 4 dx , P 3 sec 2 Odd 


69 . Let x — 3 tan 9, dx = 3 sec 2 6 d6, Vx 2 + 9 = 3 sec 6. 

5 Jo Jx 2 + 9 "J a 3 sec 9 

I Vx 2 + 9 + x 


A = 2 <it = 6 — . = 6 

Jo >/x 2 + 9 Jo -Jx 2 + 9 

rb 


5 

Ja 


= 6 sec 0 dO = 


6 ln|sec 9 + tan 0| 


6 In 


= 6 In 3 


X = 0 (by symmetry) 
74 


V 


II 

2 \aJJ_ 4 \ + 9 

f 4 


tit 


1 


12 In 3 |. 4 x 2 + 9 


dx 


3 

4 In 3 


1 x 

— arctan — 
3 3 


4 

-4 



2 4 

= — arctan - ~ 0.422 

4 In 3 3 

(x, y) = (o, arctan « (0, 0.422) 


71 . y = x 2 , y' = 2x, 


1 + (yO = 1 + 4x 2 


2x = tan 9, dx = — sec 2 9 d9, -J\ + 4x 2 = sec 9 


(For /sec 5 9 d9 and /sec 3 9 d9, see Exercise 80 in Section 7.3) 

2 Vl + 4x 2 dx = 2t irj - j (sec 0)^ sec 2 hj d9 


rV- 

S — 2tt\ x 2 

Jo 

rb 


-7 sec 3 9 tan 2 9 d9 = ~r 
4 „ 4 


f /? 

'b 

sec 5 0 dO — 

sec 3 9 d9 

_Ja 

Ja 


77 I 1 

4 4 


sec 3 0tan 9 + -(sec 9 tan 9 + ln|sec 9 + tan 0|) 


— -(sec 9 tan 9 + ln|sec 9 + tan 0|) 


^■[(1 + 4x 2 ) 3 / 2 (2x)] — ^[(1 + 4x 2 ) i / 2 (2x) + ln| yi + 4x 2 + 2x|] 


J2 

0 


5472 672.1 n(3 + 2yj) 


6 8 


= “ ln(3 + g 2 ^ ) = §[!02y2 - ln(3 + 2 75)] ~ 13.989 


73. (a) Area of representative rectangle: 2 J\ — y 2 Ay 
Pressure: 2(62. 4)(3 — y)Jl — y 2 Ay 

F = 124.8 J (3 - y)Vl - y 2 dy 

3+J - y 2 dy - f yVl - y 2 


= 124.8 


dy 


3 (arcsinv + yVl - y 2 ) + |^|j(l - y 2 ) 3/2 


= 124.8 

= (62.4)3[arcsin 1 — arcsin(— 1)] = 187.277 lb 


(b) F = 124.8 J (d - y)Vl - y 2 dy = 124.8 dj Jl - y 2 dy - 124.8 J yVl - y 2 dy 


= 124 - 8 2, 


arc sin 3; 


+ yV 1 - 



- 124.8(0) = 62.477t/ lb 
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' 12 12 , 

— ax 

Jl : 77665 * 



= 12(ln 12 


In 7.77665) ~ 5.2 meters. 
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77. True 


cos 9 d6 


79. False 

Cd 3 


= I dO 


dx _ ^sec 2 6 d9 
+ x 2 ) 3 Jo sec 3 0 


cos 0 dO 


81. Let u = a sin 0, du = a cos 0 dO, J a 2 — u 2 = a cos 9. 


/a 2 — u 2 du = a 2 cos 2 0 dO = a 2 — — - dO 

2 


a 2 / „ 1 


= — 1^0 + — sin 20 j + C = — (0 + sin 0cos 0) + C 

a 2 . u (u\( Ja 2 + u 2 \ _ if , .u /-= A| 

= — arcsin — I- — + C = — a~ arcsin — I- kv<i — u + C 

2 a \al\ a 2 a 


Let u = a sec 0, du = a sec 0 tan 0 dO , Ju 2 — a 2 — a tan 0. 

f Ju 2 — a 2 du = la tan 0(a sec 0 tan 0) dO = a 2 ( tan 2 0 sec 0 dO 


= a 2 \ (sec 2 0—1) sec 0 dO = a 2 (sec 3 0 — sec 0) dO 


= a 2 [ \ sec 0 tan 0 + \ jsec 0 doj - a 2 j sec 0 dO = fl 2 [ \ sec 0 tan 0 - \ ln|sec 0 + tan 0| 


u 

_l_ _ 

Ju 2 — a 2 

1 

a 

a 


2 ya a \ a a ! 

= ^[hVm 2 — a 2 — a 2 ln| u + -Ju 2 — a 2 \ + C 


Let u = a tan 0, du = a sec 2 0 dO, ~Ju 2 + a 2 = a sec 0 dO. 


+ a 2 du = (a sec 0)(a sec 2 0) dO 


= a 2 sec 3 0 dO = a 2 — sec 0tan 0 + — ln|sec 0 + tan 0| + C, 

J L2 2 


a a 


a 2 Ju- + a 2 u , Ju 2 + a 2 u „ 1 r ^ , , , . „ 

— • — I- In 1 — + C. = — ujir + a 2 + a~ In w + >/»“ + a 2 + C 

2 a a " ^ J 
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5 _ 5 _ A B 

x 2 — lOx x(x - 10) x x — 10 


2x — 3 _ 2.x — 3 _ A Bx + C 

x 3 + lOx x(x 2 +10) x + x 2 + 10 


16x _ 16x _ A B C 

x 3 — 10x 2 x 2 (x — 10) x x 2 x — 10 


„ I 1 A B 

X 2 — 1 (x + l)(x — 1) X + 1 X — 1 

1 = A(x - 1) + B(x + 1) 

When x = -1. 1 = -2A, A = 

When x = 1,1 = 2 B. B = 


1 , if 1 1 f 1 

dx = — - dx + — dx 

J x 2 1 2 J x + 1 2 J x — 1 


= — ^ln|x + 1| + ^ln|x — l| + C 


1 , x ~ 1 _i_ f 

= T ln + c 

2 x + 1 
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9 . 3 = 3 = ^ + 

x 2 + x — 2 (x — l)(x + 2) x - 1 x + 2 

3 = (x + 2) + B(x - 1) 

When x = 1, 3 = 3A,A = 1. 

When x = -2, 3 = —35, B = -1. 




dx = 


1 


dx — 


1 


dx 


x 2 + x — 2 J x — 1 J x + 2 

= In |_v — 1| — ln|x + 2\ + C 
x — l| 


= In 


x + 2 


+ C 


5 — ,v _ 5 — x _ A + 6 

2x 2 + x — 1 (2x — l)(x +1) 2x — 1 x + 1 

5 - x = A(x + 1) + B(2x - 1) 

When x = f = §A, A = 3. 

When x = -1, 6 = -35, 6 = -2. 


/ 


2x 2 + x — 1 


- dx = 3 - — - — - dx — 2 I — — - dx 


2x - 1 


2 Jrrr 


= — ln|2x — 1| — 2 ln|x + 1| + C 


x 2 + 12x + 12 _ A + 5 + C 

x(x + 2)(x — 2) x x + 2 x — 2 

x 2 + I2x + 12 = A(x + 2)(x — 2) + 6x(x — 2) + Cx(x + 2) 

When x = 0, 12 = -4A,A = -3. Whenx = -2, -8 = 86, 6 = -1. Whenx = 2, 40 = 8C, C = 5. 




x 2 + 12x + 12 
x 3 - 4x 


: dx = 5 


1 


- dx — 


— — — dx — 3 — dx 
x + 2 x 


x — 2 

= 5 ln|x — 2| — ln|x + 2\ — 3 ln|x| + C 

2x 3 — 4x 2 — 15x + 5 . x + 5 „ A 6 

x 2 — 2x — 8 (x — 4)(x + 2) x — 4 x + 2 

x + 5 = A(x + 2) + 5(x — 4) 

When x = 4, 9 = 6A, A = |. When x = -2, 3 = -66, 6 = 




2x 3 - 4x 2 - 15x + 5 
x 2 — 2x — 8 


dx = 


2x + 


3/2 1/2 


x — 4 x + 2 


dx 


3 1 

= x 2 + — ln|x — 4| — — ln|x + 2| + C 


, 4x 2 + 2x - 1 A 6 C 

17. „ . ,, = - + — + 


x 2 (x + 1) 


X + 1 


4x 2 + 2x — 1 = Ax(x + 1) + 5(x + 1) + Cx 2 

When x = 0, 5 = - 1. When x = - 1, C = 1. When x = 1, A = 3. 


I 


4x 2 + 2x — 1 

X 3 + X 2 


dx = 


1 


3 - 1 + , 

X X z X + 1 


dx — 3 ln|x| + — + ln|x + l| + C 


= — I- lnlx 4 + x 3 ] + C 
x 


19 x 2 + 3x — 4 _ x 2 + 3x — 4 _ A 


5 C 

x (x — 2) (x — 2) 2 


x 3 — 4x 2 + 4x x(x — 2) 2 
x 2 + 3x — 4 = A(x — 2) 2 + 5x(x — 2) + Cx 
When x = 0, -4 = -4A => A = — 1. When x = 2, 6 = 2C => C = 3. When x = 1, 0 


= -1 - 5 + 3 


6 = 2 . 




^ 2 + 3 ^- 4 dx= \ zl dx + 


4x 2 + 4x 


'-I , f 2 

OX + 7 rr ax + ■ 

J x J (X - 2) 


(x - 2) 


■dx 


= — ln|x| + 2 ln|x ~ 2\ - ^ ^ 


+ C 
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x 2 — 1 A Bx + C 

21. — r 77 = - + — - 

x(x 2 +1) X X 2 + 1 

x 2 — 1 = A(x 2 + 1) + (Bx + C)x 

When x = 0,A = - 1. When x = 1, 0 = -2 + B + C. When* = - 1, 0 = -2 + B + C. 
Solving these equations we have A = — 1, B = 2, C = 0. 



= ln|x 2 + l| — ln|x| + C 


x 


x 2 _ A 6 Cx + D 

x 4 — 2x 2 — 8 x — 2 x + 2 x 2 + 2 

x 2 = A(x + 2)(x 2 + 2) + B(x — 2)(x 2 + 2) + (Cx + D)(x + 2)(x — 2) 

When x = 2, 4 = 24A. When x = — 2, 4 = — 245. When x = 0, 0 = 4A — 4B — AD, and when x = 1, 
1 = 9A — 35 — 3 C — 3D. Solving these equations we have A = g, B = — g, C = 0, D = 


x- 

x 4 - 2x 2 - 


rfx = 


In 


1 

x — 2 
x — 2 


dx — 


dx + 2 " — - dx 

x + 2 x 2 + 2 


x + 2 


+ y/2 arctan 

-J2 


+ C 


(2x — l)(2x + l)(4x 2 + 1) 


A B 

2x — 1 2x + 1 


Cx + D 
+ Ax 2 + 1 


x = A(2x + l)(4x 2 + 1) + B(2x - l)(4x 2 + 1) + (Cx + D)(2x - l)(2x + 1) 


When x = \ = 4A. When x — —\ = —45. When x = 0, 0 = A — B — D, and when x = 1, 

1 = 15A + 55 + 3C + 3D. Solving these equations we have A = 5 = C = D = 0. 


16x 4 - 1 


dx — — 


2x - 1 


dx + 


1 

2x + 1 


dx — A 


Ax 2 + 1 


dx 


Te ln 


Ax 2 - 1 
4x 2 + 1 


+ C 


2 ^ x 2 + 5 _ A + Bx + C 

(x + l)(x 2 — 2x + 3) x + 1 x 2 — 2x + 3 

x 2 + 5 = A(x 2 — 2x + 3) + (Bx + C)(x + 1) 

= (A + 5)x 2 + (-2A + 6 + C)x + (3A + C) 

Whenx = — 1. A = 1. By equating coefficients of like terms, we have A + 6 = 1, — 2A + B + C = 0, 
3A + C = 5. Solving these equations we have A = 1, 6 = 0, C = 2. 

f x 2 + 5 , f 1 . „ f 1 

— ; t, r dx = dx + 2 7 777 dx 

J x 3 - X 2 + x + 3 J x + 1 J (x - l ) 2 + 2 

= ln|x + 1| + v^2 arctan^ * ^ j + C 
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41. Let u = cos x du = sin x dx. 

1 A B 

— . — — + 

uiu — 1) It u — 1 

1 = A(u — 1) + Bu 

When u = 0, A = — 1. When u = 1,6 = 1, u = cos x, 
du = — sin x dx. 


cos x(cos x — 1) 


dx = — 


1 

i(u — 1) 


du 


— du — - du 

u u — 1 


= ln|i<| — ln| i/ — 1| + C 


= In 


= In 


u 


u — 1 
cos X 


+ C 


COS X — 1 


+ C 


45. Let u = e x , du = e x dx. 

1 


A B 

+ 


(u — 1 )(u + 4) u — 1 u + 4 

1 = A{u + 4) + B{u - 1) 

When u = 1, A = j. When u = —4, B — — j, u = e x , 
du = e' dx. 




e x 


- dx = 


(e x — l)(e v + 4) J (u — 1 )(u + 4) 


- du 


- du — t du 

u + 4 


5\ u - 1 


= 5 ln 


u — 1 
u + 4 


+ C 


= 5 ln 


e x — 1 


e* + 4 


+ C 


49 = 1 

(a + bx) 2 a + bx (a + bx) 2 

x = A(a + bx) + B 

When.*= —a/b,B= —alb. 

When x = 0, 0 = aA + B => A = l/b. 

{—^— 2 dx= ff ^r + r^Qdx 

J (a + bx) 2 J [a + bx {a + bx) 2 ) 

b J a + to b J (a + bx) 2 
= ^ln|a + to| +f(^) + C 

= Mafto + ln|a + to| ) + C 


43. 


3 cos 


sin 2 x + sin x — 2 


dx = 3 


= In 


= In 


1 


u 2 + u — 2 
u — 1 




+ C 


w + 2 
— 1 + sin x 


+ C 


2 + sinx 

(From Exercise 9 with w = sin x, dw = cos x to) 


„„ 1 A B 

47. — 7 — r — — + — 

x(a + bx) x a + bx 

1 = A(a + bx) + Bx 

When x = 0, 1 = a A => A = 1/a. 

When x = —a/b, 1 = — ( a/b)B => B = —b/a. 


dx = - - 


x(a + to) a 


a + to 


to 


= — (ln|x| — ln|a + to[) + C 


= - In 
a 


x 

a + to 


+ C 
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53. Dividing x 3 by x — 5. 


55. (a) Substitution: u = x 2 + 2x — 8 

(b) Partial fractions 

(c) Trigonometric substitution (tan) or inverse tangent rule 


1 f 80 124 

57. Average Cost = ^3^5 J ?s ( 10 + p)(!00 - p) dp 

- i n ~ 124 1240 \ 

“ 5j 7S U10+p)ll + (100 -p)llj P 


1 

5 


,, 1 n (1 0 + p) 


1240 

11 


ln(100 - p) 


80 

75 


« |(24.51) = 4.9 


Approximately $490,000. 



61. 


1 


+ 


B 


n + 1 I \x + 1 n — x 


(x + l)(w — x) x + 1 n — x 
dx = kt + C 


A = B = 


1 1 
+ 


1 

n + 1 


-In 


x + 1 
n — x 


— kt + C 


When t = 0, x = 0, C = — - — In — . 

n + 1 n 


1 


n + 1 


In 


x + 1 


1 

11 + 1 


' 

X + 1 

, 11 

In 


A In- 

_ 

n — x 

ti 


In 


nx + n 
n — x 

nx + n 
n — x 


, 1 . 1 

= kt H In — 

n + 1 n 


= kt 

= (n + 1 )kt 

= g(n + I )kt 

_ n\e^ n+1 ^ k ' — 1 ] 


_|_ g (n+\)kt 


n + 1 


Note: lim x = n 

t — >00 
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x ~ Ax + B + Cx + D 
1 + X 4 X 1 + s/2x +1 X 2 — s/2 X + 1 

x = (Ax + B)(x 2 — -Jl x + l) + (Cx + D)(x 2 + s/2 x + l) 

= (A + C)x 3 + {b + D-s/2A + s/2 C)x 2 + (A + C - s/2 B + s/2D)x + (B + D) 
0 = A + C => C= -A 
0 = B + D - s/2 A + s/2 C 


\ = A + C - s/2B + s/2D 
D= -B 


-2s/2A = 0 => A = 0 and C = 0 
-2s/2B = 1 


B--4.MD-4 

4 4 


0 = B + D 
Thus, 


•i r l 

, * 4 dx = 

Jo 1 + x Jo 


-s/2/4 


s/2/4 


x 2 + s/2x +1 x 2 — s/2x + lj 

-1 


dx 


4 Jo |_[x + {s/2/2jf + (1/2) + [x ~ {s/2/2)f + (1/2) J 

s/2 1 


dx 




4 1/V2L 

— arctan(v/2x + l) + arctan(v/2x — l) 


= y[( — arctan( V2 + l) + arctan( 72 — l)) — ( — arctan 1 + arctan(— 1)] 


arctan( s/l — l) — arctan( s/2 + l) + y + y 


Since arctan x — arctan y — arctan[(x — y)/( 1 + xy)], we have: 


x , 1 

TT^* = 2 


arctan 


\ 7T 

1 

( — 2\ 

IT 

1 

77 

77 


= 

arctan - 

+ ~ 

= — 

— 7 + 

— 

/ 2 

2 

L V 2 ) 

2 J 

2 

L 4 

2_ 


Section 7.6 Integration by Tables and Other Integration Techniques 


1. By Formula 6: | yy — dx = — y(2 — x) + In 1 1 + x| + C 


3. By Formula 26: 



s/l + e 2 * <ix 



+ 1 + ln|e r + s/e 2x + 1|] + C 


= e v , du = rfx 


5. By Formula 44: 



dx = — 


s/l — x 2 


x 


+ C 
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7. By Formulas 50 and 48: sin 4 (2jr) dx = — sin 4 (2.r)(2) dx 


1 - s ^(2.v)cos(2x) + 3 f sin2(2x)(2)dx 


1 - sin 3 (2.v) cos(2x) 3,„ . „ „ „ 

— 1- — (2x — sin lx cos 2x) + C 


= — (6x — 3 sin 2x cos 2x — 2 sin 3 2x cos 2x) + C 

16 


9. By Formula 57: I — dx = 21 y=( — y=) dx 

J V-\( 1 — cos Vx) J 1 — cos ~Jx\2^/x/ 

= — 2(cot s/x + esc V x ) + C 

u = -Yx, du = — 7 = dx 

2 Jx 


11. By Formula 84: 


13. By Formula 89: 


, , , r dx = x - - ln(l + e lr ) + C 
1 + e 2 


■ .4 

x 3 In x dx = J^(4 ln|jc| — l) + C 


15. (a) By Formulas 83 and 82: I x 2 e x dx = x~e x — 2 I xe x dx 


= x 2 e x — 2[(x — l)e x + Cj 
= x 2 e x — 2xe x + 2e x + C 


(b) Integration by parts: u = x 2 , du = 2x dx, dv = e x dx, v = e x 


x 2 e x dx = x 2 e* — 2xe x dx 


Parts again: u = 2x, du = 2 dx, dv — e x dx, v = e x 


x 2 e x dx = x 2 e x — 2xe x — 2e x dx = x 2 e x — 2xe x + 2e x + C 


17. (a) By Formula: 12 , a = b = 1 ,u = x, and 


1 . dx = -if- + }ln A ) + C 
x 2 (x +1) 1 1 1 + X ) 


— - In — + C 
x 1 + x 


(b) Partial fractions: 


1 _ A B_ C 

x 2 (x +1) X X 2 X + 1 


1 = Ax(x + 1) + B(x + 1) + Cx 2 


x = 0: 1 = B 


— 1 x + 1 

+ In + C 

x x 


x = -1: 1 = C 

x = 1: 1 = 2A + 2 + 1 => A = — 1 


x 2 (x + 1) ' 


-1 1 11 , 

1 y H r dx 

X X X + 1 


= — ln| jr| 1- ln|jr + 1| + C 


= — - — In — + C 
x x + 1 
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19. By Formula 81: | xe x ~ = —e x + C 


21. By Formula 79: | x arcsec(x 2 + 1) dx = — arcsec(x 2 + 1)(2jt) dx 


= “[(x 2 + 1) arcsec(.t 2 + 1) — ln((x 2 + 1) + Jx 4 + 2x 2 ) + C 


it — x 2 + 1 , du = 2x dx 


23. By Formula 89: J x 2 In x dx = ^-( — 1 + 3 ln| jc|) + C 


25. By Formula 35 


: f ‘ 

Jx 2 JS- 


= dx = 1 - C 

— 4 4x 


27. By Formula 4: 


f(T^3xP dx = 2 f(T^3xV dx = IH 1 - + r^) + 


C 


29. By Formula 76: 

j e x arccos e x dx = e x arccos e x — J\ — e 2 * + C 
u = e x , du — e x dx 


31. By Formula 73: 

x 


1 — sec x 2 2 1— sec x 


dx = ~ — x dx 


= —(x 2 + cotx 2 + cscx 2 ) + C 


33. By Formula 23: I , _ — dx = arctan(sinx) + C 

y 1 1 + sin 2 x 

u = sin x, du = cos x dx 


35. By Formula 14: 


cos 6 , n J2 ( 1 + sm d\ 

x do = — — arctan 7 = — + C 

3 + 2 sm 9 + sin- 6 2 \ J 2 / 


u = sin 9, du = cos 0 d6 
37. By Formula 35: I , dx = 3 I 

J x 2 J2 + 9x 2 J 


(3x) 2 V(V2 ) 2 + (3x) 2 
3j2 + 9x 2 


dx 


6x 

J2 + 9.r 2 
2x 


+ C 


+ C 


39. By Formulas 54 and 55: 


f 3 cos t dt = t 3 sin t — 3 \t 2 sin t dt 


= f 3 sin t — 3 


- 1 2 cos t + 2 \ t cos t dt 


t sin t — sin t dt 


= f 3 sin t + 3 1 2 cos t — 6 


= f 3 sin 1 + 3t 2 cos t — 6t sin t — 6 cos t + C 
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41. By Formula 3: 


x(3 + 1 2 In x) d ' K = 4 (2 ln| t| - 3 ln l 3 + 2 Hl*l) + C 


u = In x, du — - dx 
x 


43. By Formulas 1, 25, and 33: I , , * 777777 dx = ! , 3* — — ^ 77777 dx 

3 ' (x 2 - 6x + 10) 2 2 J (x 2 - 6x + 10) 2 


= 2 (x 2 - 6x + 10) \2x - 6) dx + 3 ^ _ 3 j 2 + 


dx 


1 


x — 3 


2(x 2 — 6x + 10) 2|_x 2 — 6x + 10 

+ x; arctan(x — 3) + C 


+ arctan(x — 3) 


+ C 


2(x 2 - 6x + 10) 2 


45. By Formula 31: 


= dx = 


Vx 4 - 6x 2 + 5 ’ 2 J V(x 2 - 3) 2 - 4 


2x 


: dx 


= |ln|x 2 — 3 + yx 4 — 6x 2 + 5 1 + C 


u = x 2 — 3, du = 2x dx 


47. 



8 sin 3 0(2 cos 0 dO) 

2 cos 0 

8 I (1 — cos 2 6) sin OdO 


x 


= 8 J [sin 0 — 

= — 8 cos 0 + 

= ~y/4^y 
3 

= 2 sin 6, dx = 2 cos 0 dO, 


cos 2 0(sin 9)] dO 
8 cos 3 6 

(x 2 + 8) + C 
74 — x 2 = 2 cos 0 



49. By Formula 8: 


(1 + e x ) 3 


dx = 


(e x ) 2 


(1 + e x ) 3 


(e x ) dx 


_ _J> I 

_ 1 + e x 2(1 + e 

u = e x , du = e x dx 


^77 + ln|l + e x 


+ C 


51 . 


1 (2 a/b)u + (a 2 /b 2 ) _ 1 


(1 a + bu ) 2 b 2 


(a + bu) 2 


b 2 a + bu (a + bu) 2 


'IsQ. a 2 

— -ru — 7-7 = A(a + bu) + B = (aA + B) + bAu 
b b 2 

Equating the coefficients of like terms we have aA + B = —a 2 /b 2 and bA = —2 a/b. Solving these equations 
we have A = —2 a/b 2 and B = a 2 /b 2 . 


u 2 1 [ 2 a( 1 

j—^ 2 du = V 2 \du- T x( T 


1 a 2 / 1 

-b du + —7 — 


1 2 b du = h u ~7§ ln l« + bu \ ~ Tsi 1 


b 2 \b ) J a + bu u ““ ' b 2 \b) J (a + bur ““ ~ b 2 “ b 3 m| “ ' 1/1,1 b\a + bu 

= Tx(bu 7 2 a lnlfl + bu\ ) + C 

b 3 \ a + bu 


+ C 
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63. 


1 


2 — 3 sin 6 


d9 = 


2 du 

1 + U 2 


2-3 


2u 


1 + u 2 


= 2 


(1 + u 2 ) — 6zz 

1 


du 


u — 3u + 1 


' 

J I 


1 


du 


: du 


ll — 


ys 

i 

75 

1 

75 


In 


In 


In 


(“ “ 1 ) 

i x/5 
1 2 

(“ “ 1 ) 

+ # 


+ C 


2 u — 

3 

- ysi 

+ C 
- 75 

2u — 
2 tan| 

3 + 

^-3- 

K2J 

2 tan| 

[2j 

1-3 + 75 


+ C 


u = tan — 
2 


65. 


7t/2 


1 


1 + sin 6 + cos 0 


dd = 


f 


2 du 
1 + u 2 


2 u 1 — u 2 

1 + u 2 1 + u 2 


1 


1 + u 


du 


= ln| 1 + u\ 
= In 2 


u = tan 


6 

2 


, n , sin 6 if 2 sin 6 

67 • I, ~ a de = 2 s A o b de 

3 — 2 cos 0 2 3 — 2 cos 0 


= In | « | + C 


= — ln(3 — 2 cos 6) + C 


u = 3 — 2 cos 6 , du = 2 sin d dd 


69. 


ye 


ye 


c/e = 2 cos ye( — ^ ) c/e 
J \2Ve/ 


= 2 sin ye + C 


= ye, du = — dd 
2 >y 0 



73. Arctangent Formula, Formula 23, 


zz 2 + 1 


du, u = e A 


75. Substitution: z< = .r 2 , du — 2x dx 77. Cannot be integrated. 

Then Formula 8 1 . 


79. Answers will vary. For example, 

can be integrated by first letting 
u = 2x and then using Formula 82. 
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81. IV = 2000 xe~ x dx 


= —2000 —xe x dx 


= 2000 {-x)e~ x (-\ )dx 

Jo 


= 2000 


(— x)e x — e x 


6 


= 2000 — 7+1 


1919.145 ft • lbs 


83. (a) V = 20(2) 


f 


--dy 


Vi + y : 

80 ln|y + 7l + y 2 | 

= 801n(3 + 7l0) 

~ 145.5 cubic feet 
(b) By symmetry, x = 0. 

2 


W= 148(80 ln(3 + TIo)) 
= 1 1,840 ln(3 + 710) 


21,530.4 lb 


M = p(2) f 
Jo 

n 

M x = 2 p 


yi +r 


dy = 


2y 


o VT + y 


\dy = 


4pln|y + >/l + y 2 |J = 4pln(3 + Vio) 
4 Pv /l + y 2 ] 3 = 4p(yi0 - l) 


v — Mr _ 4p(yi0-l) 
M 4pln(3 + 710) 

Centroid: (x, y) ~ (0. 1.19) 


85. (a) 


2 + 3x 


dx = 10 


k = 


(b) I ^dx 
Jo 2 + 3.* 


10 


10 


‘ 1_ 

2 + 3x 


- dx 


0.6486 


= 15.417 = 


30 
In 7 



4 


87. False. You might need to convert your integral using substitution or algebra. 


Section 7.7 


Indeterminate Forms and L’Hopital’s Rule 


sin 5* „ ./ 5\ 

a — — — ~ 2.5 exact: — 
•o sin 2x \ 2) 


X 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

fix ) 

2.4132 

2.4991 

2.500 

2.500 

2.4991 

2.4132 
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3. lim x 5 e x ' u)0 ~ 0 10 , 000,000 



X 

1 

10 

10 2 

10 3 

10 4 

10 5 

fix) 

0.9901 

90,484 

3.7 x 10 9 

4.5 x 10 1() 

0 

0 


5. (a) 


lim 

a — >3 


2(* - 3) 
x 2 - 9 


2(x - 3) 

7™ (x + 3)(* - 3) 


lim 


— >3 X + 3 


1 

3 


(b) lim 

x — »3 


2(* - 3) 
* 2 - 9 


(d/dx)[ 2(x - 3)] 
jc->3 (d/dx)[x 2 — 9] 


lim 2 

-X — >3 


2 

6 


3 


7. (a) lim 

*->3 

(b) lim 

x — >3 


V* + 1 ~ 2 

x — 3 

xA + 1 — 2 
x — 3 


xA + 1 _ 2 xA + 1 + 2 (x + 1) _ 4 1 

lim • — . = lim f — . n = lim — . 

x x-3 y/x + 1 +2 (x - 3 )[xA + 1 + 2j +2 

(<//</*)[>/* +1-2] 1/(27* + 1) = 1 

v™ (d/dx)[x - 3 ] X ™ 1 4 


4 


9. (a) 


lim 

* »00 


5* 2 — 3x + 1 
3* 2 - 5 


lim 

* “>00 


5 - (3/*) + (l/* 2 ) 
3 - (5/* 2 ) 


5 

3 


(b) lim 

X — >CO 


5* 2 — 3x + 1 
3* 2 - 5 


(d/dx)[ 5x 2 — 3x + 1] 10* — 3 (d/dx)[ 10* — 3] 

lim — . . 1 - -y r* — = lim — = lim — , , , r — 

A->oo (d/dx) [3* 5J A->oo 6* A ->oo \cl dx)\Ox\ 


lim — = 

x — >oo 6 


5 

3 


11 . 


15. 


lim 


lim 

A -^0 



e x — (1 — *) 
* 


lim 

A- —>2 


2 * - 1 
1 


= 3 


lim 

x — >0 


e x + 1 
1 


= 2 


13. 



lim 

A -»0 


—xjjA — x 2 


1 


= 0 


17. Case 1: n = 1 

lim gr ~ U + - Y) = lim ^^ = 0 

* -h>0 + X x -^0 + 1 

Case 2: n = 2 

e x — (1 + x) e* — 1 e x 1 

lim -z = lim — = lim — = — 

jc — »0 + XT x — »0 + 2x x —>o + 2 2 

Case 3: n > 3 

e* — (1 + x) e* — 1 e* 

lim = lim ~r = lim tt — —7 

x — »o + x n x — »o + nx n 1 jc->o + nyn — l )x n z 


, A r sin 2x 2 cos 2x 2 

19. lim — — — = lim — = — 

■x — >0 sin 3x x^o 3 cos 3x 3 


arcsinx 1/Vl ~ * 2 , 

21. lim = lim = 1 

x — >0 x x — >0 1 


__ 3x 2 — 2x + 1 6x — 2 

23. lim — : — = lim — 

x — >00 2x + 3 x — >00 4x 


= lim t = ^ 
x—>oo 4 2 


.. x 2 + 2x + 3 2x + 2 

25. lim = lim — = go 

x — >00 X 1 x — >00 1 


jc 3 3x 2 

27. lim — . = lim 77 — 7 — 7 

a-ioo e'4 a — >00 (l/2)e A//2 


6 * 


= £”(1/4)^ 


= lim . . — 777 

a — >00 (1 /8)e A / 


= 0 
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x 1 

29. lim — . = lim — . = = 1 

A - > °° Vx 2 + 1 v 1 + (1 /jc 2 ) 

Note: L’Hopital’s Rule does not work on this limit. 
See Exercise 79. 


31. lim = o by Squeeze Theorem 

x — >oo X 


COS X 1 
< - 


33. lim ^ = lim = lim = 0 

x—>oo X A x— »oo LX x — >oo 2 X Z 


e x . 6 X . 6 X 

35. lim — = lim — = lim — = oo 

x — »oo X X — >00 2 X X — »CO 2 


37. (a) lim (— xlnx) = (— 0)( — oo) = (0)(oo) 

x — » 0 + 

In x 

(b) lim (—xlnx) = lim — — r~ 

X — »0 + x ->0 + - 1 /x 

1 /x 

= lim 77-7 
a->o + 1/x 2 

= lim x = 0 

A ->0 + 



39. (a) lim lx sin— = (oo)(0) 

x — >00 \ X) 

n , -1 ,. sin(l/x) 

(b) lim x sin — = lim — , 

x — >00 X x — >00 1 /X 


(c) 


.. (— l/x 2 )cos(l/x) 

= lim TTX, 

x — >00 — 1 / X 

= lim cos( — ] = 1 

x — >00 \X / 


41. (a) lim x 1 /* = 0“ = 0, not indeterminant 

A->0+ 

(See Exercise 95) 

(b) Let y = x'^ x 

In v = In x i,/a = — In x. 

x 

Sincex— >0 + , — lnx— >(oo)(— 00 ) = — 00 . Hence, 
x 

Iny — » — 00 => y— > 0 + . 

Therefore, lim x 1 /* = 0. 

A — >0 + 


(c) 



43. (a) lim x = oo° 

X — >00 

(b) Lety = lim x 1 ^. 

X — >00 

in y = lim ^ = lim (^) = 0 

x — >00 X x — >co \ 1 / 

Thus, In y = 0 => y = e° = 1. Therefore, 
lim x 1 /- 1 = 1 . 

x — »oo 

(c) 



45. (a) lim (1 + x ) 1 ! x — 1°° 

A -^ 0 + 

(b) Lety = lim (1 + x ) 1 / A . 

x — » 0 + 

!ny= lim 

a — »o + x 

= lim ^ 1/(1+X) 


= 1 


A -^0 + \ 1 

Thus, In y = 1 => y = e 1 = e. 

Therefore, lim (1 + x)^ x = e. 
A ->o + 


(c) 
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47. (a) lim [3(y) i/2 ] = 0° 


(c) 


(b) Let;y = lim 3 (y)^ 2 . 

x->0 + 


In v = lim 

a->0+ 


In 3 + — In x 
2 


= lim 

a^0 + 


In 3 + 


In x 

2/x_ 


= lim In 3 + lim — xrrx 

a->o+ a--»o+ — 2 1 x 1 


= lim In 3 — lim - 

x — >o + a — ?0 " 2 


= In 3 


Hence, lim 3(yW 2 = 3. 

A->0+ 


49. (a) lim (In x) x 1 = 0° 

(b) Lety = lim (In y)* -1 

*1 + 

= lim ( x — l)lnY = 0 
»1 + 

Hence, lim (In x) x ~ 1 = 1 

.V — ^ 1 + 

(C) 


51. (a) 


lim 

x —>2 + 



(b) lim 

A —>2 + 




(C) 


4 



5 


oo — oo 


lim 

A- —> 2 + 


8 — x(x + 2) 
x 2 - 4 



lim 

x —>2 + 


(2 — x)(4 + x) 
(x + 2)(y — 2) 

~(x + 4) = -3 
x + 2 2 


53. (a) lim 

A->1 + 




OO — OO 


(b) lim 

A->1 + 




lim 

A->1 + 


3x — 3 — 2 In x 
(x — l)ln x 


3 - (2/x) 

um f; , . 1 ; — 

A >!' [(Y — 1 )/.V| + 111 .V 



55. (a) 


(b) lim = lim ■ 


““a ln(2x - 5) “ “3 2/(2x - 5) 


= lim 

x — »3 


2x - 5 


2 


\_ 

2 


57. (a) r 30 


\ 

. ... 4 


r 




-2 


(b) lim ( V.v 2 + 5 y + 2 — x) 

A-^OO 


lim ( y.Y 2 + 5 y + 2 

A-»°0 


{jx 2 + 5x + 2 + x) 
(v/.t 2 + 5 y + 2 + x) 


lim 

X — >00 


(.y 2 + 5.Y + 2) — y 2 
Vy 2 + 5y + 2 + y 


5y + 2 

lim — 

x->°° Vx 2 + 5y + 2 + Y 

lim 5 A (2/,) , 5 

Vl + (5 /y) + (2/y 2 ) + 1 2 








100 Chapter 7 Integration Techniques, L’Hopital’s Rule, and Improper Integrals 


59 . — , — , 0 • oo, 1°°, 0°, oo — oo 
0 oo 


x 2 2x 

63. lim , = lim - . = lim 


5e 5t 25e Sx 


= 0 


. (In x) 3 3(ln x) 2 (l/x) 

65. lim = lim 

x — >00 X X — >oo 1 

r 3(lnx) 2 
= lim 


= lim 6(1 n x){ I ! x) 

x — >oo 1 


= l.m^= lim — = 0 

x — >oo X x — »oo X 


61. (a) Let f(x) = x 2 — 25 and g(x) = x — 5. 

(b) Let/(x) = (x — 5) 2 and g(x) = x 2 — 25. 

(c) Let/(x) = x 2 — 25 andg(x) = (x — 5) 3 . 


67 lim ^ ln = ii m n 0- nx )" V* 
x—>oo x m x—>oo mx m ^ 

n(lnx)" -1 
= lim — 

x — >oo mx"‘ 


- lim n ^ 1 ~ X ^" 2 

x — *go m 2 x m 


= • • • = lim 


?! 


.moo m"x m 


= 0 



10 

10 2 

10 4 

10 6 

10 8 

10 10 

(In x) 4 

2.811 

4.498 

0.720 

0.036 

0.001 

0.000 


71. y = x'! x , x > 0 

Horizontal asymptote: y = 1 (See Exercise 37) 

In y — - In x 
x 

= + (ln.r)(-A 

y ax x\xj \ xr_ 


= x^-^yVl — lnx) = 2 (1 — lnx) = 0 


Critical number: 

x = e 

Intervals: 

(0, e) (e, oo) 

Sign of dy/dx: 

+ 

y=f(x): 

Increasing Decreasing 


Relative maximum: (e, e 1 ^) 


4 


(e, e Ve ) 



0 


73. y = 2xe x 

lim — = lim - = 0 

a - >oo e' x —>oo e x 


Horizontal asymptote: y = 0 

-f- = 2x(—e~ x ) + 2e~ x 
dx 

= 2e~ x {l - x) = 0 


Critical number: x = I 

Intervals: ( — oo, 1) 

Sign of dy/dx: + 

y = f(x) : Increasing 


Relative maximum: 



(1, oo) 
Decreasing 



75 . 


e 2 - 1 - 1 

urn 

a ->o e x 



77. lim xcos— = oo(l) = oo 

x — »oo X 

Limit is not of the form 0/0 or oo/co. 
L’Hopital’s Rule does not apply. 


Limit is not of the form 0/0 or oo/oo. 
L’Hopital’s Rule does not apply. 
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79. (a) lim 


— lim . 

x — >oo Vx + 1 /x 

(b) lim — lim 

A— >00 J X 2 + 1 A->00 _ 

= lim — . — 


*-> 0 ° y.x 2 + 1 /v/x 2 

X—>00 

= lim , 

= lim 

*-> 0 ° Vl + (1/x 2 ) 

x—>oo 


= lim : 

x—>oo 


Vi + o 


= 1 


Applying L’Hopital’s rule twice results in the original limit, 
so L'Hopital's rule fails. 



81. lim - 

/ t ->0 


32 1 - e- 


v 0 ke k ' 
32 


= lim — — + lim (y Q e~ k ‘) 

k-*0 k k->0 u 


32(0 + te~ k ') 

lim 

*-> o 


= lim ; 1- lim ( — ] = 32 1 + v 0 


1 


83. Area of triangle: — (2x)(l — cos x) = x — x cos x 
Shaded area: Area of rectangle — Area under curve 

2x( I — cosx) — 2 f (1 — cos t ) dt = 2x(l — cosx) — 2 


t — sin t 


Ratio: lim 


X — x cos X 


= lim 


= 2x(l — cosx) — 2(.x — sinx) = 2 sinx — 2xcos.x 
1 + x sin x — cos x 


x ->o 2 sin x — 2x cos x a ->o 2 cos x + 2x sin x — 2 cos x 

1 + x sin x — cos x 


= lim 

x — >0 


2x sin x 

x cos x + sin x + sin x 


= lim . 

.r ->o 2x cos x + 2 sin x 


= lim 


x cos x + 2 sin x 1 /cos x 
v ->o 2x cos x + 2 sin x 1 /cos x 

x + 2 tan x 


= lim 

.r ->o 2x + 2 tan x 

1+2 sec 2 x 3 
= lim 7 . — = — 

.r — >0 2 + 2 sec- x 4 


85. f(x) 


= x 3 , g(x) = x 2 + 1, [0, 1] 

fib) ~ fja) = f\c) 
g(b) - g(a) g\c) 

/(l)-/(0) 3c 2 

g(l) - g(0) 2c 

1 = 3c 
1 2 

2 


87. fix) 


sin x, g(x) = cos x. 



/(tt/2)-/(0) f'jc) 
giir/2) - g(0) g'(c) 

1 _ cos c 

— 1 — sin c 

— 1 = — cot c 


c 


77 

4 
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89. False. L'Hopital's Rule does not apply since 91. True 

lim (x 2 + x + 1) # 0. 

x — >0 

X 2 + X + 1 / l\ 

lim = lim I x + 1 H — =1 + oo = oo 

x — >0 .X) x — >0 \ X J 


93. (a) sin 6 = BD 

cos 6 = DO => AD = 1 — cos 9 

Area A ABD = \ hh =+(l — cos 9) sin 6 = +in 6 — — sin 9 cos 9 
2 2 V 2 2 

(b) Area of sector: ^ 9 


Shaded area: —9 — Area A OBD = —0 — -(cos 0)(sin 0) = —0 — — sin 9 cos 9 
2 2 2 2 2 


(1/2) sin o - (1/2) sin 9 cos 0 _ sin 0 — sin 9 cos 9 
(1/2 )9 — (1/2) sin 0cos 9 9 — sin 9 cos 9 


(d) 


lim R = lim 

0->O 0^0 


sin 9 — (1/2) sin 20 
9 - (1/2) sin 29 


cos 9 — cos 29 _ —sin 9 + 2 sin 29 _ —cos 9 + 4 cos 29 _ 3 
e-»o 1 — cos 29 e->o 2 sin 29 0 ->o 4 cos 29 4 


95. lim /(*)*« 

7 = f(x) g(x) 

In y = g(x) lnf(x) 

lim g(.v) ln/(.r) = (oo)(— oo) = — oo 
As x—>a. In y =+> — oo, and hence y = 0. Thus, 
lim = 0. 


f.n 


97. f'(a)(b — a) — f"{t)(t — b) dt = f\a){b — a) — 


f'(i)(t - b) 




= f\a)(b - a) + f{a){a - b) + 


fit) 


= fib) ~ f{a) 


dv = f"(t)dt =+> v = fit) 
u = t — b => du = dt 

Section 7.8 Improper Integrals 


1. Infinite discontinuity at x = 0. 


o Jx 


: dx 


r 1 

lm F 

- 0+ J„ Jx 

14 

2 Jx 

_ b 

= lim (4 — 2 v+ = 4 


- dr = lim 


= lim 

b ^ 0 - 


Converges 
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3. Infinite discontinuity at x — 1 . 

n 


1 


(x - l) 2 


r i r- i 

dx = i + J, ix- 


- i) 


■ dx 


■ fr - 1 

i_>1 Jo (•* 


_ l)2 t& + c 1 im + j x _i )2 


dx 


= lim 

a— > i- 


1 

x — 1 


+ lim 

C— »1 + 


1 

x — 1 


= (oo —!) + (—!+ oo) 


Diverges 

5. Infinite limit of integration. 

Too rj? 

I e~ x dx = lim e~ x 
Jo h ^°° Jo 


dx 


= lim 

b—> oo 


= 0 + 1=1 


rl 1 

7. I —dxi=—2 


because the integrand is not defined at x = 0. 
Diverges 


Converges 


1 1 

9. | — r dx — lim , dx 

X b -> oo , X 


11 . 


f 4= dx = li m f 3x '/ 3 dx 
J 1 VX J, 


lim 

r 

b 

= 1 

= lim 

Jr 2/3 

b—>oo 


1 

b—>oo 

_2 


Diverges 


13. 


'() 

•o 

l 

- 

xe~ 2x dx = lim 

xe _lr dx = lim 

(— 2x — l)c _2jr 

b^-oo 

d — oo 

, b—$ — oo 

Jb 

4 

_ 


o 1 

= lim — [— 1 + (2fe + l)e 2i ] = — oo (Integration by parts) 

fo b — ^ GO 4 


Diverges 


Too r/ 

x 2 e~ x dx = lim 
Jo fc_>0 ° Jo 


15. | x 2 e x dx = lim | x 2 e x dx = lim 

b—>oo 


— e X (x 2 + 2x + 2) 


= lim ( - 

0 b—>oo 


b 2 + 2b + 2 


+ 2=2 


+ 2b + 2\ 

Since lim ( r = 0 by L’Hopital’s Rule. 

fc-> oo \ e b ) 


17. e r cos x dx = lim — 

6->oo 2 


= 2 [o-(-D] = 2 


e x (— cosx + sinx) 

1 


rco , rb . 

19. ~n — dx = lim (lnx) -3 - 
J 4 x(ln x) fc^oo J 4 x 


dx 


= lim 

b—>oo 


-^(Inx)- 2 


21 . 


,4 + x 2 


dx = 


0 4 + x 2 

ro 


dx + 


4 + r 


dx 


= lim 

b ->- oc 


*° 2 f c 2 

r dx + lim x dx 

Ji 4 + X 2 c->co J 0 


C—>00 In 4 “1“ X 


= -|(ln/t) 2 + ^ On 4) 2 



( x\ 

0 

/ ;t\ 

lim 

arctan — 

+ lim 

arctan — 

b—$ — oo 

L \2/J 

/j c— >oo 

\2/J 


1 1 


1 


2 (2 In 2) 2 8 (In 2) 2 


H°-|-f))+ f-°'^ 
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23. 


f°° 1 

f b e* 

: 

poo 

' 1 

dx = lim 

-dx 

25. 

| cos 7rx dx = lim 

— Sin 77X 

0 e x + £ * 6 -»oo J 

[ 0 1 + e 2x 

J 

0 b ^>ca 

_ '7T 


= lim 

b—>oo 


arctan(e v ) 


Diverges since sin nx does not approach a limit as x— >oo. 


77 77 _ 77 

2 ~ 4 ~ 4 


r 1 1 

-1 

s* 

II 

S' 


Jo * b ^° 

.X 


= — 1 + oo 


Diverges 


29. 


TF 7 " 


.dx = lint 


f 1 

Jo 4/8 - x 


: dx = lim 


-3 


(8 - x) 2 / 3 


= 6 


-1 

X 2 1 1 X 2 

1 

— 1 7> 2 In Z> 7> 2 

x In x (7x = lim 

— In x - 

= lim 

+ 

Jo 

|_2 11 4 

b i-» 0 + 

L 4 2 4 J 


-1 


since lim + (b 2 In b) = 0 by L'Hopital's Rule. 


7t/2 

33. I tan 9 d8 = lim 

J() *-»(ir/2)“ 


lnjsec 0 | 


Diverges 


35. 


I 


2 2 

— , „ dx — lim — , „ dx 

2 x7x 2 — 4 Ji, x7x 2 — 4 


= lim 

b—>2 + 


= lim arcsec 2 — arcsec. 
b->2*\ \2 


=^-0=^ 
3 3 


37. 


— , = lim In x + 7x 2 — 4 

2 77^4 2+ L 1 1 

= ln(4 + 2V3) - In 2 
= ln(2 + y/3) « 1.317 


39. [ 1 dx = f 1 dx + [ 1 

Jo 4/x — 1 Jo 7x — 1 Jl 4/x - 1 


= lim 

b^>\~ 


|(x - 1) 2/3 


+ lim 

0 C->1 + 


dx 


|(x - 1)2/3 


2 -3 3 

= + - = 0 

C 2 2 


r°° 4 p 4 

41. —j= dx = —p= dx + 

Jo v x(x + 6) Jo Vx(x + 6) Ji 


Vx(x + 6) Jo 7 x(x + 6) 
Let u = 7x, k 2 = x, 2k i7k = dx. 


4 _ | 4(2k A/) 


v/x(x + 6) 


(7x 


7 x(x + 6 ) 


du 8 / 4 \ 8 / v/x \ „ 

= — 7 = arctan — 7 = + C = — 1 = arctan — 2 = + C 


i 


u(u 2 + 6 ) J u 2 + 6 v /6 \ >/6 

1 


, — ur c run 1 . — 

76 VV6 


Thus, — — dx = lim 

Jo v7(x + 6) >~ 0+ 


arctan. 

76 \76, 


+ lim 

C— >00 


76 


“(;f) 


( 8 / 1 \ 8 \ I 8 it 8 / 1 

= — 7= arctan — 7= + — 7= 7= arctan — 7= 

\76 \76/ 76 / \ 76 2 76 V76 

8ir _ 2 tt76 

~~ 276 ~~ 3 
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'°°1 f h | \b 

43. If p = 1, — dx = lim dx = lim lnx . 

■ X b—$ co | X b — »oo 1 


Diverges. For p 1, 


1 \ [l 

— dx = lim = lim — 

j X f b—> oo 1 p _ 1 b — »oo _ 1 


b'-f _ 1 

1 - P 1 - P 


This converges to ifl — p < 0 or p > 1. 


45. For n = 1 we have 


xe 1 dx = lim xe ' dx 

b—> oo n 


= lim \ —e X x — e 


(Parts: u = x, dv = e x dx) 


= lim [— e h b — e h + 1] 

b^ oo 

-b 1 

= lim — j t j r + I =1 (L’Hopital’s Rule) 


Assume that I x"e x dx converges. Then for n + 1 we have 


Jx" + 1 e * dx = —x n + l e x + (n + 1 )Jx"e x dx 

by parts (u = x n+1 , du = (n + I )x n dx, dv = e~ x dx, v = — e~ x ). 


x n + l e x dx = lim —x n + l e x + (n + 1) x n e x dx = 0 + (, 

b^oo n n 


n + 1) 

Jo 


x"e x dx, which converges. 


47. , dx diverges. 

Jo 

(See Exercise 44, p = 3 < 1.) 


°°1 1 1 

49. —dx = = — converges. 

Ji x j — 1 _ 

(See Exercise 43, p = 3.) 


11 f°°l f 00 1 

51. Since 0 < — on [1, oo) and — dx converges by Exercise 43, 2 dx converges. 

x 5 x j x j x d - 5 


1 1 f°° 1 

53. Since — . - > — / on [2, oo) and — / dx diverges by Exercise 43, 

4/.x(.x — 1) v.x 2 J 2 v.x 2 


r°° i 

Jz y.x(x 


.x(x — 1) 


dx diverges. 


55. Since e < e x on [1. oo) and e x dx converges (see Exercise 5), e ' dx converges. 


57. Answers will vary. See pages 540. 543. 


r i r° i r i 

59. — dx = I — dx + I — dx 

J-i A ' J-i x Jo x 

These two integrals diverge by Exercise 44. 


61. f(t) = 1 


63. f{t) = t 2 


r r i p i 

F(s) = e st dx = lim — = — , s > 0 

Jo b—> co S _ 0 S 


F(s) = I r 2 c ”dx = lim -4(— s 2 t 2 — 1st — 2)e "I 
In b—>co _S Jo 


= -T, .S’ > 0 
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65. /(f) = cos at 

r oo 

F(s) = e~ st cos at dt 

Jo 


= lim 

b—>co 


= 0 + 


i 2 + a 2 
s 


(—s cos at + a sin at) 


s~ + a 2 s 2 + a 2 


, s > 0 


b 

0 


67. /(f) = cosh at 


*°° f°° ( e a ’ + e~ a '\ 1 f a 

F(s) = e cosh at dt = e s '( I dt = - 

Jo Jo V *- / 2 Jo 


= lim 


b->oo 2[_(— s + a) 


,li-s + a) _|_ 


1 


-1 

2 


1 1 
+ 


(— + a) (— s — a) J s 2 — a 


{ — s — a) 
s 


pt (—s—a) 


* = 0-1 
o 2 


e t{-s + a) _j_ e t(-s-a) 

1 


dt 


(—s + a) (~s — a) J 


,5 > \a\ 


'oo 

69. (a) A = e~ x dx 

Jo 


= lim 

b—> oo 



= 0 -(-!)= 1 


(c) Shell: 

roo 

V=2ttI xe~ x dx 
Jo 


= lim 

b—>oo 



— e *(x + 1) 


2tt 


(b) Disk: 


-oo 

V = tt (e~ x ) 2 dx 

Jo 


lim tt\ 

b—^co 


l 

" 2 e 



IT 

2 
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f 


73. r(n) = x n l e x dx 


f 


(a) r(l) = I e ' dx = lim 

b—>oo 


r(2) = I xe x dx = lim 


= i 


— e X (x + 1) 


= 1 


o 


r(3) = x~e x dx = lim 


— x 2 e x — 2xe x — 2e x 

lb 


= 2 


(b) r(» + 1) = x"e x dx = lim 

Jo 

(c) r(n) = (n - 1)! 


—xte 


'I 

+ lim n x"~ l e~ x dx = 0 + nT(n) (u = x", dv = e~ 
0 b-> oo J 0 


n 

J — oo 


1 

75. (a) I —e~’^dt — I —e~ , ! 1 dt = lim 


(c) 


'OO 

t 


r/f = 

lim 

— fe '/ 7 — 7e '/ 7 

Jo 

7 


b—> 00 

_ 


- P -d 7 


= 1 


=0+7=7 


/> 


(b) | —e ,/7 dt = 


- p-tP 


0.4353 = 43.53% 


77. (a) C = 650,000 + 25,000 e~ aX)bt dt = 650,000 - 


25,000 
0.06 ‘ 


$757,992.41 


f 


(b) C = 650,000 + 25,000e-°'° 6 ' dt = $837,995.15 


(c) C = 650,000 + | 25,000e-°° 6 ' dt = 650,000 - lim 

b—* oo 


25,000 
0.06 ‘ 


$1,066,666.67 


79. Let x = a tan 9, dx = a sec 2 9 d 9, Ja 2 + x 2 = a sec 9. 

1 


(, a 2 + x 2 ) 2 / 2 


Hence, 

P = k 


, ( a sec 2 Odd 1 ( „ 

dx = — 5 5 — = — r cos 0 d9 

J a 3 sec J 0 cr J 

1.1 x 

= —z sin 9 = — . 

a a- Va 2 + y 2 


tfo = — lim 


1 (a- + X~) 2 2 a ~ b—>oo 


J a 2 + y 2 1 1 


1 - 


1 ~ k(ja 2 + 1 — l) 

Jar + 1_ a 2 Ja 2 + 1 



81 . 


10 


10 


Y 2 — 2v y(y — 2) 


y = 0, 2. 


r dx) 


<P + 1 


You must analyze three improper integrals, and each must converge in order for the original integral to converge. 
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83. For n = 1, 

/l = Jo (^+l)^-^2j 0 

For/; > 1, 


X 1 

dx = lim — | (x 1 2 + l) _4 (2xdx) = ii m 

b—>oo 


1 1 


6 (x 2 + l) 3 Jo 6 


-a 

4 = 

JO 


y. 2 n — 1 

4 = I , . — tttx? <ir = lim 


(x 2 + 1)" +3 \_2(n + 2)(x 2 + 1) 


+ 2 


u = x 2 " 2 , du = (2n — 2)x 2 " 3 dx, dv = 


o /; + 2 J 0 (x 2 + 1)' ,+2 
-1 


* - 0 + irrb-f) 


r fix, V = 


(x 2 + l)" +3 “' ’ 2(n + 2)(x 2 + 1)" +2 


f 


(a) J 0 (x 2 + = ^ 


1 


6(x 2 + l) 3 . 


(b) 

(c) 


fix = 


1 

4 . o 


r dx = 


* = 1 
o 6 

i/i\ i 


l„ (x 2 + l ) 5 ' 4 J 0 (x 2 + l ) 4 ' 4 \ 6 / 24 

f 00 x 5 2 r x 3 , 2/ 1 \ 1 

' 0 (x 2 + l) 6 5 Jo (x 2 + l) 5 5\24j 60 


85. False. /(x) = l/(x + 1) is continuous on [0. 00 ), lim l/(x + 1) = 0, but I dx = lim 

Jq X 1 00 

Diverges 


ln|x + l| 


87. True 


Review Exercises for Chapter 7 


J Xs/x 2 — 1 dx = —J (x 2 — l)'/ 2 (2x) dx 
_ 1 (x 2 - l) 3 / 2 


2 3/2 


+ C 


\^-dx = \[^-dx 
J x 2 - 1 2j X 2 - 1 


= o ln|x 2 - 1 1 + C 


= i(x 2 - I) 3 / 2 + C 


5. [ ln ^r/x= (ln ^ + C 


7. 


16 


yi6^ 


dx = 16 arcsin — + C 


1 2 

9. | e 2 * sin 3x fix = — — e 2 * cos 3x + — | e 2x cos 3x dx 

— — -e 2x cos 3x + e 2 ' s i n 3x — — | e 2x sin 3x dx 

^ j e 24 sin 3x dx — — - e 21 cos 3x + ^ e 2x sin 3x 


e sin 3x dx — y^(2 sin 3x — 3 cos 3x) + C 


(1) dv = sin 3 xdx => v = — — cos 3x 


(2) dv = cos 3x dx 


v = — sin 3x 


f lu = 2 e 2x dx 


du = 2e 2x dx 


= oo. 
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11 . u = x, du = dx, dv = (x — 5y/ 2 dx, v = —(x — 5) 3 / 2 
J xVx — 5 dx = ^x(x — 5) 3 / 2 — Jj( x ~ 5) 3 / 2 dx 


13 . | x 2 sin 2x dx = —~x 2 cos 2x + | x cos 2x dx 


= — }rx 2 cos 2x + — x sin 2x — — I sin 2x dx 
2 2 2 


= “ 5) 3/2 - - 5) 5/2 + C 


1 X 1 

= — — x 2 cos 2x + — sin 2x + — cos 2x + C 

2 2 4 


= (x - 5) 3 / 2 


r ~ T5 (x ~ 5) 


+ c 


(1) dv = sin2x<ix => i' = — -cos2x 


= (x - 5) 3 / 2 


6 4 

15* + 3 


+ C 


= — (x - 5) 3/2 [3x + 10] + C 


du = 2x dx 


(2) dv = cos 2x dx => v = — sin 2x 


du = dx 


15 . x arcsin 2x dx — arcsin 2x — , ' : dx 

2 I yi - 4x 2 

2(2x) 2 


* ■ ~ 1 

= — arcsin 2x — — , , — _ 

2 8 J 71 - (2x) 2 


dx 


= arcsin 2x — — j [ — (2x) ~J\ — Ax 2 + arcsin 2x] + C (by Formula 43 of Integration Tables) 


= :j^r[(8x 2 — 1) arcsin 2x + 2x Vl — 4x 2 ] + C 


dv = x dx 


x 

V ~~ 2 


u — arcsin 2x => du = 


yi - 4x 2 


dx 


17. cos 3 (ttx — 1) dx = [1 — sin 2 (7rx — 1)] cos(7rx — 1) dx 


sin(7rx — 1) - - sin 3 (irx — 1) 


+ C 


= ~ sin(irx — l)[3 — sin 2 (irx — 1)] + C 
3t t 

= sin(irx — l)[3 — (1 — cos 2 (7tx — 1))] + C 
3t t 


= - — sin(irx — l)[2 + cos 2 (7tx — 1)] + C 
3t t 


19 . | sec 4 ( - ] dx = 


tan 2 | 1 1 + 1 


sec 2 ( dx 


= j tan 2 ( sec 2 ( dx + sec 2 f dx 


= l tan3 (f +2tan f +c = l 


tan 3 ir + 3 tan 


+ C 


21 . 


' : — - dd = | dd = (sec 2 0 + sec 0 tan 6) dO = tan 6 + sec 0 + C 

cos 2 0 


1 — sin 0 
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„ . —12 , I —24 cos Odd 

23 . , dx = 


.*V4 - .t 2 J (4 sin 2 0)(2 cos 0) 
- 

= 3 cot 0 + C 


374 ^" 


+ C 


= 2 sin 0, <£t = 2 cos 0 1 / 0 , 74 — x 2 = 2 cos 0 



25 . x = 2 tan 0 

dn: = 2 sec 2 Odd 
4 + x 2 = 4 sec 2 0 


* 

, ax = 

J 74 + x~ 


8 tan 3 0 
2 sec 0 


2 sec 2 0 d6 


= 8 tan 3 0 sec OdO 


= 8 J (sec 2 0 — l)tan 0 sec 0 d9 
sec 3 0 


= 8 


= 8 


— sec 0 


+ C 


(.t 2 + 4) 3 / 2 7x 2 + 4 


24 


= y.v 2 + 4 

i 


-U 2 + 4) - 4 


+ C 


+ c 


7x 2 + 4 - — 7x 2 + 4 + C 



= |(x 2 + 4)'/ 2 (x 2 - 8) + C 


27. J 74 — x 2 & = J (2 cos 0)(2 cos 6) d9 


= 2 (1 + cos 20) f/0 


= 2^0 + ^sin20j + C 
= 2(0 + sin 0cos 0) + C 


= 2 1 

_ 1 
“ 2 


^sin §) + f 


77^7? 


4 arcsin) - ) + x74 — x 2 


+ C 


+ C 



= 2 sin 0, dx = 2 cos 0 y/0, 74 — x 2 = 2 cos 0 
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= 8 (cos 4 0 — cos 2 0) sin 0 dO 


: dx = \(u 2 — 4) dw 


= —u 3 — 4 u + C 


= — sec 0( sec 2 0 — 3) + C 


= ^ - 12) + C 


(x 2 - 8) + C 


x — 2 tan 6, dx = 2 sec 2 6 d9 


a 2 = 4 + x 2 , 2« Af = 2x dx 


dx = x 2 V4 + x 2 — 2xv4 + x- rfx 


= X 2 V4T^? - |(4 + X 2 ) 3 / 2 + C 


-(x 2 - 8) + C 


: dx => V = V 4 + X 2 


rfn = 2x dx 


31 x - 28 _ A | B 

x 2 — x — 6 x — 3 x + 2 

x — 28 = A(x + 2) + B(x — 3) 

x = -2 => -30 = B(- 5) => B = 6 

x = 3 — 25 = A(5) =^> A = -5 

\x 2 -6-6 dx = f(x- 5 3 + x! 2 ) dx = 


— 5 ln|x — 3| + 6 ln|x + 2| + C 


x 2 + 2x _ A Bx + C 
(x — l)(x 2 +1) x — 1 + x 2 + 1 

x 2 + 2x = A(x 2 + 1) + (6x + C)(x — 1) 


Letx =1: 3 = 2 A => A = 


Let x = 0: 0 = A — C => C = - 

2 


Letx = 2: 8 = 5A + 2B + C => B = — — 

f x 2 + 2x , 3fl 1 f x — 3 , 

; r OX = - r dx — — — dx 

I x 3 — x 2 + x — 1 2 I x — 1 2 I x- + 1 


I , I 2x , 3 f 1 

. 7 dx 7 ~z 7 dx + — 7 

2 J x — 1 4jx-+l 2jx 2 +l 


3 1 3 

= 2 l 13 !* — 1| — - In | x 2 + 1| + — arctanx + C 


= —[6 ln|x — 1| — ln(x 2 + 1) + 6 arctanx] + C 
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35. 


= 1 + 


15 - 2x 
x 2 + 2x — 15 


x 2 + 2x — 15 

15 - 2x _ A B 
{x — 3)(a + 5) x — 3 a + 5 

15 - 2x = A(x + 5) + B(x - 3) 


Let a- = 3: 9 = 8A => A = - 


Let x = -5: 25 = -8 B => B = -=l 


/: 


x 2 + 2x — 15 


dx = I dx + 77 ^ 


8 x - 3 


dx — 


25 1 


x + 5 


dx 


= x + ^ln|x — 3| — “^ln|x + 5| + C 


37. 


x , _ A 

(2 + 3a) 2 9 


2 + 3a 


+ ln|2 + 3 a| 


+ C 


39. 


- dx = 


1 1 


1 + sin a 2 2 I 1 + sin u 


du 


(Formula 4) 


= — [tan u — sec u] + C 
2 


= -[tan a 2 — sec a 2 ] + C 


41. 


a 2 + 4a + 8 


dx = — 


In | a 2 + 4a + 8| - 4 


{a 2 + 4. 


4a + 8 


dx 


= — [ln|A 2 + 4 a + 8 1 ] — 2 


( 2a + 4 
: arctan - 


, uiviuni / 

732 - 16 \ 732 - 16 

= ^-ln|A 2 + 4a + 8| — arctan^l + + C 


(Formula 15) 
+ C (Formula 14) 


43. 


Sin 7TA COS TTA 


dx = — 


7 T / Sin 7TA COS 7TA 


= — lnltan 7ta| + C 

77 


(tt) c/a (u = tta) 


(Formula 58) 


45. dv = <t/a 


m = (In a)" => du = n(ln a)" 1 —dx 

A 


(In a)" i£a = A(ln a)'' — n (In a)” 1 dx 


47. | 9 sin 9 cos 6 d6 = — | 9 sin 29 dO 


= — ^-9cos 29 + \ | cos 29 dO = 
4 4 


— 7-9 cos 29 + tt sin 29 + C = — (sin 29 — 29 cos 29) + C 
4 8 8 


dv = sin 2d dO 
u = 6 


v = --cos 29 


du = d6 


(11 = A 2 ) 

(Formula 56) 
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49. 


x l/4 

1 + X 1 / 2 


dx 


u(u 3 

1 + it' 

J 


du 



1 + 


ir + 1 


du 




it + arctan u 


+ C 


= ^[x 3 / 4 — 2x 1 ^ + 3 arctan(jr'/ 4 )] + C 
y = i/x, x = u 4 , dx = 4 u 3 du 


si. tt + cos x dx 


\ sin x , 

, —dx 
J v 1 — cos x 

J(1 — cos .*) -1/,2 (sin x) dx 

2yr — cos x + C 


u= 1 — cos x, du = sin x dx 


53. J cos x ln(sin x) dx = sin x ln(sin x) — J cos x dx 

= sin x ln(sin x) — sin x + C 
dv = cos x dx => v = sin x 


u = ln(sin x) => du = -7-— c/x 
sin x 




2x 2 + 

X 2 + X 


<ix 


= x lnlx 2 + x| — f + / <ic 

J x + 1 

= x ln|x 2 + x| — J 2dx + J — | dx 
= xln|x 2 + x| — 2x + ln|x + l| + C 


dv = dx 


2x + 1 

u = ln(x 2 + x) => du = — ; dx 

X + X 


55. y = 


x 2 - 9 


dx = — In 


x — 3 


x + 3 


+ C 


(by Formula 24 of Integration Tables) 


rV5 

59. J x(x 2 — 4) 3 / 2 dx 




1 

5 


61. 




4 

1 



2(ln 2) 2 « 0.961 


'7 T 

- 

x sin x dx = 

—x cos x + sin x 

Jo 

_ 


•4 r 0 

65. A = x 74 — x dx = (4 — u 2 )u(—2u) du 

Jo J 2 


= 2(« 4 — 4m 2 ) d« 


47 

5 3 


0 _ 128 
_ 2 _ 15 

u = 74 — x, x = 4 — m 2 , dx = — 2m dM 


67. By symmetry, x = 0, A = — tt. 


¥ 

TT \2 


(7l — x 2 ) 2 dx 



y4_ 

3ir 



'TT 

V 1 + cos 1 x dx ~ 3.82 

71. lim 

(In x) 2 l 

= lim 

2(l/x)lnx 

Jo 

x -^1 

— 1 

X ~^\ 

1 


73 . 


lim — 

x —>oo X Z 


2e 2x 4e- x 

lim — — = lim — — = 00 
X —>00 Zx x —>00 Z 


75. y = lim (lnx) 2 /* 


lnv = lim 

X —>oo 


2 ln(ln x) 


= lim 

x —>oo 


2/(x In x) 
1 


= 0 


Since In y = 0, y = 1. 
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83. For n = 1, 

/l = Jo (^+l)^-^2j 0 

For/; > 1, 


X 1 

dx = lim — | (x 1 2 + l) _4 (2xdx) = ii m 

b—>oo 


1 1 


6 (x 2 + l) 3 Jo 6 


-a 

4 = 

JO 


y. 2 n — 1 

4 = I , . — tttx? <ir = lim 


(x 2 + 1)" +3 \_2(n + 2)(x 2 + 1) 


+ 2 


u = x 2 " 2 , du = (2n — 2)x 2 " 3 dx, dv = 


o /; + 2 J 0 (x 2 + 1)' ,+2 
-1 


* - 0 + irrb-f) 


r fix, V = 


(x 2 + l)" +3 “' ’ 2(n + 2)(x 2 + 1)" +2 


f 


(a) J 0 (x 2 + = ^ 


1 


6(x 2 + l) 3 . 


(b) 

(c) 


fix = 


1 

4 . o 


r dx = 


* = 1 
o 6 

i/i\ i 


l„ (x 2 + l ) 5 ' 4 J 0 (x 2 + l ) 4 ' 4 \ 6 / 24 

f 00 x 5 2 r x 3 , 2/ 1 \ 1 

' 0 (x 2 + l) 6 5 Jo (x 2 + l) 5 5\24j 60 


85. False. /(x) = l/(x + 1) is continuous on [0. 00 ), lim l/(x + 1) = 0, but I dx = lim 

Jq X 1 00 

Diverges 


ln|x + l| 


87. True 


Review Exercises for Chapter 7 


J Xs/x 2 — 1 dx = —J (x 2 — l)'/ 2 (2x) dx 
_ 1 (x 2 - l) 3 / 2 


2 3/2 


+ C 


\^-dx = \[^-dx 
J x 2 - 1 2j X 2 - 1 


= o ln|x 2 - 1 1 + C 


= i(x 2 - I) 3 / 2 + C 


5. [ ln ^r/x= (ln ^ + C 


7. 


16 


yi6^ 


dx = 16 arcsin — + C 


1 2 

9. | e 2 * sin 3x fix = — — e 2 * cos 3x + — | e 2x cos 3x dx 

— — -e 2x cos 3x + e 2 ' s i n 3x — — | e 2x sin 3x dx 

^ j e 24 sin 3x dx — — - e 21 cos 3x + ^ e 2x sin 3x 


e sin 3x dx — y^(2 sin 3x — 3 cos 3x) + C 


(1) dv = sin 3 xdx => v = — — cos 3x 


(2) dv = cos 3x dx 


v = — sin 3x 


f lu = 2 e 2x dx 


du = 2e 2x dx 


= oo. 
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11 . u = x, du = dx, dv = (x — 5y/ 2 dx, v = —(x — 5) 3 / 2 
J xVx — 5 dx = ^x(x — 5) 3 / 2 — Jj( x ~ 5) 3 / 2 dx 


13 . | x 2 sin 2x dx = —~x 2 cos 2x + | x cos 2x dx 


= — }rx 2 cos 2x + — x sin 2x — — I sin 2x dx 
2 2 2 


= “ 5) 3/2 - - 5) 5/2 + C 


1 X 1 

= — — x 2 cos 2x + — sin 2x + — cos 2x + C 

2 2 4 


= (x - 5) 3 / 2 


r ~ T5 (x ~ 5) 


+ c 


(1) dv = sin2x<ix => i' = — -cos2x 


= (x - 5) 3 / 2 


6 4 

15* + 3 


+ C 


= — (x - 5) 3/2 [3x + 10] + C 


du = 2x dx 


(2) dv = cos 2x dx => v = — sin 2x 


du = dx 


15 . x arcsin 2x dx — arcsin 2x — , ' : dx 

2 I yi - 4x 2 

2(2x) 2 


* ■ ~ 1 

= — arcsin 2x — — , , — _ 

2 8 J 71 - (2x) 2 


dx 


= arcsin 2x — — j [ — (2x) ~J\ — Ax 2 + arcsin 2x] + C (by Formula 43 of Integration Tables) 


= :j^r[(8x 2 — 1) arcsin 2x + 2x Vl — 4x 2 ] + C 


dv = x dx 


x 

V ~~ 2 


u — arcsin 2x => du = 


yi - 4x 2 


dx 


17. cos 3 (ttx — 1) dx = [1 — sin 2 (7rx — 1)] cos(7rx — 1) dx 


sin(7rx — 1) - - sin 3 (irx — 1) 


+ C 


= ~ sin(irx — l)[3 — sin 2 (irx — 1)] + C 
3t t 

= sin(irx — l)[3 — (1 — cos 2 (7tx — 1))] + C 
3t t 


= - — sin(irx — l)[2 + cos 2 (7tx — 1)] + C 
3t t 


19 . | sec 4 ( - ] dx = 


tan 2 | 1 1 + 1 


sec 2 ( dx 


= j tan 2 ( sec 2 ( dx + sec 2 f dx 


= l tan3 (f +2tan f +c = l 


tan 3 ir + 3 tan 


+ C 


21 . 


' : — - dd = | dd = (sec 2 0 + sec 0 tan 6) dO = tan 6 + sec 0 + C 

cos 2 0 


1 — sin 0 
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„ . —12 , I —24 cos Odd 

23 . , dx = 


.*V4 - .t 2 J (4 sin 2 0)(2 cos 0) 
- 

= 3 cot 0 + C 


374 ^" 


+ C 


= 2 sin 0, <£t = 2 cos 0 1 / 0 , 74 — x 2 = 2 cos 0 



25 . x = 2 tan 0 

dn: = 2 sec 2 Odd 
4 + x 2 = 4 sec 2 0 


* 

, ax = 

J 74 + x~ 


8 tan 3 0 
2 sec 0 


2 sec 2 0 d6 


= 8 tan 3 0 sec OdO 


= 8 J (sec 2 0 — l)tan 0 sec 0 d9 
sec 3 0 


= 8 


= 8 


— sec 0 


+ C 


(.t 2 + 4) 3 / 2 7x 2 + 4 


24 


= y.v 2 + 4 

i 


-U 2 + 4) - 4 


+ C 


+ c 


7x 2 + 4 - — 7x 2 + 4 + C 



= |(x 2 + 4)'/ 2 (x 2 - 8) + C 


27. J 74 — x 2 & = J (2 cos 0)(2 cos 6) d9 


= 2 (1 + cos 20) f/0 


= 2^0 + ^sin20j + C 
= 2(0 + sin 0cos 0) + C 


= 2 1 

_ 1 
“ 2 


^sin §) + f 


77^7? 


4 arcsin) - ) + x74 — x 2 


+ C 


+ C 



= 2 sin 0, dx = 2 cos 0 y/0, 74 — x 2 = 2 cos 0 
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= 8 (cos 4 0 — cos 2 0) sin 0 dO 


: dx = \(u 2 — 4) dw 


= —u 3 — 4 u + C 


= — sec 0( sec 2 0 — 3) + C 


= ^ - 12) + C 


(x 2 - 8) + C 


x — 2 tan 6, dx = 2 sec 2 6 d9 


a 2 = 4 + x 2 , 2« Af = 2x dx 


dx = x 2 V4 + x 2 — 2xv4 + x- rfx 


= X 2 V4T^? - |(4 + X 2 ) 3 / 2 + C 


-(x 2 - 8) + C 


: dx => V = V 4 + X 2 


rfn = 2x dx 


31 x - 28 _ A | B 

x 2 — x — 6 x — 3 x + 2 

x — 28 = A(x + 2) + B(x — 3) 

x = -2 => -30 = B(- 5) => B = 6 

x = 3 — 25 = A(5) =^> A = -5 

\x 2 -6-6 dx = f(x- 5 3 + x! 2 ) dx = 


— 5 ln|x — 3| + 6 ln|x + 2| + C 


x 2 + 2x _ A Bx + C 
(x — l)(x 2 +1) x — 1 + x 2 + 1 

x 2 + 2x = A(x 2 + 1) + (6x + C)(x — 1) 


Letx =1: 3 = 2 A => A = 


Let x = 0: 0 = A — C => C = - 

2 


Letx = 2: 8 = 5A + 2B + C => B = — — 

f x 2 + 2x , 3fl 1 f x — 3 , 

; r OX = - r dx — — — dx 

I x 3 — x 2 + x — 1 2 I x — 1 2 I x- + 1 


I , I 2x , 3 f 1 

. 7 dx 7 ~z 7 dx + — 7 

2 J x — 1 4jx-+l 2jx 2 +l 


3 1 3 

= 2 l 13 !* — 1| — - In | x 2 + 1| + — arctanx + C 


= —[6 ln|x — 1| — ln(x 2 + 1) + 6 arctanx] + C 
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35. 


= 1 + 


15 - 2x 
x 2 + 2x — 15 


x 2 + 2x — 15 

15 - 2x _ A B 
{x — 3)(a + 5) x — 3 a + 5 

15 - 2x = A(x + 5) + B(x - 3) 


Let a- = 3: 9 = 8A => A = - 


Let x = -5: 25 = -8 B => B = -=l 


/: 


x 2 + 2x — 15 


dx = I dx + 77 ^ 


8 x - 3 


dx — 


25 1 


x + 5 


dx 


= x + ^ln|x — 3| — “^ln|x + 5| + C 


37. 


x , _ A 

(2 + 3a) 2 9 


2 + 3a 


+ ln|2 + 3 a| 


+ C 


39. 


- dx = 


1 1 


1 + sin a 2 2 I 1 + sin u 


du 


(Formula 4) 


= — [tan u — sec u] + C 
2 


= -[tan a 2 — sec a 2 ] + C 


41. 


a 2 + 4a + 8 


dx = — 


In | a 2 + 4a + 8| - 4 


{a 2 + 4. 


4a + 8 


dx 


= — [ln|A 2 + 4 a + 8 1 ] — 2 


( 2a + 4 
: arctan - 


, uiviuni / 

732 - 16 \ 732 - 16 

= ^-ln|A 2 + 4a + 8| — arctan^l + + C 


(Formula 15) 
+ C (Formula 14) 


43. 


Sin 7TA COS TTA 


dx = — 


7 T / Sin 7TA COS 7TA 


= — lnltan 7ta| + C 

77 


(tt) c/a (u = tta) 


(Formula 58) 


45. dv = <t/a 


m = (In a)" => du = n(ln a)" 1 —dx 

A 


(In a)" i£a = A(ln a)'' — n (In a)” 1 dx 


47. | 9 sin 9 cos 6 d6 = — | 9 sin 29 dO 


= — ^-9cos 29 + \ | cos 29 dO = 
4 4 


— 7-9 cos 29 + tt sin 29 + C = — (sin 29 — 29 cos 29) + C 
4 8 8 


dv = sin 2d dO 
u = 6 


v = --cos 29 


du = d6 


(11 = A 2 ) 

(Formula 56) 



Review Exercises for Chapter 7 113 


49. 


x l/4 

1 + X 1 / 2 


dx 


u(u 3 

1 + it' 

J 


du 



1 + 


ir + 1 


du 




it + arctan u 


+ C 


= ^[x 3 / 4 — 2x 1 ^ + 3 arctan(jr'/ 4 )] + C 
y = i/x, x = u 4 , dx = 4 u 3 du 


si. tt + cos x dx 


\ sin x , 

, —dx 
J v 1 — cos x 

J(1 — cos .*) -1/,2 (sin x) dx 

2yr — cos x + C 


u= 1 — cos x, du = sin x dx 


53. J cos x ln(sin x) dx = sin x ln(sin x) — J cos x dx 

= sin x ln(sin x) — sin x + C 
dv = cos x dx => v = sin x 


u = ln(sin x) => du = -7-— c/x 
sin x 




2x 2 + 

X 2 + X 


<ix 


= x lnlx 2 + x| — f + / <ic 

J x + 1 

= x ln|x 2 + x| — J 2dx + J — | dx 
= xln|x 2 + x| — 2x + ln|x + l| + C 


dv = dx 


2x + 1 

u = ln(x 2 + x) => du = — ; dx 

X + X 


55. y = 


x 2 - 9 


dx = — In 


x — 3 


x + 3 


+ C 


(by Formula 24 of Integration Tables) 


rV5 

59. J x(x 2 — 4) 3 / 2 dx 




1 

5 


61. 




4 

1 



2(ln 2) 2 « 0.961 


'7 T 

- 

x sin x dx = 

—x cos x + sin x 

Jo 

_ 


•4 r 0 

65. A = x 74 — x dx = (4 — u 2 )u(—2u) du 

Jo J 2 


= 2(« 4 — 4m 2 ) d« 


47 

5 3 


0 _ 128 
_ 2 _ 15 

u = 74 — x, x = 4 — m 2 , dx = — 2m dM 


67. By symmetry, x = 0, A = — tt. 


¥ 

TT \2 


(7l — x 2 ) 2 dx 



y4_ 

3ir 



'TT 

V 1 + cos 1 x dx ~ 3.82 

71. lim 

(In x) 2 l 

= lim 

2(l/x)lnx 

Jo 

x -^1 

— 1 

X ~^\ 

1 


73 . 


lim — 

x —>oo X Z 


2e 2x 4e- x 

lim — — = lim — — = 00 
X —>00 Zx x —>00 Z 


75. y = lim (lnx) 2 /* 


lnv = lim 

X —>oo 


2 ln(ln x) 


= lim 

x —>oo 


2/(x In x) 
1 


= 0 


Since In y = 0, y = 1. 
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77 . 


/ 0.09V' / 0.09 Y’ 

lim 1000 1 + = 1000 lim 1 + 

n — >oo \ Yl J n — »oo \ Yl ) 

(, 0.09 V’ 

Let y — lim 1 H . 

n — »oo \ / 

mil + 


In y = lim n lnl 


1 4- - li, 


lim - 

Yl / n —>co 


n / 


= lim 

n — »oo 


— 0.09/n 2 \ 

1 + (0.09/n) 

= lim 


0.09 


) = l+( ^ 


= 0.09 


/ 0 09 \" 

Thus, In y = 0.09 => y = e 009 and lim 1000 1 + — I = lOOOe 009 = 1094.17. 

n — »oo \ Yl J 


79 . 


r i 

— ^ dx = lim 

\x 2 ' 4 

16 

_ 32 

'oo 

81. x 2 In x dx = lim 

7 r(— 1 + 3 In x) 

Jo tfc >~ 0+ 

L3 J 

b 

3 

. b—>co 

J 1 

L 9 J 


Converges 


Diverges 


83. 500,000e~°'° 5 ' dt = 

Jo 


500,000 
-0.05 6 


= 500.000 . ops, o _ ^ 

0.05 V ’ 

= 10.000,000(1 - e-° 05, ») 

(a) t 0 = 20: $6,321,205.59 

(b) / 0 — >oo: $10,000,000 


85. (a) P(13 < x < oo) = ' , <,-(*- 12 . 9 ) 72 ( 0 . 95 )’^ « 04581 

0.95v/2^Ji3 


(b) P( 15 < x < 20) = 


0.95^277 

Problem Solving for Chapter 7 


<,-(*-12.9)72(0.95)’ dx « Q.0135 


X J 

X 

3. 




1. (a) j (1 — x 2 ) dx = 

(1 — x 2 ) 2 dx = f (1 — 2.V 2 + x 4 )c/x = 


2x 3 x 5 

"-T + 5 


1 - i J-i 

(b) Let x = sin u, dx = cos u c/m, 1 — x 2 = 1 — sin 2 u = cos 2 u. 

n Ctt/i 

( 1 — x 2 )" dx = I (cos 2 u)" cos u du 
J — 1 J—tt/2 

tt/2 

cos 2,!+ 1 u du 

-tt/2 

2 4 6 (2n) 

.3 ' 5 ' 7 (2n + 1)_ 

2 2 . 4 2 . 6 2 • • • (2n) 2 


1 J, 2 1 

= 2 ( 1 - - + 

j-i 


3 5 


.16 

15 


= 2 


(Wallis’s Formula) 


= 2 


2 • 3 • 4 • 5 • • • (2n)(2n + 1). 

2(2 2 ”)(n!) 2 _ 2 2 " + 1 (»!) 2 
(2m + 1)! (2m + 1)! 
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3 . 


lim 

»oo 


/x + c 
\X — c, 


.X 


lim 

X—>QO 


x — >oo \X C 


ln(.v + c) — ln(.r — c) 
1/x 


= 9 
= In 9 
= In 9 


1 1 


X + C X — c 

lim 

x-Aoo 1 


In 9 


lim 

X — >GO 


-2c 


(x + c)(x — c) 

. . , lex 2 

lim 




= In 9 
= In 9 


2c = In 9 
2c = 2 In 3 
c = In 3 


5 . sin 6 = = PB, cos 6 = OB 

AQ = AP = 0 

BR = OR + OB = OR + cos 9 


The triangles A AQR and A BPR are similar: 

AR BR OR + 1 _ OR + cos 9 
AQ BP ^ 9 sin 9 

sin 9(0R) + sin 9 = (OR) 9 + 9 cos 9 


OR = 


9 cos 9 — sin 9 
sin 9 — 9 


lim OR = lim 

0^0+ 


= lim 
0^0+ 


= lim 


9 cos 9 — sin 9 
sin 9 — 9 

— 9 sin 9 + cos 9 — cos 9 

cos 9 — 1 

— 9 sin 9 


0 ^ 0 + cos 9—1 

— sin 9 — 9 cos 9 


= lim 

0^(r 


= lim 

0->O 


— sin 9 
cos 9 + cos 9 — 9 sin 9 


= 2 


y 



cos 9 
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7 . (a) o .2 


Area ~ 0.2986 



(b) Let x — 3 tan 9, dx = 3 sec 2 9 d 9, x 2 + 9 = 9 sec 2 9. 


x 2 f 9 tan 2 9 

(jc 2_ +~9) * = (9 sec 2 0) 3 / 2 3 S6C " 6 


(9 sec 2 6 ) 3 / 2 

tan2 > 

sec 6 

S ^d9 

cos 9 

1 — cos 2 9 



d9 


cos 9 

= ln|sec 9 + tan 0| — sin 9 + C 


Area = 


(x 2 + 9) 3 / 2 


dx = 


ln|sec 9 + tan 0| — sin 9 


u Vl±9 + x 

3 3/ Jx 2 + 9 


tan *(4/3) 

JO 

rg. 

Jo 


= ln (f + 3)"5 = ln3 “5 

(c) x = 3 sinh «, dr = 3 cosh u du, x 2 + 9 = 9 sinh 2 it + 9 = 9 cosh 2 t/ 


A J(, (.v 2 + 9) 3/2 dX J„ (9 cosh 2 uY' 2 


Jo 


sin " ,4/3) 9 sinh 2 u 


(3 cosh u du) 


-r 


sinh->(4/3) 


tanh 2 u du 


sinh -1 (4/3) 


(1 — sech 2 u) du 

~|smh-‘(4/3) 

u — tanh u 

= sinh -1 ^j — tanh^sinh -1 ^ 


= ln^| + + 1 I “ tanh| 

= ln (| + f)-ta n h( ln g + f 

= In 3 — tanh(ln 3) 

3 - (1/3) 


ln|- + 


— + 1 


= In 3 — 


= In 3 - 


3 + (1/3) 

4 





13. x 4 + 1 = ( x 2 + ax + b)(x 2 + cx + d) 

= x 4 + ( a + c)x 3 + ( ac + b + d)x 2 + (ad + fec)x + bd 
a = —c,b = d= 1, a = Jl 

X 4 + 1 = (.X 2 + x/2x + l)(x 2 — -Jlx + l) 

f 1 1 , f 1 Ax + S , f 1 Cx + £> 

Jo X 4 + 1 Jo x 2 + V2x +1 Jo x- — s/2x + 1 
i ^ i Ji 

= f , 2 J dx - f n 2 r 4 dx 

Jo x 2 + V2x +1 Jo x — I- V2x + 1 

Pyv ni Ar ii 

= — 7 - arctan(V2x + l) + arctan(y2x — l) H — y 2 ln(x 2 + Jlx + l) — ln(x 2 — ~/lx + l) 

4 L Jo o L Jo 

= -y^[arctan( V2 + l) + arctan(y2 — l)] + yy[ln(2 + s/l) — ln(2 — ^2)] — y — y — yy[0] 
4 o 4|_44Jo 

= 0.5554 + 0.3116 


= 0.8670 
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15. Using a graphing utility, 


(a) lim I cot * H — I = oo 
*->o + V x 


(b) lim cot x =0 

x->0 + V X 


(c) lim cot.* H — cot* 

x-> 0 + \ x \ x 


Analytically, 


(a) lim cot * H — = 00 + 00 = 00 
mo + \ x 


, l\ *cot* — 1 

(b) lim cot * = lim 

*->o + \ x x- >o+ * 


* cos * — sin * 
lim : 

.v— »0 + * Sill * 


cos * — * sin * — cos * 

= lim : = lim 


— * sin * 


= lim 


o+ sin * + * cos * 
— sin * — * cos * 


->o+ cos * + cos * — * sin * 


v— »o sin * + * cos * 
= 0. 


1 


(c) cot * H — cot * = cot- * ^ 


x 2 cot 2 * — 1 


* 2 cot 2 *— 1 2* cot 2 * — 2* 2 cot * esc 2 * 

lim = lim 


»o + 


2 * 


cot 2 * — * cot * esc 2 * 
= lim 

.r— »0 + 1 


= lim 

.r— »0 + 


cos^ * sin * — * cos * 
sin 3 * 


(1 — sin 2 *)sin* — *cos* 

= lim 

m 0 + snr * 


sin * — * cos * 

= lim 1 

m 0 + sir * 


sin * — * cos * cos * — cos * + * sin * 

Now, lim = lim 

.\.^o + sin J * v— »o + 3 sin- * cos * 


= lim 


■o + 3 sin * • cos * 


= lim 


1 


1 


■o+ \sin */3 cos * 3 


Thus, lim I cot* + — )(cot* — — ) = — 1 = — — . 

3->o + \ x \ x 3 3 


The form 0 • 00 is indeterminant. 
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17 A J - 3-y 2 + 1 = Pi P 2 

x 4 — 13x 2 + llx x x — 1 


x + 4 x — 3 


c ! = 0, c 2 = 1, c 3 = — 4, c 4 = 3 


Mx) = .t 3 — 3x 2 + 1 
D '(x) = 4x 3 - 26x + 12 

p MO) i 

1 D\ 0) 12 

_ Ml) -11 

2 £>'( 1 ) -10 10 

_ n{- 4) _ -in _ m 

3 _ £>'(-4) “ -140 _ 140 

_ 1V(3) _ 1 

4 £>'(3) 42 

xhus a 3 - 3* 2 + 1 _ 1/12 + 1/10 + 111/140 + 1/42 

’ x 4 — I3x 2 + I2x x x — 1 x + 4 x — 3 


19 . By parts. 


Ja 


f(x)g"(x) dx = 


f{x)g\x) 


- \f’(x)g'{x) dx 


-l 


= - f\x)g\x)dx 


-f'(x)g(x) 


l: 


+ g(x)f"(x) dx 


= f\x)g{x) dx. 
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CHAPTER 8 
Infinite Series 

Section 8.1 Sequences 

Solutions to Even-Numbered Exercises 


2. a = 


2 n 


" n + 3 

2 1 
1 4 2 


4 a ” = 1 “3 


fll = “3 


, rnr 

6. a„ = cos — 


flj = cos — = 0 


a 2 = - 


= 6 = 1 


«2 = g 


27 


a 2 = cos it — 1 

3 tt 

a, = cos — = 0 
3 2 


« 4 = 7 


16 

81 


5 tt - 

cir = cos — = 0 


= 10 = 5 
" 8 “ 4 


32 


flc = 

5 243 


8 . a n = (- 1 )" 


10 . a — 10 H — + ~ j 

n n 1 


3n\ 

12 ‘ ° " = (n ~ 1)! = 3 ” 


«i = J = 2 


a, = — — = — 1 


~ 3 


2 1 
" 4 " 2 


fl3 = 5 


— 10 + 2 + 6 — 18 
3 

a 2 = 10 + 1 + ~ 


fl3 “ 10 + I + I “ 


a4 - 10 + l + |- ¥ 

, . 2 6 266 
“ 10 + 5 + 25 “ ~25 


18 

«1 = 3(1) 

= 3 

25 

a 2 = 3(2) 

= 6 

2 

« 3 = 3(3) 

= 9 

34 

3 

« 4 = 3(4) 

= 12 

87 

jjs 

II 

U> 

'la 

= 15 


14 . flj = 4, a k+ 1 = 
'1 + 1 


& + 1 


2 

a, = 4 


2 ' 2 

(2 + 1 

«3 = I ■ ~ )«2 = 6 


16 . a, = 6, a t+1 = -a/ 


«2 = |«i 2 = ^(6 2 ) = 12 


1 


1 , 


a 3 = -a 2 2 = — (12 2 ) = 48 


3+1', 

a A = | — - — |a 3 = 12 


4 + 1 
2 


a. = 30 


a. 


= ,a 3 2 = -(48 2 ) = 768 


4 3 
1 


a 5 = -a 4 2 = -(768) 2 = 196,608 


369 
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18. Because the sequence tends to 8 as n tends to infinity, it 
matches (a). 


20. This sequence increases for a few terms, then decreases 
a-, = y = 8. Matches (b). 


22 . 


24. io 


26. 


-3 


-1 




o 4 i 

a„ = 2 , n = 1, . . 

. , 10 

a n = 8(0.75)"' 1 

, n = 1, 2, . . 

.,10 

a„ = 

" n 






n + 6 





25! 

28. 2 


30. a„ +1 = 2a n , a l 

= 5 


231 



a , = 2(40) = 

80 



5 + 6 11 






5 2 2 


= 2(80) = 

160 




3 n 2 
n 2 + 1 


2 , = 1 , . . . , 10 


25! = 23 ! (24)(25) 

23! 

= (24)(25) = 600 


6 + 6 , 
= — = 6 


34. 


(n + 2)! _ n\(n + 1 )(n + 2) 
n\ n\ 

= (n + 1 )(n + 2) 


36. 


(2 n + 2)! _ (2n)\(2n + l)(2n + 2) 
(2n) ! “ (2 n)\ 

= (2 n + 1)(2 n + 2) 


38. lim (5 5-1=5 — 0 = 5 

ft->oo \ 1 


40. lim , 5 ” = lim 5 


mil /— - — mil t . — jrr- 

«-»oo Jn 2 + 4 oo VI + (4/rc 2 ) 


42. lim cos —1 = 1 

ft— » oo \yi / 


= I = 5 


44. 


46. 4 


The graph seems to indicate that the sequence converges 
to 0. Analytically, 


lim a„ = lim —rjz = lim — vjt = 0. 

n -> oo n-»oo n ' .r->oo 


The graph seems to indicate that the sequence converges 
to 3. Analytically, 

lim a n = lim ( 3 — V = 3 — 0 = 3. 

n—>oo n—>oo \ L ) 


48. lim [1 + (— 1)"] 

ft— » oo 

does not exist, (alternates between 0 and 2). diverges. 


50. lim 


oo v n + 1 


= 1, converges 


52. lim 


1 + (-D” 


ft— » oo n 


= 0, converges 


54 . lim W” = lim 1/liM 

ft— >oo ft ft— >oo ft 


= lim — = 0, converges 

n—>o o 2 n 


(L'HopitaTs Rule) 


56. lim (0.5)" = 0, converges 


(„ — 2 )! 1 

58. lim ; = lim — pr = 0, converges 

ft— > OO ft! ft— > OO ft(ft 1 j 
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-2 n 2 


60. lim - = lim — ; = converges 

n-»oo \2n +1 2n — 1 / «-> oo An — 1 2 


62. = n sin — 

n 


Let/(x) = x sin — . 


1 sin(l/x) (— 1/x 2 ) cos(l/x) 1 

lim x sin - = lim — — = lim tt ~- ; = lim cos - = cos 0 = 1 (L Hopital's Rule) 


i . * < * * , 

x -y— ^ oo 1 /x 


— 1 lx 1 


x — >oo V 


or, 


sin(l/x) sin(y) , ^ r . 1 

urn — , , = urn = 1. There lore lim n sin - = 1. 

MOO 1 jx y->0 + y Moo n 


64. lim 2 1 /" = 2° = 1, converges 

n—>oo 


ss COS 7771 

66. lim -z — = 0, converges 

ft— >oo /2 Z 


68. a„ = An — 1 


70. a 


n 


n- 


72. a„ 


n + 2 
3/i - 1 


74. a„ 


(- 1 )" 


3”~ 2 
2" _ 1 


76. a 


7t 



2 " + 1 - 1 
2 " 


78. 


_j_ 
n ! 


80. 


x" 1 

(n ~ 1)! 


82. Let f(x) = — — — — . Then f'(x) = 7 — - . 

J w x + 2 J w (x + 2) 2 

Thus, /is increasing which implies {a,,} is increasing. 

\a n \ < 3, bounded 


86. a n = (-§)" 

«i = “I 

_ 4 
^2 — 9 
_ __ 8 _ 
a 3 — 27 

Not monotonic; |aj < |, bounded 


84. a n = " /2 

= 0.6065 
a 2 = 0.7358 
a 3 = 0.6694 

Not monotonic; \a n \ < 0.7358, bounded 


88- = (I)” < (f)" +1 = 


Monotonic; lim a n = 00, not bounded 

ft— » OO 


90. a 


ft 


cos n 
n 


a, = 0.5403 
a 2 = —0.2081 
u 3 = -0.3230 
a 4 = —0.1634 

Not monotonic; | a, t | < /bounded 
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a, , — 4 — — < 3 = a„ , , => monotonic 

n n + 1 


Therefore, {a n } converges. | j nl / 4 — — ] = 4 

ft— » 00 \ VI ) 



Therefore, {a n } converges. 


96. A„ = 100(10l)[(1.0l)" - 1] 

(a) Aj = $101.00 (b) A 60 = $8248.64 

A 2 = $203.01 (c) A 240 = $99,914.79 

A 3 = $306.04 
A 4 = $410.10 
A 5 = $515.20 
A 6 = $621.35 

100 . Impossible. The sequence converges by Theorem 8.5. 


98 . The first sequence because every other point is below the 
x-axis. 


102 . Impossible. An unbounded sequence diverges. 


104 . P„ = 16,000(1.045)" 106 . (a) a n = 410.9212m + 6003.8545 

P, = $16,720.00 
P 2 = $17,472.40 
P 3 * $18,258.66 
P 4 « $19,080.30 

P 5 « $19,938.91 (b) For 2004, n = 14 and a n = 11,757, or 

$11,757,000,000. 



108 . a 


n 



flj = 2.0000 

= 2.2500 
a 3 « 2.3704 
a 4 = 2.4414 
a 5 = 2.4883 
a 6 « 2.5216 

lim ( 1 + — V = e 

n — >00 \ VI ) 


110 . Since 

lim s„ = L > 0, 

n—>co 

there exists for each e > 0, an integer N such that 
|.s„ — L\ < e for every n > N. Let e = L > 0 and we 
have, 

|s„ — L\ < L, —L < s n — L < L, or 0 < s n < 2L 
for each n > N. 
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112 . If {a n } is bounded, monotonic and nonincreasing, then a x > a n > a 3 > • • • > a n > ■ ■ ■ . Then 
— a 1 <—a 2 <—a 3 <---<—a n <--- 

is a bounded, monotonic, nondecreasing sequence which converges by the first half of the theorem. Since { — a n } converges, 
then so does 

114 . True 116 . True 


118 . x 0 = l,x n = -x„ 


n = 1,2,. 


x ! = 1.5 v 6 = 1.414214 

x 2 = 1.41667 x 7 = 1.414214 

= 1.414216 x 8 = 1.414114 

x 4 = 1.414214 x 9 = 1.414214 

x 5 = 1.414214 x 10 = 1.414214 

The limit of the sequence appears to be J 2 . In fact, this sequence is Newton’s Method applied tof(x) = x 2 — 2. 
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2. S, = g « 0.1667 

5 2 = i + S = 0.3333 

5 3 = 5 + 5 + To “ 0.4833 

5 4 = ^+ S+ l)+il~ 0.6167 

5 5 = S+ S+ l>+n+&~ 0.7357 

6 . 5 , = 1 

5 2 = 1 - \ = 0.5 

5 3 = 1 - \ + g « 0.6667 

5 4 = 1 - \ + Z ~ 25 = 0.6250 
5 5 =1-5+|-^+T5o = 0.6333 


4 . S 1 = 1 

5 2 = 1 + | « 1.3333 

5 3 = 1 + 5 + j « 1.5333 

5 4 = 1 + 5 + 3 + I = 1-6444 
5 5 =1+|+5+5 + it« 1.7354 

oo / ^ \« 

8. ^ ( — ) Geometric series 
n =o\3/ 



Diverges by Theorem 8.6 


10 . ^ 2(— 1.03)” Geometric series 

n = 0 

\r\ = 1.03 > 1 
Diverges by Theorem 8.6 


12 - 2 


n 

2n + 3 


lim 

n—$ oo 


ft 

2ft + 3 



Diverges by Theorem 8.9 


14- 2 

n = 1 


ft 

Vm 2 + 1 


16 . 2 


n! 

2 " 


lim 

n — »oo 


ft 

x/n 2 + 1 


lim 

n— > oo 


1 

yi + (i/m 2 ) 


1 + 0 


lim 

n—^oo 


ft! 

2 " 


oo 


Diverges by Theorem 8.9 


Diverges by Theorem 8.9 
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Matches graph (b). Matches (d). 

Analytically, the series is geometric: Analytically, the series is geometric: 


V (“V = 1 = J_ = V — ( = l 7 /3 = 17/3 = 

"oW 1-2/3 1/3 ,| 0 3 i 9/ 1 — (—8/9) 17/9 


22. f — L_= f (-L 1 ) = + + + 

„t' 1 »(/i + 2) "iUtt 2{n + 2)/ \2 6/ \4 8/ \6 10/ \8 12/ \10 14/ 


f 1 .. [1,1 1 1 1 1,1 3 

,—j n(n + 2) n->°° " oo _2 4 2(n + 1) 2 (n + 2)_ 2 4 4 


24 . 2 2 “ 


Geometric series with I r| = — s < 1. 


26 . 2 ) (- 0 . 6 )" 

n = 0 

Geometric series with | r\ = | — 0.6| < 1. 


Converges by Theorem 8.6 


Converges by Theorem 8.6 



(d) The terms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly. 
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°° / l\"-i 5 15 

-T^FT7S-T-” 5 "> i 


n 

5 

10 

20 

50 

100 

S„ 

3.7654 

3.7499 

3.7500 

3.7500 

3.7500 


(d) The terms of the series decrease in magnitude rapidly. Thus, the sequence of partial sums approaches the sum rapidly. 


34. £ 


n=l «(« + 2 ) 




i i 


—An n + 2 


= 2 


1 4 ) + (i ■ i ) + ( M ) + 


= 2|1 + 2 = 3 


36 f i = I f ( 1 L_\ = A 

‘ ( 2n + 1)(2 n + 3) 2 +1 2n + 3/ 2 


s " I ) + (1 ” A + 0 ' A + 


i(i) . i 

2l3 6 


38. £ 61 


4\" 


6 


1 - (4/5) 


= 30 (Geometric) 


40. £ 2 - 


2 \" 


6 


1 - (-2/3) 5 


42 - I 8 U = ~ 


(3/4) 


= 32 


44 V 4 ( — -V = 1 8 

A l 2/ 1 — (— 1/2) 3 


*" 2 [(0.7). + (0.9W - sy + S y - 2 - rr 




«■»■*>*> = Its ( is )' 


Geometric series with a = AA and r = ts 


S = 


81/100 _ 81 _ 9 


1 — r 1 - (1/100) 99 11 


1 OO 5 / 1 \" 

50. 0.21515 = - + \ — ( 

5 „=o 200 \ 100/ 

Geometric series with a = b and r — ttttt 


s -( + - r ^ 

5 1 - r 


200 

_ J_ 3/200 = T\_ 
~ 5 + 99/100 ~ 330 


52- gf^ 

n=l 2,1 ~ 1 


n + 1 1 

lint = - * 0 

ti — /oo 2/7—1 2 


Diverges by Theorem 8.9 


oo 1 1 OO / | 1 

54. y — — - = I y I — 

n(n + 3) 3 n + 3 


1 “ i) + (I “ I) + (I “ I) + (M) + (i“i) + tH) + 


i/, i i\ n 

= 3\ + 2 + 3/ = 18’ conver S es 


oo Qn 

so. 2 ^ 

n- 


3” v (In 2)3” (In 2) 2 3” (In n) 3 3” 

lim — = lim — — - — = lim — = lim = oo 


n— >co Yl n—>oo 


3n 2 


6n 


(by L'Hopital's Rule) Diverges by Theorem 8.9 
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58. £ 


4" 


Geometric series with r = \ 
Converges by Theorem 8.6 


OO 

60. £ 

n= 1 


2 " 

100 


Geometric series with r — 2 
Diverges by Theorem 8.6 


62. £ 1 + 


k\ n 


lim 1 + 


= e k # 0 


Diverges by Theorem 8.9 


64. lim a n = 5 means that the limit of the sequence {a,,} is 5. 66. If lim a n # 0, then V a n diverges. 

n—>oo n—>oo n=l 

OO 

^ a„ = eq + a 2 + • • ' = 5 means that the limit of the 

n= 1 

partial sums is 5. 


68 . (a) ( — Jc/2) is the common ratio. 




1 

1 - (~x/2) 


2 

2 + x 


< 2 


Geometric series: 


a = 1, r = 


< 1 


k < 2 


70. f(x) = 2 


1 - 0.8 


1 - 0 . 8 . 

Horizontal asymptote: y = 10 


I 21 


5 1 - (4/5) 10 



The horizontal asymptote is the sum of the series .fin) is 
the n th partial sum. 


72. ' < 0.0001 

2 " 

10,000 < 2 " 

This inequality is true when n = 14. 

( 0 . 01 )" < 0.0001 

10,000 < 10 " 

This inequality is true when n = 5. This series converges 
at a faster rate. 


74. Vil) = 225,000(1 - 0.3)" = (0.7)"(225,000) 
V(5) = (0.7) 5 (225,000) = $37,815.75 


n — 1 

76. 100(0.60)' 


1 = 0 


100[1 - 0 . 6 "] 
1 - 0.6 

250(1 - 0.6") 


million dollars 


Sum = 250 million dollars 


78. The ball in Exercise 77 takes the following times for 
each fall. 

Sj = — 16 1 2 +16 Sj = 0 if t = 1 

s 2 = -16r 2 + 16(0.81) s 2 = 0 if f = 0.9 

s 3 = — 1 6f 2 + 16(0.8 1) 2 .s 3 = 0 if t = (0.9) 2 


s n = — 1 6f 2 + 16(0.81)"- 1 s n = Oif t= (0.9)” _1 

Beginning with s 2 , the ball takes the same amount of 
time to bounce up as it takes to fall. The total elapsed 
time before the ball comes to rest is 

OO OO 

f=l+2^ (0.9)" = - 1 + 2 (0.9)" 

n = 1 n = 0 

2 

= — 1 + ^ = 19 seconds. 


80. Pin) 




4_ 

27 


00 

1 


n = 0 



V 3 = i 
1 - (2/3) 
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82. (a) 64 + 32 + 16 + 8 + 4 + 2 = 126 in. 2 

= 128 in. 2 




( 1 / 2 ) 


Note: This is one-half of the area of the original square! 



84. Surface area = 47r(l) 2 + 9 ( 4 tti 


+ 9 2 • 477' 


= 4[7T +7 T + • • •] = OO 


127-1 

86 . 2 p 1 + 

n = 0 


12 


1 - 1 + 


12 


! - |1+ T2 


r 


r 


1 - |1+ i2 


1+ l2> ^ 


^ ms -PI 1 - (e r/12 ) 12 ') P(e" - 1) 

2, p(f " >” - i -Vm - 77IT3T 


12 /- 1 

2 

« =o 


88. P = 75, r = 0.05, f = 25 
12 


(a) A = 75 

(b) A = 


0.05 

75(e 0 05 ( 25 ) - 1) 

e 0.05/12 _ J 


O05\ 12(25) 

‘ r 12 


- 1 


$44,663.23 


$44,732.85 


90. P = 20, r = 0.06, r = 50 
12 


(a) A = 201 


0.06 


0.06V 2(50) 

]+ l^' ^ 


$75,743.82 


20 (<? 006(50) - 1 ) 

(b) A = e \, 06/12 _ t ~ $76,151.45 


92. T = 40,000 + 40,000(1.04) + 

39 

= 40,000(1.04)" 

n = 0 

'l - 1.04 4<) \ 


= 4ao( n i - i.o4 

$3,801,020 


+ 40,000(1. 04) 39 


94. x = 0.a l a 2 a 3 . 
— 0.a 1 a^a 3 . 

= 0 ,a l a 2 a 3 . 

= 0 .a 1 a 2 <23 • 


. dj^Cl \^2.^3 ■ ■ • 


1 + W + {w) + {w) + 


o° / l y. 


' ° k „? 0 V io A 7 


1 

1 1 - (1/10*). 


= a rational number 


96. Let {$„} be the sequence of partial sums for the convergent series ^ a n 

n = 1 
oo 

lim S n = L and since R n = ^ a k = L — S n , 


L. Then 


we have 

lim R n — lim (L — S„) = lim L — lim S n = L — L = 0. 

n — >oo 7J — >co /i — >oo n — >oo 

98. If E ( a n + h (1 ) converged, then E (a n + fe n ) — E = E b n would converge, which is a contradiction. 
Thus, E ( a n + b n ) diverges. 
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100 . True 


102. True; lim 


n—>oo 1000 (n +1) 1000 


# 0 


1 1 1 ^ 1/ 1 1 r 

,3 — 0 r\r ) 1- 


r r A r D 


1 


(1/r) r - 1 

This is a geometric series which converges if 


< 1 <=> \ r > 1. 


< 1 


Section 8.3 The Integral Test and /7-Series 


2- 2 


n =i3« + 5 


Let f(x) = 


3x + 5' 

/is positive, continuous, and decreasing for x > 1. 


, 3x + 5 


; dx — 


ln(3x + 5) 


Diverges by Theorem 8.10 


4 . ^2 ne "/ 2 

n= 1 

Let fix) = xe~ x t 2 . 

f is positive, continuous, and decreasing for x > 3. 
2 — x 

Since fix) = ~ x ^ 2 < 0 for .r > 3. 


f 


*/ 2 dx = 


— 2(.r + 2)e x ^ 2 


= lOe 3 / 2 


Converges by Theorem 8.10 


6 - 2 


1 


^ In + 1 
Let/(.r) = 


1 


2x + 1 

/is positive, continuous, and decreasing for x > 1. 

r°° i 
J i 2jc + \ 


- dx = 


In J2x + 1 


Diverges by Theorem 8.10 




^ n 2 + 3 
Let fix) = - 2 


x 

x 2 + 3' 


fix) is positive, continuous, and decreasing for x > 2 
since 

3 - r 2 

f\x ) = , < 0 for x > 2. 


(x 2 + 3) 


- dx = 


Infx 2 + 3 


! x 2 + 3 
Diverges by Theorem 8.10 


10. X 


Let f(x) = . 

/is positive, continuous, and decreasing for x > k since 
fix) = **~ 1( *~* } < 0 
for x > k. We use integration by parts. 


f 


e x dx = 


1 k kik - 1 ) 

= - + - + — 1 + 

e e e 


+ k \ x k 1 e x dx 


k\ 

+ — 

e 


12 . £ 


1 


n= 1 n 


Let fix) = ^ 75 . 

/is positive, continuous, and decreasing for .r > 1. 


•O 

Jl 


-L dx = 

v l/3 


-x 2/3 

2* 


Diverges by Theorem 8.10 


Converges by Theorem 8.10 
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OO 


14. 2- 

n = 1 


n 


3_ 

5/3 


Convergent p-series with p 



16 - 


Convergent p-series with p = 2 > 1 


18. 2 


,2/3 


Divergent p-series with p = 3 < 1 


20 . ^ 


Convergent p-series with p = tt > 1 


22 . 


^ 2 2 2 2 
2 ^ - T + 2 + 3 + " ' 


$1 = 2 


5 2 = 3 

5 3 « 3.67 


Matches (d) 

Diverges — harmonic series 


„„ S 2 „ 2 2 

24. V — — 2 + — - + — 2- + • * 

,-e, n 2 2 2 3 2 


51 = 2 

5 2 = 2.5 

5 3 « 2.722 
Matches (c) 

Converges — p-series with p = 2 > 1. 


26. (a) 


ft 

5 

10 

20 

50 

100 


3.7488 

3.75 

3.75 

3.75 

3.75 


o il —1 11 


The partial sums approach the sum 3.75 very rapidly. 


ft 

5 

10 

20 

50 

100 

s„ 

1.4636 

1.5498 

1.5962 

1.6251 

1.635 



The partial sums approach the sum 


7 T~ 
~6 


1.6449 slower than the series in part (a). 


28. !(*) = £ n X = Tj 

n = 1 n = 1 n 

Converges for x > 1 by Theorem 8.1 1. 


30. 2 

n = 2 


In n 


” 2 't 7 ’ 

If p = 1, then the series diverges by the Integral Test. Ifp # 1, 


roo . r< 

In* , 

— — dx = 

yP 

J2 X J2 


dx = x p In x dx = 


r~P+ 1 


J2 J2 

Converges for — p + 1 < Oorp > 1. 


(-p + l) 2 


[— 1 + (— p + 1) In x] 


. (Use Integration by Parts.) 


32. A series of the form — - is a p-series, p > 0. 

n = 1 nJ 


34. The harmonic series ^ 


The p-series converges if p > 1 and diverges if 0 <p < 1. 
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36 . From Exercise 35, we have: 

0 < S - S N < fix) dx 

JN 

J 'oo 

fix) dx 

N 

N N f 

X a n ^ S ^ X a n + 

n = 1 n = 1 J A 


fix) dx 


38 . S 4 — 1 + X + 7 + 7 


1.0363 


'OO J 

.4 


—^dx = 


1 

4a 4 


0.0010 


1.0363 < ^ — < 1.0363 + 0.0010 = 1.0373 


4 °' 5l0 2 (In 2) 3 + 3(ln 3) 3 + 4(ln 4) 3 + 

1 


11 (In ll) 3 


1.9821 


'OC 

JlO 


dx = 


{x + l)[ln(x + l)] 3 L 2[ln(.r + l)] 2 


10 2(ln ll) 3 


0.0870 


1.9821 < ^ 


1 


in + l)[ln(n + l)] 3 


< 1.9821 + 0.0870 = 2.0691 


42 . S. — — ! — ; 1 — ; 1 — t~ 0.5713 
e e~ e e 


r ° ° 

r i 

II 

* 

1 

l 

1 

X 

J 4 

L J 


0.0183 


0.5713 < ^ e ~" ^ 0.5713 + 0.0183 = 0.5896 


Jn x i/: 


44 . 0 < R n < | -^dx = 


N -'/ 2 < 0.0005 
VN > 2000 
N > 4,000.000 


2 

~ x 1 / 2 


Vn 


< 0.001 


JA 


46 . Rn < e x / 2 dx = 


- 2e~ x ! 1 


< 0.001 


< 0.001 

e N ' 2 > 2000 
N 

- > In 2000 
2 

N > 2 In 2000 = 15.2 
N > 16 


48 . R„ < 


f 


x 2 + 5 


dx = 2 


1 / 

' A \ 

— arctan 

75 \ 

,75/ 




Y — arCtail y ^^ J < 


1.56968 < arctan| 
N 


( N \ 

{Vs) 


> tan 1.56968 


75 

N > 2004 


n 

JlO xP 


50 . (a) — dx — 

x p 


(b) = 7 


x -p+ 1 


L —p + i J io (p — i)io p 


— -p > i 


R lo ip) = 7 — < Area under the graph of/ over the interval [10, oo) 
rr 1 , , n p 


(c) The horizontal asymptote is y = 0. As n increases, the error decreases. 


52 - 2> = 2> 


n 2 — 1 


§ In (,i + 1)( ” ^ = § [ln(w + 1) + In (n - 1) - 2 In n] 

n = 2 n n = 2 


= ltr3 + hrf — 2 In 2) + (hr4 + in 2 - 2 4tr3) + (la-5 + la-5 - 24ir4) + (hr6 + la-4 - 24rr5) 


+ (lm7 + lm5 - 24tr6) + (ItrS + hr6 - 24ir 7) + (la-9 + hrT - 24rr8) + ■ ■ ■ = -In 2 
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54 . 2 


= 2 njn 2 — 1 
Let f(x) = 


1 


x^/x 2 — 1 

/is positive, continuous, and decreasing for* > 2. 


77 77 

I ” 7 


'OO j 

. clx = 

r -| 

arc sec x 

J 2 xv x — 1 

_ 


Converges by Theorem 8.10 


GO ] 

56 ‘ 3 2 n 0.9S 
n= 1 " 

p-series with p = 0.95 
Diverges by Theorem 8.1 1 


58 . £ (1.075)” 

n = 0 






62 . 


oo 

2 M't) 

n = 2 


Geometric series with r = 1.075 
Diverges by Theorem 8.6 


Since these are both convergent lim ln(n) = oo 

p-series, the difference is conver- 
gent. Diverges by Theorem 8.9 


64 . § ^ 

n = 2 n 


t h \ 1 n* 

Let f(x) = — p. 

/is positive, continuous, and decreasing forx > 2 since /'(v) = 


ro° , 

\nx 

In x 

OO 

1 f°° 1 , In 2 

1 ~ 

— t - ax = 

k x 

2x 2 _ 

2 


4 . t 2 _ 


Converges by Theorem 8.10. See Exercise 14. 


< 0 for.* > 2. 

+ — (Use Integration by Parts.) 
16 


Section 8.4 Comparisons of Series 

2 ’ (a) I i ^ = 2 + 7I + "' Sl = 2 

y 4 = ^ + ^ + . . . 5 «33 

(b) The first series is a p-series. It diverges (p = \ < l). 

(c) The magnitude of the terms of the other two series are greater than the corresponding 
terms of the divergent p-series. Hence, the other two series diverge. 




(d) The larger the magnitude of the terms, the larger the magnitude of the terms of the 
sequence of partial sums. 
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1 J_ 

3n 2 + 2 3 n 2 

Therefore, 


6. — J for n > 2. 
Jn — 1 Jn 

Therefore, 


3n 2 + 2 

converges by comparison with the convergent p-series 

1 00 1 


n = 2 Jn ~ 1 

diverges by comparison with the divergent p-series 

CO I 

Y — . 

n = 2 


Therefore, 

oo 

converges by comparison with the convergent 
geometric series 


Jn 2 + 1 n 3/2 

Therefore, 

OO J 

,i?i Jn 3 + 1 

converges by comparison with the convergent p-series 


A n 3 / 2 ' 

n = 1 ,L 


„ l l 

12. pr > — 

4 An — 1 4 Vn 

Therefore, 


Y — 

„A,44/m - 1 

diverges by comparison with the divergent p-series 

lfl 1 

4 „=! 


„ , 4" 4" 

14. t > — 

3” - 1 3" 

Therefore, 

oo An 

Zj T.n _ 1 

n=\ J 1 

diverges by comparison with the divergent geometric series 

(s) ■ 


2/(3" — 5) 2-3" „ 

16. lint —7- = ltm . = 2 

«-> 00 1/3" h — >00 3" - 5 

Therefore, 


18. lim 3 ^ v/ ' i2 4 = lim 3 ” = 3 

n^oo 1 /n n-> 00 — 4 

Therefore, 


00 9 

^3^5 

n=l D J 

converges by a limit comparison with the convergent 
geometric series 

oo / I \n 

,?,(;) - 


diverges by a limit comparison with the divergent 
harmonic series 


5n - 3 

n 2 — 2n + 5 .. 5 n 2 — 3 n 

20. lim = lim -p = 5 

l/n «-»oo n~ — 2n + 5 

Therefore, 

S 5 n - 3 
„-“i n 2 — 2n + 5 

diverges by a limit comparison with the divergent p-series 


22. lim 


n(n 2 + 1) 


Therefore, 


K = t »(« 2 + 1 ) 

converges by a limit comparison with the convergent 
p-series 

OO 1 

I? 

n = 1 n 
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,. ,■ «/[(« + 1)2" '] .. n 

24. lim , = lim = 1 

n—>oo 1 /(2" ) n—>oo H i I 

Therefore, 


26. lim 5/( ” + = lim %= 

«->oo 1 fn »-» oo n + vn 2 + 4 

Therefore, 


A (n + 1)2"- 1 

converges by a limit comparison with the convergent 
geometric series 

CO / 1 \ «— 1 


y , 

= i n + y« 2 + 4 

diverges by a limit comparison with the divergent 
harmonic series 


28. lim tM ^ ) = lim ( ~ 1 /»"> s f c ;d /») = lim sec2 (T = , 


Therefore, 


n-> oo \n 




diverges by a limit comparison with the divergent p-series 


3°. £ 5 -j 

«=o ' 

Converges 


Geometric series with r = — ; 


32. £ 


„= 4 3 n 2 -2n-15 


Converges 

OO | 

Limit comparison with ^ — 




- (j ~ I) + (5 “ i + J " 5 + 


Converges; telescoping series 


36. £ 


n=i «(« + 3) 

Converges; telescoping series 


Y (- — 

« = 1 \n « + 3 


38. If j < k — 1, then k — j > 1. The p-series with p — k — j converges and since 

n—>oo \ / Yl K J 


00 r(/l) 

the series ^ ^ conver g es by the limit comparison test. Similarly, if j > k — 1, then k — j < 1 which implies that 

^ An) 

n=\ Q(n ) 

diverges by the limit comparison test. 


„„ 1 1 1 1 1 
40 -3 + 8 + 15 + 24 + 35 + 


00 


which converges since the degree of the numerator is two 
less than the degree of the denominator. 


diverges since the degree of the numerator is only one less 
than the degree of the denominator. 


m | (N 
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n 1 

44. lim = lim — -j- = lim n = oo # 0 

n ^oo In ft ^ oo 1/ ft n ^ oo 

Therefore, 


OO 

2 


n = 2 


l 

In n 


diverges. 


46. See Theorem 8.13, page 585. 
One example is 


OO j 

2 . diverges because lim 

n = 2 V n ~ 1 


1 /n/m — 1 

1 /Vn 


1 


and 


48. This is not correct. The beginning terms do not affect the 
convergence or divergence of a series. 

In fact, 

11 oo i 

Togo + Tool + = diverges (harmonic) 



diverges (p- series). 


and 

11 °o i 

1 + — + — + • • • = 2 ~ converges (p-series). 
4 9 n =i n 


50. 


1 1 1 
200 + 210 + 220 


+ ■ • 


diverges 


OO | 

„?,,200 + I Orf 


52. 


1 1 1 
201 + 208 + 227 


+ 


1 

264 


+ ■ ■ 


converges 


OO j 

200 + n y 


oo J oo ] 

54 (a) Si ( 2 « - l ) 2 = Si *» 2 - 4 ii + 1 

converges since the degree of the numerator is two less than the degree of the denominator. (See Exercise 38. ) 


ft 

5 

10 

20 

50 

100 


1.1839 

1.02087 

1.2212 

1.2287 

1.2312 


(c) 2 

n — ; 
oc 

(d) 2 


^(2n^TP = f- S ^°' 1226 


„^o(2«-l ) 2 ^ °'° 277 


56. True 


58. False. Let a n = 1 /n, b n = 1/n, c n = l/n 2 . Then, a n < b n + c n , but 2 c n converges. 


60. Since 2 a „ converges, then 2 a n a n ~ 2 

n = 1 n = 1 n = 1 

converges by Exercise 59. 


62. ^ converge, and hence so does Aj = X ~ 4 ‘ 


64. (a) 2 a « = X ^3 and 2 b « = X “ 2 - Since 

lim t 2 - = lim = lim — = 0 and V -7 

n—>oo b n n^oo 1/ft n^oo Yl ^ ft 


( b ) 2 = X and 2 b >< = 2 since 


lim — 2 = lim / = lim Vn = 00 and V — 

w-^nn h «-»nn ] j fl 77 


converges, so does 2 “ 3 . 


diverges, so does 2 
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Section 8.5 Alternating Series 

^ (— 1)"“ 1 6 _ 6 6 6 
• h n 2 “ I ” 4 + 9 “ 

S x = 6, S 2 = 4.5 

Matches (d) 



10 

2 



5! =5,S 2 = 3.75 


Matches (a) 



(c) The points alternate sides of the horizontal line that represents the sum of the series. The distance between successive 
points and the line decreases. 

(d) The distance in part (c) is always less than the magnitude of the next series. 




(c) The points alternate sides of the horizontal line that repre- 
sents the sum of the series. The distance between succes- 
sive points and the line decreases. 

(d) The distance in part (c) is always less than the magnitude 
of the next series. 



(- 1) ,, + 1 n 
2 n - 1 


lint 


n 

2 n - 1 


1 

2 


Diverges by the nth Term Test. 


OO 


12 . £ 

n = 1 


(-1)" 
In (n + 1) 


1 I 

“ ln(« + 2) < ln(n + 1) ~~ ° n 

lim | / 1 , n = 0 

n—>oc ln(n + 1 ) 

Converges by Theorem 8. 14 


OO 

14 - 2 


n= 1 


(- l) l, + ‘n 
n 2 + 1 


fl " + 1 (n + l) 2 + 1 < n 2 + 1 a " 


OO 


16 . 2 

n = 1 


(— 1)' ! + l n 2 
n 2 + 5 


lim 

n->oo n + 5 


= 1 


n 

lim —z = 0 

ti^oo n + 1 


Diverges by nth Term Test 


Converges by Theorem 8.14 
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18 g (-l) ,, + 1 ln(» + 1) 


77+1 


GO 1 

20. y - sin 

n 


(2 n — 1)7 


= 2 


(-D" 


H(n + 1 ) + 1 ] . 1 17(77 +1) 

a n , , = — 7 — — < — ror n > 2 

" + 1 {n + 1) + 1 72+1 

lim ln(^ = Um V(22+i) =0 

«— »oo VI + 1 n — >oo 1 


Converges; (see Exercise 9) 


Converges by Theorem 8.14 


22. ^ — COS YITT = ^ 


(- 1 )” 


Converges; (see Exercise 9) 


„ r ^ (— 1)" + 1 n /m 

26 - 27 v= — 


72 1/2 

lim -n: = lim 72 1 / 6 = oo 

n—>oo Yl ' n—> oo 

Diverges by the nth Term Test 


oo 

24. 2 


(- 1)' 1 


%(2n + 1 )! 


" + 1 (271 + 3)! (272 + 1)! 

lim T- 1 TTT = 0 

n—>o o ( 2n + l) ! 

Converges by Theorem 8.14 


2g f 2(— l)” + 1 = S (— l) l, + 1 (2e'') 

‘ „4 e" + e-- 4 « 2 " + 1 

Let/(x) = ,4 . Then 

+ 1 


/'(•*) = iy ] < 0 forx > °- 

Thus,/(.v) is decreasing for x > 0 which implies 
a , < a„. 


lim 


2e" 


2e" . 1 

= lim — v" = lim — = 0 


The series converges by Theorem 8.14. 


6 A(— + 1 

30. S 6 = y A ' TV = 2.7067 


ii =i ln('7 + 1) 


R, =\S- SA <a 7 = 


In 8 


1.9236; 0.7831 < S < 4.6303 


6 (_\\n+\„ 

32 - ^6= — = 0 - 1875 


\R 6 \ = |S - S 6 | < a 7 = -j « 0.05469; 0.1328 < 5 < 0.2422 


34 f t 1 )! 

4, 2"77! 

(a) By Theorem 8.15, 

All - a N+l ~ 


1 


< 0.001. 


2 N+1 (N + 1)! 

This inequality is valid when N = 4. 

(b) We may approximate the series by 

4o 2" 72 ! 2 + 8 48 + 348 ' 

(5 terms. Note that the sum begins with n = 0.) 


36. ^ 


(- D" 


=0 ( 2 «) ! 

(a) By Theorem 8.15, 


\ r n < a N+ i (2N+2)\ 


< 0 . 001 . 


This inequality is valid when N = 3. 
(b) We may approximate the series by 
_ i _ _ ^ 1 

„4> (2«)! 


= 1 - + + 4- +^ s = 0.540. 
2 24 720 


(4 terms. Note that the sum begins with n = 0.) 
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oo ( 1 \n + 1 

38. y - — - — 

A 4" n 


n= 1 

(a) By Theorem 8.15, 


- ° N+l 4~+i (A? + 1) 


< 0.001. 


This inequality is valid when N = 3. 


(b) We may approximate the series by 

± - 1 - T + A - 0.224. 


4 "n 4 32 192 


(3 terms) 


40. £ 


(_!)« + 1 


By Theorem 8.15, |7? w | < a N+l = ^ + < 0.001. 

This inequality is valid when N — 5. 


oo ( — 1 \n + 1 

42 . y - — 

„=i n + 1 

The given series converges by the Alternating Series Test, 
but does not converge absolutely since the series 

OO 1 

VT 1 


n = 1 « + 1 

diverges by the Integral Test. Therefore, the series 
converge conditionally. 


44. £ 


(- 1)' ! + 1 


,“i tis/n 

OO | OO | 

y — r- — y which is a convergent p-series. 

A,n 3/2 

Therefore, the given series converges absolutely. 


„ ^ (-l)" + 1 (2n + 3) 

46 - 2 — — 


lim — — — = 2 Therefore, the series diverges by the 
n-»oo n + 10 02 

«th Term Test. 


oo / _ 1 \n 

48 ‘ 2^ 


OO I 

I? 

n = 0 e 

converges by a comparison to the convergent geometric 
series 


2 

n = 0 


Therefore, the given series converges absolutely. 


so - 

n= 1 n 

1 . 


y — j-r is a convergent p-series. 


Therefore, the given series converge absolutely. 


52 f 

The given series converges by the Alternating Series Test, but 
1 


54. y (— l)' , + 1 arctan n 


„=o ~Jn + 4 

diverges by a limit comparison to the divergent p-series 

OO 1 

ItTn 

Therefore, the given series converges conditionally. 


lim arctan n = — A 0 Therefore, the series diverges by 

n—>oo 2 

the nth Term Test. 
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^ sin[( 2 n - Dir/2] ^ (-1)" + 1 

^ „ ~ 1 n 

n = 1 n n = 1 n 

The given series converges by the Alternating Series Test, 
but 


58. | S - S „ | = \R„\ < a n + l (Theorem 8.15) 


sin[( 2 n — l)ir/ 2 ] 


= 2 


is a divergent p-series. Therefore, the series converges 
conditionally. 


60. £ 





(Alternating Harmonic Series) 


00 ^ J \n 00 ^ 1 00 | 

62. ^ ( — 64. ^ converges, but ^ - diverges 

n = i n — \ n n _ 1 n 

If p = 0. then 

lim — = 1 

n— » 00 tl p 

and the series diverges. If p > 0, then 

lim — = 0 and 7 77 - < — . 

«-» 00 n p (n + 1 ) ; ’ n p 

Therefore, the series converge by the Alternating Series Test. 


66 . (a) £ 


x" 


converges absolutely (by comparison) for 
— 1 < x < 1 , 
since 


< I*" | and ^ x 11 
is a convergent geometric series for — 1 < x < 1 . 


(b) When x = — 1, we have the convergent alternating series 

(- 1 )” 
n 

When x — 1, we have the divergent harmonic series 

1 
n 

Therefore, 

xf 

n 

converges conditionally for x = — 1 . 


OO 


OO 

2 

n = 1 


00 3 

68 . True, equivalent to Theorem 8.16 70. V — 

+ 5 

converges by limit comparison to convergent p-series 



72. Converges by limit comparison to convergent geometric 

series V—. 

■" 2 " 


74. Diverges by nth Term Test, lim a n 

n — >00 


3 

2 


76. Converges (conditionally) by Alternating Series Test. 


78. Diverges by comparison to Divergent Harmonic Series: 
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Section 8.6 The Ratio and Root Tests 

(2k — 2 )! (2k — 2)\ 1 

’ ( 2 k)\ (2k)(2k - \)(2k - 2)\ (2k)(2k — 1 ) 


1 2 3 3 !(3)(5) 

4 . Use the Principle of Mathematical Induction. When k = 3, the formula is valid since — = — 

1 6 ! 


1 

1 • 3 • 5 • • • (In 

and show that 

1 _ 

1 • 3 • 5 ■ ■ • (2m 

To do this, note that: 


_ 2" n\(2n - 3)(2 n - 1) 

5) “ (2k)! 

2 ,!+1 (m + 1)!(2m - 1)(2k + 1) 

5)(2n - 3) “ (2 k + 2)! 


1 . Assume that 


1 1 1 

1 • 3 • 5 • • • (2k - 5) (2k - 3) ~~ 1 • 3 • 5 • • • (2k - 5) ’ (2k - 3) 


2” n \(2n — ^S)(2n - 

1) 1 


(2k)! 

( 2 »— 3) 

2"n\(2n 

- 1) (2k 

+ 1)(2m + 2) 

(2 n) 

1! (2k 

+ 1)(2h + 2) 

2" (2)(n 

+ 1)k!(2k 

- 1)(2k + 1) 

(2k)! (2k + 1)(2k + 2) 

2” +l (n 

+ 1)!(2m - 

1)(2k + 1) 


(2k + 2)! 


The formula is valid for all n > 3. 


6 - 2 



3 9 

4 + 16 


+ ■ 


8 - 2 


(-l )”" 1 4 
(2k)! 


4 _ _4_ 

2 24 + ' ' ' 


S, = 7 ,S, « 1.03 
i 4 2 

Matches (c) 


5 ! = 2 
Matches (b) 


10. ^4e“" 

n = 0 


4 

4 + - + • • • 
e 


^ =4 
Matches (e) 


12 . (a) Ratio Test: lint 


lim 

n — >oo 


(k + l) 2 + 1 
(n + 1 )! 
k 2 + 1 


n\ 


lim 


(? i 2 + 2k + 2\/ 1 \ 

\ K 2 + 1 / \K + 1/ 


0 < 1. Converges 


n 

5 

10 

15 

20 

25 

S„ 

7.0917 

7.1548 

7.1548 

7.1548 

7.1548 


(c) 



(d) The sum is approximately 7.15485 

(e) The more rapidly the terms of the series approach 0, the more rapidly the 
sequence of the partial sums approaches the sum of the series. 


o 
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oo 'Xn 

»-Xh 


lim 


= lim 

n— » 00 

a„ 

n—>oo 


= lim 


3' !+1 «! 

(77 + 1)! ' 3” 

= 0 


«— 7 oo 77 + 1 

Therefore, by the Ratio Test, the series converges. 


16 - 2 nl 

n = 1 


lim 

n— »oo 


= lim 

n—>oo 


(n + 1)3” +1 2" 

2" + 1 ’ 773' 


3(77 +1) 3 

= lim = - 

»oo In 2 

Therefore, by the Ratio Test, the series diverges. 


18. Yf- 

Zj 

n=l- 


lim 

n—> oo 


a „ + 1 

a„ 


= lim 

n— >oo 


= lim 

n—> oo 


( n + l) 3 /2” + l 
n 3 / 2" 


(77 + l) 3 


2 n 3 


Therefore, by the Ratio Test, the series converges. 


S (~1 )” +1 (n + 2) 
k n(n + 1) 


77 + 3 


77 + 2 

< — r = a„ 


" +1 (77 + 1 ) (72 + 2) 77(7; + 1) 

77 + 2 

Itm , ~ = 0 

n — >00 n\n + 1 ) 

Therefore, by Theorem 8.14, the series converges. 


Note: The Ratio Test is inconclusive since lim 
The series converges conditionally. 


a„ 


= 1. 


22 . ^ 




lim 

«* + i 

= lim 

«— >00 


n—>oo 


(3/2)" -* 


7 2 + 277 + 1 (3/2)'' 


= lim 


377“ 


= - > 1 


n — 7 co 2(77“ + 2 n +l) 2 

Therefore, by the Ratio Test, the series diverges. 


74 - 2 ^ 


lim 

«» + i 

= lim 

rt— » OO 

a„ 

n—>oo 


(2n + 2)! _ 77 5 

(77 + l) 5 (277)! 


(277 + 2) (277 + l)77 5 
= lim 7 -tt = 00 


00 (n + l) 5 

Therefore, by the Ratio Test, the series diverges. 


00 

26. 2 


lim 

a „+i 

= lim 

n — >00 

a„ 

n—>oo 


(77 + l)" + 1 7i! 


(77 + 1)! 7; " 


(n + 1)(tz + l)"7i! 
«— 700 (7: + 1)77177" 

.. (n + IV 
= lim = e > 1 


n—>oo \ n 

Therefore, by the Ratio Test, the series diverges. 


28. ^ 


(77l) 2 


„=o (3«)! 


lim 

n — >00 


a n+ 1 

= lim 

«» 

n — >00 


[(77 + 1) !] 2 (377)! 


(377 + 3)1 ( 77 1) 2 

= .. (n + l) 2 n 

n -> 00 (377 + 3) (377 + 2) (377 + l) 
Therefore, by the Ratio Test, the series converges. 


OO 

30. § 


n = 0 


( — 1)” 2 4 " 
(In + 1)1 


lim 

«*+i 

= lim 

n— »oo 


n — >00 


24n + 4 
(277 + 3)1 


(277 + 1)1 
2 4 " 


lim 

n — >00 


2 4 

(2n + 3)(2n + 2) 


= 0 


Therefore, by the Ratio Test, the series converges. 



Section 8.6 The Ratio and Root Tests 391 


S (- 1)" 2 • 4 • 6 ■ ■ -2 n 
h 2 • 5 • 8 • • • (3 n - 1) 


lim 

a „ + i 

= lim 

71—400 

a„ 

71— »00 


2 • 4 ■ 

• • 277(277 + 2 ) 

2 • 5 • • 

• (377 - l)(3n + 2) 


2 • 5 • • 

• (3n - 1) 

2 • 4 • 

• • 2 n 


lim 


2 n + 2 

3 n + 2 


2 

3 


Therefore, by the Ratio Test, the series converges. 

2 2-4 

Note: The first few terms of this series are — — + - — - 

2 2-5 


2-4-6 

2-5-8 


+ • • • 


34 . (a) 2 - 4 

n= l n 


lim 

«»+l 

= lim 

71 — >00 

«B 

71— 4 00 


l ^ 

(n + l) 4 ’ 1 


= lim 


n 

77+1 


= 1 


(b) ^ 


lim 

°«+i 

= lim 

71^0° 


71— 4 00 


l n p 
(n + I)'' ’ 1 


= lim . 

n^>°° \ n + i 


= 1 



Therefore, by the Root Test, the series diverges. Therefore, by the Root Test, the series diverges. 


40 . £ 


lim yifll = lim _«/— = — 

/i — 700 «-> oo v e" e 

Therefore, by the Root Test, the series converges. 


42 . £ 


77+1 


,, , In +1 i/n + 1 

lim ty\a„\ = lim v/ = lim 

j n— 4oo j 

Let y = lim l/x + 1 

n — >oo 

lny = lim (ln l/x + l) 

n— 4oo 

= lim — ln(jr +1) 

71—4 OO X 

= lim = — 3— = o, 

n—>oo X X + 1 


44 - sHsi 

71 = 1 n 71 = 1 n 

This is the divergent harmonic series. 


Since ln y = 0, y = e° = 1, so 

n + 1 1 

lim = — . 

71 — >CO 3 3 


Therefore, by the Root Test, the series converges. 
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n 
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66. Replace n with n + 2. 


oo nn oo on + 2 

^ 

„ = 2 ( n — 2) ! n\ 


70. See Theorem 8.18. 


6 „ S (—3)* = S j~3) k 2 k k\ 

•^ c 1-3-5...(2H1) *=0 (2k)\(2k + 1) 


(2k + 1)! 


« 0.40967 


(See Exercise 3 and use 10 terms, k = 9.) 


72. One example is ( — 100 H — 1. 


74. Assume that 

lint \a n+l /a n \ = L > 1 or that lim \a n+ Ja n \ = oo. 

n—>oo n— >oo 

Then there exists N > 0 such that \a n+l /a n \ > 1 for all n > N. Therefore, 
K, + il > |«„|> n > N => lim a n + 0 => ^ a n diverges 


76. The differentiation test states that if 

OO 

l U n 

n = 1 

is an infinite series with real terms and/(x) is a real function such that/(l/n) = U n for all positive integers n and d 2 f/dx 2 
exists at x = 0. then 

OO 

2". 

n= 1 

converges absolutely if/(0) = /'( 0) = 0 and diverges otherwise. Below are some examples. 

Convergent Series Divergent Series 


2 3 ./(*) = • 


1 — cos -),/(*) = 1 — cos* 


2-’/w = 


^ sin— ,/(x) = sinx 


Section 8.7 Taylor Polynomials and Approximations 


2. y = |x 4 — ^x 2 + 1 
y-axis symmetry 
Three relative extrema 
Matches (c) 


6. f(x) = = 4 -*“ 1/3 /(8) = 2 

v* 

/'(*) = -|x“ 4 / 3 /'(8) = 

P^x) =/(8) +/'(8)(x - 8) 

= 2 + (■ h) {x “ 8) 


4. y = e 1/,2 [y(x — l) 3 — (x — 1) + 1] 
Cubic 

Matches (b) 
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Pfx) = 2x + 1 - ^ 


10. fix) = sec x 

fix) = sec .v tan x 
f"(x) = sec 3 x + sec x tan 2 x 

f jM ■/(?') +/M--T) + 


/ f - V2 


/If - V2 


/"(jj - 3V2 

. „/ 7r W 7i ~\ < f" W4) ( _7 T 

2 V 4 


P 2 (.v) = 72 + T^y - j) + - J 




-2.15 

0.585 

0.685 

tt/4 

0.885 

0.985 

1.785 

/(■*) 

-1.8270 

1.1995 

1.2913 

1.4142 

1.5791 

1.8088 

-4.7043 

p 2 (- y) 

15.5414 

1.2160 

1.2936 

1.4142 

1.5761 

1.7810 

4.9475 


12. fix) = xV,/(0) = 0 

(a) fix) = (y 2 + 2x)e x f\ 0) = 0 

f\x) = (y 2 + 4y + 2)e x f"( 0) = 2 

f"\x) = (y 2 + 6y + 6 )e x f"\ 0) = 6 

/ (4) (y) = (y 2 + 8y + 12)e* / (4, (0) = 12 

fix) = 77- = x 2 


P 3 ( x) = Y 2 + — = Y 2 + Y 3 


4^ 

II 

, 12y 4 

+ x + ^T = 

* 

1 

II 

3 

Tt 

t-H 

ii 

o' 

*7 

3 

II 

1 

1 

X 

m = - 

K 

1 

II 

/'to) = 1 

f"'(x) = 

no) = - 

/ <4 ) (y) = e~ x 

/ (4) ( 0) = 1 

/ ,5 , (y) = -e _A 

/ (5) (o) = - 


(b) , i 



L. 

r,j 



(c) /to) = 2 = P 2 "(0) 
f{0) = 6 = P 3 "(0) 
/ (4) (0) = 12 = P 4 (4) (0) 

(d) f\o) = pfK o) 


P 5 (y) =/(0) +/'(0)y + ^y 2 + 


-«y 3 + «.y 4 + »y 3 =1-y + ^ 


3! 


4! 


5! 



120 
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16 . f(x) = e 3x /( 0) = 1 

fix) = 3e 3 * f(0) = 3 

f\x) = 9e 3 * /"(0) = 9 

f'Xx) = 21e 3x f"\0) = 27 

/< 4 >(x) = 81e 3r / (4) (0) = 81 


Q ?7 8 1 Q Q 97 

^ 4 (*) = 1 + 3x + ;^X 2 + + — X 4 = 1 + 3x + -x 2 + -x 3 + y X 4 


18. /(x) — sin 77 x /( 0) = 0 

f\x ) = 77 cos ttx /'(0) = 77 

f\x) — 7T 2 sin 7T x /TO) = 0 

f'Xx) = — TT 3 COS 77 X /'TO) = — 7T 3 


P 3 (x) = 0 + 7TX + ~y X 2 + yy - 


TT 3 


- = IT X — * 

6 


20. fix) = x 2 e x /( o) 

/'(x) = 2xe _JC — x 2 e _JC /'(0) 

/Tx) = 2e _t — 4xe _r + x 2 e~ x /TO) 

/'Tx) = —6e~ x + 6xe~ x — x 2 e~ x /'TO) 

/< 4 >(x) = 12e _Jl; — 8xe“* + x 2 e _Jl; /^(O) 

P 4 (x) = 0 + Ox + /rx 2 + x 3 + -77 x 4 


2 ! 

v3 4 - I v4 
2 ' 


3! 


4! 


0 

0 

2 

-6 

12 


22. f(x) 

= x = x+l ~ l =i (x+D- 

X + 1 X + 1 

/( 0 ) = 0 

fix) 

= (x + l)- 2 

II 

"3 

fix) 

= — 2(x + I )- 3 

/"(o) = -2 

fix) 

= 6(x + I)” 4 

/no) = 6 

f 4 \x) 

= — 24(x + 1)“ 5 

nx 0 ) = -24 

P 4 (x) - 

= 0 + l(x) — \x 2 + 7 X 3 — ““X 4 = x — 
w 2 6 24 

X 2 + X 3 — -X 4 


24. /(x) = tanx /( 0) = 0 

/'(x) = sec 2 x /'(0) = 1 

/"(x) = 2 sec 2 x tan x /"( 0) = 0 

/"'(x) = 4 sec 2 x tan 2 x + 2 sec 4 x /'"( 0) = 2 


P 3 (x) - 

= 0 + l(x) 

+ 0 + 4 3 = 
6 

: x + 

/(*) 

= 2x -2 

m = 

1 

2 

fix) 

= — 4x -3 

/'( 2) = 

1 

2 

fix) 

= 12x“ 4 

/"(2) = 

3 

4 

fix) 

= — 48x -5 

/"'W = 

3 

2 

f 4 \x) 

= 240x~ 6 

/ (4) W = 

15 

4 

Pfx) 

= ' - ' (x 
2 2 V 

- 2) + |(x 

~2) 2 


32 


Cv - 2) 4 
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to 

00 

II 

xt/s 

/(8) = 

2 



30. /(x) = 

X 2 cos X 

/(if) 

= — 77 2 

fix) = 

|x- 2/3 

/'(8) = 

1 

12 



/'(■*) = 

cos x — x 2 sin x 

/'(if) 

= —277 






fix) = 

2 cos x — 4x sin x — x 2 cos x 

/'(if) 

= — 2 + 77 2 

fix) = 

-2-5/3 

9* 

/"(8) = 

1 

144 


Psix) = 

; 7r 2 2 tt{x 7 r) + 2 


‘ 7r) 2 

rw = 

— v -8/3 

27 

/"'(8) = 

10 

27 

1 

‘ 2 8 = 

5 

” 3456 





P 3 (x) = 

2 + ^- 

-8) — 

288 

ix 

-8) 2 

+ 20,736 ^ 








fix) = 
f"(x) = 
f"(x) = 
f 4 \x) = 


— 2x 

(x 2 + l) 2 

2(3x 2 - 1) 

(jc 2 + l) 3 

24x(l — x 2 ) 

( x 2 + l ) 4 

24(5x 4 - 10x 2 + 1) 


(x 2 + l) 5 

(a) n = 2, c = 0 

, —2 
P 2 (x) = 1 + Ox + -yy X 2 = 1 — X 2 



(b) n = 4, c = 0 

— 2 0 24 

P 4 (x) = 1 + Ox + -yyx 2 + xc 3 + x : 4 = 1 — x 2 + x 4 


(c) n = 4, c — 1 

Qjx) = | + - 1) + ~~p~(x ~ 1 ) 2 + ~y(x - l) 3 + — jy-(x - l) 4 = y ~ y(x - 1) + y(x - l) 2 - y(x - l) 4 


34. /(x) = In x 
Pj(x) = x — 1 

P 4 (x) = (x - 1) - ^(x - l) 2 + |(x - l) 3 - \(x - l) 4 


X 

1.00 

1.25 

1.50 

1.75 

2.00 

In x 

0.0000 

0.2231 

0.4055 

0.5596 

0.6931 

P,(x) 

0.0000 

0.2500 

0.5000 

0.7500 

1.0000 

Pfx) 

0.0000 

0.2230 

0.4010 

0.5303 

0.5833 


(c) As the distance increases, the accuracy decreases. 



36. (a) /(x) = arctanx 
Psix) = x - y 


* 

-0.75 

-0.50 

-0.25 

0 

0.25 

0.50 

0.75 

fix) 

-0.6435 

-0.4636 

-0.2450 

0 

0.2450 

0.4636 

0.6435 

Psix) 

-0.6094 

-0.4583 

-0.2448 

0 

0.2448 

0.4583 

0.6094 








Section 8.7 Taylor Polynomials and Approximations 397 



42. 


fix) = x 2 e x ~ x 2 — x 3 + ^ x 4 


f\ 7 


0.0328 


44. f(x ) = X 2 COS X ~ — TT 1 — 2 tAx 



« -6.7954 



46. fix) = e t ;/ ,6 '(jr) = e x => Max on [0, 1] is e l . 
e 1 

RJx) < — (l) 6 « 0.00378 = 3.78 x 10“ 3 
6 ! 


48. fix ) = arctanx;/ (4) (x) = 


24x(x 2 + 1) 


(1 - x 2 ) 4 

=>Max on [0, 0.4] is/ (4) (0.4) « 22.3672. 
R 3 (x) < ^|p(0.4) 4 ~ 0.0239 


50. fix) = e 1 
f( n+1 \x) = e r 

Max on [0, 0.6] is e 06 = 1.8221. 
1.8221 


R„ < 


( 0 . 6 )" + 1 < 0.001 


{n + 1)! 

By trial and error, n = 5. 


52. f{x) = cos(7rx 2 ) 


r 2 y6 

g(x) = cos* = 1 - - + - - - + 


fix) = g(l TX 2 ) 

= 1 


(tw 2 ) 2 + (t tx 2 ) 4 _ (to : 2 ) 6 + _ _ 


2 ! 


4! 


6 ! 


tt 2 x 4 tt 4 * 8 7T 6 .* 12 

= 1_ ^r + ^ 6r + 


/( 0 . 6 ) = 1 - ( 0 - 6) 4 + ^( 0 . 6) 8 - f ^( 0 . 6) 12 + ■ 

Since this is an alternating series, 
if" 


R " ~ a,, + 1 ( 2 n)\ 


( 0 . 6 ) 4 " < 0 . 0001 . 


54. 


fix) = sin x = x - — 


l* 3 (*)| = 


sm; 4 
4! X 


\x \ 

< J — 1 < 
4! 


x 4 < 0.024 
\x\ < 0.3936 
-0.3936 < x < 0.3936 


By trial and error, n = 4. Using 4 terms /(0. 6) ~ 0.4257. 


0.001 
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56. /(c) = P 2 (c),f\c) = P 2 '(c), and /"(c) = P 2 "{c) 


58. See Theorem 8.19, page 611. 


60. 



62. (a) P s (x) = x - jy + jy for f(x) = sin x 

X 2 Y 4 

Ps'(x) = 1 — + 

This is the Maclaurin polynomial of degree 4 for 
g(x) = cos x. 

(b) Q 6 (x) = 1 - y + for cos x 

QM = — + fy — fr = ~ p ^ 

y 2 r 3 r 4 

(c) R(x) = 1 + x + - + - + - 

R'(x) = 1 + x i 

The first four terms are the same! 


64. Let/be an odd function and P n be the n™ Maclaurin polynomial for/. Since/is odd,/' is even: 
fX-x) = lim f( ~ X + h) 1 ~ f( ~ x) = lim = lim + (~h)) ~f(x) = 

J A->0 /l M /l M — /i 4 

Similarly, /"is odd, /'"is even, etc. Therefore, /,/",/ (4) , etc. are all odd functions, which implies that/(0) = f\0) = 
Hence, in the formula 


P„ix ) = /( 0) + /'(0)x + - + 


all the coefficients of the even power of x are zero. 

/%) 


66. Let P n (x) = a 0 + afx — c) + a 2 (x — c) 2 + ■ • • + a n (x — c) n where = 

P„(c) = a 0 = /(c) 

For 1 < k < n, P„«(c) = a n k\ = = / W (c). 
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= o. 


2. Centered at 0 


4. Centered at tt 


6- f (2x 


L = lim 

n—¥ oo 


2\x\ < 1 


U n + 1 


= lim 

n—>oo 


(2. x )" +1 

(2x)” 


R ~ 2 


0 « (- l)"x" 


9 n 

77 = 0 Z 



2|x| L = lim 

11 n + 1 

= lim 

77— >00 

K 

77 — >00 

|w<i 

=> R 

= 2 


(-l)" + 1 .x" + 1 2" 


2" + * (— l)"x"| 
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10 . £ 


(2m) \x 2n 


L = lim 

n—>oo 


U, n + 1 


= lim 

n—>oo 


= lim 

n—>oo 


(2 n + 2 )\x 2 " + 2 /(n + 1)! 


(2n)\x 2n /n\ 

(2 n + 2) (2m + l)x 2 

in + 1 ) 


The series only converges at x = 0. R = 0. 



Since the series is geometric, it converges only if 
\x/k\ < 1 or — k < x < k. 


14. ^(-l)" + 1 (n + l)xr 

n = 0 


lint 

n—* oo 


+ 1 


= lim 

n — »oo 


= lim 

n—>oo 


(-1 )” + 2 {n + 2)x" + 1 


(- 1 ) n (n + l)x" 
(n + 2)x\ 


n + 1 


Interval: — 1 < x <1 

OO 

When x = 1, the series ^ (— l) n + 1 (w + 1) diverges. 

n = 0 
oo 

When x = — 1, the series ^ — (n + 1) diverges. 

n = 0 

Therefore, the interval of convergence is — 1 < x < 1 . 
(-I)"*" 


18. £ 


n=0 (« + 1 )(« + 2) 


lim 

U n + 1 

= lim 

n—> oo 

U n 

n — >oo 


(— l)” + 1 jr' !+1 (h + l)(n + 2) 


|(n + 2)(n + 3) (—l)" at" 

Interval: — 1 < x < 1 


,, « (3*)- 


lim 

n — >oo 


= lim 

n—> oo 


(3-v)' 1 + 1 (2n)! 


= lim 

n—> oo 


(2 n +1)! (3x)‘ 

3x 


= 0 


| (2m + 2) (2m + 1)| 

Therefore, the interval of convergence is — oo < x < oo. 


= lim 

n — >oo 


(m + l).v 


M + 3 


When x = 1, the alternating series ^2 


(- 0 " 


=o (« + 1)(« + 2) 
1 


converges. 


When v = — 1, the series ^ . converges by limit comparison to ^ 

n=o i n + 1)( M + 2) „ = i 

Therefore, the interval of convergence is — 1 < x < 1. 


20 J ( — 1)” m!(.y — 4)” 


u « + 1 

= lim 

n — »oo 

(— l)" + 1 (n + l)!(.v - 4)" + 1 

3" 

= lim 

n—> oo 

(n + l)(.r — 4) 

U n 

3" + 1 

(— 1)" m!(jc — 4)" 

3 


R = 0 

Center: x = 4 

Therefore, the series converges only for x = 4. 
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22. f 


(x — 2)" 


%{n + 1)4” + 1 


lim 

u n + 1 

= lim 

n— »oo 

U n 

n— »oo 


(x — 2)" +2 (n + l)4" + 1 


\(n + 2)4" + 2 (x — 2) n+1 

R = 4 

Center: x — 2 

Interval: —4 <x — 2 <4 or— 2 <x <6 

co ^ | y ! + 1 


= lim 

n—¥ oo 


(x — 2 )(n + 1) 


4 (n + 2) 


= 4+ Y ~ 2 \ 


% (« + !) 


converges. 


When x = — 2, the alternating series ^ 

OO J 

When x = 6, the series V diverges. 

n = 0 ” + 1 

Therefore, the interval of convergence is — 2 < x < 6. 


24 & (-l)" + 1 (x - cY 

2^ _ nr n 


lim 

11 n + 1 

= lim 

» OO 

U n 

n — >oo 


(-l)" +2 (x - c)' !+1 


(n + l)c' !+1 (— l)" +1 (x — c) n 


= lim 

n—> oo 


l(x — c ) 


c(n + 1) 


= - X - c 

c 


R — c 

Center: x = c 

Interval: — c < x — c<c or 0<x< 2c 


OO ] 

When x = 0, the p-series ^ diverges. 


OO ^ + 1 

When x — 2c. the alternating series V converges. Therefore, the interval of convergence is 0 < x < 2c. 


26. £ 


(- 1 )"* 2 ' 


lim 

“n + 1 

= lim 

(-l) n+1 x 2 " + 3 (2/7+1) 

= lim 

(2,7 + 1) 

n— » oo 


n—>co 

(2/7 + 3) (— l)"x 2 " +I 

n— >oo 

(2n + 3) 


R = 1 


Interval: — 1 < x < 1 

OO ^ 

When % = 1, ^ -converges. 

n = o + 1 

OO ( 1 

When x — — 1, ^ — — converges. 

n=Q 2n + 1 

Therefore, the interval of convergence is — 1 < x < 1. 


28. £ 


(— 1)' ! x 2 


30. £ 


n \x n 

(2n)I 


lim 

“n + 1 

= lim 

n— »oo 


n—>co 


(- l) n+I x 2 " +2 

(n + 1)! 


n\ 

(_1)»X 2 « 


lim 

n — >oo 


= lim 

n — >oo 


( n + l)!x" + 1 
(2 n + 2)! 


(2 n)\ 
n !x" 


= lim 

n — »oo 


77+1 


= 0 


= lim 

n — >oo 


{n + l)x 

(2 n + 2)(2n + 1) 


= 0 


Therefore, the interval of convergence is — oo < x < oo. 


Therefore, the interval of convergence is — oo < x < oo. 
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2 • 4 • 6 • • • (2n) ,~ 2n + n 


12 V 

' h 3 • 5 • 7 • • • (2m + 1) 


C* 2 ' 


lim 

ft— » oo 


11 n + 1 

= lim 

ft — >oo 

2 • 4 • • 

• (2m) (2m + 2)x 2n+3 3 • 5 • 

• • (2m + 1) 

= lim 

U n 

3 • 5 • 7 • 

• • (2m + 1)(2m + 3) 2 • 4 • - 

• (2m)x 2 " + 1 

ft— » oo 


(2n + 2)x 2 


(2m + 3) 


R = 1 

When x = ±1, the series diverges by comparing it to 


OO 1 

„Si 2 n + 1 

which diverges. Therefore, the interval of convergence is — 1 < x < 1. 


oo 

14 V _ 

i 

3 

34- 2 \ 

n= 1 1 

• 3 • 

5 • • • (2i 

lim 

11 n + 1 

= lint 

ft— > oo 

U n 

ft— » oo 

R = 2 
Interval: — 

2 < x — 


(n + l)!(x - c)" +1 _ 1 • 3 • 5 • • • (2 m - 1) 

1 • 3 • 5 • - - (2m — 1)(2m + 1) m!(x — c) 


= lim 

ft— > OO 


(m + l)(x — c) 
2m + 1 


= 2 '* " C| 


The series diverges at the endpoints. Therefore, the interval of convergence is c — 2 < x < c + 2. 
m!(c + 2 — c) n _ m!2 2 _ 2 • 4 • 6 • • • (2m) 


1 • 3 • 5 • • • (2m - 1) 1 • 3 • 5 ■ • • (2m - 1) 1 • 3 • 5 • • • (2m - 1) 


> 1 


OO ( — 

36. (a) f(x) = ^ , 0 < x < 10 

ft = 1 nD 

oo ( — iV+lfv — e )\ n ~ 1 

(b) fix) = j? — , 0 < x < 10 

ft = 1 3 

(o m - g ( ~ ‘)" l( " ~ 1)( * ~ 3) '~‘ , o < x < io 

« = 2 D 

r oo (_ An+ifj. _ ^\ft + 1 

,d) lt(„ + 1)5' ■°^ S1 ° 


38. (a) fo) - f ( ll "‘' U — . 1 < j < 3 


OO 

(b) fix) = 2 (- 1 )" +I (* - 2)"- 1 , 1 < x < 3 

ft = 1 
OO 

(c) fix) = ^(-1)" + 1 (» - 1 )ix - 2)"~ 2 , 1 <x <3 

ft = 2 

P 


OO ( I'jft+lfy r )\ n+ 1 

(d) /(x) dx = ^ r— ; , 1 < x < 3 

J ", m(m + 1) 


40. g(2) = 2 

n = 0 


oo / -") \ft 


1 2 4 

= 1 + 3 + 9 + 


°o / 2 

42. gi~ 2) = ^ alternating. Matches (d) 

«=o V 3 ' 


5 1 ! = 1, S 2 = 1.67. Matches (a) 


44. The set of all values of x for which the power series converges is the interval of convergence. 

If the power series converges for all x. then the radius of convergence is R = oo. If the power 
series converges at only c, then R — 0. Otherwise, according to Theorem 8.20, there exists a real 
number R > 0 (radius of convergence) such that the series converges absolutely for |x — c\ < R 
and diverges for |x — c| > R. 


46. You differentiate and integrate the power series term by term. The radius of convergence 
remains the same. However, the interval of convergence might change. 


48. (a) fix) — — oo<x<oo (See Exercise 11) 

M = 0 >l ' 

OO yft — 1 OO yft — 1 OO yft 


2! 3! 


4! 


OO yft y2 y3 y 4 

(c) fix) = 2 '-j- = 1 + X + — + — + ' 

«=1 

/( 0 ) = 1 

(d) fix) = e r 


+ ■ ■ 
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oo ( 1 \n y4rt 

50 ' y - 1 + 2 | 2 2 " n ! • 3 • 7 • 11 ■ • • (4 n - 1) 

, _ S (-l)"4 iu 4 "- 1 

■ V “ A 9 2 ",i! • 3 • 7 • 


A 2 2 "«! • 3 • 7 • 11 • • • (4« - 1) 

^ (—1)” 4n(4H- jg -Tj.\: 4,, ~ 2 _ _ 2 S (- 1)” 4«x 4 ”~ 2 

y - 2 j, 02 n „\ . o . 7 . 1 1 . . . tAn^- ft ~ X 2j02n„\.o. 1 . 


y" + x 2 y = -jc 2 + X 


4 2 2 " n ! • 3 • 7 • 11 • • • (4h— 17 
(-1)” 4«.v 4fl ~ 2 


,~2 2 2 " «! • 3 • 7 • 11 • • • (4w — 5) 


A 2 2 2 " ;t! • 3 • 7 • 11 • • • (An - 5) + 4i 2 2 " n! • 3 • 7 • 11 • • - (An - 1) 


(_ 1 )„ ^ 4 ,, + Z 


+ .r 2 


= 2 


(— 1)" +1 4(m + lk 4,,+2 


(-l)“5x 


Y V V 

4 2 2n+2 (n + 1)! • 3 • 7 • 11 • • • (An - 1) 4i 2 2 ” n\ • 3 • 7 • 11 • • • (4n - 1) 2 2 (n + 1) 


i«+ 1 -y4n + 2 


2 2 (n + 1) 


= 0 


, n = ^ (~\) k x 2k = ^ (~l)*Jf 2 * +1 

lW * 4> 2 2 * + »*!(* + 1) ! 4 2 2 * + »*!(*; + 1) ! 

(— l)* + 1 x 2k+3 2 2k + 1 k\(k + 1)! 


lim 

u k+ 1 

= lim 

k—>oo 

«* 

k—>oo 


\2 2k+3 (k + 1 )\(k + 2)! (~\) k x 2k+l 

Therefore, the interval of convergence is — oo < x < oo. 


= lim 

k—>oo 


(-Ik 2 


2 2 (k + 2 )(k + 1) 


= 0 


ib) j x (x) = 5 


(-d*^ 


Vk) = 2 


4 2 2k+l k\(k + 1!) 
(- 1)*' (2k + lk 2 * 


k = 0 


2 2k+l k\(k + 1)! 


, - x S (~l)*(2fc + l)(2^k 2 *~ 1 
lW 4 2 2k+1 k\(k + 1)! 


“ (-1)*(2*+ l)(2fck 2 * +1 . S (-1)*(2 k+ l)x 2k+l 

x J t + xJ i + k - Ik, = 2 2 2k+l k\(k + 1 )! + A. 


4 2 2k+l k\(k + 1)! 

(— l)*x 2 * + 1 


S (— 1)*t 2 * +3 _ S 

4) 2 2 * + l k\(k + 1) ! 4 2 2 * + l k\(k +1)1 

S (— l)*(2fc + 1)(2 k)x 2k+l x S (— l)*(2fc + lk 2 * +1 

4 2 2k+t k\(k +1)! + 2 + 4 2 2k+1 k\(k + 1)! 


_ x _ S (— l)*k* +1 

2 4 2 2 *- I Jt!(* + !)! 


+ 2 


(- l)*k 


A 2 2k+1 k\(k + 1)! 


= A (— \ ) k x 2k+ \(2k + l)(2fc) + (2k + 1) - 1] v 
.A 7 2k +'k\(k + 111 A 


(- l) k x 2 


2 2k+l k\(k + 1)! 

” (~l) k x 2k+1 Ak(k + 1) “ (~l) k x 2k+3 

~ t A 2 lk+ l k\(k +1)! + 4o 2 2 * + l k\(k + 1)! 

“ ( l)*x 2 * + 1 “ (— l)*.r 2 * +3 

“ 4 Z 2 *- 1 ^ - l)!/t! + 4o 2 2k+1 k\(k + 1)! 


“ 0 2 2k+1 k\(k + 1)! 


= 2 


(-l)* + 1 .r 2 * +3 


+ 2 


(— l)*x 2 


A, 2 2k+1 k\(k + 1) ! 4 2 2 * + 1 fc!(* + 1) ! 


= S (-l)*v 2 * +3 [(-l) + 1] = 
4 2 2k+1 k\(k + 1)! 


(C) P7W= f 18^32- 


(— 1)* +1 2(£ + i)k* +1 


(— l)* +I JC 2 * +1 


(d) J '(x) = Y - v ’ = V 

( ; ° W 4 2 2 *+ 2 (fc + l)!(Jt + 1)! 4) 2 2k+i k\(k + 1)! 


~kk) = “ E 


(— l)k 2. 


= 1 


(— l)* +1 .r 2 


A 2 2 * + + 1) ! 4 2 2l + l k\(k + 1) ! 


Note: Jq'(x) = —J,(x) 
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OO 

54. f(x) = % (- 1)' 

n = 0 


2n + 1 

(2 n + 1)! 


(See Exercise 47.) 
2 



sin * 


oo y2n + 1 

56. f(x) = £ (- 1)" - = arctan x, ~ 1 < x < 1 

„ = o 2 ” + 1 

(See Exercise 38 in Section 8.7.) 

2 



oo v 2n + 1 oo v 2n — 1 

58 - 1 (2n + 1)! = „1, (2n - 1)! 
Replace n with m — 1 . 


60. True; if 

OO 

2 ) 

,i = 0 

converges for x = 2, then we know that it must converge 
on (—2, 2], 


62. True 
ft 


fix) dx = ^ a„ x" I dx = 

0 Jo \„ = 0 ' 


00 n r n+x 1 oo a 

Vl u n A Y n 

„ =0 « + 1 Jo „ = 0 « + 1 


Section 8.9 Representation of Functions by Power Series 


2. (a) fix) = 


4/5 


5 — .v 1 — x/5 1 — r 


4. (a) 


1 + x 1 — (— x) 1 — r 


^ 4(x\ n _ & 4x" 

2j « \ <; j 2 j <n + 1 

,1 = 0 J \ J / «=0 J 

This series converges on (—5, 5). 

4 4 4 , 4x 3 

— + — x + x~ + + 

5 25 125 625 


(b) 5 - x ) 4 


tzr 

4 

5* 


= 2 (“*)” = 2 (- 1 )"-*" 
n = 0 n = 0 

This series converges on (— 1, 1). 

1 — x + x 2 — x 3 + ■ ■ ■ 

(b) 1 + x J1 

1 + X 


—x 

— v — r- 


x- 

X 2 + X 3 


5 X ~ 25 


25' 

4 

25 X 


4x 3 

125 

4x 3 

125 

4x 3 4x 4 

125 625 
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6 . Writing f(x) in the form , we have 

4 _ 4 4/7 


5 - x 7 — (x + 2) 1 - 1/7 (x + 2) 1 - f 

Therefore, the power series for f(x) is given by 


4 °0 OO4/I 

— = 2«'" = 2y 7 ( * + 2) 


X n= 0 n=0 

4(x + 2)" 


= 1- 
n = 0 


'jn + l 


|x + 2| <7 or —5 < x <9 


8. Writing/(x) in the form a/( 1 — r), we have 
3 3 1 


2x — 1 3 + 2(x - 2) 1 + (2/3)(x - 2) 1 - r 

which implies that a = 1 and r = (— 2/3)(x — 2). 
Therefore, the power series for/(x) is given by 


2x 


= 2 «'■” = I 

1 ,. = n .1 = r 


- 3 U - 2) 


= 2 


(— 2)”(x ~ 2)" 
3" 


3 1 7 

x — 2 < - or — < x < — . 
1 1 2 2 2 


10. Writing /(x) in the form a/( 1 — r), we have 

1 _ 1 _ -1/5 _ a 

2x — 5 _ — 5 + 2x ~ 1 — (2/5)x “ 1 - r 

which implies that a = — 1/5 and r = (2/5)x. Therefore, 
the power series for/(x) is given by 

1 v ,, v/ ! V 2 V v 2 " x " 

^ = 2 ar " = 21 “ U* = - 2 5»+T’ 

n = 0 


2x - 5 


n = 0 


n = 0 


..55 5 

x < — or — — < x < — . 
1 1 2 2 2 


12. Writing/(x) in the form a/( 1 — ;■), we have 

4 _ 4 _ 1/2 _ a 

3x + 2 “ 8 + 3(x — 2) “ 1 + (3/8)(x - 2) “ 1 - r 

which implies that a = 1/2 and r = (— 3/8)(x — 2). 
Therefore, the power series for/(x) is given by 


3x + 2 


= 2- JI =2i 

n = n „ = n ^ 


- 2) 


= 1 S (— 3)”(x - 2)" 

2 ,4 8” 


1 1 8 2 14 

|x - 2| < - or -- < x < 


„ „ 4x - 7 3 2 3 2 3/2 2 

14. = = = 1 

2x 2 + 3x — 2 x + 2 2x — 1 2 + x — 1 + 2x 1 + (l/2)x 1 — 2x 


Writing /(x) as a sum of two geometric series, we have 


4x - 7 = S 

2x 2 + 3x - 2 “ 4\2/V 2 


72\/ 1 \n 00 00 

- f x ) + 2 2(2*)” = 2 

,r=oW\ 2 / „ = () n = 0 


3(— 1)" 


+ 2' H 


■ | 1 1 1 

x", x < - or — - < x < -. 

1 1 2 2 2 


16. First finding the power series for 4/(4 + x), we have 
1 ^ / 1 4" _ £ (~ D” x” 

n = 0 


1 + (l/4)x -o 
Now replace x with x 2 . 
4 


= =2 4 „ 


4 + X 2 


= 2 


(— 1)" X 2 


The interval of convergence is |x 2 | < 4 or — 2 < x < 2 since 


18. h(x) = 


lim 

n — >00 

U n + 1 

= lim 

n — >00 

(- l)" + 1 x 2 " + 2 

4» 


X 2 

_ l* 2 | 

U n 

4«+i 

’ (-l)"x 2w 


4 

4 ' 


X 

1 

1 

1 00 
Z /7 = () 

1 

2 x" 

=0 

' = x" 

- 1 

2(1 + x) 2(1 - x) 

2„ 


1 00 1 

= — 2 [( — 1)" — ll T " = — [0 — 2x + Ox 2 — 2x 3 + Ox 4 — 2x 5 + • • ■] 


= (-2)x 2,, + 1 = - ^x 2n+ \ 1 <x < 1 
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d 2 


20. By taking the second derivative, we have -j-y 


x + 1 


(x + 1) 


r. Therefore, 


2 = cP_ 

(x + l) 3 dx 2 

= cf 
dx 


_n = 0 
oo 

^ (— l)"nx n ~ 1 I = ^ (— l)"n(n — l)x" -2 = ^ (—!)"(« + 2)(n + l)x". 


22. By integrating, we have 

J — dx = ln(l + x) + Q and J - — - — - dx = — ln(l — x) + C 2 . 

f(x) = ln(l — x 2 ) = ln(l + x) — [— ln(l — jc)]. Therefore, 


ln(l — x 2 ) — I ' — dx - — ^ — dx 

' 1 + x 1 — x 


r 

r oo 

= 

J |_«=o 


- l) n x n 


dx — 


' 

- oo 



I *" 

_/7 = 0 

dx = 


Ci + 2 


o° (_ 1 )» X "+ 1 


n + 1 


C 2 + ^ 


= c + ^ [(-0” - 1]-C +1 = c + — 2x 2,l+2 = c + (- l)x 2 " +2 

n + 1 „= 0 2n + 2 „=o 


n = 0 

To solve for C, let x = 0 and conclude that C — 0. Therefore. 

v 2n + 2 


n + 1 


11=0 n T 1 


— 1 < j : < 1 


2x 


24. — — - = 2x^ (— \) n x 2n (See Exercise 23.) 
x + 1 /! = o 

OO 

= ^ (— 1)" 2x 2,, + 1 


d 2,x 

Since — (ln(x 2 + 1)) = , -, we have 

ox A + 1 


ln(x 2 + 1) = 


r 

r oo 

2(-i) b 

J _n = 0 


— 1)" 2x 2n ' < 


oo f — 1 \n r 2n + 2 

dx = C + 2 . . , -1 < x < 1. 


11 = 0 


n + 1 


To solve for C, let x = 0 and conclude that C = 0. Therefore, 

oo ( 1 v 2n + 2 


26. Since I , , dx = — arctan(2x), we can use the result of Exercise 25 to obtain 

4x 2 + 1 2 v 


arctan(2x) = 2 


1 

. 4x 2 + 1 


dx = 2 


oo oo 

(- 1)" 4"x 2 " dx = C + 2 2 


(-l)"4"x 2n + 1 1 

2n + 1 ’ _ 2 < 


To solve for C, let x = 0 and conclude that C = 0. Therefore, 

( — 1)" 4"x 2 " + 1 1 _ 1 

v ; A 2n + 1 2 2 


1 < x < 1. 


x ,,+ 1 ~ 
n + 1 
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28. x - 



£_ 

4 


< ln(x + 1) 


< 





0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

kK 

1 

+ 

%|<N 

1 

0.0 

0.18227 

0.33493 

0.45960 

0.54827 

0.58333 

ln(x +1) 

0.0 

0.18232 

0.33647 

0.47000 

0.58779 

0.69315 

X 2 X 3 X 4 X 5 

x + — + 

2 3 4 5 

0.0 

0.18233 

0.33698 

0.47515 

0.61380 

0.78333 


oo X^ n ^ 

In Exercise 35-38, arctan x = \ (— 1)" 

2 n+] 


30. g(x) = X - y. 
Matches (d) 


cubic with 3 zeros. 


32. g(x) 



Matches (b) 


34. The approximations of degree 3, 7, 
11, . . . (An - l,n = 1,2, . . .) 
have relative extrema. 


In Exercises 36 and 38, arctan x = ^ (— l)' 1 

n=0 


j^2« + 1 

2 n + 1 


36. arctan x 2 


arctan x 2 dx 


r 3/4 

arctan x 2 dx 

Jo 


2(-D' 

K = 0 


x 4,l+2 
2n + 1 


n = 0 
oo 

E(-D‘ 

71 = 0 


r 4« + 3 

h r r = o 

(4,; + 3)(2n + 1) U C 

(3/4) 4,1 + 3 
(4/? + 3) (2n + 1) 


S(-1> 


71 = 0 


^4n + 3 

(4/; + 3) (2/t + l)4 4n + 3 


27 _ 2187 177,147 

192 344.064 + 230,686,720 


Since 177,147/230.686,720 < 0.001, we can approximate the series by its first two terms: 0.13427 


38 . 


; arctan x— ^2 (— 1)" 


2n + 1 


OO 

x 2 arctan x dx = V (— 1)" 7— 

J „ = o (2- 


n + 4)(2n + 1) 


f 1/2 

Jo 


00 ^ j j 

x 2 arctan x dx = ^(- 1)” (2 „ + 4)(2n + l)2 2„ + 4 = ^“1152 


Since - < 0.001, we can approximate the series by its first term: | x 2 arctan x dx ~ 0.015625. 


• ; 
I! 

Jo 


+ • 

1/2 
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In Exercises 40 and 42, 


1 


1 -x 


x 


1. 


40. Replace n with /z + 1. 

CO GO 

^ nx"~ x = ^ (zz + l)x" 


1 « 1 2V’ 2 * /2V 1 2 

42 - w) 5,S"U ” 9 s n U 


9 [1 - (2/3)]- 


= 2 


... 1 ^ (9\ n 9 S /9 V’- 1 

b) To „?j ”\To j = Too„S 1 "lToJ 


100 [1 - (9/10)]- 


= 9 


44. Replace x with x 2 . 


46. Integrate the series and multiply by ( — 1). 


48. (a) From Exercise 47, we have 

120 1 120 

arctan arctan = arctan 1- arctan , , 

119 239 119 V 239/ 


= arctan 


--L) 

239/ 

(120/119) + (-1/239) 


(b) 2 arctan j = arctan j + arctan ^ = arctan 


1 - (120/1 19)(— 1/239) 
2(1/5) 


. 28,561 \ , t t 

= arCtan| 28^lJ = " 1 = 4 


1 - (1/5) 2 


10 5 

= arctan — = arctan — 
24 12 


„ 1 „ 1 „ 1 5 5 

4 arctan — = 2 arctan — + 2 arctan — = arctan — + arctan — = arctan 

5 5 5 12 12 

, 1 1 120 1 7T 

4 arctan — — arctan — — = arctan — — — arctan ■— - = — (see part (a).) 

J 1 1 y i 


2(5/12) 


1 - (5/12) 2 


= arctan 


120 

119 


50. (a) arctan ^ + arctan ^ = arctan| 


(b) ir = 4 


1 1 

arctan — + arctan — 
2 3 


(1/2) + (1/3) ~ 
1 - (l/2)(l/3)_ 


= arctan 



7 T 

4 


r 1 ( 1 / 2)3 ( 1 / 2)5 ( 1 / 2)7 

L 2 3 5 7 

« 4(0.4635) + 4(0.3217) = 3.14 



(1/3) 3 0/3 1 _ (1/3) 7 

3 5 7 


52. From Exercise 5 1 , we have 


V f b,',)n + 1_L = V (~ 1)” + ‘(1/3)' 1 
Zz/ y n Zj 


= ln^| + lj = In | « 0.2877. 


54. From Example 5, we have arctan x = V (— l)' 1 -. 

«=o 2;z + 1 

1 ^ (l) 2n+1 


2<-»"srrr 2<-»' 


2 n + 1 


= arctan 1 = — ~ 0.7854 
4 


56. From Exercise 54, we have 

OO 1 °° 1 

^ 3 2 "-'(2n - 1) _ „l 0 ( ^ 3 2 " + 1 (2n + 1) 


= I(-D' 


(l/3) 2 ” +1 

2 n + 1 


= arctan ^ ~ 0.3218. 
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oo j^2n + 1 

58. From Example 5, we have arctan x = V (— 1)" - 

„=o 2/7 + 1 

f (-1)” v (-D" n/3 

4o 3” (2n + 1) 4o (y3) 2 "(2// + 1) ' 73 

^ -7. ?n + 1 


73 arctan 


1 

73 



7 7 

2V3 


Section 8.10 Taylor and Maclaurin Series 


2. For c = 0, we have 


f(x) = e 3A 

/<">(*) = 3"e 3r => / w (0) = 3" 


, 9x 2 21x l 

? = 1 + 3* + — + — + 


(3x)” 

2j 

«=o "• 


4. For c = tt/4, we have: 

/(x) = sin x 

f\x) = cos x 

f'{x) = — sinx 

f"\x) — — cosx 

/ (4) (x) = sinx 

and so on. Therefore we have: 

. S f (l '\n/A)[x - (tt/4)]" 

4o n\ 

_ 72 f / _ [x - (tt/ 4)] 2 _ [x - (tt/4)] 3 [x - (tt/4)] 4 

2 L V 4/ 2! 3! 4! 

72 f ^ (— l)"(" + 1 »/2[x - (rr/4)]" + 1 ] 

2 [A (n + D! j 



6. For c = 1, we have: 

/(x) = e r 

/M(x) = e l =^-/^(l) = e 


^ /W(i)(x - i)» 

e 1 - 2, ■ e 

n = 0 


n! 


i + (x - i) + ^7^ + + 


2 ! 


3! 


4! 


^ (x - 1)” 

n = 0 n ‘ 
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8. For c = 0, we have: 

f(x) = ln(x 2 + 1) 


fix) 


2x 

x 2 + 1 


fix) 

r\x) 

f 4 \x) 

f 5 Kx) 


2 - 2x 2 
(. x 2 + l ) 2 

4x(x 2 - 3) 

(x 2 + l) 3 

12(— x 4 + 6x 2 — 1) 
(x 2 + l) 4 

48a(a 4 - I0x 2 + 5) 
(x 2 + l) 5 


f 6 \x) 


— 240(5a 6 - 15x 4 + 15 a 2 - 1) 
(v 2 • IF 


/( 0 ) = 0 

m = o 

no) = 2 

/"to) = 0 

/ ( 4 ) ( 0 ) = -12 

/ (5, (0) = 0 

/ (6 /0) = 240 


and so on. Therefore, we have: 

ln(x 2 +l) = fW®* = 0 + 0x + 

n =0 « ! 


2a 2 0a 3 


12a 4 0x^ 240 a 6 

4! 5! 6! 


= * 


2 



oo 



(— 1)”a 2 " +2 
n + 1 


10. For c = 0, we have; 

fix ) = tan(x) /( 0) 

fix) = sec 2 (A) /'( 0) 

f"{x) = 2 sec 2 (A)tan(x) //0) 

/"tx) = 2[sec 4 (x) + 2 sec 2 (x)tan 2 (x)] /'/0) 

f 4 \x) = 8[sec 4 (x)tan(x) + sec 2 (x)tan 3 (x)] / <4) (0) 

f 5 \x) = 8[2 sec 6 (x) + 11 sec 4 (x)tan 2 (x) + 2 sec 2 (.A)tan 4 (A)] / ,5) (0) 


, s ^ f n) i 0)x” , 2 a 3 , 16a 5 , 


- x + T + fi x ’ + 


= 0 
= 1 
= 0 

= 2 
= 0 
= 16 


12. The Maclaurin Series for /(a) = e 2x is ^ 


(-2a)” 
, n\ 


/(" + "(a) = (— 2)" + 1 e 2x . Hence, by Taylor’s Theorem, 


0 < |/?w(x)| = 


| / (,, + 1) (z) 

in + 1)! 


x" H 


(- 2 > 


i n+ 1^—2 z 


Since lim 

n—>oo 


(— 2)" + 1 a ji + 1 
{n + 1)! 


= lim 

n—>co 


( 2 x )” +1 
in + 1)! 


{n + 1)! 

= 0, it follows that Rn(x) — > 0 as n —> oo. 


Hence, the Maclaurin Series for e 2x converges to e 2x for all a. 
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14. Since (1 + x)~* = 1 - he + ± M ± , we have 


1 + (-x) 


- 1/2 


2 ! 


3! 


/1\ (l/2)(3/2)x 2 (l/2)(3/2)(5/2)x 3 

1 + 2 f + 2! + 3! + ' ' 


x (l)(3)x 2 (l)(3)(5)x 3 

2 2 2 2! 2 3 3! 


= i + 2 


1 • 3 • 5 ■ ■ ■ (2 n- l)x" 
2"n! 


k(k — l)x 2 k(k — l)(fc — 2)x 3 

16. Since (1 + x) k = 1 + kx + .. + — ^ — + 


2! 


3! 


, we have 


(1 + ,)./■ . , + (1), + + (l/3H-2/3)(-5/ 3 y + . 


_ + x 2x 2 + 2 • 5x 3 2 • 5 • 8X 4 + 


3 3 2 2! 3 3 3! 


3 4 4! 


= 1 + x + ^ (-1)” + 1 2 • 5 • 8 ■ ■ • (3n - 4) 

3 n = 2 


3 "n ! 


18. Since (1 + x )^ 2 = 1 + — + ^ 


(-!)"+ 1 1 • 3 • 5 • • • (2 n - 3)g 
2” n\ 


(Exercise 14) 


: have (1 + x 3 ) 1 / 2 = 1 + — + ^ 


v 3 oo ( 1 \n + 1 


(-1)" + 1 1 • 3 • 5 • • • (2n - 3)x 3 ‘ 
2 "n\ 


, V X II , X- ‘ X X’ x 

20. e^ = > — = 1 + x H {- • • • 

A. » 91 l?! 41 SI 


, S (— 3x)" ^ (— 1)" 3”x” , „ 9x 2 27x 3 81x 4 243x 5 

? = 2. = 2 ■ =!-3x + — - — + — — + 


n\ 


2! 3! 4! 5! 


22 ‘ C ° SX = So L d)T =1 “t! + ^“^! + 

_ « (_ l)n(4 JC )2 « oo (_ 1 ) n 4 2n X 2n 

~4o (2«)! ',,4 (2n)! 

— 16x 2 _|_ 256 x 4 

! " IT + 4! 


24. sin x = ^ 


« (- l)"x 2w+1 
= o (2« + 1)! 


oo f l\n/ r 3\2ft+l 


= 2 


, x y 

" -3! + 5! 


, 2x 9 2x 15 

■""l! + — 


26. 


= 1 + * + 2! + 3! + 


, x 2 x 3 

p x = ] — Y — — — + • 

2! 3! 

2x 2 2X 4 

e x + e- x = 2 + — + — + •• 


2 cos /?(x) = e r + e x = ^2 


=o (2«)! 
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28. The formula for the binomial series gives (1 + x) '/ 2 



n= 1 


(— 1)" 1 ' 3 • 5 • • • (2m — ])x" , . , . . 

— — j , which implies that 


oo (_h« 1 . q 

(1 + x 2)~l/2 = 1 + f ^ 



= X 




n = 1 


(- l)"l • 3 • 5 . . . (2n - l) 2 ” + 1 
2"(2n + l)«! 


x 3 1 • 3x 5 _ 1 • 3 • 5x 7 
2 • 3 ~2 • 4 • 5 2 • 4 • 6 • 7 




38. f(x) = e x ln(l + x) 



-3 
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f 1/2 aicta nx ( ' 1 ^ 2 

54. dx = 

Jo x Jo 


v 2 

l - — + — - - + 
3 5 7 


dx = 


X 3 , X 5 X 7 , 

* 3 2 5 2 7 2 


Since l/(9 2 2 9 ) < 0.0001, we have 

<• 1/2 


arctan x 


dx ■ 


2 3 2 2 3 + 5 2 2 5 7 2 2 7 + 9 2 2 9 ) 0 ' 4872 ' 


1/2 

0 


XT . ... . arctan x 

Note: We are using lim = 1. 

>o + x 


s6 .j^o,V,<b.jJ l -X + d r d + r_ 

Since 2 io 1 600 (1 — 0.5 5 ) < 0.0001, we have 


dx = 


X* X 

X — T 7 T 77 + 


2(2!) 3(4!) 4(6!) 5(8!) 


Vxdx ■■ 


' i 

0.5 


(1 - 0.5) - 1,1 - 0.5*) + ±<1 - 0.5*) - 5^0 - 0.5*) + ^0 - 0.5)* 


•1/4 f l/ 4/ 

58. x ln(x + 1) dx = (x 2 — ^ ^ ^ + ■ ■ ■ ] dx 

Jo Jo V 


2 3 4 

v 5 v 6 


X 3 X 4 X J x u 

y _ 4X2 + yjy _ yjy + ' ' 


1/4 

0 


(1/4) 5 

Since < 0.0001, 


1/4 , r , n / ^/ 4)3 0/ 4 ) 4 nnn ™ 

x ln(x + 1) ax ~ — — ~ 0.00472. 


60. From Exercise 19, we have 

^ e-^l-dx = 


n / 27 T Ji 


dx = 


co (-!)>■ t 2 „ 

V2ttJi „4 0 2 ”» ! 

1 S (— 1)” (2 ,l + 1 - 1) 
72,7 „4 2”n!(2w + 1) 


7277 


(— l)"x 2n+1 


2-«!(2 n + 1). 


1 


1 - 


31 


127 511 

+ 


2047 


72^L 2-1-3 2 2 • 2! -5 2 3 • 3! • 7 2 4 • 4! • 9 2 s - 5 ! - 1 1 

8191 32,767 131,071 524,287 


32,767 131,071 

+ 2 6 • 6! • 13 2 7 • 7! • 15 + 2 8 • 8! • 17 2 9 • 9! • 19 


0.1359. 


62. f(x) = sin — ln(l + x) 


p 5 (x) = ; - , t 


: 3 . 7x 4 11.x 5 


48 96 


The polynomial is a reasonable approximation on the 
interval (—0.60, 0.73). 



V 



n 



64. f(x) = 7x • arctan x, c = 1 

P 5 (x) = 0.7854 + 0.761 8(x - 1) - 0.3412 


(x - l) 2 


2 ! 


- 0.0424 


(x - l) 3 


3! 


+ 1.3025 


' (x - 17 
4! 


- 5.5913 


' {x ~ 17 

5! 





\ 


0.3243. 


The polynomial is a reasonable approximation on the interval (0.48, 1.75). 
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66 . a 2 „ + j = 0 (odd coefficients are zero) 


68 . Answers will vary. 


70. 8 = 60°, v 0 = 64, k = fp, g = -32 


= s/l>X ~ 


= Jlx - 32 


16 

32.t 2 (1/16)(32 )jc 3 (l/16) 2 (32).v 4 

2(64) 2 (l/2) 2 3(64) 3 (l/2) 3 4(64) 4 (l/2) 4 

2 4 r 4 


2 2 x 2 2 3 jc 3 

+ + 


'[2(64) 2 3 (64) 3 1 6 4(64) 4 (16) 2 

co 2 n x n °° x n 

= sfix - 32 „ (6 4 )„( 16 )„- 2 = " 32 2 


, t?(32)"(16) n 


72. (a) /(*) = to(x ^ 2 + 1} . 


From Exercise 8, you obtain 

_ _J_ (- 1)” jr 2,, + 2 _ ^ (- l)"* 2 ” 

•* 2 „=o n + 1 n = 0 « + 1 

v 2 r 4 v 6 r 8 

/ > «=l-^ + 2 r- 2 r + ^ 


(b) 



(c) F(x) 


~ A ln(f 2 + 1) 

.o t 2 


'JC 

G(.r) = Pji(t)dt 

Jo 


* 

0.25 

0.50 

0.75 

1.00 

1.50 

2.00 

F{x) 

0.2475 

0.4810 

0.6920 

0.8776 

1.1798 

1.4096 

G{x) 

0.2475 

0.4810 

0.6920 

0.8805 

5.3064 

652.21 


(d) The curves are nearly identical for 0 < x < 1. Hence, the integrals nearly agree on that interval. 


74. Assume e = p/q is rational. Let N > q and form the following. 


l + l+in- 


A! 


Set a = A! 


a = A! 

r i i 

l l 

_(A + 1)! (A +2)! 


1 1 
(A + 1)! + (A + 2)! + 


a positive integer. But, 


1 


+ 


1 


1 

A + 1 


, 1 1 

1 + + ^ r^r + . . . 

A + 1 (A + l) 2 


A + 1 (A + 1)(A + 2) 
1 


1 

A + 1 


1 - 


1 


A + 1 


1 1 

< A + 1 + (A + l) 2 + 


= — , a contradiction. 
N 


Review Exercises for Chapter 8 


2. a„ = 


n 2 + 1 


4. a„ = 4 — 3.5, 3, . . . 

Matches (c) 


2\" -1 

6 . a„ — 6( — — I : 6, —4, 
Matches (b) 
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o ■ n7T 

8 . a„ = sin — 


• • 


The sequence seems to diverge (oscillates). 


nir 

sin—: 1 , 0 , - 1 , 0 , 1 , 0 , . . . 
2 


10 . 


lim — -j= — 0 
*-* 00 s/n 

Converges 


12 . lim . = lim — y- = 00 
In (n) 1 /n 

Diverges 


14. 


lim ( 1 + ] = lim 

n — >00 y 2 n) k — >00 

Converges; k = 2n 



11/2 


e !/2 


18. (a) V n = 120,000(0.70)", n = 1, 2, 3, 4, 5 
(b) V 5 = 120,000(0.70) 5 = $20,168.40 


lim In v = lim (b" In b + c" In c) 

„^oo ' 00 + c " 

Assume b > c and note that the terms 

In b + c" In c _ b" In b c" In c 
b " + c" ~ b n + c" b" + c" 

converge as n — » 00 . Hence a n converges. 


16. Let y = (b" + 

, ln(fo" + c") 
In v = 


20 . (a) 


k 

5 

10 

15 

20 

25 

S k 

0.3917 

0.3228 

0.3627 

0.3344 

0.3564 


(c) The series converges by the Alternating Series Test. 



22 . (a) 


k 

5 

10 

15 

20 

25 

S k 

0.8333 

0.9091 

0.9375 

0.9524 

0.9615 


(c) The series converges, by the limit comparison test with ^ — . 



24. Diverges. Geometric series, r = 1.82 > 1. 


26. Diverges, nth Term Test, lim a n = 


00 On + 2 00 / O \n 

28 ‘ = 3 =4(3) = 12 

n = 0 J n = 0 w/ 

See Exercise 27. 


30. J 


( n + 1 ){n + 2 ) 


= 1 .f “I 


1 


n + 2 


1 

1 - (2/3) 


17, 1\ 

/ 1 

i\ 

(\ 

1\ 


A 1 2 ) 

+ 

t37 

1 

3 ) 

+ \3 

1 

ill 

+ 



=3-1=2 
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32. 0.923076 = 0.923076[l + 0.000001 + (0.000001) 2 + ■ ■ ■] 


00 0 Q?^f)76 

= 2 a (0.923076)(0.000001)- = - rr ^ ) ^ 


923,076 _ 12(76,923) 
999,999 “ 13(76,923) 


12 

13 


39 

34. S = 32,000(1.055)" 


n = 0 


32,000(1 - 1.055 411 ) 
1 - 1.055 


« $4,371,379.65 


36. See Exercise 86 in Section 8.2. 


'\2 
A = P\ — 


l + u ] - 1 


= 100 


12 


0.065 
$16,840.32 


1 + 


0.065 

12 


- 1 



. 3 

Divergent p-senes, p = j < 1 


oo 

40. £ 



2 " 


The first series is a convergent //-series and the second 
series is a convergent geometric series. Therefore, their 
difference converges. 


42. J 


n + 1 


— , n(n + 2) 

(n + 1 )/n(n + 2) n + 1 

lim = lim — = 1 


CO J oo ] 

44. Since ^ — converges, ^ — converges by the 

n = 1 n = i * ~ * 

Limit Comparison Test. 


l/n 


n — >co tl + 2 


By a limit comparison test with \ — , the series diverges. 


46. 


(- 1 )"y/n 
n + 1 


a 


n + 1 


Jn + 1 J~n 

< = a 

n + 2 n + 1 



n + 1 


= 0 


By the Alternating Series Test, the series converges. 


48. Converges by the Alternating Series Test. 


3 InOz + 1) 3 In n 3 In n 

— ; — < = a„, lim = 0 

n + 1 n n — > co n 


oo yt ' 

so. y - 

C- 


lim 

> OO 


a„ + 1 

— lim 

> OO 

(77 + 1) 

a n 

e " +1 


= lim 

77+1 


n—>oo 6 

By the Ratio Test, the series diverges. 


OO I 

V — 

■ 3 • 

5 • • • (2 

77 — 1) 

2j 2 

n = 1 Z 

• 5 • 

OO 

77 — 1) 

lim 

n—>oo 

a n+ 1 

= lim 

n — >co 

1 • 

• 3 • 

«« 

2 • 

• 5 • 


• • ( 2 « 
• • (3 n 


1)(2 n + 1) 
1)(3« + 2) 


2 • 5 ■ ■ ■ (3 w - 1) 
1 • 3 • • • (2n - 1) 


lim 


2n + 1 
3n + 2 


2 

3 


By the Ratio Test, the series converges. 
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54. (a) The series converges by the Alternating Series Test. 


% 

5 

10 

15 

20 

25 

S n 

0.0871 

0.0669 

0.0734 

0.0702 

0.0721 


(c) o.3 (d) The sum is approximately 0.0714. 



o 


3937.5 

56. No. Let a„ = j — , then a 75 = 0.7. The series ^ ; — 3 — is a convergent p-series. 


. -g 3937.5 . 

n = 1 


nr 


58. f(x) = tanx 


f\x ) = sec 2 Y 


P 3 (x) = ~ l+2x + i -2x + i +%x + i 


* -4 r~ l 




n - 4=~ 4 


f"(x) — 2 sec 2 x tan x 
f"\x) — 4 sec 2 x tan 2 x + 2sec 4 x = 16 


rn t (°- 75 ) 2 , ^ a75)4 (°- 75 ) 6 

60. cos(0.75) - 1 - ,, + 4 , (l , 


62. - 1 - 0.25 + !2|5£ _ (025£ + (025^ , 


2 ! 


3! 


4! 


64. f(x) = cosy 


_ . , , Y- Y 

P 4« = 1 “ 2! + 4! 

v 2 v 4 

^ ) = 1 -2! + 4!-6! 


. — A . 

u 

P 4 

fj 

r 

P 6 



66 . £ (2y 


Geometric series which converges only if |2y| 


2 ^ 2 • 


p ( r ) = ] - — + - _ + _ 

lo1 ’ 2! 4! 6! 8! 10! 


68 . £ 


3"(y - 2)" 


n= 1 

n 



lint 

«— >00 

U n+ 1 

= lim 

H— »00 

3" + 1 (y - 2)" + 1 


n + 1 



= 3|y - 

- 21 


70. J fe ~ 2 )” = J <X ~ 2V ’ 


n = 0 ^ « = o' 

Geometric series which converges only if 

l.v - 2| 


<1 or 0 < y < 4. 


P 3 
Center: 2 

5 • 7 

Since the series converges at 3 and diverges at 3 , the 
interval of convergence is f < x < \ . 


0.7317 


1 or 
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72. 


>=2 


(— 3)‘'x 2 ‘ 
2 "n\ 


, _ S (~3)”(2 n)x 2 "~' _ S (— 3)” + 1 (2» + 2)y 2,!+1 
y - 2 "n\ ~ A 2 n+ '(n + 1 )! 




n= 1 ^ n = 0 

(-3) n + 1 (2 ft + 2)(2w + l)* 2 " 


n = 0 


/' + 3xy' + 3y = ^ 


2' 1 + 1 (h + 1)! 

(— 3) ,, + 1 (2« + 2)(2« + 1)y 2 '' ^ (— l) ,1 + 1 3” +2 (2« + 2)x ln+2 S (-1)”3 ,, + 1 


2 n+1 (n + 1 )! 


+ 2 


2" +1 (n + 1)! 


+ 2 


2 n n\ 


S (~l) n + 1 3 /T + 1 (2n + 2)x 2n ^ (-1)" + 1 3 ,,+2 jc 2w+2 S (-l) n 3 n + 1 x 2n 

« = 0 Z n • n = 0 Z n - n = 0 Z n • 


= f (~ 1)”3' , + 1 jc 2 " , S (~ i)» +1 3” + 2 x 2 ” +2 

4 2 "” ! " 4 2”n! 

= y 1 x (- 2 n ) + y ^ ^ — 

A 2";;! v A 2"n! 


= v (AW, . S (— 1)' 1 3” + 1 y 2 ' 1 _ 2n 
~~ 2"«! ^ " A 2 n ~\n - 1)! ' 2n 


oo ( |'\n7n+l v 2n 

= oL [~2n + 2n] = 0 


2 n n ! 


74. 


3/2 


3/2 


2 + .v 1 + (y/2) 1 — (— x/2) 1 — r 

V 3/_y\" = y t -1 )” 3 *” 

A2\ 2 A 2" + 1 


T . , ^ (-1)"3y" + 1 
76. Integral: I (|J + l)2 „ +1 


78. 8 - 2(x - 3) + \{x - 3) 2 - 4 - 3) 3 + • • • = £ 


~(x ~ 3) 


n = 0 L_ 

32 


8 


32 


4 + (y - 3) 1 + 


!-[-(*- 3)/4] 


— 1 < x < 1 


80. f(x) = cos x 
fix) = — sinY 
f%x) = —cosy 
fix) = sinx 


= v / (,,) (~ V4 )[y + (tt/4)]” _J2,V2( , tt\ x/2 

4 »! 2 2 r 4 


+ - i - 

2 • 2!'* 4/ 2-3! 


^ l x + 2L 

X 4 


3 I ^ / 77 

H 1 x + — 

2 • 4 ! \ 4 


v^2 

2 


! + (* + + jjj (— !)[”(”+ t)]/2[ x + ( 77 / 4 )]" + 1 

4/ n= 1 


(;t + 1)! 


82. /(y) = csc(y) 

f\x) = — csc(y) COt(Y) 
fix) = csc 3 (y) + csc(y) COt 2 (Y) 
fix) = — 5 csc 3 (y) cot(x) — csc(y) cot 3 (x) 
f (4 \x) = 5 csc 5 (y) + 15 CSC 3 (y) COt 2 (Y) + csc(x) cot 4 (x) 


csc(y) = 2 

n = 0 


f n> (Tr/ 2 )[x - ( 77/2 )]" 


ft! 


— 1 H 1 x — — I H 1 x — — ) + 

2! V 2 4! \ 2 
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84. f(x) = x 1 / 2 
fix) = 



r = v / (,,) ( 4)(* ~ 4)” 

, n I 


jx - 4) _ jx - 4) 2 1 • 3(x - 4) 3 _ 1 • 3 • 5(x - 4) 4 

2 2 2 5 2! 2 8 3! 2 n 4! 

(x - 4) a (- 1)" + 1 1 • 3 • 5 ■ ■ ■ (2n - 3)(x - 4)" 

2 2 n ^ 2 2 


86. /;(x) = (1 + x) 3 

/i'(x) = — 3(1 + x) -4 

/i%x) = 12(1 + x)“ 5 

h"\x) — —60(1 + x) -6 

/i (4) (x) = 360(1 + x)- 7 

/i (5) (x) = -2520(1 + x)“ 8 

1 , 12.x 2 60x 3 360x 4 2520x 5 

(1~ i~xP = 1 — 3 x 3 2j 31 1 4/ ^ + 


S (~1)"(m + 2) !x” _ S (~1)”(m + 2)(n + l)x 
' _ 9»l “2; ? 


88. lnx=^(-l)" 

n= 1 

4!)= f (-D- 


(x - l)” 

ft 

(6/5) - 1 
n 

1 


0 < x < 2 


= ^(-1)' 1 + 1 ^« 0.1823 


90. e x = Y — , — oo < x < oo 

n' 


„2/3 = 


.. J» ! 

” (2/3)" _ ” 7T_ 

Zj pi ! 

n = 0 n = 0 J n - 


1.9477 


92. sinx = ^ ( — 1)" 


(2m + 1)!’ 


— OO < X < oo 


. /I 


1 


”l5r.? 0 ei) '^*H2., + l)! 


0.3272 


oo v « v 2 

94 eA ‘ = S 77 = 1 + x + ^7 + ■ ■ ' 


^ = 2 Y/T = x + x 2 + - + - 


xe x dx = 


0/1 = 0 " • n = C 


= (e - e) - (0 - 1) = 1 

1 


(n + 2 )m! Jo „? 0 (m + 2)m! 


= 1 
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/(-*) = 

sin 2x 

AO) = o 

fix) = 

2 cos 2x 

no) = 2 

fix) = 

— 4 sin 2x 

3 

II 

o 

fix) = 

— 8 cos 2x 

3 

II 

1 

OO 

f 4 \x) = 

16 sin 2x 

/ <4) (0) = 0 

/ (5) (-x) = 

32 cos 2x 

/ t5) (0) = 32 

/ (6) W = 

— 64 sin 2x 

f 6 \0) = 0 

/ (7, (-x) = 

— 128 cos 2x 

/< 7) (0) = -128 

sin 2x = 

Ox 2 

8x 3 Ox 4 32x 5 

0 + 2x + — 

+ 

3! 4! 5! 


+ 


Ox 6 128x 7 


6 ! 


7! 


„ 4 , 4 , 8 7 

= 2X “3 X + T?^“3l5 X + 


(b) sin x = ^ 


(-l) ,! x 2,!+1 

(2n + 1)! 


| ( 1)"(2^ + 1 = _ (Mf _ (M! + 

„4 (2 b + 1)! 


3! 


5! 


7! 


„ 8x 3 32x 5 

2 * “ X + 120 


128x 7 „ 4 , 4 , 8 7 

5040 3 15 315 


(c) sin 2x = 2 sin x cos x 


X 3 X s 

= 2U “ 6 + 120 


5040 


x 2 x 4 x 6 

2 + 24 720 + 


= 2 


= 2 


x + | - — ) + f— + — + 

'2 6 \24 12 120 


2x 3 2x 5 

x 1 

3 15 


4x 7 

315 


+ I - 
4 


720 

4 


x' 

144 


x' 

240 


5040 


= 2X “3 X3 + ^ 5 “3I5 X7 + 


(-1 )"t 2 


98. cos f = V . 

„=o (2 b)! 

Vr ^ (-l)"f ,! 

cos ~ = 2 ^ 


I; 


yi, 

COS fif = 
2 


2 „ = 0 2 2 "( 2 «) ! 

(-l) n f” +1 


= 2 


“ 0 2 2 "(2 m)!(« + 1) 
(-l)"x" + 1 


„=o 2 2 "(2 «)!(m + 1) 


100 . 


OO ftl 


OO 

e 7 - i = y L - 
e f - 1 = y — 

/ ,^i n\ 


r 


e' - 1 


dt = 


v i" 
„=i n ' «!. 


o 


102. 


lim 


arcsinx = 

X + 

2 • 

arc sin x 

1 + 

x‘ 

X 

n 

arcsin x 

X 

1 



3 1 • 3.x 5 1 • 3 • 5x 7 


+ ■ 


■ 2 1 • 3.x 4 1 • 3 • 5x 6 

+ : + ; + 


2-3 2-4-5 2 • 4 • 6 • 7 


„ , TT ^ arcsinx 

By L Hopital s Rule, lim = lim 

*— »0 X *-»0 




= i. 


iM8 
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66 . a 2 „ + j = 0 (odd coefficients are zero) 


68 . Answers will vary. 


70. 8 = 60°, v 0 = 64, k = fp, g = -32 


= s/l>X ~ 


= Jlx - 32 


16 

32.t 2 (1/16)(32 )jc 3 (l/16) 2 (32).v 4 

2(64) 2 (l/2) 2 3(64) 3 (l/2) 3 4(64) 4 (l/2) 4 

2 4 r 4 


2 2 x 2 2 3 jc 3 

+ + 


'[2(64) 2 3 (64) 3 1 6 4(64) 4 (16) 2 

co 2 n x n °° x n 

= sfix - 32 „ (6 4 )„( 16 )„- 2 = " 32 2 


, t?(32)"(16) n 


72. (a) /(*) = to(x ^ 2 + 1} . 


From Exercise 8, you obtain 

_ _J_ (- 1)” jr 2,, + 2 _ ^ (- l)"* 2 ” 

•* 2 „=o n + 1 n = 0 « + 1 

v 2 r 4 v 6 r 8 

/ > «=l-^ + 2 r- 2 r + ^ 


(b) 



(c) F(x) 


~ A ln(f 2 + 1) 

.o t 2 


'JC 

G(.r) = Pji(t)dt 

Jo 


* 

0.25 

0.50 

0.75 

1.00 

1.50 

2.00 

F{x) 

0.2475 

0.4810 

0.6920 

0.8776 

1.1798 

1.4096 

G{x) 

0.2475 

0.4810 

0.6920 

0.8805 

5.3064 

652.21 


(d) The curves are nearly identical for 0 < x < 1. Hence, the integrals nearly agree on that interval. 


74. Assume e = p/q is rational. Let N > q and form the following. 


l + l+in- 


A! 


Set a = A! 


a = A! 

r i i 

l l 

_(A + 1)! (A +2)! 


1 1 
(A + 1)! + (A + 2)! + 


a positive integer. But, 


1 


+ 


1 


1 

A + 1 


, 1 1 

1 + + ^ r^r + . . . 

A + 1 (A + l) 2 


A + 1 (A + 1)(A + 2) 
1 


1 

A + 1 


1 - 


1 


A + 1 


1 1 

< A + 1 + (A + l) 2 + 


= — , a contradiction. 
N 
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2. a„ = 


n 2 + 1 


4. a„ = 4 — 3.5, 3, . . . 

Matches (c) 


2\" -1 

6 . a„ — 6( — — I : 6, —4, 
Matches (b) 
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o ■ n7T 

8 . a„ = sin — 


• • 


The sequence seems to diverge (oscillates). 


nir 

sin—: 1 , 0 , - 1 , 0 , 1 , 0 , . . . 
2 


10 . 


lim — -j= — 0 
*-* 00 s/n 

Converges 


12 . lim . = lim — y- = 00 
In (n) 1 /n 

Diverges 


14. 


lim ( 1 + ] = lim 

n — >00 y 2 n) k — >00 

Converges; k = 2n 



11/2 


e !/2 


18. (a) V n = 120,000(0.70)", n = 1, 2, 3, 4, 5 
(b) V 5 = 120,000(0.70) 5 = $20,168.40 


lim In v = lim (b" In b + c" In c) 

„^oo ' 00 + c " 

Assume b > c and note that the terms 

In b + c" In c _ b" In b c" In c 
b " + c" ~ b n + c" b" + c" 

converge as n — » 00 . Hence a n converges. 


16. Let y = (b" + 

, ln(fo" + c") 
In v = 


20 . (a) 


k 

5 

10 

15 

20 

25 

S k 

0.3917 

0.3228 

0.3627 

0.3344 

0.3564 


(c) The series converges by the Alternating Series Test. 



22 . (a) 


k 

5 

10 

15 

20 

25 

S k 

0.8333 

0.9091 

0.9375 

0.9524 

0.9615 


(c) The series converges, by the limit comparison test with ^ — . 



24. Diverges. Geometric series, r = 1.82 > 1. 


26. Diverges, nth Term Test, lim a n = 


00 On + 2 00 / O \n 

28 ‘ = 3 =4(3) = 12 

n = 0 J n = 0 w/ 

See Exercise 27. 


30. J 


( n + 1 ){n + 2 ) 


= 1 .f “I 


1 


n + 2 


1 

1 - (2/3) 


17, 1\ 

/ 1 

i\ 

(\ 

1\ 


A 1 2 ) 

+ 

t37 

1 

3 ) 

+ \3 

1 

ill 

+ 



=3-1=2 
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32. 0.923076 = 0.923076[l + 0.000001 + (0.000001) 2 + ■ ■ ■] 


00 0 Q?^f)76 

= 2 a (0.923076)(0.000001)- = - rr ^ ) ^ 


923,076 _ 12(76,923) 
999,999 “ 13(76,923) 


12 

13 


39 

34. S = 32,000(1.055)" 


n = 0 


32,000(1 - 1.055 411 ) 
1 - 1.055 


« $4,371,379.65 


36. See Exercise 86 in Section 8.2. 


'\2 
A = P\ — 


l + u ] - 1 


= 100 


12 


0.065 
$16,840.32 


1 + 


0.065 

12 


- 1 



. 3 

Divergent p-senes, p = j < 1 


oo 

40. £ 



2 " 


The first series is a convergent //-series and the second 
series is a convergent geometric series. Therefore, their 
difference converges. 


42. J 


n + 1 


— , n(n + 2) 

(n + 1 )/n(n + 2) n + 1 

lim = lim — = 1 


CO J oo ] 

44. Since ^ — converges, ^ — converges by the 

n = 1 n = i * ~ * 

Limit Comparison Test. 


l/n 


n — >co tl + 2 


By a limit comparison test with \ — , the series diverges. 


46. 


(- 1 )"y/n 
n + 1 


a 


n + 1 


Jn + 1 J~n 

< = a 

n + 2 n + 1 



n + 1 


= 0 


By the Alternating Series Test, the series converges. 


48. Converges by the Alternating Series Test. 


3 InOz + 1) 3 In n 3 In n 

— ; — < = a„, lim = 0 

n + 1 n n — > co n 


oo yt ' 

so. y - 

C- 


lim 

> OO 


a„ + 1 

— lim 

> OO 

(77 + 1) 

a n 

e " +1 


= lim 

77+1 


n—>oo 6 

By the Ratio Test, the series diverges. 


OO I 

V — 

■ 3 • 

5 • • • (2 

77 — 1) 

2j 2 

n = 1 Z 

• 5 • 

OO 

77 — 1) 

lim 

n—>oo 

a n+ 1 

= lim 

n — >co 

1 • 

• 3 • 

«« 

2 • 

• 5 • 


• • ( 2 « 
• • (3 n 


1)(2 n + 1) 
1)(3« + 2) 


2 • 5 ■ ■ ■ (3 w - 1) 
1 • 3 • • • (2n - 1) 


lim 


2n + 1 
3n + 2 


2 

3 


By the Ratio Test, the series converges. 
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54. (a) The series converges by the Alternating Series Test. 


% 

5 

10 

15 

20 

25 

S n 

0.0871 

0.0669 

0.0734 

0.0702 

0.0721 


(c) o.3 (d) The sum is approximately 0.0714. 



o 


3937.5 

56. No. Let a„ = j — , then a 75 = 0.7. The series ^ ; — 3 — is a convergent p-series. 


. -g 3937.5 . 

n = 1 


nr 


58. f(x) = tanx 


f\x ) = sec 2 Y 


P 3 (x) = ~ l+2x + i -2x + i +%x + i 


* -4 r~ l 




n - 4=~ 4 


f"(x) — 2 sec 2 x tan x 
f"\x) — 4 sec 2 x tan 2 x + 2sec 4 x = 16 


rn t (°- 75 ) 2 , ^ a75)4 (°- 75 ) 6 

60. cos(0.75) - 1 - ,, + 4 , (l , 


62. - 1 - 0.25 + !2|5£ _ (025£ + (025^ , 


2 ! 


3! 


4! 


64. f(x) = cosy 


_ . , , Y- Y 

P 4« = 1 “ 2! + 4! 

v 2 v 4 

^ ) = 1 -2! + 4!-6! 


. — A . 

u 

P 4 

fj 

r 

P 6 



66 . £ (2y 


Geometric series which converges only if |2y| 


2 ^ 2 • 


p ( r ) = ] - — + - _ + _ 

lo1 ’ 2! 4! 6! 8! 10! 


68 . £ 


3"(y - 2)" 


n= 1 

n 



lint 

«— >00 

U n+ 1 

= lim 

H— »00 

3" + 1 (y - 2)" + 1 


n + 1 



= 3|y - 

- 21 


70. J fe ~ 2 )” = J <X ~ 2V ’ 


n = 0 ^ « = o' 

Geometric series which converges only if 

l.v - 2| 


<1 or 0 < y < 4. 


P 3 
Center: 2 

5 • 7 

Since the series converges at 3 and diverges at 3 , the 
interval of convergence is f < x < \ . 


0.7317 


1 or 






418 Chapter 8 Infinite Series 


72. 


>=2 


(— 3)‘'x 2 ‘ 
2 "n\ 


, _ S (~3)”(2 n)x 2 "~' _ S (— 3)” + 1 (2» + 2)y 2,!+1 
y - 2 "n\ ~ A 2 n+ '(n + 1 )! 




n= 1 ^ n = 0 

(-3) n + 1 (2 ft + 2)(2w + l)* 2 " 


n = 0 


/' + 3xy' + 3y = ^ 


2' 1 + 1 (h + 1)! 

(— 3) ,, + 1 (2« + 2)(2« + 1)y 2 '' ^ (— l) ,1 + 1 3” +2 (2« + 2)x ln+2 S (-1)”3 ,, + 1 


2 n+1 (n + 1 )! 


+ 2 


2" +1 (n + 1)! 


+ 2 


2 n n\ 


S (~l) n + 1 3 /T + 1 (2n + 2)x 2n ^ (-1)" + 1 3 ,,+2 jc 2w+2 S (-l) n 3 n + 1 x 2n 

« = 0 Z n • n = 0 Z n - n = 0 Z n • 


= f (~ 1)”3' , + 1 jc 2 " , S (~ i)» +1 3” + 2 x 2 ” +2 

4 2 "” ! " 4 2”n! 

= y 1 x (- 2 n ) + y ^ ^ — 

A 2";;! v A 2"n! 


= v (AW, . S (— 1)' 1 3” + 1 y 2 ' 1 _ 2n 
~~ 2"«! ^ " A 2 n ~\n - 1)! ' 2n 


oo ( |'\n7n+l v 2n 

= oL [~2n + 2n] = 0 


2 n n ! 


74. 


3/2 


3/2 


2 + .v 1 + (y/2) 1 — (— x/2) 1 — r 

V 3/_y\" = y t -1 )” 3 *” 

A2\ 2 A 2" + 1 


T . , ^ (-1)"3y" + 1 
76. Integral: I (|J + l)2 „ +1 


78. 8 - 2(x - 3) + \{x - 3) 2 - 4 - 3) 3 + • • • = £ 


~(x ~ 3) 


n = 0 L_ 

32 


8 


32 


4 + (y - 3) 1 + 


!-[-(*- 3)/4] 


— 1 < x < 1 


80. f(x) = cos x 
fix) = — sinY 
f%x) = —cosy 
fix) = sinx 


= v / (,,) (~ V4 )[y + (tt/4)]” _J2,V2( , tt\ x/2 

4 »! 2 2 r 4 


+ - i - 

2 • 2!'* 4/ 2-3! 


^ l x + 2L 

X 4 


3 I ^ / 77 

H 1 x + — 

2 • 4 ! \ 4 


v^2 

2 


! + (* + + jjj (— !)[”(”+ t)]/2[ x + ( 77 / 4 )]" + 1 

4/ n= 1 


(;t + 1)! 


82. /(y) = csc(y) 

f\x) = — csc(y) COt(Y) 
fix) = csc 3 (y) + csc(y) COt 2 (Y) 
fix) = — 5 csc 3 (y) cot(x) — csc(y) cot 3 (x) 
f (4 \x) = 5 csc 5 (y) + 15 CSC 3 (y) COt 2 (Y) + csc(x) cot 4 (x) 


csc(y) = 2 

n = 0 


f n> (Tr/ 2 )[x - ( 77/2 )]" 


ft! 


— 1 H 1 x — — I H 1 x — — ) + 

2! V 2 4! \ 2 
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84. f(x) = x 1 / 2 
fix) = 



r = v / (,,) ( 4)(* ~ 4)” 

, n I 


jx - 4) _ jx - 4) 2 1 • 3(x - 4) 3 _ 1 • 3 • 5(x - 4) 4 

2 2 2 5 2! 2 8 3! 2 n 4! 

(x - 4) a (- 1)" + 1 1 • 3 • 5 ■ ■ ■ (2n - 3)(x - 4)" 

2 2 n ^ 2 2 


86. /;(x) = (1 + x) 3 

/i'(x) = — 3(1 + x) -4 

/i%x) = 12(1 + x)“ 5 

h"\x) — —60(1 + x) -6 

/i (4) (x) = 360(1 + x)- 7 

/i (5) (x) = -2520(1 + x)“ 8 

1 , 12.x 2 60x 3 360x 4 2520x 5 

(1~ i~xP = 1 — 3 x 3 2j 31 1 4/ ^ + 


S (~1)"(m + 2) !x” _ S (~1)”(m + 2)(n + l)x 
' _ 9»l “2; ? 


88. lnx=^(-l)" 

n= 1 

4!)= f (-D- 


(x - l)” 

ft 

(6/5) - 1 
n 

1 


0 < x < 2 


= ^(-1)' 1 + 1 ^« 0.1823 


90. e x = Y — , — oo < x < oo 

n' 


„2/3 = 


.. J» ! 

” (2/3)" _ ” 7T_ 

Zj pi ! 

n = 0 n = 0 J n - 


1.9477 


92. sinx = ^ ( — 1)" 


(2m + 1)!’ 


— OO < X < oo 


. /I 


1 


”l5r.? 0 ei) '^*H2., + l)! 


0.3272 


oo v « v 2 

94 eA ‘ = S 77 = 1 + x + ^7 + ■ ■ ' 


^ = 2 Y/T = x + x 2 + - + - 


xe x dx = 


0/1 = 0 " • n = C 


= (e - e) - (0 - 1) = 1 

1 


(n + 2 )m! Jo „? 0 (m + 2)m! 


= 1 
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/(-*) = 

sin 2x 

AO) = o 

fix) = 

2 cos 2x 

no) = 2 

fix) = 

— 4 sin 2x 

3 

II 

o 

fix) = 

— 8 cos 2x 

3 

II 

1 

OO 

f 4 \x) = 

16 sin 2x 

/ <4) (0) = 0 

/ (5) (-x) = 

32 cos 2x 

/ t5) (0) = 32 

/ (6) W = 

— 64 sin 2x 

f 6 \0) = 0 

/ (7, (-x) = 

— 128 cos 2x 

/< 7) (0) = -128 

sin 2x = 

Ox 2 

8x 3 Ox 4 32x 5 

0 + 2x + — 

+ 

3! 4! 5! 


+ 


Ox 6 128x 7 


6 ! 


7! 


„ 4 , 4 , 8 7 

= 2X “3 X + T?^“3l5 X + 


(b) sin x = ^ 


(-l) ,! x 2,!+1 

(2n + 1)! 


| ( 1)"(2^ + 1 = _ (Mf _ (M! + 

„4 (2 b + 1)! 


3! 


5! 


7! 


„ 8x 3 32x 5 

2 * “ X + 120 


128x 7 „ 4 , 4 , 8 7 

5040 3 15 315 


(c) sin 2x = 2 sin x cos x 


X 3 X s 

= 2U “ 6 + 120 


5040 


x 2 x 4 x 6 

2 + 24 720 + 


= 2 


= 2 


x + | - — ) + f— + — + 

'2 6 \24 12 120 


2x 3 2x 5 

x 1 

3 15 


4x 7 

315 


+ I - 
4 


720 

4 


x' 

144 


x' 

240 


5040 


= 2X “3 X3 + ^ 5 “3I5 X7 + 


(-1 )"t 2 


98. cos f = V . 

„=o (2 b)! 

Vr ^ (-l)"f ,! 

cos ~ = 2 ^ 


I; 


yi, 

COS fif = 
2 


2 „ = 0 2 2 "( 2 «) ! 

(-l) n f” +1 


= 2 


“ 0 2 2 "(2 m)!(« + 1) 
(-l)"x" + 1 


„=o 2 2 "(2 «)!(m + 1) 


100 . 


OO ftl 


OO 

e 7 - i = y L - 
e f - 1 = y — 

/ ,^i n\ 


r 


e' - 1 


dt = 


v i" 
„=i n ' «!. 


o 


102. 


lim 


arcsinx = 

X + 

2 • 

arc sin x 

1 + 

x‘ 

X 

n 

arcsin x 

X 

1 



3 1 • 3.x 5 1 • 3 • 5x 7 


+ ■ 


■ 2 1 • 3.x 4 1 • 3 • 5x 6 

+ : + ; + 


2-3 2-4-5 2 • 4 • 6 • 7 


„ , TT ^ arcsinx 

By L Hopital s Rule, lim = lim 

*— »0 X *-»0 




= i. 


iM8 
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Problem Solving for Chapter 8 

GO 

2. Let 5= 2] 


1 


_ _j_ J_ J_ 

,^(2n -l) 2 “T 5+ 3 i + 5 i + 


^ 17 2 1 1 1 1 

Then y 12+^+32 + 42 + - • 

= 5 + ^ + ^+- • • 


~ S + h 


, 1 1 

1 + 2? + ^ + - • 


= S + 


1 ( TT 


77 


Thus = = = 

6 46 6 \4/ 


4. (a) Position the three blocks as indicated in the figure. The bottom block extends 1/6 over 
the edge of the table, the middle block extends 1/4 over the edge of the bottom block, 
and the top block extends 1/2 over the edge of the middle block. 

The centers of gravity are located at 

bottom block: — — — = — — 

6 2 3 

1 1 1 1 

middle block: — I = 

6 4 2 12 

, , , 1 1 1 1 5 

top block: - + - + 

The center of gravity of the top 2 blocks is 


1 5 \ 1 

12 + \l) ~ ~ 6 ’ 

which lies over the bottom block. The center of gravity of the 3 blocks is 

-- - — + — )/3 = 0 

3 12 12/' 

which lies over the table. Hence, the far edge of the top block lies 

i \_ i _ n 

6 + 4 + 2 “ 12 
beyond the edge of the table. 

" 1 

(b) Yes. If there are n blocks, then the edge of the top block lies ^ — from the 

c= i 2( 

edge of the table. Using 4 blocks, 

4, 1 1 1 1 1 25 

c ^i 2/ 2 4 6 8 24 

which shows that the top block extends beyond the table. 

(c) The blocks can extend any distance beyond the table because the series diverges: 
1 1^1 



V - = +V + = 
2i 2 C 4' 1 i 


OO. 
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, b a b ^ 

6 - fl “2 + 3“4 + ' ' • = „?, 


(— 1 ) n + l (a + b) + (a — b) 
2 n 


It a = b, 2 j ~ = a 2 j converges conditionally. 


„ , , ^(-l)" +1 (fl + b) , ^ a — b 

If a + b, 2j ~ + 2j “ TT“ diverges. 


'J yj 

„=i xn 


No values of a and b give absolute convergence, a = b implies conditional convergence. 


8 . e x = 1 + x + — + 


e*~ = 1 + x 2 + — + ■ ■ • + — r + ■ ■ 


2 ! 


6 ! 


» -h 


'•f7 


10. (a) If p = 1, — : — dx = lnlnx 

1 x In x 


If P > 1, 


r(ln x)‘ 


dx = lim 


diverges. 

(In b) l ~ p (ln 2 ) 1_p 


(>-» oo L 1 - p 1 — p J 


converges. 


If p < 1, diverges. 

OO 

fl>) 2 


1 1 °o 1 

= — ^ — diverges by part (a). 


,“4 n ln(/t 2 ) 2,^4 ?! In 1 


12. Let = a„r n . 

( bn )'/" = ( a n r”) l b 1 = a,//" • r—>Lr as n— > 00 . 


14. (a) 


1 


1 


0.99 1 - 0.01 


Lr <—r= 1. 
r 


By the Root Test, ^b n converges => ^ a n r n converges. 


(b) 


1 


1 


0.98 1 - 0.02 


16. (a) Height = 2 


, 1 1 
1 H , H , + 

V 2 73 


00 1 / 1 

= 2 V —ttz = 00 p-series, p = — < 1 
“l ?? 1/2 V 2 


(b) 5 = 4 tt| 1 + I + I + 




(C) W = -TT 


1 1 

1 + 2 3/2 + 33/2 + 


4 00 1 

= 3' 77 2 fpn converges- 

D n= \ n 


- 2(0.01)” 

n = 0 

= 1 + 0.01 + ( 0 . 01) 2 + ■ ■ • 

= 1.010101 . . . 

00 

= 2 ( 0 . 02 )" 

n = 0 

= 1 + 0.02 + ( 0 . 02) 2 + • • • 
= 1 + 0.02 + 0.0004 + • • • 
= 1.0204081632. . . 
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CHAPTER 8 
Infinite Series 


Section 8.1 Sequences 

Solutions to Odd-Numbered Exercises 


1. a„ = 2" 
a x = 2 1 = 2 
a 2 = 2 2 = 4 
a 3 = 2 3 = 8 
a 4 = 2 4 = 16 
fl 5 = 2 s = 32 


7. a„ = 


(— D/2 


(- 1) 1 

a i = — rz — = — 1 


l 2 

(-D 3 

2 2 


a 3 

a 4 

a 5 


(~i) 6 i 
3 2 9 

(~1) 10 1 

4 2 16 

(~1) 15 ... 1 
5 2 25 



_ . fVTT 

5. a„ = sui — 

a, = sin — = 1 

1 2 

a 2 = sin 7r = 0 

. 3ir 

a 3 = sin — = — 1 
a 4 = sin 2ir = 0 

■ 577 r 

a 5 = sm — = 1 


11 . a„ 


3" 

n\ 


a i 



3 



9 

2 


«3 


3^ _ 27 
3! ~~ 6 


_ 3^ _ 81 
" 4! “ 24 


_ 3 5 _ 243 
° 5 ~ 5\~ 120 


13. a j = 3, a k+1 = 2(fl(, — 1) 
ci 2 — 2(fl[ — 1) 

= 2(3 - 1) = 4 
a 3 = 2(c7t — 1) 

= 2(4 - 1) = 6 
a 4 = 2 (a 3 — 1) 

= 2(6 - 1 ) = 10 
a 5 = 2(a 4 — 1) 

= 2(10 - 1 ) = 18 


15. a, = 32, a* + , = -a* 
a 2 = |aj = | (32) = 16 
«3 = = |(16) = 8 

a 4 = 2 a 3 = = 4 

1 1,^ „ 
a 5 = = 3 ( 4 ) = 2 
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17. Because cq = 8/(1 + 1) = 4 and a : 2 = 8/(2 + 1) = §, 
the sequence matches graph (d). 


19. This sequence decreases and a j = 4, a 2 = 4(0.5) = 2. 
Matches (c). 


21 . 


23. 's 


25. 


a„ = n, n = 1, . . . , 10 
" 3 


fl„ = 16(— 0.5)” -1 , n =1,. . .,10 


a " = = l’ 2, ' ' ” 10 


27. = 3n — 1 

fl 5 = 3(5) - 1 = 14 
a 6 = 3(6) - 1 = 17 
Add 3 to preceeding term. 


29. a = 


(— 2)" _1 
3 


" (— 2) 4 16 

= 3 = _ 

( — 2) 5 32 

Multiply the preceeding term by — \. 


10! 8!(9)(10) 

‘ 8 ! 8 ! 


= (9) (10) = 90 


33. 


(n + 1)! _ n\(n + 1) 
n\ n\ 

— n + 1 


35. 


( 2 n - 1 )! 


(2 n - 1)! 


(2 n + 1)! (2 n - l)!(2n)(2« + 1) 

_ 1 
2n(2n +1) 


5n 2 

37. lim = 5 

n— »oo n z + 2 


2 n 2 / 

39. lim / ^ r — = hm , 41. lim sin - = 0 

n ~* oo Yi h 1 n->oo vl + (l/n ) n— »oo \n / 


43. 


45. 


The graph seems to indicate that the sequence converges 
to 1 . Analytically, 

lim a n = lim — = lim = lim 1 = 1. 

n — »oo n — »oo fl x — >co X x — »oo 


The graph seems to indicate that the sequence diverges. 
Analytically, the sequence is 

{a„} = {0, -1,0, 1, 0,-1,. . .}. 

Hence, lim a„ does not exist. 

n—>oo 


47. lim (-1)" 

n—>oo \n ~r l 

does not exist (oscillates between — 1 and 1), diverges. 


r 3n 2 - n + 4 3 

49. lim — t ~z — = — , converges 

n — >oo 2n z +1 2 


r 1 + (-!)” n 
51. lim = 0, converges 


n — >oo Yl 


53 . , lm 


2« 


» 2 n 


3 / 1 \ 

= lim — — = 0, converges 

n — >co 2\yi) 


(L’HopitaTs Rule) 
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55. lim 1 — 1 = 0, converges 


(n + 1)! 
lim 

n —* oo n ! n—>oo 


57. lim ; — — = lim (n + 1) = oo, diverges 


59. lim 


n — I 


n n —\) n(n - 1) 


= lim - 1)2 - 


1-2 n 
= lim — j 

n — »oo n n 


= 0, converges 


n p 

61. lim — = 0, converges 

n-> oo e" 

( p > 0, n > 2) 


63. — 1 + 


lim ( 1 + — ] = lim [(1 + t/) 1 /"]*’ = e k 

n—>oo \ YlJ u — >0 


where u — — , converges 
n 


65. lim — — = lim (sin n)— = 0, converges 

n—>oo n oo n 


67. a„ = 3m — 2 


69. a„ = n 2 — 2 


71. a„ = 


n + 1 


" n + 2 


73. = 


(- 1 )" 


1 n + 1 

75. a = 1 + - = 

m n 


77. = 


(m + 1 )(m + 2) 


(- l )" -1 (— 1)"“ 1 2 " n ! 

‘ a " ~ 1 • 3 • 5- • • (2n — 1) _ (2 m)! 


81. a„ = 4- n <4- — = «„ +1 , 
monotonic; \a„\ < 4 bounded. 


„„ n ? n + 1 
2 n+1 ~ 2^ n + l ' )+2 
? 

2" + 3 m > 2" + 2 (n + 1) 

9 

2m > m + 1 
m > 1 

Hence, n > 1 

2m > m + 1 
2" + 3 m > 2' , + 2 (n + 1) 


M M + 1 

2« + 2 2^ n + l) + 2 


85. a„ = (-1)“ 

Ml — 1 

1 


« 2 = 2 


1 

a3= ~3 


Not monotonic; I a„ I < 1, bounded 


a „ > <*n+l 

True; monotonic; |a K | < bounded 


87. a„ = (§)” > (|)” + 1 = a „+ 1 
Monotonic; |a„| < §, bounded 


89. a n 

. ( nir 

= sin \T, 

a x 

= 0.500 

a 2 

= 0.8660 

a 3 

= 1.000 

a 4 

= 0.8660 


Not monotonic; |a„| < 1, bounded 
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91 . (a) a„ = 5 + - 
n 


5 + 


< 6 => {a n } bounded 


a — 5 H — > 5 H — — 

n n + 1 

= a n + 1 => {a,,} monotonic 

Therefore, {a n } converges. 

(b) 


93 . 



{a„} bounded 



(b) 


= a n+1 => {a„} monotonic 
Therefore, {a n } converges. 



-o.i 


lint (5 + — ) = 5 

n — >go \ Yl J 



\_ 

3 


95 . A„ = P 1 



(a) lim A n = oo, divergent. The amount will grow 

n—>oo 

arbitrarily large over time. 


(b) A n = 9000 


1 + 


A 1 = $9086.25 
A 2 = $9173.33 
A 3 = $9261.24 
A 4 = $9349.99 
A 5 = $9439.60 


0.115 1” 

12 

^6 = 
a 9 = 

^io = 


$9530.06 

$9621.39 

$9713.59 

$9806.68 

$9900.66 


97 . (a) A sequence is a function whose domain is the set of 
positive integers. 

(b) A sequence converges if it has a limit. 

(c) A bounded monotonic sequence is a sequence that 
has nondecreasing or nonincreasing terms, and an 
upper and lower bound. 


99 . a 


n 



n 


101. a„ 


3 n 

An + 1 


103 . (a) A„ = (0.8)" (2.5) billion 

(b) Aj = $2 billion 
A 2 = $1.6 billion 
A 3 = $1.28 billion 
A 4 = $1,024 billion 

(c) lim (0.8)" (2.5) = 0 


105 . (a) a„ = — 3.7262n 2 + 75.9167/t + 684.25 


1500 



0 


(b) For 2004, n = 14 and a u * 1017, or $1017. 
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107. a 


n 


10 " 

n\ 


(a) a 9 = a w 


10 9 

9! 

1,000.000.000 

362,880 

1,562,500 

567 


(b) Decreasing 

(c) Factorials increase more rapidly than exponentials. 


109. {a n } = {Vn} = {n l/n } 
a t = l 1 / 1 = 1 
a 2 = J 2 » 1.4142 
a 3 = 7 3 « 1.4422 
a 4 = 7 4 « 1.4142 
a 5 = 7 5 = 1.3797 
a 6 = 7 6 « 1.3480 
Lety = lint n 1 /". 

ft— »oo 

In y = lint ( — In n 

n—>oo \n 


= lim^ = lim — p- = 0 

«— >oo n—>co 1 


Since In y = 0, we have y = e° = 1. Therefore, 
lim 7n = 1. 

ft— >oo 


111 . a n+2 = a n + a n+l 


a l = 1 


a 7 = 8 + 5 = 13 

fl 2 = 1 


a s = 13 + 8 = 21 

= 1 + 1 

= 2 

a 9 = 21 + 13 = 34 

= 2 + 1 

= 3 

a 10 = 34 + 21 = 55 

a 5 = 3 + 2 

= 5 

a n = 55 + 34 = 89 

^ 6 = 5 + 3 

= 8 

a 12 = 89 + 55 = 144 


(b) b n = " + ' , n > 1 


*>=T =1 

b 2 = f = 2 

»3=f 




7 -11 

bi 8 

7 -11 
7 13 

7 -M 
&8 21 


b a = 


55 

34 


&ll) 55 


(c) I + , ' =1 + 1 

V 1 


= 1 + 


+ a , 


aja n -i 

dy. 1 


n- 1 _ *■*« + 1 


(d) If lim b n = p, then lim 1 + — 

ft— » OO ft— » OO V b. 


= 7 

I 

ft — 1 


Since lim b„ — lim £> _, we have, 

ft— > OO M — >oo 

1 + (1/p) = p. 
p + 1 = p 2 

0 = p 2 — p — 1 

1 ± 7l + 4 1 ± 75 

P - 2 2 

Since a„, and thus fe„, is positive, 

p = (l + yi)/2 « 1.6180. 


113. True 

117. a x = J 2 « 1.4142 


= V 2+72 > 


1.8478 


= « 1.9616 

= J 2 + Jl + J2 + J2 « 1 .' 


9904 


115. True 


{«„} is increasing and bounded by 2, and hence converges to L. Letting lim a n = L implies that 72 + L = L 
Hence, lim a n = 2. 


L = 2. 
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Section 8.2 Series and Convergence 


1. s, = 1 


S % — 1 + 7 + 5 


S 4 = 1 + \ + \ + T6 = 1-4236 
5, — 1+1+5+17+9^“ 1-4636 


1.3611 


3. 5! = 3 

S, = 3 — % = —1.5 


5 3 = 3 - § + f = 5.25 

5 4 = 3- |+ f- | L = -4.875 

5, = 3- |+ f- T+ T^ = 10.3125 


5. St = 3 

5, = 3 + I = 4.5 


2 
3 

2 T 4 

3 , 3 

2 ' 4 

3 , 3 

2 ' 4 


S, = 3 + |+ z = 5.250 


S 4 = 3 + | + 1 + I = 5.625 


^ = 3 + |+ i+ l+ ^ = 5.8125 


3\" 


7. ^ 3(~ j Geometric serie 


r= 2 > 1 


Diverges by Theorem 8.6 


9. ^ 1000(1.055)” Geometric series 

n = 0 

r = 1.055 > 1 
Diverges by Theorem 8.6 


ii- 2 


= 1^+1 


lim — — =1*0 

«— »oo n + 1 


Diverges by Theorem 8.9 


13. £ 


“ , n 2 + 1 

yp 

lim =1*0 

«— » 00 ft + 1 

Diverges by Theorem 8.9 


15- 


lim 


2 ” + 1 


= lim 1 + „ 2 - = i # 0 

n — >00 


Diverges by Theorem 8.9 


00 Q / 1 \ 

17 - 2 ’ i 

17=0 ^ \^/ 


1 + 4 + i + 


9 9 5 

S o = 4’^ = 4’4 


45 

16’ 


S, = 


9 21 

4 ’ 16 


2.95, 


Matches graph (c). 

Analytically, the series is geometric: 

= 9/4 _ 9/4 

1 - 1/4 3/4 


= 3 


Sf (-ir=¥l 

77 = 0 


, 1 1 
1 “4 + l6“ 


15 


45 


So = T* 5l = 16’ 52 ” 3 ' 05 ’ ’ ’ ' 

Matches graph (a). 

Analytically, the series is geometric: 

V 15/ lV = 15/4 = 15/4 

A 4 l 4j 1 — (— 1/4) 5/4 


= 3 


1 


n(n + 1) „?A n n + 1 

1 


1 


21 . £ 

n = 1 

00 

y 

n(n + 1) n->°° iJ " \ n + 1 




= lim 5„ = lim 1 — 


1 


= 1 


23 - 2 2 z 


25. ^ (0.9)" 


Geometric series with r = 4 < 1. 
Converges by Theorem 8.6 


Geometric series with r = 0.9 < 1. 
Converges by Theorem 8.6 



Section 8.2 Series and Convergence 127 



(d) The terms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly. 



(d) The terms of the series decrease in magnitude slowly. Thus, the sequence of partial sums approaches the sum slowly. 



(d) The terms of the series decrease in magnitude rapidly. Thus, the sequence of partial sums approaches the sum rapidly. 
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45. £ ( T 


oo / 1 \n oo / 1 \n 

a - s 


1 — (1/2) 1 - (-1/3) 

2 — — = — 

2 2 


47 - °' 5 = Iio(io 


Geometric series with a = rs and r = itt 


S = 


4/10 


1 - r 1 - ( 1 / 10 ) 


oo 4 / | \(i 

49 . 0.07575 


Geometric series with a = js and r = fTin 


S = 


40 

3/40 _ 5 


1 - r 99/100 66 


51. V ” + 10 

A 10 n + 1 

r n + 10 1 - n 

i^l0nTT = 10^° 

Diverges by Theorem 8.9 


53 - 2 ; - 




, , 1 3 

= 1 + — = — , converges 


55. £ 


3 n - 1 
^ i 2n + 1 

3)t — 1 3 

n — >oo Z72 “T" 1 Z 

Diverges by Theorem 8.9 

OO y, 

61. Sp- 


oo 4 oo / i 

5’- 2 v - 4 2 


Geometric series with r — \ 
Converges by Theorem 8.6 


59. £(1.075)" 

n = 0 

Geometric series with r = 1.075 
Diverges by Theorem 8.6 


63. See definition, page 567. 


lint p— = lim — 7 — = 00 

n >co In ft n—>oo 1 /ft 

(by L’HopitaTs Rule) Diverges by Theorem 8.9 


65 . The series given by 

CO 

£ ar" — a + ar + ar 2 * + ■ ■ ■ + ar” + • • ■ ,a ¥= 0 

n = 0 

is a geometric series with ratio r. When 0 < | r| <1, the 
a 

series converges to . The series diverges if | r| > 1. 


67. (a) x is the common ratio. 


(b) 1 + x + x 2 + ■ ■ • = y,t" = , Ixl < 1 

„=o 1 - x 1 1 

Geometric series: a = 1, r = x, |x| < 1 

1 3 


(c) Ti = 


1 — x 
y 2 = 1 + x 



69. f(x) = 3 


1 - 0.5' 


1-0.5. 

Horizontal asymptote: y = 6 


E3 

K = 0 


S = 


= 6 



1 - (1/2) 

The horizontal asymptote is the sum of the series, /(n) is the n th partial sum. 
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71. 


1 


< 0.001 


n(n + 1) 

10,000 < n 2 + n 

0 < n 2 + n — 10,000 
-1 ± 71- - 4(1)( — 10,000) 


Choosing the positive value for n we have n ~ 99.5012. The first term that is less than 0.001 is n = 100. 
1 


- < 0.001 


10,000 < 8 ” 

This inequality is true when n = 5. This series converges at a faster rate. 


73. ^ 8000(0.9)'' = 


8000[l - (0.9) (,, ~ 1)+1 ] 


1 - 0.9 
= 80,000(1 - 0.9"), n > 0 


n-i i nor i — 075 (-- - o+n 

75. 2 ™«> W 1 


= 400(1 — 0.75") million dollars. 
Sum = 400 million dollars 


77. = 16 

D 2 = 0.81(16) + 0.81(16) = 32(0.81) 
up down 

D } = 16(0.8 1) 2 + 16(0.81) 2 = 32(0.81) 2 


oo 5 ") 

D = 16 + 32(0.81) + 32(0.81)2 + ■ • • = -16 + 32(0.81)" = -16 + = 152.42 ft 

n = 0 1 0.81 


79. P(n ) 



P( 2 ) 



1 

8 


2 

n = 0 



1/2 

1 - ( 1 / 2 ) 


= 1 


81- (a) S V2 

n= 1 


= 2 


l /l 


l 


l 


2 (1 - ( 1 / 2 )) 


= 1 


(b) No, the series is not geometric. 

o° / 1 \n 

(c) =2 


83. Present Value = V 50,000 — — : 

n = I U- 06 


= 50,000 / 1 

“ A 1-06 1 1.06 


50,000 / 1 - 1.06~ 19 
1.06 \ 1 - 1.06 1 

$557,905.82 


1 

1.06 


85. w = 0.01(2)-' = °' Q1(1 _ ^ = 0.01(2" - 1) 

;= o 1 

(a) When n = 29: w = $5,368,709.11 

(b) When n = 30: w = $10,737,418.23 

(c) When n = 31: w = $21,474,836.47 


The present value is less than $1,000,000. After accruing 
interest over 20 years, it attains its full value. 
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87. P = 50, r = 0.03. t = 20 


(a) A = 50' 


12 

0.03 


1 + 


0.03\ 12(20) 

12 


- 1 


$16,415.10 


50 - ( £0.03(20) _ |) 

(b) A = e0 V 03/12 _ ! « $16,421.83 


91. (a) a n = 6110.1832(1.0544)* = 61 10. 1832c 005297 " 
10,000 


6,000 


,000 



(b) 78,530 or $78,530,000,000 

9 

(c) Total = ^ a n . « 78,449 or $78,449,000,000 

n = 0 


89. P = 100, r = 0.04. t = 40 


(a) A = 100' 


12 

0.04 


1 + 


(b) A = 


100(e 0 04 < 4 °) - 1) 

g(). 04/12 _ j 


O.Q4\ 12(40) _ 

12 ) ' 

« $118,393.43 


$118,196.13 


93. x = 0.749999 . . . = 0.74 + £ 0.009(0.1)" 

n = 0 


= 0.74 + 


0.009 


1 - 0.1 

= 0.74 + 0.01 = 0.75 


95. By letting S 0 = 0, we have a n = ^ a k — ^ a k = S n — S n _ , . Thus, 

k=\ 7=1 

OO OO OO CO 

2>„ = 2 (S n - S n _d = E & - + c - c) = £ [(c - £„_,) - (c - 5,,)]. 


n = 1 n = 1 


97. Let ^ a n = 1 and ^ b n = ^ (“ 9- 

n = 0 77 = 0 

Both are divergent series. 

CO CO 

2> k + &„)= f [!+(-!)]= f [1- 1] = 0 


1 GO | 

99. False, lim - = 0, but V — diverges. 

77 — 4 GO 71 71 


101. False 


2 

n= 1 ' 1 


The formula requires that the geometric series begins with n = 0. 


103. Let H represent the half-life of the drug. If a patient receives n equal doses of P units each of this drug, administered 
at equal time interval of length 7, the total amount of the drug in the patient’s system at the time the last dose is 
administered is given by 

T n = P + Pe kt + Pe 2kl + ■ ■ ■ + 

where k = — (In 2 )/H. One time interval after the last dose is administered is given by 
T n+l = Pe kl + Pe 2k ' + Pe 3kt + ■ • • + Pe" k '. 

Two time intervals after the last dose is administered is given by 
T n + 2 = Pe 2k ' + Pe 3k < + Pe 4k ' + • • • + Pe (n+ 0*' 
and so on. Since k < 0, T n + s —> 0 as s— > oo, where s is an integer. 
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Section 8.3 The Integral Test and p-Series 


OO 1 

1. V 

n=l « + 1 


Let f{x) = 


1 


X + 1 

/is positive, continuous and decreasing for x > 1. 
1 


- dx = 


Ji x + 1 

Diverges by Theorem 8.10 


ln(x + 1) 


3. ^ 

n = 1 

Let/(x) = e~ x . 

f is positive, continuous, and decreasing for x > 1. 

if ' [ 1 


e x dx = 


Converges by Theorem 8.10 


5- 2 


1 


“ « 2 + 1 
Let/(x) = 


x 2 + r 


/is positive, continuous, and decreasing for x > 1. 


'OO ^ 

, , dx = 

- 

arctan x 

Ji * 2 + 1 



77 

4 


Converges by Theorem 8.10 


7- 2 


ln(n +1) 


^ n + 1 


Let/(x) = 


ln(x +1) 


v + 1 

/is positive, continuous, and decreasing for x > 2 since 
fix) - 1 - ]n(x l l) <0 (or x >2. 


(x + l ) 2 


ln(x + 1) 


dx = 


x + 1 

Diverges by Theorem 8.10 


ln 2 (x + 1) 
2 


9. 2 / — 

„= i n k + c 
Let /(x) = 


x* + c 


/is positive, continuous, and decreasing for 
x > i/c(k — 1) since 

= x k ~ 2 [c(k - 1) - **] 

1 W (x* + c) 2 

forx > i/c(k — 1). 


/; 


x* + c 


- dx = 


- ln(x* + c) 


Diverges by Theorem 8.10 


ii. 2^ 


Let f{x) = 


/is positive, continuous, and decreasing for x > 1. 


'O' 

Jl 


1 


dx = 


1 

"lx 2 


1 


Converges by Theorem 8.10 


OO 1 OO 1 

13 ' 2 17 ^ = 2 ^ 17 ? 

« = 1 </ n n= 1 n 

Divergent p-series with p = \ < 1 


15 - 2^ 

/? = 1 W 

Divergent p-series with p = \ < 1 


OO 

17 - 2 




Convergent p-series with p = I > 1 


Convergent p-series with p = 1.04 > 1 
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„„ S 2 2 2 2 

2L , I ? 1 yp-T + 2^ + 3^ + '" 
S/ = 2 
S 2 « 3.189 

V 

Matches (a) 

Diverges — p-series with p — f < 1 


23. V = 2 + 2/2 3 /2 + 2/33/2 + . . 
„=i njn 

5 , = 2 

5 2 « 2.707 

5 3 « 3.092 
Matches (b) 

Converges — -p-series with p = 3/2 > 1 


25. No. Theorem 8.9 says that if the series converges, then the terms a n tend to zero. Some of the series in Exercises 21-24 
converge because the terms tend to 0 very rapidly. 


at 1 111 1 

27. Y-=l+^ + ^ + i+ - ' ■ +f-> M 

n 9 9 4 N 


(a) 


M 

2 

4 

6 

8 

N 

4 

31 

227 

1674 


(b) No. Since the terms are decreasing (approaching zero), 
more and more terms are required to increase the partial 
sum by 2. 


29. £ 


1 


n =2 "0 n nf 

If p = 1, then the series diverges by the Integral Test. If p # 1, 


1 


- dx = 


'OO j 

(In x)~ p - 

J 2 x 


x(ln x)p 

Converges for — p +1 < 0 orp > 1. 


- dx = 
x 


(In x) 


-p+i 


-p + 1 


31. Let/be positive, continuous, and decreasing for x > 1 
and a n = /(«). Then, 

00 C°° 

2 a„ and f(x) dx 

n = 1 J 1 

either both converge or both diverge (Theorem 8.10). 
See Example 1, page 578. 


33. Your friend is not correct. The series 

^ 1 I 1 

+ + 


n = 10,000 n 10,000 10,001 

is the harmonic series, starting with the 10,000 th term, 
and hence diverges. 


35. Since/is positive, continuous, and decreasing for x > 1 and a n = f(n), we have, 

oo N oo 

R N =S-S N =^a„-^a n = £ a„ > 0. 

n = 1 n = 1 n=N + 1 

oo f 00 f 00 

Also, R n = S — S N = ^ a n < a N+ x + I f(x) dx < f(x) dx. Thus, 

n = N + 1 J/V+l JN 

I f(x) dx. 

JN 


37. S 6 — 1 + ^T + ^7 + T4 _ l _ 77“* _ 77~ 1.0811 


'00 J 

.6 X‘ 


R 6 Z I - A dx = 


2 4 3 4 4 4 5 4 6 4 

0.0015 


1 

'3*3 


1.0811 < ^ — < 1.0811 + 0.0015 = 1.0826 
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39 ‘ “f + ^ + i + i^ + i + ^ + i) + ^ + ^ + i()T~ a9818 
r i r i°° tt 

R m = < —z dx = arctanx = — — arctan 10 ~ 0.0997 

10 J 10 x 2 + 1 i J 10 2 

OO 1 

0.9818 < ^ — < 0.9818 + 0.0997 = 1.0815 


4L S4 ~^ + 7 + l + ^ 


T 1 

— — e 

2 J 4 


= 5.6 x 10' 8 


0.4049 < 2 He“" 2 < 0.4049 + 5.6 x 10“ 


f°° i r i r 

L 7“’ ■ “3?J, 


«. o < «„ < - , ,, I - 5^ < 0.001 


< 0.003 


IV 3 > 333.33 
N > 6.93 


45. R., < e 5a dx = — 


_ 5 \ 

5 


oo 0 -5N 


< 0.001 


47. R n < 


r°° i , r t 

JiV X 2 + 1 i JlN 


e 5iv < 0.005 


e 5Ar > 200 
51V > In 200 


= arctan IV < 0.001 

2 


— arctan N < — 1 .5698 
arctan N > 1.5698 

N > tan 1.5698 
N > 1004 


N > 1.0597 


49. (a) V — — . This is a convergent />series with p = 1.1 > 1. 

n 1 ■ 1 


2 — ; is a divergent series. Use the Integral Test. 

n =2 H In H 


'GO j - - O 

— dx = In I In jrl 

J 2 x In x L J 2 


(b) 2jr = TlT + ^n + zfr + ^T7 + ^r7 s= 0.4665 + 0.2987 + 0.2176 + 0.1703 + 0.1393 


5 L1 6 1 


Y — r— = + -TUT + “ 0.7213 + 0.3034 + 0.1803 + 0.1243 + 0.0930 

n = 2 n In n 2 In 2 3 In 3 4 In 4 5 In 5 6 In 6 

The terms of the convergent series seem to be larger than those of the divergent series! 

(c) “TT < ““ T - 
n n In n 

n In n < n 1A 

In n < n 01 


This inequality holds when n > 3.5 x 10 15 . Or, n > e 40 . Then In e 40 = 40 < (e 40 ) 01 = e 4 ~ 55. 



134 Chapter 8 Infinite Series 


51. (a) Let/(.v) = 1/x/is positive, continuous, and decreasing on [1, oo). 

— j> 

S„ ~ 1 < In n 

Hence, S„ < 1 + In n. Similarly, 

r +i i 

S„> - dx = ln(>7 + 1). 

J i x 

Thus, ln(n + 1) < S n < 1 + In n. 

(b) Since ln(n + 1) < S n < 1 + In n, we have ln(» + 1) — In /; < S n — Inn < 1. Also, since ln.t is an increasing function, 

ln(/i + 1) — In n > 0 for n > 1 . Thus, 0 < S n — In n < 1 and the sequence {a n } is bounded. 

f" + 1 1 1 

(c) a -«„+,= [5„ - Inn] - [S B + 1 - ln(t7 + 1)] = - dx - — — > 0 

Jn x « + 1 

Thus, a n > a n + l and the sequence is decreasing. 

(d) Since the sequence is bounded and monotonic, it converges to a limit, y. 

(e) a 100 = 5 I00 - In 100 « 0.5822 (Actually y « 0.577216.) 



53. y 

n=\ 2 n - 1 

Let/(x) = 


1 


2x - 1 

/is positive, continuous, and decreasing for x > 1. 

1 


2x - 1 


dx = 


In J2x — 1 


Diverges by Theorem 8.10 


OO 1 GO 1 

55 - 1^77 

„ = i iw n n = i 1 
p-series with p = \ 
Converges by Theorem 8.1 1 



• • • 2 
Geometric series with r = 3 

Converges by Theorem 8.6 


59. X 

n = 1 

lint 


„=i ~Jn- + 1 
n 


= lim 


n—>oo if + r «— >00 yi + (l/n 2 ) 

Diverges by Theorem 8.9 


= 1 # 0 




lim 1 H — = e ¥= 0 

n —> 00 \ H / 

Fails nth Term Test 
Diverges by Theorem 8.9 


63. £ 


„ = 2 «(ln n) 3 
Let f(x) = 


.r(ln jr) 


/is positive, continuous and decreasing for x > 2. 


' I 

x(ln .r) 


dx = 


(In x) 3 - dx = 


r (In jc ) -2 1 

OO 

1 

“ _ 1 

-2 

2 

2(ln x) 2 _ 

2 2(ln 2) 2 


Converges by Theorem 8.10. See Exercise 13. 
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Section 8.4 Comparisons of Series 


s 6 6 6 

L (») 2 ^75 = I + W 2 + • • ' = 6 


y 6 = ^ + 6 + . . . s = - 

«3/2 + 3 4 2 3 / 2 + 3 1 2 

y — J^ = = — ^ + — ^ + . . . 5=^ 
^ njn 2 + 0.5 17T5 2^425 1 713 

(b) The first series is a /^-series. It converges ( p = 3/2 > 1). 


3 1 I 6 

4— H J flw_ / 2, 

H A — n ^ n +Q - 5 I 

2- X k = -3^— I 


2 4 6 8 10 


(c) The magnitude of the terms of the other two series are less than the corresponding 
terms at the convergent p-series. Hence, the other two series converge. 

(d) The smaller the magnitude of the terms, the smaller the magnitude of the terms 
of the sequence of partial sums. 


, y 9 

LA-i* 3/2 + 3 


2 4 6 8 10 


3 1 A 

n 2 + 1 n 2 


5. — - — > — for n > 2 
n — 1 n 


Therefore, 


Therefore, 


£ i " 2 + 1 

converges by comparison with the convergent p-series 




diverges by comparison with the divergent p-series 


n= 1 n 


7.^<^ 
3" + 1 3" 


„ „ In n 1 

9. For n > 3, > 

n + I n + 1 


Therefore, 


Therefore, 


y — 1 — 

Zj an _i_ I 

n ~ 0 J ^ 1 

converges by comparison with the convergent geometric 


■K In n 

n = t n + 1 

diverges by comparison with the divergent series 


00 / 1 \ n 

X. u) • 


GO 1 

„?i «+T’ 

GO ] 

Note: V diverges by the integral I 

« = i n+ 1 


11. For n > 3, — ^ > —7. 

«- n! 


13. X < — 

e" e" 


Therefore, 


Therefore, 


converges by comparison with the convergent p-series 


converges by comparison with the convergent geometric 


00 / 1 \n 

m- 
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15. Uni 'lM±A = lim -jt 


1 fn 


= 1 


Therefore, 


1 / Jn 2 + 1 n 

17. lim = lim — , = 1 

n—> oo 1 / Yl n—>oo TT + 1 

Therefore, 


£ i " 2 + 1 

diverges by a limit comparison with the divergent p-series 

OO 1 

2 n' 
n= 1 " 


oo 1 

V 1 

n=o Vn 2 + 1 

diverges by a limit comparison with the divergent p- 

n = l n 


2 n 2 — 1 

„ 3 n 5 + 2n + 1 2n 5 — n 3 2 

19. lim — = lim — ; = — 

a — >co 1 /n 3 »->oo 3 n 5 + 2n + I 3 

Therefore, 

2n 2 - 1 
j 3w 5 + 2n + 1 

converges by a limit comparison with the convergent 
p-series 

Si- 


ll + 3 

n(n + 2) n 2 + 3 n 

21. lim — = lim — ; — = 1 

n—> oo 1 /n «-ioo + 2 n 

Therefore, 


g n + 3 


„ = i n(n + 2) 

diverges by a limit comparison with the divergent p- 

2^ 

n=l n 


23. lim - Mm * = 1 

n—>oo l/n z n->co n-Jrr + 1 

Therefore, 

oo 1 

y — , 

n =i njv 2 + 1 

converges by a limit comparison with the convergent 
p - series 

n= 1 n 


25 lim *)/(”* + !) 

ii — ICO l/ll 

Therefore, 


= lim 

n— loo 1 


= 1 


n = 1 »* + 1 

diverges by a limit comparison with the divergent p- 

n=l H 


„„ ,. sin(l/n) (-l/ii 2 )cos(l/n) 

27. lim — — = lim TTi 

n — >oo 1/71 n—>oo 1 / 7t 


= lim cosl — 1 = 1 

n — >oo V 7Z / 


Therefore, 


2 sil 


diverges by a limit comparison with the divergent p-series 

OO 1 

2n 

n=\ n 


oo /S oo 1 

29. V = V -L 

„= 1 « *= 1 Vn 

Diverges 

p-series with p = \ 


31. £ 


1 


3" + 2 
Converges 


33. £ 


Direct comparison with ^ . 

n = i V 3 


1 \" 


" 2 17 + 3 

Diverges; nth Term Test 

lim ? ” , = T ^ 0 

«— >oo 2 ti + 3 2 


35. £ 


^ (n 2 + l) 2 
Converges; integral test 


series 


series 


series 
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37. lim -y- = lim na n by given conditions lint na n is finite 

«— »oo \ j Yl n—>oo n —> oo 

and nonzero. 


Therefore, 



n= 1 


diverges by a limit comparison with the p-series 




OO 

2 

n = 1 


n 

n 2 + f 


which diverges since the degree of the numerator is only 
one less than the degree of the denominator. 


«■ 2 


r'j n 3 + 1 


43. 


lim n\ 

n—> oo 


n 3 \ 

5n 4 + 3/ 


lim 

n — >oo 


5n 4 + 3 


1 

5 


* 0 


converges since the degree of the numerator is three less 
than the degree of the denominator. 


Therefore, 

oo 72 3 

2 i 5^n ! d,verges ' 


OO j 

45. See Theorem 8.12, page 583. One example is ^ -y - 

« = i n 1 


converges because 
1 1 


n 2 + 1 


and £ 73 


converges (p-series). 



For 0 < a n < 1, 0 < a 2 < a n <1. Hence, the lower 
terms are those of S a 2 . 


49. 


1 1 
200 + 400 



OO j 

|,2 00^’ divergeS 


1 1 1 1 
201 + 204 + 209 + 216 


OO ] 

„S 1 200T^’ converges 


53. Some series diverge or converge very slowly. You 
cannot decide convergence or divergence of a series 
by comparing the first few terms. 


55. False. Let a n = l/n 3 and b n = 1/n 2 . 0 < a n < b n and 
both 



converge. 


57. True 


OO 

59. Since V b n converges, lim b n = 0. There exists N such that b n < 1 for n > N. Thus, 

n=\ 

OO 

a n b „ < a „ for « > A^and ^ a n b n 

n = 1 

oo 

converges by comparison to the convergent series ^ a n . 

i= 1 


61.2 


-j and ^ “T both converge, and hence so 



= 2 


n 5 ‘ 
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63. (a) Suppose 2i> n converges and 2 a n diverges. Then there exists N such that 0 < b n < a n for n > N. This means that 
1 < a n /b n for n > N. Therefore, lim a n /b n # 0. Thus, 2 a n must also converge. 

n— >oo 

(b) Suppose 2 b n diverges and 2 a n converges. Then there exists N such that 0 < a n < b n for n > N. This means that 
0 < a n / b n < 1 for n > N. Therefore, lim a n /b n # oo. Thus, 2 a n must also diverge. 

n — »oo 


65. Start with one triangle whose sides have length 9. At the nth step, each side is replaced by four 
smaller line segments each having f the length of the original side. 


#Sides 

Length of sides 

3 

9 

3 • 4 

9(1) 

3 • 4 2 

9(i) 2 

3 • 4" 

9(1)" 



At the nth step there are 3 • 4" sides, each of length 9(f) . At the next step, there are 3 • 4” new triangles of side 9(f) . The 

area of an equilateral triangle of side x is \ 73 x 2 . Thus, the new triangles each have area 


9^(— Y = ^ — 

4 \3' ,+ 1 / 4 3 2 ' 1 ' 


The area of the 3 • 4" new triangles is 


(3 • 4") 


V3J_\ 

4 3 2 "/ 


3y/3 / 4\" 
4 \9 / 


The total area is the infinite sum 


9 73 S 3V3/4\" = 973 37? / 1 \ = 9^3 373 /9\ = 18^3 

4 ,^ 0 4 \9/ 4 4 \1 - 4/9/ 4 4 \5/ 5 ' 

The perimeter is infinite, since at step n there are 3 • 4" sides of length 9(f)". Thus, the perimeter at step n is 27(f) — > oo. 


Section 8.5 Alternating Series 


. 6 6 6 6 
‘•,?,?-T + 4 + 9 + 

5 1 ! = 6, S 2 = 7.5 

Matches (b) 


3 - 2 


10 

n2" 



S ! = 5 ,S 2 = 6.25 
Matches (c) 


5 - 2 


In - 1 


T « 0.7854 
4 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

S„ 

1 

0.6667 

0.8667 

0.7238 

0.8349 

0.7440 

0.8209 

0.7543 

0.8131 

0.7605 


(b) i 


0.6 

(c) The points alternate sides of the horizontal line that represents the sum of the series. The distance between 
successive points and the line decreases. 

(d) The distance in part (c) is always less than the magnitude of the next term of the series. 
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7- X 


(- 1 )"“ 


= T2 ~ °' 8225 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

S n 

1 

0.75 

0.8611 

0.7986 

0.8386 

0.8108 

0.8312 

0.8156 

0.8280 

0.8180 


(b) ' 


0.6 



(c) The points alternate sides of the horizontal line that 
represents the sum of the series. The distance between 
successive points and the line decreases. 


(d) The distance in part (c) is always less than the magnitude 
of the next term in the series. 


9- 2 


(-1)"- 1 


n= 1 


n 


a - 1 = nTT < vr a - 

lint - = 0 

n — >oo Yl 


11- 2 


(- 1 )"-* 


n=l 2n ~ 1 


a,,+ 1 2(n + 1) - 1 < 2n - 1 a " 


lim o 7 

n—>oo Zn — 1 


= 0 


Converges by Theorem 8.14. 


Converges by Theorem 8. 14 


13. £ 


(—1)" n 2 
n 2 + 1 

2 


lint - 

«— » OO i 


n * 


= i 


Diverges by the nth Term Test 


oo ( — 1 \n 

15. 

n= 1 Z n 


1 1 

< — 1= — a„ 


Zn + 1 Zn 


lim — -j= = 0 
oo ^Jn 


Converges by Theorem 8. 14 


^ (~l) ,, + 1 (n + 1) 
17 ‘ „4 ln(„ + 1) 


lim = lim 


1 


mu . / \ — inn \ — i 

h— » oo ln(72 + lj n-» oo \/\Yl + 1) « 

Diverges by the ftth Term Test 


= lim (n + 1) = oo 


19. ^ s i> 


(2n — l)i 


= 2 (-D" +l 


Diverges by the nth Term Test 


OO OO 

21. ^ cos nir = 2 1)" 

n= 1 « = 1 

Diverges by the nth Term Test 


23. ^ 


(~ 0 ” 
n\ 


a 


n + \ 


1 J_ 

(n +1)! n! 


lim “7 = 0 

n — >oo 72: 


Converges by Theorem 8. 14 
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2 f (-D" +i yw 

• & n + 2 

Jn + 1 . Jn r 

, , = t — < -torn > 2 

" + 1 (n + 1) + 2 n + 2 


lim = 0 

» oo W i 2 

Converges by Theorem 8.14 


2? ^ (~1)' , + 1 (2) = ^ (— 1)” + 1 (2e”) 

‘ ^ e" - e-- h ^ - 1 


Let/(x) = 


2e* 


. Then 


,,, . -2e'{e 2x +1) A 

/W= (^-l) 3 <0 - 

Thus,/(jr) is decreasing. Therefore, fl, I+ [ < , and 

2e” 2i»" 1 

lim = lim — r = lim — = 0. 


6 3(_iyi+i 

29. S 6 = y — — | = 2.4325 


\R b \ = |5 - S 6 \ < a 7 = — « 0.0612; 2.3713 < S < 2.4937 


5 2(—]) n 

3!. S 6 = 2 ~ , = 0.7333 


The series converges by Theorem 8. 14. 


|/? 6 | = |S - S 6 | < a 1 = — = 0.002778; 0.7305 < S < 0.7361 


oo / _ 1 \n 

33. £ 

„ = o 

(a) By Theorem 8.15, 


\R n ' < a N+l 


1 


< 0 . 001 . 


(N + 1)! 

This inequality is valid when N = 6. 

(b) We may approximate the series by 

4, (-1)" , , , 1 1 1 1 1 

n\ 2 6 24 120 720 

= 0.368. 

(7 terms. Note that the sum begins with n = 0.) 


35. £ 


(-D" 


n=o (2 n + 1)! 

(a) By Theorem 8.15, 
\R n \ < a N+1 = 


1 


< 0 . 001 . 


[2(N+ 1) + 1]! 

This inequality is valid when N — 2. 

(b) We may approximate the series by 

V = 1 i- - + — » 0.842. 

„= 0 {2n+\)\ 6 120 

(3 terms. Note that the sum begins with n = 0.) 


37. J 


(- 1)' ! + 1 


(a) By Theorem 8.15, 


1**1 - °N+ 1 


1 


< 0.001. 


N + 1 

This inequality is valid when N = 1000. 
(b) We may approximate the series by 
1000 /_ I'ln + l i i i 

n 2 3 4 

« 0.693. 


1000 


39. f 


(_!)« + i 


— j 2 n 1 * 3 — 1 

By Theorem 8.15, 


1**1 - fl *+l 2(N + l) 3 - 1 < 
This inequality is valid when N — 7. 


(1000 terms) 
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OO 


«■ 2 

n= 1 


oo 

2 


n = 1 


(- 1) ,,+1 
(n + l) 2 

1 

( n + l) 2 



converges by comparison to the p-series 


OO 


43. 2) 

n = 1 


s/n 


The given series converges by the Alternating Series Test, 
but does not converge absolutely since 


OO 

2 

n = 1 


l 

J~n 


Therefore, the given series converge absolutely. 


is a divergent p-series. Therefore, the series converges 
conditionally. 


45. 2 


(— l)' ! + 1 n 2 
( n + l ) 2 


lim 

ft— »oo 


(n + l) 2 


= 1 


Therefore, the series diverges by the nth Term Test. 


47 

n = 2 M«) 

The given series converges by the Alternating Series Test, 
but does not converge absolutely since the series 

OO 1 

y — 

- In n 


diverges by comparison to the harmonic series 

OO 1 

2 

n= 1 H 

Therefore, the series converges conditionally. 


oo 

49. £ 

n = 2 


(— 1)" n 
« 3 — 1 


OO 

2 



i 


converges by a limit comparison to the convergent 
p-series 


OO 

2 


n = 2 


1 


n 


2* 


Therefore, the given series converges absolutely. 


51. x 


(-D" 

(2 n + 1)! 


OO ] 

„?o (2 n + 1)! 


is convergent by comparison to the convergent geometric 
series 



since 


1 

(2 n + 1)! 


< — for n > 0. 
2 " 


Therefore, the given series converges absolutely. 


OO 

53. f 


« = 0 


COS tlTT 

n + 1 


2 

« = o 


(- D” 

n + 1 


The given series converges by the Alternating Series Test, 
but 


2 

n = 0 


| cos mr\ 
n + 1 


= 2 


diverges by a limit comparison to the divergent harmonic 
series, 



lim |c ° S ”^ (n+l) = 1, therefore the series 

ft— » oo 1 / Yl 

converges conditionally. 


^ cos mr _ ^ (-1)" 

^ 2j „2 2j ' 

ft = 1 n ft = 1 


n A 


oo 

2 

n= 1 


is a convergent p-series. Therefore, the given 


series converges absolutely. 
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57. An alternating series is a series whose terms alternate in 
sign. See Theorem 8. 14. 


59. ^a„ is absolutely convergent if ^|a„| converges. 

'^ j a n is conditionally convergent if 2|a n | diverges, 
but converges. 


61. (b). The partial sums alternate above and below the horizontal line representing the sum. 


63. Since 2 |a„| converges we have 


lim \a n \ =0. 

n — >oo 

Thus, there must exist an N > 0 such that la^l < 1 for 
all n > N and it follows that a n 2 < \a n \ for all n > N. 
Hence, by the Comparison Test, 


converges. Let a n = 1/n to see that the converse is false. 


GO ] GO J 

65. 2 converges, hence so does 2 — . 

n = i n ~ h=i n 


67. False 


Let a„ = 


(- 1 )" 


GO IQ OO ] 

69. 2 -jyy = 102 3/0 convergent yr-serie 

n=l n 3 “ n= 1 ,r 


71. Diverges by nth Term Test, lim a n = oo 


73. Convergent Geometric Series (r = g < 1) 


75. Convergent Geometric Series ( r = or Integral Test 77. Converges (absolutely) by Alternating Series Test 


79. The first term of the series is zero, not one. You cannot regroup series terms arbitrarily. 


Section 8.6 The Ratio and Root Tests 


(n + 1)! _ (n + 1 )(«)(« — 1 )(n — 2)\ 
(n - 2)! ~ (n - 2)! 

= ( n + 1 )(n)(n — 1) 


( 2 ( 1 ))! 

3. Use the Principle of Mathematical Induction. When k = 1, the formula is valid since 1 = — j — — . Assume that 

(2n) ! 


1 • 3 • 5 • • • (2n - 1) = 


and show that 


2 "n\ 


1 • 3 • 5 ■ • • (2« - l)(2n + 1) = 


( 2 « + 2 )! 

2” + 1 (n + 1)!' 


—CONTINUED— 
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3. —CONTINUED— 

To do this, note that: 


1 • 3 • 5 • • • (In - l)(2n + 1) = [1 • 3 • 5 • • • (2 n - l)](2n + 1) 


The formula is valid for all n > 1 . 


(2 «)! 
2" n\ 


• (2 n + 1) 


(2n)\(2n + 1) (2 n + 2) 

2" n\ 2 (n + 1) 

(2n)\(2n + l)(2n + 2) 

2" + 1 n\(n + 1) 

(2 n + 2)! 

2" + 1 (« + 1) 


5- X 





+ ■ ■ ■ 


OO 


n= 1 


(— 3)” + 1 
n\ 



S , = t, 5 7 « 1.875 
i 4 2 

Matches (d) 


5! =9 
Matches (f) 



Si = 2 
Matches (a) 


11. (a) Ratio Test: lint 


(n + l) 2 (5/8)" + 1 

= lim rr- . . = lim 

n—>co td{5 / 8)" «— > oo 


n + 1 


= — < 1. Converges 


8 8 


n 

5 

10 

15 

20 

25 

S , , 

9.2104 

16.7598 

18.8016 

19.1878 

19.2491 


(c) 20 



n i l « * l ip 

o 

(d) The sum is approximately 19.26. 

(e) The more rapidly the terms of the series approach 0, the more rapidly the sequence of the partial sums approaches the sum 
of the series. 


OO y. 

J 

22 


22 = 0 3 



lim 

a n+l 

= lim 

22—400 

«„ 

22 — 400 


(n + 1)! _ y 
3" + 1 ' n\ 


n + 1 

= lint — - — = oo 
n — >oo 3 


Therefore, by the Ratio Test, the series diverges. 


15- 2> i 

n = 1 


lim 

n—>oo 


a n + 1 

d„ 


= lim 

n—¥ oo 


— lim 

n — >oo 


(n + l)(3/4) ,1 + 1 
77(3/4)" 

3 (« + 1) 


4/7 


Therefore, by the Ratio Test, the series converges. 


17. V — 

Zj on 

« = 1 z 


lim 

72-400 


OO 9« 

»• ib 

n=l n 


«„ + i 

= lim 

M + 1 2" 

lim 

4,+ ! 

= lim 

2" + 1 

ft 2 


22 — >GO 

2" + 1 n 

22 — >00 

a n 

72— »00 

(/t + l) 2 

2 n 


n + 1 1 

= lim — - — = — 

n—>oo 2 n 1 


y 2n ~ 

= lim t — r = 2 

n — >oo (fZ + 1 ) L 


Therefore, by the Ratio Test, the series converges. 


Therefore, by the Ratio Test, the series diverges. 




144 Chapter 8 Infinite Series 


21- I 


(—1)" 2" 


CO n \ 

23. y — - 

-■e, »3” 


lim 

a n + i 

= lim 

2" + 1 n\ 

lim 

a „ + i 

= lim 

n—>co 

a„ 

ft— >oo 

(; n + 1)! 2" 

ft— » oo 

a„ 

ft— » OO 


(« + 1)! n3" 

(/t + l)3" +1 n! 


= lim = 0 

n—>oo n + 1 

Therefore, by the Ratio Test, the series converges. 


= lim — = oo 
n—>oo 3 


Therefore, by the Ratio Test, the series diverges. 


25. X 


4 n 


lim 

«„ + i 

= lim 

ft— > OO 


ft— » OO 


(n + 1)! 4" 


= lim = 0 

ft— » oo W + 1 


Therefore, by the Ratio Test, the series converges. 


oo an 

27 ' ,i?o (n + D" 


lim 

«»+l 

= lim 

ft— » OO 


ft— > OO 


(n + 1)' 


(n + 2)" +1 3” 


3(n + 1)" 3 (n + 1 

= lim t - , , = lim 


lllll / _ v il _ I _ 

ft — >oo (n + 2)" 1 n— >oo ft + 2 \ft + 2 


= (0) - = 0 


In + lr in + l\ n 

To find lim ( — — ) , let y = lim ( — — ) . Then, 


ft— » oo \n 2 


ft— »oo \n + 2 


/« + 1\ ln[(n + l)/(« + 2)] 0 

In y = lim n In — = lim = — 

«— » oo \n + 2/ » oo 1/ft 0 

, r [(!)/(« + 1)] ” [(!)/(« + 2)] . ,, p , 
In y = lim . , ^ = — 1 by L Hopital s Rule 

ft— »oo — (1 /ft z ) 


y = e 1 


Therefore, by the Ratio Test, the series converges. 


OO 

V - 

477 




ft = 0 J 

" + 1 




lim 

ft— > OO 

«„+l 

= lim 

ft— >00 

4« + 1 

3" + 1 

a „ 

3” + 1 + 1 

4 « 


lim 

n—>oo 


4(3" + 1) 
3" + 1 + 1 


lim 

ft— » OO 


4(1 + 1/3”) 
3 + 1/3" 


4 

3 


Therefore, by the Ratio Test, the series diverges. 


« (— l)” + Tt! 

' „4 1 • 3 • 5 • • • (2 n + 1) 


lim 

«„+l 

= lim 

ft— >00 


ft— >00 


(n + 1)! 

|1 • 3 • 5 • • • (2m + l)(2n + 3) 
Therefore, by the Ratio Test, the series converges. 
Note: The first few terms of this series are — 1 + 


1 • 3 • 5 • • • (In + 1) 
n\ 


n + 1 

= l lm 4 4 

n— >o o 2 n + 3 


2 ! 


3! 


1-3 1-3-5 1-3-5-7 


1 

2 
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35. £ 


OO 

(a) 2 “ 

„= 1 n 

1 

3/2 


lim 

«„+i 

= lim 

n — >00 


n— » 00 

00 

1 

1/2 


(b) £ - 

„=i » 


lim 

«»+i 

= lim 

n— >00 


n— » 00 

V (—1 

_v 



1 n 3 / 2 

(n + l) 3 / 2 ' 1 


ijl/2 


(n + 1) 1/2 1 


= lim . 

n->co \n + 1 


= lim 

n— »oo \n + 1 


3/2 


= 1 


1/2 


= 1 


^ \2n + 1 / 


37. £ 


(-D" 


lim </ \a„\ = lim „ 

„^oo v 1 „^oo V \2n + 1 


= lim = — 

n—> oo 2 n +1 2 

Therefore, by the Root Test, the series converges. 


„ = 2 (In n) n 

lim </|a n | = lim 


(- 1 )" 


(In n} 


1 


= lim yj r = 0 

«->oo | In n\ 

Therefore, by the Root Test, the series converges. 


39. 2 i 2 ^ + l)" 

n = 1 

lim yifll = lim -(/(2 </n + l)" 

n—>oo n — >oo 


lim (2 </n + 1) 

n— >00 


To find lim </n, let y = lim Z/x. Then 

n—>oo n—>co 

1 n y = lim (in j/x) = lim -ln.v = lim = lim —7^- = 0. 

n — >00 rc— » 00 ^ n-»oo m— » oo \ 


Thus, In y = 0, so y = e° = 1 and lim (2t/n + 1 ) = 2(1) + 1 = 3. Therefore, by the Root Test, the series diverges. 


«■ 2 


A (Inn)" 

lim </jaJ = lim 


,, — r- = lim = 0 
(In n)" ti — >co In n 


Therefore, by the Root Test, the series converges. 


OO ( — 1 \ n+ 1 S 

43. 2 1 U 

n 


n + 1 


5 

< — = a„ 


lim - = 0 

n—>oo Yl 

Therefore, by the Alternating Series Test, the series 
converges (conditional convergence). 


OO 

45. 2 


n= 1 



32 


n= 1 


1 

n 3 / 2 


This is convergent p-series. 


47 - 2 


2 n 

n + 1 


9*7 

lim — ^7- = 2 * 0 

n >co 72 + 1 

This diverges by the nth Term Test for Divergence. 


49 ^ (-1)” 3”~ 2 ^ (- 1)" 3” 3“ 2 

Zj 'in Zj 

n= 1 ^ n = 1 


2 " 


= y - -- 
,^91 7 


Since | r| = | > 1, this is a divergent geometric series. 


51. 2 


lO/i + 3 
n2" 


lim 

H — >00 


(10 n + 3) /n2" 
1 / 2 " 


I On + 3 

lim 

n — >00 VI 


10 


Therefore, the series converges by a limit comparison test 
with the geometric series 
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oo n nn 

55. y ■ L v 
A wi 


cos(m) 1 
2" ” 2" 


Therefore, the series 

■Si cos («) 

2j 9 n 

n= 1 ^ 


converges by comparison with the geometric series 


, lm , llm (» + ')!"■ . 4 

a n n->°° yn + 1) ! nr «-> oo n 

Therefore, by the Ratio Test, the series converges. 


oo f — 1 On — 1 

57. y — 


r r 3n n! r 3 n 

lim = lim 7 — • = lim = 0 

oo a n n—>oo [n + lj! 3 n 1 «-»oo n + 1 

Therefore, by the Ratio Test, the series converges. 


59 y ( 3 )” 

' 3 • 5 • 7 • • ■ (2m + 1) 

.. a. + i .. r (— 3) ,1 + 1 3 • 5 • 7 • • ■ (2 m + 1) 3 _ 

n—>co a n n — >co 1 3 - 5 • 7 • • (2 m + 1)(2m + 3) ’ (-3)” | 2m + 3 

Therefore, by the Ratio Test, the series converges. 


61. (a) and (c) 

s _ s (m + i)5” +1 

,^1 « ! „=o (» + !)! 


63. (a) and (b) are the same. 


= , , (2)(5) 2 (3)(5P (4)(5) 4 

2! 3! 4! 


65. Replace n with n + 1. 

f f n + 1 

Zj An Zj An + 1 

n=r n = 0 H 


67. Since 


69. See Theorem 8.17, page 597. 


= 1.59 x 1(T 5 , 


use 9 terms. 

9 ( _ 

Jw-*™ 


71. No. Let « = 


m + 10.000 


73. The series converges absolutely. See Theorem 8.17. 


The series 2 n + 10,000 diverges - 
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75. First, let 

lim y|a„| = r < 1 

n—>oo 

and choose R such that 0 < r < R < 1 . There must exist 
some N > 0 such that H/\a n \ < R for all n > N. Thus, 
for n > N, we | a n \ < R" and since the geometric series 


converges, we can apply the Comparison Test to conclude 
that 


2 H 

n= 1 

oo 

converges which in turn implies that ^ a n converges. 

n = 1 


Second, let 

lim = r > R > 1. 

n — >co 

Then there must exist some M > 0 such that </jaJ > R for 
all n > M. Thus, for n > M , we have \a n \ > R n > 1 which 
implies that lim a n # 0 which in turn implies that 

n—> oo 
oo 

^2 a„ diverges. 

n = 1 


Section 8.7 Taylor Polynomials and Approximations 


1 . y = — kx 2 + 1 

Parabola 
Matches (d) 


3 . y — e '/ 2 [(x + 1) + 1] 

Linear 
Matches (a) 


5. f(x) = — = 4.x-'/ 2 /(l) = 4 


/'(*) = ~2x 3/2 


/'(l) = -2 


Pib) =/( i) +/'(!)(*- i) 
= 4 + (— 2)(x - 1 ) 

Pj(a) = — 2a + 6 


10 



\ (t, 4) 




\ 


-2 


7- /(*) = sec x /(^) = s/2 

/'(x) = sec x tan x = V5 


T’tW = /(f) 



P,(x) = ^2 + 



II 

ii 

£ 

l 

II 

/'(■*) = -2x 3 / 2 

/'(l) = -2 

fix) = 3x-5/ 2 

/"(l) = 3 

^2 =/(l) +/'(!)(-* - 



= 4 - 2(x - 1) + |(x - l) 2 



A 

0 

0.8 

0.9 

1.0 

1.1 

1.2 

2 

/(*) 

Error 

4.4721 

4.2164 

4.0 

3.8139 

3.6515 

2.8284 

P 2 (x) 

7.5 

4.46 

4.215 

4.0 

3.815 

3.66 

3.5 
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(b) f\x) = — sinx P 2 '(x) = — x 

f"(x) = — cos.* P 2 "(x) = — 1 

/"(0) = P 2 "(0) = -1 
fix) = sin x P 4 '"(x) = x 

/ (4) (x) = COS X Pf\x) — 1 

/ (4) (0) = 1 = Pf\ 0) 

/ ,5) (x) = -sinx P 6 ®(x) = — x 

/< 6 »(x) = — cosx P (6, (x) = — 1 

/ ,6 ’(0) = -i =p 6 (6, (o) 

(c) In general, f\0) = Pf n \0) for all n. 

15. f(x) = e 2 * /( 0) = 1 

fix) = 2e 2x f\0) = 2 

fix) = 4e 2v /"( 0) = 4 

/"'(x) = 8e 2r /'"( 0) = 8 

fix) = 16 2t /< 4) (0) = 16 

P 4 (x) = 1 + 2x + Yf 2 + Ji x3 + “jf* 4 
4 2 

= 1 + 2x + 2x 2 + -x 3 + —x 4 


17. fx) = sinx 

O 

II 

o' 

VO 

II 

* 

% 

/( o) = o 

f\x) = cosx 

no) = i 

fix) = xe x + e x 

AO) = i 

fix) = —sinx 

/"( o) = o 

fix) = xe x + 2e x 

f\0) = 2 

fix) — — cos X 

no) = -i 

fix) — xe x + 3e x 

/'"(0) = 3 

/ (4) (x) = sinx 

/ (4) (o) = o 

f\x) = xe x + 4e r 

/ (4) (0) = 4 

/ ,5) (x) = cosx 
P 5 (x) = 0 + (l)x + 

f\0) = 1 

0 , -1 , 0 4 1 , 
2! * + 3! * + 4! * + 5! * 

P 4 (x) = 0 + x + 

2 1 

= X + X 2 + - 

* 2 + h x3 + if 4 

X 3 +jx 4 

1 r 

= X — —X* + 
6 

120 * t5 

2 

6 

a - 

/( o) = 1 

23. fx) = sec x 
fix) = sec x tan x 

/(0) = 1 
no) = o 


fix) _|_ jp / (0) 1 fix) = sec 3 x + sec x tan 2 x /"( 0) = 1 

fix) = {x l 1)2 r(0) = 2 P 2 (x) = 1 +0x + ^x 2 = 1 + |x 2 

/'"W - pff rm ■ “ 6 

/ (4) W = / (4) ( 0) = 24 

P 4 (x) = 1 - X + ^j-X 2 + ^X 3 + ^X 4 


13 . /(x) = e-* /( 0 ) = 1 

fix) = -e~ x /'(0) = - I 

fix) = e~* f\ 0) = 1 

f'(x) = -e-* f'i 0) = -l 

P 3 (x) = /(0) + /'(( 0)x + x 2 + ^ x 3 


11 . /(*) = COS % 

P 2 (x) = 1 — pc 2 
P 4 (x) = 1 - pc 2 + ^x 4 

= 1 — 2 X ~ + 24 -* 4 — 720* 6 



-2 


= 1 — X + X 2 — X 3 + X 4 
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25. fix) = ' /(l) = 1 

fix) = - ' 2 /'(1) = -1 

fix) = I r(i) = 2 

fix) = -£ /'"(l) = -6 

/ (4) M = ^ / (4) (1) = 24 

P 4 (x) = 1 - (x - 1) + ^ (x - l) 2 + yp (x - l) 3 + ^ (x - l) 4 
= 1 — (x — 1) + (x — l) 2 — (x — l) 3 + (x — l) 4 


fix) = 

s/x 

/(l) 

= 1 


29. fix) 

= In x 

/(l) = o 

fix) = 

1 

ifx 

/'(l) 

_ 1 

~~ 2 


fix ) 

_ 1 

x 

AD = 1 

fix) = 

1 

4xfx 

AD 


1 

4 

fix) 

1 

X 2 

f\l) = -1 

fix) = 

3 

8jt 2 v^ 

/"'(l) 

_ 3 
~~ 8 


fix) 

2 

“ X 3 

/'"(l) = 2 

f\x) = 

15 

16,v 3 ^ 

/(+(!) 


15 

16 

fix) 

6 

x 4 

/< 4 >(1) = -6 

tW = i + 

^ 0 - 

^ - 1)2 



P 4 (x) = 

0 + ix — 

1) - \(x ~ l) 2 

+ 


“ 128 ( *- 

l) 4 



+ \ix ■ 

1 

1 

■+ir 

i 


31. f{x ) = tan.v 

f\x ) = sec 2 x 
fix) = 2 sec 2 x tan x 
f"'ix ) = 4 sec 2 x tan 2 x + 2 sec 4 x 
f A \x) = 8 sec 2 x tan 3 x +16 sec 4 jc tan x 
f 5 \x) = 16 sec 2 x tan 4 x + 88 sec 4 x tan 2 x + 16 sec 6 x 




2 


3 
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33. f(x ) = sin.v 
Pfx) = x 
P 3 {x) = x - lx 3 
P 5 (x) = x - lx 3 + 

P 7 (x) = X~ lx 3 + ~ gc^fo-V 7 


* 

0.00 

0.25 

0.50 

0.75 

1.00 

sin x 

0.0000 

0.2474 

0.4794 

0.6816 

0.8415 

P,(x) 

0.0000 

0.2500 

0.5000 

0.7500 

1.0000 

P 3 (x) 

0.0000 

0.2474 

0.4792 

0.6797 

0.8333 

P s {x) 

0.0000 

0.2474 

0.4794 

0.6817 

0.8417 

P 7 {x) 

0.0000 

0.2474 

0.4794 

0.6816 

0.8415 


(c) As the distance increases, the accuracy decreases 



35. f(x ) = arc sin x 
(a) P 3 (x) = -v + 


% 

-0.75 

-0.50 

-0.25 

0 

0.25 

0.50 

0.75 

fix) 

-0.848 

-0.524 

-0.253 

0 

0.253 

0.524 

0.848 

P 3 (x) 

-0.820 

-0.521 

-0.253 

0 

0.253 

0.521 

0.820 



37. f(x) = cos x 39. f{x) = ln(x 2 + 1) 




41. f( x ) = + 

/(i) - 0.6042 


43. f(x) = Inx ~ (x — 1) — k(x — l) 2 + — l) 3 — \(x — l) 4 

/(1.2) « 0.1823 

45. f(x) = cos x\p 5 \x) = —sin x => Max on [0, 0.3] is 1. 

Rfx) < ^y(0.3) 5 = 2.025 x 10“ 5 
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47 . /(x) = arcsin x;/ (4) (x) 


x(6x 2 + 9) 

(1 - x 2 ) 7 / 2 ^ 


Max on [0, 0.4] is/ (4) (0.4) « 7.3340. 


7 3340 

R 3 (x) < — (0.4) 4 = 0.00782 = 7.82 x 1(T 3 


49 . g(x) = sinx 

g(n + < 1 f or a p x 

R " {x) ~ (^ Tl )! (0 - 3) " +1 < °- 001 

By trial and error, n = 3. 


51 . f(x) = ln(x + 1 ) 


/(« + i)( x ) = ( + ] => Max on [0, 0.5] is «!. 


R„ < 


(x + 1)' ! + 1 

n \ 10 5V ! 1 

' (0.5)" + 1 = , , < 0.0001 


(n + 1)! 


77+1 


By trial and error, n = 9. (See Example 9.) Using 9 terms, 
ln(1.5) = 0.4055. 


53 . 


/(. v) = e* ~ 1 + x + x < 0 

R 3 (x) = ^x 4 < 0.001 


e z x 4 < 0.024 
xe z > 4 < 0.3936 
0.3936 

x < /4 < 0.3936, z < 0 

0.3936 < x < 0 


57 . See definition on page 607. 


55. The graph of the approximating polynomial P and the 
elementary function/both pass through the point (c,/(c)) 
and the slopes of P and/agree at (c,/(c)). Depending on 
the degree of P, the /7th derivatives of P and/ agree at 


59. The accuracy increases as the degree increases (for values 
within the interval of convergence). 


61 . (a) /(x) = e x 


P 4 (x) = 1 + x + | x 2 + I* 3 + ^x 4 


g(x) = 


Q 5 (x) = x + x 2 + -x 3 + -x 4 + — XT’ 


24' 


Q 5 (x) = x Pjx) 
(b) f(x) = sin x 


P #> =x -31 + 5l 

g(x) = x sin x 

Q b (x) = x P 5 (x) = x 2 - |y + 

, , sinx I , , , x 2 x 4 

(C) ^ = — = = 3! + 5! 


63 . (a) Q 2 (x) = - 1 + 


(b) R 2 (x) = - 1 + 


2 (x + 2) 2 
32 

tt 2 (x^6) 2 
32 


(c) No. The polynomial will be linear. 

Translations are possible atx = — 2 + 8/7. 


65 . Let /be an even function and P n be the /7th Maclaurin polynomial for/. Since/ is even,/' is odd, /"is even,/'" is odd, etc. (see 
Exercise 45). All of the odd derivatives of/ are odd and thus, all of the odd powers of x will have coefficients of zero. P n will 
only have terms with even powers of x. 


67 . As you move away from x = c, the Taylor Polynomial becomes less and less accurate. 
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Section 8.8 Power Series 


1. Centered at 0 


3. Centered at 2 


OO y ' 1 

5 - TT 


L = lim 

n—>oo 


n + 1 


= lim 

n—>oo 


U . 

n + 1 


= lim 

n—>oo 


(~l)” +l x” + 1 n + 1 


n + 2 (- l) n x r 


\n + 2 
\x\ < !=>/?=! 


7 - 2 


(2.x)" 


L = lim 

n— > oo 


= lim 

ti— » oo 


= lint 

71— » OO 


2n 2 x 

(n + l ) 2 


(2x)" + 1 m 2 
(n + l) 2 (2x)" 

= 2 W 


2 x| < 1 => R = 


1 


9- 2 


(2x) : 


= o ( 2 «) ! 


L = lim 

71 — >00 


+ 1 


= lim 

71 — >00 


= lim 

71 — >CO 


(2x) 2,i + 2 /(2m + 2)! 
(2x) 2 "/(2m)! 

(2x) 2 


|(2 n + 2)(2n + 1) 
Thus, the series converges for all x. R = oo. 


= 0 



Since the series is geometric, it converges only if 
|x/2| < 1 or —2 < x < 2. 


OO ( _ 

13. 

71= 1 

-l)"x 

n 

71 




OO v 

15 ‘ 2* 

71 = 0 H 

n 

J 





lim 

71— » OO 

U n+l 

= lim 

71— >00 

(-l)" + 1 x" + 1 

n 

lim 

71 — >°° 

u n + 1 

= lim 

71— >°° 

x" + 1 


n\ 

u „ 

M + 1 

(- l)"x" 


(m + 1)! 

x n 



= lim 

71— >00 

nx 

n + 1 

= |x| 




= lim 

71— >00 

M + 1 

= 

0 


Interval: — 1 < x < 1 The series converges for all x. Therefore, the interval of 

oo (— 1 )" convergence is — oo < x < oo. 

Whenx = 1, the alternating series V converges. 

n=l n 

OO J 

When x = — 1, the p-series V - diverges. 

n= l n 

Therefore, the interval of convergence is — 1 < x < 1 . 


17. f (2 n)\ 


lim 

U n + 1 

= lim 

71-»°° 

U „ 

n—>°° 


(2m + 2)!x" +1 2" 


2" + 1 (2n) !x" 

Therefore, the series converges only for x = 0. 


= lim 

71 — >00 


(2m + 2) (2m + l) x 
2 


oo ( 1 \n+ 1 v ti 

19. V 1 - 

Z. J An 


Since the series is geometric, it converges only if |x/4| < 1 or —4 < x < 4. 
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^ (-1)" + 1 (* - 5)" 

ZA ‘ „5« 

n = 1 


11 11 + 1 


(— 1)" +2 (j: — 5)' !+1 «5" 


n(j: — 5) 

- ‘lr 5 

«„ 

— lim 

n— > oo 

(n + 1)5" + 1 ’ (-1)” + 1 (.t - 5)" 

— lim 

71— » OO 

5 (n + 1) 

5 1 5 


R = 5 

Center: x — 5 

Interval: —5 < x — 5 < 5 or 0 < x < 10 


GO — l 

When x = 0, the p-series V diverges. 

71= 1 ,l 

oo ^ Jj \n + 1 

When x = 10, the alternating series 2 converges. 


Therefore, the interval of convergence is 0 < x < 10. 


23. £ 

n = 0 


(— l)' , + 1 (x - 1)' 1+ 1 
71 - 1-1 


U 77 + 1 

= lim 

n—>oo 

(- l)" +2 (* - l)" + 2 

n + 1 

= lim 

n—>oo 

( n + 1)(j: — 1) 

«„ 

7! + 2 

(-l)" + 1 (x - 1) ,! + 1 

n + 2 


lim 

71—700 


R = 1 

Center: x — 1 

Interval: — 1 < x — 1 < 1 or 0 < x < 2 


= \x ~ 1| 


When x = 0, the series 2 


1 


n+ 1 


diverges by the integral test. 


OO ^ J^71+ 1 

When a: = 2, the alternating series 2 — — converges. 


„=o « + 1 


25. J 


Therefore, the interval of convergence is 0 < x < 2. 
(x — c)" ~ 1 


lim 

n— > oo 


C 71 

1 

M 71+ 1 

= lim 

71— » OO 

«* 


{x — c) n c" 1 
c" ( X — c)' I_1 


= -\x - c| 
c 


R — c 

Center: x = c 

Interval: — c < x — c<c or 0<x< 2c 

OO 

When x = 0, the series ^ (— l)" -1 diverges. 

n= 1 
oo 

When x = 2c. the series 2 1 diverges. 

n = 1 

Therefore, the interval of convergence is 0 < x < 2c. 


CO n 

27. V - — 

„=i » + 1 


(-2x)- 


lim 

n— » oo 


= 


M 77 + 1 

= lim 

71 — >00 

(n + 1)(— 2x) n 

n + 1 


n + 2 

n(— 2x) n_ 1 


= lim 

71 — >00 

(— 2jr)(n + l) 2 

= 2 H 


n(n + 2) 


T , 1 1 

Interval: — < x < — 
2 2 


1 00 n 

When x = — , the series V diverges 

2 „= i n + 1 

by the nth Term Test. 


When x — the alternating series 2 


(- 1)"-‘71 .. 


n = 1 « + 1 


diverges. 


Therefore, the interval of convergence is — — < x < 
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oo v 2 n + 1 


29 ' „?(. (2k + 1)! 


M n + 1 L x 2 " + 3 (2n + 1)! 

u n n ™(2« + 3)!' x 2 " +1 


|(2« + 2)(2n + 3)| ° 

Therefore, the interval of convergence is — oo < x < co. 


S k(k + 1) ■ • • (k + /i - l)x” 
' A n! 


« +l . k(k + 1) • • ■ (k + n — l)(fc + n)x" + 1 n ! . ( k + n)x 

lim = lim ; tv; • — tv tt tv — = lim — 

«->°° u ( n + 1)! k(k + 1) • • ■ (k + n — l)x" n + 1 


When x = ±1, the series diverges and the interval of convergence is — 1 < x < 1. 

k(k + 1) ' ' • (k + n — 1) > 

1 • 2 • • • n “ 


33. £ 


(_l)« + i 3 . 7 . n . . . (4„ - \)(x - 3)» 


u, 1+l (-1)" +2 • 3 • 7 • 11 • • • (4n - 1)(4« + 3)(x - 3)" +1 

lim - 21211 = lim t 2 —; 2 22 2 

n—>oo U n n—>oo A” 

(An + 3)(x — 3) 

= lim = oo 

n—> oo 4 


(-1) ,,+1 • 3 • 7 • 11 • • • (4n - I ) (x - 3)" 


Center: x = 3 

Therefore, the series converges only forx = 3. 


35. (a) f(x ) = ^ ( — ) , — 2 < x < 2 (Geometric) 


37. (a) f(x) = 2j , , . 0 < x < 2 


222 / n \ t r\ n 1 


(b) fix) = jr -) -) , —2 < x < 2 

n=\\ A / \ L J 


©(^)(§n 


°o 9 /r\ n+l 

(d) /(*)&= 2 — ( - . 


— 2 < x < 2 


— 2 < x < 2 


(b) /'(x) = 21 (-1)" + 1 (* - D". o < x < 2 

« = () 

OO 

(c) f'\x) — 2(-l)" +1 «(x — 1) B_1 , 0 < x < 2 

n = 1 

f oo l)" + 2 

<“> J/w-fc- S , 1 (.Td^ + 2) 


oo / 1 \n 1 1 

* (i) - m - 1 + 5 + 9 + 

S) = 1 ,S 2 = 1.33. Matches (c) 


oo 73 J\n 

41. g(3.l) = 21(-r-] diverges. Matches (b) 

n= o' 3 / 


43. A series of the form 


45. A single point, a n interval, or the entire real line. 


21 a n (x ~ c) n 

n = 0 


is called a power series centered at c. 
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oo / 1 \/? Y 2 n+ 1 

47. (a) f(x) = ^ — — — 1 ^ 1 . — oo < x < oo (See Exercise 29. ) 


n=o (2 n + 1)! 


g(x) = ^ 


00 (- 1 )"* 2 " 


=o ( 2 «)! 


— OO < X < oo 


oo f 1 \n Y 2n 

Mf'M = 2 L ^r = 8(x) 

.« - 2 - 2 0 4bV - - .S^iJr 

(d) /(jr) = sin x and g(x) = cos jc 


= -/(*) 


49. 


>■=2 


, _ S 2nx 2 " 1 

^ “4 2" n ! 

4^ 2n(2n — l)x 2 "~ 2 
y = 4 2"n! 


.. ^ 2n(2n — l)x 2n 2 ^ 2n.x 2n ^ * 2, 

? ~^ = Z 2M Z . 9^T" 4^ 


Zj 2 n n^ ^ 2 n n 1 

n=l A n - n = 0 * n • 


_ ^ 2n(2n — \)x 2n 2 ^ ( 2n + \)x 2n 

Zj 2 n n 1 ^ 2 n n 1 

n= 1 Z, /l. A? = 0 ^ "• 


= 2 l 
/; = ()L 


(2n + 2)(2n + l)* 2 ' 1 (2 n + l).r 2 " 2(n + 1) 


2” + 1 (« + 1)! 


2” n ! 2(n + 1)J 


_ ^ 2(f? + l)x 2 " [(2/7 + 1) — (2n + 1)] 

”4 2" + 1 ( w + 1)! 


51. J 0 (x) = 


S (-l)** 2 * 

*4 2 2 MW) 2 


lim 

M t+ 1 

= lim 

k—> oo 


k—>oo 


Therefore, 


(_ 1«+1 r 2k+2 ?2k(l r ]). 

2 2k + 2 [(k + l)!] 2 ' (-l)*x 

oo < x < oo. 


= lim 

k—>oo 


(- 0.* 2 
2 2 {k + 1) ; 


= 0 


(b) 


oo v 2& 

/ 0 = 2 (-!)* — 


k = 0 


4* (it!) 2 


4) 


oo '}U- Y 2k — 1 oo (9^ 9 s ) r 2fc+l 

V/_iU LKX — Vf_ 1 U+i V z/C ^ z / x 

4 . ' 4*(^!) 2 4 ) 4 t + 1 [(fc + l)!] 2 

/= a 2fc(2fc - l)* 2 *" 2 S r _ ni+1 (2* + 2) (2k + l)x 2 * 

° 4 l ' 4H * 0 2 4 , ' 4* +1 [(fc + l)!] 2 

oo 9^9^ _i_ 1 \ Y 2k + 2 oo 9 Y 2k + 2 oo 

x 2 7 0 "+ */</ + x 2 J 0 = 2 o (-D A + 1 4 *+i^ + !),*.; + 2 0 (_l)i + 1 4 * +1 (fc + I)!!'! + 4/ 

r ( _ l) 2(2fe+ 1) ( _ 1} 2_ 

1 U{k+ 1) 1 U(k + 

— 4k - 2 _ 2 4k + 4 

4k + 4 4k + 4 + 4k + 4 


_ S {-l) k x 2k+2 
“4 4* ((d) 2 


_ ^ (— l)*x 2t+2 
'4 4*(^!) 2 


= 0 


v 2yt+2 
l 1 )*— 

' 4* ((d) 2 


— CONTINUED — 
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51. —CONTINUED— 



f 1 f 1 OO r_i)k r 2k 

s (-l)t ^ +1 1 

= A 44 t (fc0 2 (2fc+ 1)J 0 


= 2 

fc = 0 


(- 0 * 

4 A '(/t!) 2 (2/t + 1) 



1 

320 


0.92 


(exact integral is 0.9197304101) 


53. /(x) = f (- 1)" 


v 2n 


(2«)! 

(See Exercise 47.) 


55. /to 7 2 to l)"x" = (-*)" 



for — 1 < x < 1 


57. 2 


«— O' Z / n=0 


1 


8 


1 - (3/8) 5 


= t = 1-6 




1 = _ 8 _ 

1 - (-3/8) ~ 11 


0.7272 


(c) The alternating series converges more rapidly. The partial 
sums of the series of positive terms approach the sum from 
below. The partial sums of the alternating series alternate 
sides of the horizontal line representing the sum. 


N / Q\n 

(d) 2U) >M 

„= 0 \ z / 


M 

10 

100 

1000 

10,000 

N 

4 

9 

15 

21 


59. False; 61. True; the radius of convergence is R = 1 for both series. 

^ (- l)”*” 

n = 0 UA 


converges for x = 2 but diverges for x = —2. 
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Section 8.9 Representation of Functions by Power Series 


1. (a) 


1/2 


2 — x 1 — (x/2) 1 — r 

= S' - / *Y = V x " 

7 \ 7 / .Z; 7<> + 1 

« — 0 z \ z / 11 = 0 z 

This series converges on (—2, 2). 


H h 

2 4 


+ 16 + 


(b) 2 -xTT 


"§ 


x 

2 

X X 2 

2 _ T 

x 2 

4 

x 2 

4 


3. (a) 


1/2 


2 + x 1 — ( — x/2) 1 — r 

- V -(--V’ - V t -1 )”-*” 

_ Z; 9 \ 7 / — 2 j 7» + l 


This series converges on ( — 2, 2). 

1 
2 

(b) 2 + x JT 


1 X X 2 X 3 

2 _ 4 + ¥ _ 16 


‘♦§ 


x 

"2 

X X 2 

"2 ~~ ~4 


xf 

4 

X 2 X 3 

4 ¥ 


£_ 

16 


8 16 


5. Writing /(x) in the form a/( 1 — r), we have 

1 = 1 = -1/3 

2 - x -3 - (x - 5) 1 + (l/3)(x - 5) 

which implies that a = — 1/3 and r = (— l/3)(x — 5). 

Therefore, the power series for/(x) is given by 



OO GO 1 

2 ar n = f -3 

n = 0 /j = 0 J 


3 ( x-5) 


n = 0 


~ 5) 
(— 3)" + 1 


5 1 <3or2<x<8. 


7. Writing/(x) in the form a/( 1 — r), we have 

3 = -3 = a 

2x — 1 1 — 2x 1 — r 

which implies that a = — 3 and r = 2x. 

Therefore, the power series for/(x) is given by 



OO OO 

= f ar" = f (— 3)(2x> 

n = 0 n = 0 


00 I 1 

= “3 ^ (2x)", |2x| < 1 or -- < x < -. 
<1=0 z z 


9. Writing /(x) in the form a/( 1 — r), we have 


1 _ -1 

2x - 5 “ 11 - 2(x + 3) 

_ -1/11 _ a 

~ 1 - (2/1 l)(x + 3) ~ 1 - r 

which implies that a = — 1/11 and r = (2/ll)(x + 3). 
Therefore, the power series for/(x) is given by 


2x 


^-.3.— £ -it 


i'-' 1 1:1 


_ S 2”(x + 3)" 

2j n n+l * 


1 n 17 5 

|x + 3| < — or — — < x < -. 


11 . Writing /(x) in the form a/( 1 — r), we have 

3 = 3 = 3/2 = a 

x + 2 2 + x 1+ (l/2)x 1 — r 

which implies that a = 3/2 and r = (— l/2)x. Therefore, 
the power series for/(x) is given by 


3 

x + 2 


OO 

2 


n = 0 


ar n 





(-l/x" 
2 n + 1 



|x| < 2 or — 2 < x < 2. 
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13 3.t = 2 + 1 _ 2 + 1 = 1 + -1 

’ a 2 + a — 2 a + 2 a— 1 2+a — 1 + a 1+ (1/2)a 1 — a 


Writing /(a) as a sum of two geometric series, we have 

Q v oo / 1 \n oo co 

1 -I* + Scow- X 


x 2 + x — 2 


(-2 )" 


The interval of convergence is — 1 < a < 1 since 

1(1 - (-2)” + 1 )a" + 1 (-2)" 


lim 

“n + 1 

= lim 

n— »oo 


n—>oo 


(— 2)" + 1 (1 - (-2)")a" 


- 1 


= lim 

n—¥ oo 


(1 - ( — 2)" + 1 )a 


-2 - (- 2 )” 


15. 


1 1 
+ 


1 — A 2 1 — A 1 + A 
Writing /(a) as a sum of two geometric series, we have 


t— z = 2 x " + 2 (-*)" = 2 ( ] + (- !)")*" = 2 

ix n = 0 n = 0 ,, —r\ 


= y 2a 2 ". 


The interval of convergence is | a 2 | < 1 or — 1 < a < 1 since lim 

n— »oo 


= lim 

n— »oo 


2a 2 " + 2 


2a 2 


17. 


1 ^ X n = 0 

I oo oo oo 

T^c= 2(-1 )"(-a)"= 2 (- D 2 "-*" = f 

1 X „ = n „ = o ,7 = n 


h(x) = 


n = 0 

-2 _ 1 
A 2 — 1 1 + A 


OO oo 


T^— = 2 (- !)"•*" + 2 - v " = 2 K- !)" + l]jt" 

1 x - = n „ = () n = 0 


= 2 + 0a + 2a 2 + 0a 3 + 2.A 4 + Oa 5 + 2a 6 + • • ■ = 2 2a 2 ", —1 < x < 1 (See Exercise 15.) 


19. By taking the first derivative, we have 


dx\ 


1 

A + 1 


-1 

(A + 1) 


:. Therefore, 


-1 


(a + l) 2 dx\ 


^(-1)"a" = ^ (— l)"n.A" _ 1 

n = 0 _ n= 1 

oo 

= ^ (— l)" +1 (« + l).A", — 1 < A < 1. 


21. By integrating, we have 




dx = ln(.A + 1). Therefore, 


ln(A + 1) = 


2(-i) n -*' ! dx = c+ 5; 


oo (- 2)^+1 


n + 1 


- 1 < A < 1. 


_n = 0 J n = 0 

To solve for C, let a = 0 and conclude that C = 0. Therefore, 

oo (-1 y x n-t 


ln(-A + 1) = ^2 


n + 1 


-1 < A < 1. 


OO oo 

23. 2 = £(-1)"(a 2 )" = £(-1)"a 2 ", -1 < a < 1 


25. 


Since, = 2 ( — l) n x n , we have , , = 2 ( — 1)"(4a 2 )" = 2 ( — 1)" 4” a 2 " = 2 ( — 1)"(2a) 2 

A f 1 >. = n 4A“ T 1 .,"2 1. — n — n 


< X < 
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y2 y2 y3 

27. x - < ln(x +1) < x - — + — 



/ 

!h 

f 



/ 

l ^\^2 


X 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

X 2 

0.000 

0.180 

0.320 

0.420 

0.480 

0.500 

ln(x +1) 

0.000 

0.180 

0.336 

0.470 

0.588 

0.693 

+ 

% 1 ^ 
1 

H 

0.000 

0.183 

0.341 

0.492 

0.651 

0.833 


29. g(x) = x, line. Matches (c) 


x^ 

31. g(x ) = x Matches (a) 33. f(x) = arctan x is an odd function 

(symmetric to the origin) 


In Exercises 35 and 37, arctan x = ^ (— 1)" 

n=0 


i oo /i /A\ 2 n+\ oo 

35. arctan 7 = Y (- 1)" U / 1 , = \ 

4 277 + 1 -e. 


2n + 1 

(-D" 


1 1 1 

+ T7T7 + 


“ 0 (2« + l)4 2n+1 4 192 5120 

Since jjTq < 0.001, we can approximate the series by its first two terms: arctan \ ~ \ ~ jtp ~ 0.245. 


37- aictanx- = ^ (- 1)" X 


2n + 1 


I 


arctan x 2 . S , 

dx= ^(-1)" 

X n = 0 


arctan x 2 


dx = ]£ (- 1)' 


(4/i + 2)(2n + 1) 

1 _ 

(4/i + 2)(2/i + 1)2 4 " + 2 “ 8 1152 


1 1 


+ ■ 


Since 77 < 0.001, we can approximate the series by its first term: 

1152 jo 


<-1/2 

"Jo 


arctan x~ 


dx ~ 0.125 


In Exercises 39 and 41, use = V x", lx I <1. 

1 - x o 


39. (a) 


(1 — x) 2 dx L 1 — xj dx | 


^ x" =2 nx " *’ \ X \ < 1 


n = 0 -I n = 1 


00 


(b ) n Z 32 = x '%nx n 1 = £ nx", |x| < 1 


(c) 


(1 - x) 

1 + X 


n = 1 


(1 — x) 2 (1 — x) 2 (1 — x\ 


= ^ n{x" 1 + x"), |x| < 1 


= ^ (2/i + l)x", |x| <1 

n = 0 


(d) J 1 " y = x^(2„ + l)x" = ^ (2/7 + l)x” +1 , |x| < 

V 1 -V n = 0 77 = 0 


41. P(rt) = 


IF 


00 00 / 1 \ /t 100 / 1 \n — 1 

EM = £■*») -2, <.(2) -2 2, ”( 2 ) 


1 1 

2 [1 - ( 1 / 2)] 2 


= 2 


Since the probability of obtaining a head on a single toss is it is expected that, on average, a head will be obtained 
in two tosses. 
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43. Replace x with (— x). 


45. Replace x with (— x) and multiply the series by 5. 


47. Let arctan x + arctan y = 9. Then, 

tan(arctan x + arctan v) = tan 8 
tan(arctan x) + tan(arctan y) 


1 — tan(arctan x) tan(arctan y) 

x + y 
1 — xy 

, x + y 
arctanl 

i — xy 


= tan 6 
= tan 0 


x y 

= 8. Therefore, arctan x + arctan y = arctanl — 1 forxy ¥= 1. 


1 — xy 


49. (a) 2 arctan — = arctan — + arctan — = arctan 
2 2 2 


2 ( 1 / 2 ) 


1 - (1/2) 2 


= arctan — 
3 


/ 1\ 

1 — — 1 = arctan 

" (4/3) - (1/7) " 


.1 + (4/3)(l/7) 


(b) 77—8 arctan — — 4 arctan — = 8 


1 _ (05)/ (05)/ _ (0.5 ) 7 

2 3 5 7 


- 4 


25 77 

= arctan — = arctan 1 = — 
25 4 


1 (1/7 ) 3 (1/7 ) 5 (1/7 ) 7 

7 3 5 7 1 


51. From Exercise 21, we have 

\n v n + 1 oo 


(— 1)' ? JC' ?+ 1 _ “ (-1)"-V 


n = 0 rl l n = l 

_ S (~ I )” 4 ' 1 ,*' 1 

„=i n 

Thus, f 

’ A v ' ?«„ A „ 


= in A + lj = In | « 0.4055 


53. From Exercise 51, we have 

oo Tn oo / 1 \n+ l/'O /c'tn 

1 „ (/l 

n = 1 J H n = I n 

= ln0 + lj = in | « 0.3365. 


55. From Exercise 54, we have 

oo 1 oo / 1 / r )X2n + 1 1 

V (- D" ^ = y (- 1)" K ! ’ , = arctan ' « 0.4636. 

’ 2 2n+ \2n + \) 2 n+l 2 


57. The series in Exercise 54 converges to its sum at a slower 
rate because its terms approach 0 at a much slower rate. 


59. 


0 < x < 2 


oo ( Y — ])n 

/(.*)= 

n= 1 n 

/(0.5) = 


2 - = -0.6931 


Section 8.10 Taylor and Maclaurin Series 


1. 


For c = 0, we have: 
f{x) = e 2 * 

/W(jc) = 2" e 2A => 

e 2v = 1 + lx + 


/<">( 0 ) = 2 ” 

4y/ 8 .r 3 

2! + 3! + 


1 6.v 4 
4! 


+ 


OO 

2 


n = 0 


(2x)" 

n! 



3. For c = 7t/ 4, we have: 
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[x - (- 7 T -/ 4)] 3 [x - (tt/4)] 4 
3! 4! 


, 1 , ■ • .] 


6(x - l) 4 24 (jc - l) 5 

4! 5! 

I ) 4 , (x ~ l ) 5 
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7. For c = 0, we have: 


f(x) = sin 2x 
fix) = 2 cos 2.x 
f\x ) = — 4 sin 2x 
f"\x) = — 8 cos 2x 
A 4 \x) = 16 sin 2y 
/ (5) (y) = 32 cos 2x 


A o) = o 
/'(o) = 2 
/'to) = 0 
/"to) = -8 
/ (4) (0) = 0 
/ (5) (0) = 32 


A b \x ) = -64 sin 2x /< 6) (0) = 0 

f (1 \x) = - 128 cos 2x /< 7 )(0) = - 128 

and so on. Therefore, we have: 

“ A n \0)x" Ox 2 8x 3 0y 4 32y 5 Oy 6 128y 7 

— 0 + 2 ' + ir-3r + ir + ^r + ^-^r + 


8y 3 32x s 128y 7 “ (- 1)"(2y) 2,!+1 


9. For c = 0, we have: 

Ax) = sec(Y) /(0) = 1 

/'( x) = sec(Y)tan(Y) /'( 0) = 0 

f\x) = sec 3 (Y) + sec(Y)tan 2 (.Y) f'{0) = 1 

f"\x) = 5 sec 3 (Y)tan(.Y) + sec(v)tan 3 (Y) f"VA — 0 

A 4 \x) = 5 sec 5 (Y) + 18 sec 3 (Y)tan 2 (Y) + sec(Y)tan 4 (Y) / <4) (0) = 5 

S /«( 0)y" y 2 5y 4 

secW = .?„ _ ^i _=1+ 2l + 4f + " ' 


oo ^ — | 

11. The Maclaurin series for /'(y) = cos y is Y i , . 

,,4(2 n)\ 

Because f^ n+l \x) = ±sin * or ±cos x, we have \f ( ' n + l \z)\ < 1 for all z. Hence by Taylor’s Theorem, 

f(n+l)( 7 \ |r | n+1 

° ^^)l = iTl )!^ 1 ~ (n+T)j' 

|y|" +1 

Since lim — ttt = 0, it follows that Rn(x) — > 0 as n — > oo. Hence, the Maclaurin series for cos x converges to cos x for all x. 

,,->oo \n + 1) ! 


13. Since (1 + y) k = 1 — kx + 


k(k + 1)y 2 + l)(£ + 2 )y 3 


(1 + . i - 2, + 2 W(4)(5V 


% we have 


= 1 — 2v + 3 y 2 — 4y 3 + 5y 4 — 


= jT (-l)"(n + 1)y". 

„ — o 
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15. 


vAT" 


1 + 


“ 1/2 , ■ / , , . . S (— 1)- 1 - 3 • 5 - • -(2 n - Di- 
ana since ( 1 + x) *'- = 1 + > — : , 

A 2 ”n\ 


1 _ 1 

tdt? ~~ 2 




(- 1)" 1 • 3 • 5 • • • (2« - p(x/2) 2 
2" n\ 


1 , ^ (-1)" 1 • 3 • 5 ■ 




2 3 " + 1 n! 


i ^ (-D " +1 1 • 3 • 5 • • • ( 2 n - 3 )x" 

17. Since (1 + x) 1 / 2 = 1 + — + ^ — — ; (Exercise 14) 


2 "n\ 


■ have (1 + x 2 ) 1 / 2 = 1 + ^ 


Y 2 oo / 1 \n+ 1 


(-1)" + 1 1 • 3 • 5 • ■ ■ (2m - 3)x 2 
2 "nl 


oo Y n v 2 v 3 r 4 v 5 

- - . x — ^ A A A A A 

»■ «--S^-l+« + 5! + 3i + 4! + 5! + 


^4 (x 2 /2) n ^ x— 

e x T 2 = Y i — f-L- — Y = 1 H 1 1 1 \- 

A n\ A 2 "«! 2 2 2 2 ! 2 3 3! 2 4 4! 


.. . S (-l)"x 2n+1 x 3 x 5 x 1 

21 - * mx= 2 (2m+1)! ="-3! + 5!-7! + - • • 

. °° (— l)"(2x) 2,,+ 1 D) (-D' , 2 2 " +1 x 2n+1 „ 8x 3 3 2D 128x 7 

sin 2x = > — — — — = > — = 2x — — H — — — 1- 

A, (2b + 1)! A 


(2n + 1)! 


3! 5! 


7! 


23. cos x = ^ 


(- 1)”* 2, 


— 1 — — + — — 
2! 4! 


=o (2n)! 

cos x 3 / 2 = V ( - l) "^ /2)2 " = Y ( ~ 1] " X 

C0S ' Y A (2n)! A '■ 1 -■ + 


(2 «)! 


x J jr 

2! + 4! 


25. 


" r=1+ " + 2! + 3! + 4! + 5! + 


, , X 2 X 3 X 4 X 5 

e x — 1 — x + + b 

2! 3! 4! 5! 

2x 3 2x 5 2x 7 

e x — e x = 2x H 1 1 b ■ ■ ■ 

3! 5! 7! 


. , , , 1 , . X 3 X 5 X 7 

smh(x) = - (e r - e D=^ + ^y + ^y + yj + 


= 2 


oo -Jin + 1 


n=o ( 2 n + 1 )! 


27. cos 2 (x) = — [1 + cos(2x)] 


■ i x 3 X 5 

29. x sin x = x| jc — — + — 


j + t (2x) 2 | (2x) 4 (2x) 6 




2! 4! 

(- l)"(2x) 2 " 


6 ! 


(2b)! 


* 3! + 5! 

(- p ,, x 2,,+2 

A (2b + 1)! 


= 2 


31. 


sinx _ x - (x 3 /3!) + (x 5 /5!) — 


1 2! + 4! 


^ (~l) n x 2n , n 
= > 74 77T> X + 0 

i A (2 m + D! 


we have 
(2)i — l)x 2 " 


x 
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39. g(x) = i + . Divide the series for sin x by (1 + x). 



5*3 5 ^ 

6 6 


5 ^ 

6 + 120 
5-r 4 5 x 5 

6 6 



„ 2 ( A 

41. y = — — = *1 x — — I -xsinx. 


43. y = x + x 2 + — = x 1 + x + — 


Matches (a) 


Matches (c) 
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45. |V -!)<*= r * 


f x rco ( 1 \n H - 1 j 2 n + 2 

Y LJJ — L — dt = 

o L »=0 («+D! j 


“S (- l)” + 1 f 2 " + 3 -I.V °° (-l)" + 1 X 2 ” + 3 

_„4(2« + 3)(n+ l)lj 0 ~ (2n + 3)(« + 1)! 


, 7 „. . v ( _ !)"(■* “ 1 )" +1 /■ (* -1 ) 2 Oc - l) 3 (x - l) 4 

47. Since Inx = — = (x - l) - — j— + — — + 


111 00 I 

: have ln2 = 1 — - + — — - + • ■ • = ^ (— l)” + 1 - ~ 0.6931. (10.001 terms) 

2 3 4 n 


49. Since ? = = 1 + x + + - + . ■ 


22 2 3 00 2 n 

we have e 2 =l+2 + ^- + ^ + - ■ ■ = ^ ~j ~ 7.3891. (12 terms) 
2. 3. n =o n - 


51. Since 


od (-iy x 2 n x 2 x 4 x 6 x s 

cosx = So~(^r = l -^ + ^-« + v~ 


2! 4! 6! 8! 


S (~l)”x 2n+2 


A A A A \ 1/ A 

- cos X = — - — + — - — + • ■ • = 2 0 (2n + 2)! 


1 — COS _ X X 3 X 5 X 7 — V l)"x 2n+l 

x - 2! - 4! + 6! - 8! + ' _ (?„ + 7V 


«=o (2n + 2)! 


1-cosx ^ (-l)x 2n+1 

we have lim = lim > — = 0. 

x->o x *->o n ^ 0 (In + 2)! 


53. [^dx = l l \tj^^\dx = 

A Jo L» = 0 (2» + l)!j 

Since 1/(7 • 7!) < 0.0001, we have 

( ’ sin x , , 1 1 

„ ~ dX ~ ~ 3 • 3! + 5 • 5! " 


~ co (— 1)” x 2 ” +1 ^ (- 1) ,! 

..4(2 n + l)(2n + l)sj 0 “ 4 (2« + D(2n + 1)! 


0.9461. 


sin x 

Note: We are using lim = 1. 

x — >0 + x 


55. y/x cos xdx = 


' n '/2 - oo ^ l) n jc(4” + l)/2 

, [„5> (2n)\ ; 


” (- l)« _ t (4« + 3)/2 

dX= A Ur, + 3\ “ 


JO JO L «=0 J |^ = 0 | ^" ' — 1 (2w)ij L ' 

Since (ir/2) 19 / 2 /766,080 < 0.0001, we have 

Pv5cos,&=2[<^-h^ 

J 0 L 3 14 264 10.800 766.080 


0.7040. 


x 3 x 6 x 9 5.x 1 2 

+ Y _ ¥ + 16 _ T28 + 


• j dx = . 


r + 8 56 + 160 1664 + 


Since ^(0.3 7 - 0.P) < 0.0001, we have 


ro.3 i- -i 

VI + X 3 dx = (0.3 — 0.1) + ~(0.3 4 — 0.1 4 ) — ~(0-3 7 — 0.1 7 ) =0.2010. 
Jo.i L o 56 
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59. From Exercise 19, we have 


i f 1 _^ /2 , = i P ^ (-i) n x 2 " i r s (— O” x 2 ' i+i ; 

V2^r) 0 e X y^Jo h 2 " n 1 ^ v/2irL n =o 2 '’”!(2« + 1). 


1 


1 - 


1 


1 = _J_ f (~1)' ! 

o JItt ,^ 0 2"n\(2n + 1) 

1 1 


yifr V 2-1 - 3 2 2 • 2! -5 2 3 • 3! • 7. 


0.3414. 


61. /(x) = x cos 2x = ^ 

n = 0 

P s (x) — x — 2x 3 + 


(_ l)n 4” X 2 ” 4 1 

(2n)l 


63. f(x) = ^x In x, c = 1 


P 5 (x) = (x - 1) - 


(x - l) 3 , (x - l) 4 71(x - l) 5 


24 


24 


1920 




The polynomial is a reasonable approximation on the 
interval |]. 


The polynomial is a reasonable approximation on the 
interval [p 2]. 


65. See Guidelines, page 636. 


67. (a) Replace x with ( — x). 
(c) Multiply series by x. 


(b) Replace x with 3x. 

(d) Replace x with 2x, then replace 
x with — 2x, and add the two 
together. 


69 -- V = l tane "^o^} Y -^ ln(l " 


= (tan 0)x — 


gx 


kv 0 cos 9 k 2 


v 0 cos 9) 

kx 1 / kx \ 2 1 / kx \ 3 1 / kx N ' 4 


= (tan 9)x - - — — — ; + - — — — - 4- . ? X \ , + . ^ + . f X \ +. . 


kv 0 cos 9 kv 0 cos 9 2v 0 2 cos 2 9 3v 0 3 cos 3 9 4v 0 4 cos 4 9 


= (tan 9)x + 


gx- 


kgxf 


k 2 gx 4 


2v 0 2 cos 2 9 3v 0 3 cos 3 9 4v 0 4 cos 4 9 


71- f{x) = 


(a) 


"'Z* 2 , x # 0 
x = 0 


(b) m - 1 » M ~ m - lim 

x— >0 x — 0 x^O x 


- 3 - 2-1 1 123 


e~V* 

Let v = lim . Then 

x — >0 X 


In y = lim In I = lim 

*->o V x I x— >o + 


7 — In x 


= lim 

X— >0+ 


— 1 — x 2 In x 


Thus, y = e 00 = 0 and we have/'(0) = 0. 

(c) |«,,.^ 0)+ /J^ + /32k; + . 


= 0 # fix) 


This series converges to/atx = 0 only. 


73. By the Ratio Test: lim 


x" + l n\ 


(n + 1)! x" 


x" 


lim — = 0 which shows that V — converges for all x. 
n —>oo n + 1 „ _ n n ! 
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23. Converges. Geometric series, r = 0.82, |r| < 1. 


25. Diverges, nth Term Test, lim a n # 0. 
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Geometric series with a = 1 and r = 3. 


I-/- 1 - (2/3) 



29. £ 


- 21))' - 2 


1 


1\* 

„-e 0 V3j 

1 


= 2 — - = - 
1 - (1/2) 1 - (1/3) 2 2 


31. 0.09 = 0.09 + 0.0009 + 0.000009 + ■ • • = 0.09(1 + 0.01 + 0.0001 + • • •) 


2 (0.09)(0.01)" 

n = 0 


0.09 = J_ 

1 - 0.01 11 


33. D x = 8 

D 2 = 0.7(8) + 0.7(8) = 16(0.7) 

D = 8 + 16(0.7) + 16(0.7) 2 + ■ ■ ■ + 16(0.7)" + • • • 

00 1 6 1 

= -8 + 2 16(0.7)" = — 8 + — = 45] meters 

n=o 1 — 0.7 


35. See Exercise 86 in Section 8.2. 
P(e» - 1) 

e r/12 - 1 

_ 200(</°° 6 > (2 > - 1) 

“ g0.06/12 _ l 

« $5087.14 


OO 

37. x ~ 4 lnfit) dx = lim 

, b—>OC 

Jl 


Inx 

3? 


9jc 3 Jj 


39 - 



2 

n= 1 


1 

n 



By the Integral Test, the series converges. 


Since the second series is a divergent p-series while 
the first series is a convergent p-series, the difference 
diverges. 


41. V . 1 

11 = 1 vn 3 + 2 n 

,. 1/Vn 3 + 2 n 

lim — . ,, ,,,, — = lrm 


u 3 / 2 


11111 — 11111 . 

l/(w '■ ) Vn 3 + 2n 


= 1 


By a limit comparison test with the convergent p-series 

OO ] 

2 “§75, the series converges. 


, ^ 1 • 3 • 5 • • • (2n - 1) 

’’ „=i 2 • 4 • 6 • (2«) 

= 1 • 3 • 5 • • • (2/i - 1) 

2 • 4 • 6 ■ ■ • (2m) 

= (3 _ 5 2n - 1 \ 1 J_ 

“ \2 ’ 4 ’ ' 'in - 2/2n > 2m 

00 | I OO | 

Since 2 = T 2 — diverges (harmonic series), 

11=1 2' 7 2 n = 1 m 

so does the original series. 


45. Converges by the Alternating Series Test 
(Conditional convergence) 


47. Diverges by the nth Term Test 


49. 2 


00 Tn 

51 - 2 3 


lim 

n—>oo 


= lim 

n—* 00 


= lim 

n—>oo 


= lim 


m + 1 e"‘ 

g(n +1) 2 M 

e" 2 (n + 1) 


1 \(n + 1 


lim 

n — >00 


a n+ 1 

= lim 

a„ 

n—>oo 


(m + l) 3 2" 

2 n 3 


= lim , 

(i— (00 fit + 1 ) J 


= 2 


Therefore, by the Ratio Test, the series diverges. 


= (0)(l) = 0 < 1 


By the Ratio Test, the series converges. 
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53. (a) Ratio Test: lim 

n — »oo 


jn + l)(3/5)" + 1 
n( 3/5) n 


= lim 

n—>oo 


n + l\/3 
5 



Converges 


X 

5 

10 

15 

20 

25 

s„ 

2.8752 

3.6366 

3.7377 

3.7488 

3.7499 


(c) 


55. (a) 


-1 


1 

f 

, ax = 


In f 

-X_ 


I 

TV 


(b) 



1 

~4.r 4 


1 

47V 4 


(d) The sum is approximately 3.75. 


TV 

5 

10 

20 

30 

40 

N 1 

1.4636 

1.5498 

1.5962 

1.6122 

1.6202 

r-u 

Jn x- 

0.2000 

0.1000 

0.0500 

0.0333 

0.0250 


TV 

5 

10 

20 

30 

40 

N 1 

1.0367 

1.0369 

1.0369 

1.0369 

1.0369 

m 

Jn f 

0.0004 

0.0000 

0.0000 

0.0000 

0.0000 


The series in part (b) converges more rapidly. The integral values represent the remainders of the partial sums. 


57. f(x) = e~*' 2 /(0) = 1 

fix) = - X -e-*' 2 fiO) = ~ 

f"(x) = \e~ x ' 2 f"i 0) = ^ 

fix) = -\e- x ' 2 f"i0) = -| 

P 3 ix) =/( 0) + /'(0)x + /"(0)^ +/"'(0)^ 

_ 1 1 X 2 lx 3 

_ 2' t+ 42! _ 83! 


59. sin(95°) 


/ 95tt \ ^ 95t t _ (95 t r) 3 (95 v) 5 

\ 180/ 180 1 80 3 3! + 180 5 5! 


(95tt) 7 
1 80 7 7 ! 


(95 tt) 9 
180 9 9! 


0.996 


61. ln(1.75) « (0.75) 


(0.75) 2 (0.75) 3 

2 + 3 


(0.75) 4 (0.75) 5 (0.75) 6 (0.75) 15 __ 

4 + 5 6 + ' ' ' + 15 
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63. f(x) = cos x, c = 0 

R ( x ) = / (,,+1) (z) x „ +l 

(n + l)\ 

v n+ 1 

l/ (K+1) (z)l * 1 =* * ^TT)i 

(0 5)" + 1 

(a) RJX) ~ (n + I)! < °- 001 

This inequality is true for n = 4. 
(0 5V ! + 1 

(C) R ’‘ (X) ~ (n+ I)! < a °° 01 
This inequality is true for n = 5. 


(lV , + 1 

(b) Rjx) ~ < 0001 

This inequality is true for n = 6. 

(d) R„(x) < < 0.0001 

This inequality is true for n = 10. 


65. 2l 


Geometric series which converges only if |.v/10| < 1 or — 10 < x < 10. 


67 ' A (» + !)= 

fe, , (-!)»'(■< -2)— . (» + D 1 

h„ (n + 2) 2 (- 1 )"(a - 2)" 


= |x - 2| 


= 1 

Center: 2 


Since the series converges when x = l and when x = 3, 
the interval of convergence is l < x < 3. 


69. ^n\(x — 2)" 


y »„+i ,■ ( n + l)!(x — 2)" + 1 

lim = lint - -r = oo 

H->o° U n n—>oo n\\X ~ 2) n 

which implies that the series converges only at the center 
x = 2. 


oo Y 2n 

y ~ |„ ( - 1),! 4”(n!) 2 

, _ S (— l) ,1 (2n)x 2 ' 1 ~ 1 _ ^ (_i)« + 1 (2„ + 2)x 2,1 + 1 
V ~ k 4"(«!) 2 4 ,! + 1 [(/7 + 1 ) !] 2 

S (~1) ,1 + 1 (2« + 2)(2w + l)x 2n 
y ~ ko 4« + 1 [(n + 1)!]- 


, ^ (-1)" +i (2m + 2)(2n + \)x 2n+2 , “ (- l)« +1 (2n + 2 ).t 2 ' 1+2 , x 2 ' I+1 

+ V, - X + Dip + 4-[(» + i)!p + »' Jvr 

= f r, , \„ + 1 (2n + 2)(2n + 1) (- l)» + »(2» + 2) (-1)" ] ,. + , 

4" +1 [(n + l)!] 2 4 ,! + 1 [(n + l)!] 2 4"(n!) 2 J 

= f r (-D" + 1 (2n + 2)(2n+ 1 + 1) 1 1 

.jt'oL 4" + 1 [(n + l)!] 2 V 4"(n!) 2 _| 

= f r (-D ,,+i 4(» + 1) 2 i I,.,., 

,— 0 4 ,, + 1 [(« + l)!] 2 4"(n!) 2 J 

°° Tt — 1 V l + 1 1 1 

= V i -1 + ( — 1 V y 2 ” +2 = 0 

kl 4 ”(»!) 2 + 1 4>!) 2 f 


3 — x 1 — (x/3) 1 — r 

V = V 2x " 

2j xn+ 1 


__ 4^ 2nx" 1 

75. Derivative: > . 

A J T.n + 1 
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„„ , 2 4 , 8 , 

77. 1 + —x + -x 2 + —x 3 + 
3 9 27 



1 _ 3 _ 3 3 

1 - (2jc/3) 3 — 7.x 2 < * < 2 


79. /(x) = sin(x) 

fix) = cos(x) 

fix) = — sin(x) 

/'V) = -cos(x), • • • 

. | - Ml 

i. = n «! 


72 72| 

f 37) 

i ^ i 

1 x _ 37 

r , 72^ (— l)”< n + 1 )/ 2 [x — (3ir/4)]' ! 

2 2 1 

2 • 2! 

^ 4) 

1 1 “ 2 „? 0 n! 


81. S 1 = (e 111 * 3 ')- 1 = g* ln ® and since e x = V — , we have 

„ = <> n\ 

(x In 3)" 


3* = X 


n\ 


83. f(x) = 


1 


fix) = 


, x 2 In 2 3 x 3 In 3 3 x 4 In 4 3 

= 1 + x In 3 H — 1 — 1 h 


2! 


3! 


4! 


/' W= l 


l _ ”/(")(- l)(x + \) n 
X n n\ 


= 1 


— w!(x + 1)" 
n\ 


0 _ .. , &(& — l)x 2 — l)(fc — 2)x 3 

85. (1 + x)* = 1 + kx + — + — 7 — + 


2! 


3! 


(1 + x)1/ 5 =l+ * + (l/5)(-4/5)x 2 + l/5(— 4/5)(— 9/5)x 3 + _ 

, 1 1 • 4x 2 1 • 4 • 9x 3 

“ 1 + ? Y “ ~W + “^3! 

_ jc ^ (— 1)' , + 1 4 • 9 • 14 • • • (5 n — 6)x" 

+ 5 + 5"n ! 

1 x 2. 2 . 6 t 

= 1 + 5”25- V + I25 Y ' 


87. lnx=^(-l)' ! 


(x - 1)" 


0 < x < 2 


x" 


89. e r = V — , — oo < x < 

n! 


i»g)- ft-n-W-'V 

\^/ n= 1 


e 1 / 2 = y = 1.6487 

A 2"n! 


= 2(-D 


" + 1 - 1 - « 0.2231 
4"« 


2 (x + 1)" 

n = 0 
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91 . cos.* = ^ (— 1 )” * - 1 , — oo < * < oo 


cos ( 3 )= Ij-D" 


3 2 "(2n)! 


93. The series for Exercise 41 converges very slowly because 
the terms approach 0 at a slow rate. 


95. (a) /(*) = c 2 * /( 0) = 1 

fix) = 2c 2 * f\0) = 2 

fix) = 4c 2 * /to) = 4 

f"\x) = 8c 2 * no) = 8 

, 4* 2 8* 3 

c 2 *' = 1 + 2* + — + — + 


(b) e x = 


, ^ (2*)" , . 4* 2 8* 3 

c 2 * = y 2 — - = i + 2 * + — h — + • • • 

Xj.. »! ?! ?! 


— 1 + 2 * + 2* 2 + — * 3 + • • • 


— 1 + 2x + 2* 2 + — * 3 + 


(c) c~* = c* • e' = 1 + * + — + — + ■ ■ • !+* + — + — +• 


2 6 


2 6 


- 1 + (* + *) + I .v 2 + - + j + I - + - + - + j) + 1 + 2* + 2* 2 + -x 3 + 


sin t = ^ 


S (-l)"f 2,, + 1 
= o (2 n + 1)! 


sin t _ (-1 )"t 2 " 

t ~ „— 0 (2w + 1)! 


in t _ (— l)"r 2,! + 1 * 

t 1 L=o( 2 « + !)( 2 « + !)Uo 

S (- 1) ,! * 2,!+1 

“ J (2 n + 1X2 n + 1)! 


rT7 = !(-! Yr 

1 ^ r 71 = 0 

f 1 co (_lWn+l 

ln(l +t)= \n-dt = y 1 u \ 

J 1 + f „=o n + 1 

ln(t + 1) _ S (-lVT" 

7 „=o « + 1 

ln(f + 1) r ” (-1)'7 ,,+ 1 ]* _ S (~1)"*" +1 

t ct Ik (« + !) 2 Jo k (« + D 2 


101 . arctan* = * — — + — — y + ^ — 

arctan* r x 572 x 972 x 1372 x 1772 

arctan* 

lim -p — = 0 

x->0 Jr 


By L’Hopital’s Rule, lim = lim = lim ^ = 0 . 

X— >0 /y X— >0 / 1 \ X->0 1 + X Z 


Problem Solving for Chapter 8 




(b) 0,|, | 1, etc. 


°o i / 2\ n 

(c) lim C n = 1 - 2 o f =1-1=0 
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Continuing this pattern, r n = 


2 V3 + 2 (n - 1)' 


Total Area = (tt r n 2 )a n = 


273 + 2 (n - 1)/ 2 


A 


n 


lint A„ 


77 1 

2 ’ 4 


77 

¥ 


77 n(n + 1 ) 

2 [2^3 + 2 (n + l) 2 


( a ) ^a n x" = 1 + 2x + 3.t 2 + x 3 + lx 4 + 3.r 5 + ■ • • 

= (1 + x 3 + x 6 + ■ • •) + 2(x + x 4 + x 1 + ■ ■ •) + 3(x 2 + x 5 + x s + ■ ■ •) 

= (1 + x 3 + x 6 + ■ ■ -)[1 + 2jt + 3x 2 ] 

= (1 + 2x + 3.x: 2 )— 7 

1 — XT’ 

R = 1 because each series in the second line has R = 1. 

(b) = («o + a i x + ’ ' ' + o p - iX p ~ 1 ) + ( a Q x p + a l x p+1 + •••) + ■•• 

= a 0 (l + x p + • • ■) + a t x( 1 + x p + ■ ■ ■) + • ■ ■ + a p _ l x p ~ l {\ + x p + ■ • •) 

= ( a 0 + apt + ■ ■ • + a p _ l x p ^ l )( 1 + x p + • ■ •) 

= (a 0 + a x x + ■ ■ • + a p _ l x p ~ 1 ) 1 - 


R = 1 
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7 . 


e r = 1 + x + — + 


, ,21 X , V X 

xe x = x+x 2 + -+ ■■■=% — 


' dx = .te r — e x + C = Y — ^ — 3—7 

Ao (n + 2)«! 

Letting x — 0, C = 1. Letting x = 1, 


1 - I. + 9i„i - 9 + 2 


1 


Thus, ^ 


“0 ( n + 2)w! 2 (w + 2)n!‘ 

1 1 


&x(n + 2)/i! 2* 


9. Let 
Then, 


sin* , 
dx , a 9 



sin* , 

a*, a o 

* 



sin* , 

a*, etc. 

* 


r°° sin * 

Jo * 

Since lim a n 

n— >00 


rf.v = flj — a-, + a 3 — a 4 + ■ • ■ . 

= 0 and a ll+l < a n , this series converges. 


11 . (a) a, = 3.0 


a 3 « 2.17533 


a 6 « 2.30146 


lim = 2 ^—- [See part (b) for proof.] 

n—>oo 2 

(b) Use mathematical induction to show the sequence is increasing. Clearly, a-, = Ja + a x = a Ja > Ja = a v 
Now assume a n > a„_ l . Then 
a n + a > a n _ l + a 
J a n + a > Ja n _ 1 + a 


Use mathematical induction to show that the sequence is bounded above by a. Clearly, a j = Ja < a. 
Now assume a n < a. Then a > a lt and a — 1 > 1 implies 
a(a — 1 ) > a„(l) 
a 2 — a > a n 

a 2 > a n + a 
a > Ja n + a = a n+l . 

Hence, the sequence converges to some number L. To find L, assume fl„ + 1 ~ a n ~ L: 

L = Ja + L => L 2 = a + L => L 2 — L — a = 0 
1 ± J 1 + 4 a 


L = 


Hence, L = 


1 + J 1 + 4 a 
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f* 1 = 1 1 1 1 1 

13 . (a) 2 « + (-i)" — 2 1_1 2 2+1 2 3_1 2 4+1 2 5-1 


S --T°=' 


S , 



9 

8 


5 3 


9 i n 
8 + 4 “ 8 


*4 


11 J_ _ 45 
8 + 32 ~~ 32 


*5 


45 J_ _ 47 
32 + 16 ~~ 32 


(b) 


(c) 


2' + (-D" H 


a 9 n + ( -1 )" 

u n + l _ z 

a n 2 ( " + 1) + ( “U" +1 
This sequence is g, 2, g, 2, . . . which diverges. 
1 


1 

2 « + (-!)" 


1 /n 


2 " • 2 (_1 )" 

1 

2 • </2(-9“ 


- < 1 converges because {2 ( l, “} = 2,\,2, . . . and </l/2 — > 1 and </ 2 — > 1. 


15. 5 6 = 130 + 70 + 40 = 240 
Sj = 240 + 130 + 70 = 440 
S s = 440 + 240 + 130 = 810 
S 9 = 810 + 440 + 240 = 1490 
•S, 0 = 1490 + 810 + 440 = 2740 
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CHAPTER 9 

Conics, Parametric Equations, and Polar Coordinates 

Section 9.1 Conics and Calculus 

Solutions to Even-Numbered Exercises 


2. x 2 = 8y 
Vertex: (0, 0) 

p — 2 > 0 

Opens upward 
Matches graph (a). 



Circle radius 3. 
Matches (g) 


10. x 2 + 8v = 0 

x 2 = 4(—2)y 

Vertex: (0, 0) 
Focus: (0, —2) 
Directrix: v = 2 


y 



(x - 2) 2 . (y + l) 2 _ . 

16 4 

Center: (2, — 1) 

Ellipse 
Matches (b) 


8 - 2) 2 1> 2 _ , 

Hyperbola 
Center: (—2, 0) 

Horizontal transverse axis. 

Matches (d) 

12. (x - l) 2 + 8(y + 2) = 0 

(x ~ l) 2 = 4( — 2)(y + 2) 

Vertex: (1, —2) 

Focus: (1, —4) 

Directrix: y = 0 



14 . y 2 + 6y + 8x + 25 = 0 


y 2 + 6v + 9 = — Hx -25 + 9 
( y + 3) 2 = 4(-2)(x + 2) 


Vertex: (—2, —3) 
Focus: (—4, —3) 
Directrix: x = 0 



16 . y 2 + 4y + Sx -12 = 0 


y 2 + 4v + 4 = - 8x +12 + 4 
(y + 2) 2 = 4(— 2)(x - 2) 


Vertex: (2, —2) 
Focus: (0, —2) 
Directrix: x = 4 



424 
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y = — ^(x 2 — 8x + 6) = — \(x 2 — 8x + 16 — 10) 
— 6y = (x - 4) 2 - 10 
—6y + 10 = (x - 4) 2 
{x - 4) 2 = -6(v - f) 

( x - 4) 2 = 4(— |)(y - f) 

Vertex: (4, |) 4 

Focus: (4, |) 

| Q -2 • • yT ‘ ‘ ' ‘ "V ' ‘ ' 1 0 

Directrix: y = yy / \ 



x 2 — 2x+l = — 8y — 9+1 
(x - l) 2 = 4(-2)(y + 1) 
Vertex: (1,-1) 

Focus: (1,-3) ~ s 1 — ' — 

Directrix: y = I , 


(x + l) 2 = 4(-2)(y - 2) 


x 2 + 2x + 8v — 15 = 0 


y = 4 - (x - 2) 2 = 4x - x 2 


x 2 - 4x + y = 0 


24 . Vertex: (0. 2) 

(y - 2) 2 = 4(2) (x - 0) 
y 2 - 8x - 4y + 4 = 0 

28 . From Example 2: 4p = 8 or p = 2 
Vertex: (4, 0) 

(x - 4) 2 = 8(y - 0) 
x 2 — 8x — 8y + 16 = 0 


30 . 5x 2 + 7y 2 = 70 


^ + ^1 

14 10 


a 2 = 14, b 2 = 10, c 2 = 4 

Center: (0, 0) 

Foci: (±2, 0) 

Vertices: (± ~/l4, 0) 

2 yu 



_ (x + 2) 2 (y + 4) 2 

1 + 1/4 " 1 

1 3 

a 2 = 1, b 2 = 4, c 2 = y 

4 4 

Center: (—2, —4) 

Foci: ^ — 2 ± — 4^ 

Vertices: (— 1, —4), (—3, —4) 

V3 


34 . 16x 2 + 25y 2 - 64x + 150y + 279 = 0 

1 6(x 2 ~ 4x + 4) + 25 (y 2 + 6y + 0) = -279 + 64 + 225 


(x - 2) 2 (y + 3) 2 
(5/8) (2/5) 

5 1 9 

a 2 - b 2 = - c 2 = a 2 - b 2 = — 

’8’ 5 40 


Center: (2, —3) 

Fod; ( 2 * Her- - 3 


Vertices: ( 2 + — 3 

\ 4 


c 3 
e = - = 7 
a 5 
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36. 36* 2 + 9y 2 + 48* - 36y + 43 = 0 

36^* 2 + y + + 9(y 2 — 4y + 4) = — 43 + 16 + 36 


= 9 

U + (2/3)] 2 (y - 2) 2 
1/4 1 


a 2 = 1 , b 2 = 7 , c 2 = 7 

4 4 


Center: ( — — , 2 


Foci: ( 2 ± ^ 

' 3 2 


Vertices: (y-, 3j, (y 1 
Solve for y: 

9(y 2 - 4y + 4) = — 36* 2 - 48* - 43 + 36 
( v _ 7)2 = ~ (36* 2 + 48* + 7) 


y = 2 + -y-(36* 2 + 48* + 7) 


0 


(Graph each of these separately.) 


38. 2* 2 + y 2 + 4.8* - 6.4y + 3.12 = 0 

50* 2 + 25y 2 + 120* - 160y + 78 = 0 

50^* 2 + y* + y) + 25^y 2 - yy + = -78 + 72 + 256 = 250 

[* + (6/5)] 2 [y - (16/5)]- 
5 10 


a 2 = 10, b 2 = 5, c 2 = 5 
6 16 s ) 


Center: — 


5’ 5 


Foci: ( -|y ±7 ^ 


Vertices: ( — y ± ^10 


Solve fory: (y 2 - 6.4y + 10.24) = -2* 2 - 4.8* - 3.12 + 10.24 
(v - 3.2) 2 = 7.12 - 4* - 2* 2 



y = 3.2 ± v/7.12 — 4* — 2* 2 (Graph each of these separately.) 


40. Vertices: (0, 2), (4, 2) 
Eccentricity: 

Horizontal major axis 
Center: (2, 2) 
a = 2, c = 1 => b = v^3 
(* - 2) 2 | (y - 2) 2 t 


42 Foci: (0, ±5) 

Major axis length: 14 
Vertical major axis 
Center: (0, 0) 

c = 5, a — 7 => b = >/2A 



4 


3 





Section 9.1 Conics and Calculus 427 


44 . Center: (1,2) 


46 . 


25 



Vertical major axis 

Points on ellipse: (1, 6), (3, 2) 



a = 5, b = 3, c = Ja 2 + b 1 = 7S 


Center: (0, 0) 
Vertices: (+5, 0) 
Foci: (±734, o) 


Asymptotes: y — ±— a 


y 



48 . 


(>■ + 1) 2 
12 2 


(x - 4) 2 

5 2 


a = 12, b = 5, c = 7a 2 + b 2 = 13 


Center: (4, — 1) 

Vertices: (4, 1 1), (4, - 13) 

Foci: (4. - 14), (4, 12) 

12 

Asymptotes: y = — 1 ± — (x — 4) 


y 



50. y 2 - 9x 2 + 36x -12 = 0 

y 2 - 9{x 2 - 4a + 4) = 72 - 36 = 36 

7 (x — 2) 2 

36 4 

a = 6, b = 2, c = 7 a 2 + b 2 = 2^/10 
Center: (2, 0) 

Vertices: (2, 6), (2, —6) 

Foci: (2, 27 To), ( 2 , -27Io) 
Asymptotes: y = ±3(a — 2) 

3” 



52 . 9(a 2 + 6a + 9) - 4(y 2 - 2y + 1) = -78 + 81 - 4 = - 1 
9(a + 3) 2 - 4(y - l) 2 = - 1 
(y ~ 1) 2 (x + 3) 2 


1/4 1/9 

1,1 713 

fl = 2’ i = 3’ C = ^ 
Center: ( — 3, 1) 

Vertices: (“3, |), (~3, | 
Foci: (-3, 1 + ^7l3j 


Asymptotes: y = 1 ± —(a + 3) 


= 1 



54 . 9a 2 - y 2 + 54a + lOy + 55 = 0 

9(a 2 + 6a + 9) - (y 2 - lOy + 25) = -55 + 81 - 25 

= 1 

(x + 3) 2 (y - 5) 2 


1 


1/9 

7l0 


1 


= 1 


a=-.b=l,c= 3 

Center: (-3,5) 



Vertices: | — 3 ± — , 5 
Foci: | - 3 ± 5 


Solve for y: 

y 2 - lOy + 25 = 9a 2 + 54a + 55 + 25 
(y - 5) 2 = 9 a 2 + 54a + 80 

y = 5 + 79a 2 + 54a + 80 


(Graph each curve separately.) 
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56. 3y 2 — x 2 + 6x — 12y = 0 

3(y 2 - 4y + 4) - (x 2 - 6x + 9) = 0 + 12 — 9 = 3 


(> ~ 2) 2 
1 

a = 1, b = >/3, c = 2 
Center: (3, 2) 

Vertices: (3. 1), (3, 3) 
Foci: (3,0), (3,4) 

Solve for y: 

3 (y 2 - 4 y + 4) = x 2 



-4 


6x + 12 


(y - 2) 2 = 


x 2 — 6x + 12 


y — 2 + 


x 2 — 6x + 12 


(Graph each curve separately.) 


58. Vertices: (0, +3) 

Asymptotes: y = ±3jt 
V ertical transverse axis 
a = 3 

a 

Slopes of asymptotes: ±— = ±3 
b 

Thus, b = 1 . Therefore, 



9 1 


60. Vertices: (2, ±3) 

Foci: (2, ±5) 

Vertical transverse axis 
Center: (2, 0) 

a = 3, c = 5, b 2 — c 2 — a 2 = 16 

Therefore,^ - (a 7 / )2 = I. 

9 16 


62. Center: (0, 0) 

Vertex: (3, 0) 

Focus: (5, 0) 

Horizontal transverse axis 
a = 3, c = 5, b 2 = c 2 — a 2 = 16 

r 2 v 2 

Therefore, — — 7— = 1 . 

9 16 


64. Focus: (10,0) 

3 

Asymptotes: y = ±—x 
Horizontal transverse axis 

Center: (0, 0) since asymptotes intersect at the origin, 
c = 10 

b 3 3 

Slopes of asymptotes: ±— = ±— and b = — a 
c 2 = a 2 + b 2 = 100 

Solving these equations, we have a 2 = 64 and b 2 = 36. 
Therefore, the equation is 

y 2 

64 36 


2 2 

66 . (a) j - j = 1, y 2 - 2.* 2 = 4, 2yy' - 4x = 0, 
, 4x 2x 

y = 2y = 7 

At x = 4: y = ±6,y' = 

6 3 


At (4, 6): y — 6 = — -(jc — 4) or 4x — ?>y + 2 = 0 


At (4, —6): y + 6 = — — (x — 4) or 4x + 3y + 2 = 0 

(b) From part (a) we know that the slopes of the normal 
lines must be +3/4. 


At (4, 6): y — 6 = — -(x — 4) or 3x + 4y — 36 = 0 


At (4, —6): y + 6 = -(jc — 4) or 3x — 4y — 36 = 0 


68. 4x 2 - y 2 - 4x - 3 = 0 
A = 4, C = - 1 
AC < 0 
Hyperbola 


70. 25x 2 - I Ox - 200v - 119 = 0 
A = 25, C = 0 
Parabola 


72. y : 


x , I,- 


4y - 5 = 0 


A = 0, C = 1 
Parabola 
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74 . 2y 2 — 2xy — 3y — y 2 — 2: cy 

2x 2 + y 2 - 3y = 0 
A = 2,C = 1, AC > 0 
Ellipse 


76. 9x 2 + 54v + 81 = 36 - 4(y 2 - 4y + 4) 

9x 2 + 4y 2 + 54 y - 1 6y + 61 = 0 

A = 9, C = 4 AC > 0 
Ellipse 


78 . (a) An ellipse is the set of all points (y, y), the sum of 80 . e = — , c = V a 2 — b 2 0 < e < 1 

whose distance from two distinct fixed points (foci) 

is constant. For e ~ 0, the ellipse is nearly circular. 

.. . (x — h) 2 (y — k) 2 (,y — h) 2 (y — k) 2 For e ~ 1 . the ellipse is elongated. 


82. Assume that the vertex is at the origin. 

(a) y 2 = 4py 


8 2 = 4 p 



1600 

3 


= P 


84 . (a) Without loss of generality, place the coordinate system 
so that the equation of the parabola is .y 2 = 4pv and, 
hence. 



Therefore, for distinct tangent lines, the slopes are 
unequal and the lines intersect. 


, ./ 1600 \ 

- < — > * 


6400 


(b) The deflection is 1 cm when 

^ifo ^ t = 


(b) y 2 - 4y - 4y = 0 

2y-4-4^ = 0 

ax 


±6.53 meters. 


dx 2 


y 



At (0, 0), the slope is — 1: y = — x. At (6, 3), the 
slope is 2: y = 2y — 9. Solving for x, 

— x = 2y — 9 

— 3y = -9 

Y = 3 

y= - 3 . 

Point of intersection: (3,-3) 


86. The focus of y 2 = 8v = 4(2)y is (0, 2). The distance from a point on the parabola, (y, y 2 /8), and the focus, (0, 2), is 
d= J{x- 0) 2 + (f - 2) . 


Since d is minimized when d 2 is minimized, it is sufficient to minimize the function 
fix) = Y 2 + (| - 2j. 

/'CY) = 2Y + 2(^p)Q = ^ + Y. 

/'( y) = 0 implies that 

Ye + y = x {fe + l ) = 0 ^ y = °. 


y 



This is a minimum by the First Derivative Test. Hence, the closest point to the focus is the vertex, (0, 0). 
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88. (a) C = 0.0853/ 2 + 0.2917? + 263.3559 

(b) 320 



(c) — = 0.1706/ + 0.2971 
dt 



The consumption of fruits is increasing at a rate of 
0.1706 pounds/year. 


90. 


x = 4 y 


x =2 y 


i + oo 2 = i + 



1 + 7T )dy ~ T 74 + v 2 dy 


y 74 + y 2 + 4 Inly + JA + y 2 | 


= ^4720 + 4 ln| 4 + 720| - 4 In 2] 
= 275 + ln(2 + 75) « 5.916 


92. 7 = 20v 

v2 


y 


y = 


20 

X 

To 


S = 2tt 


'IV 


, , 1 X \ , „ f r x7l00 + x 2 , 

1 + To] dx =2n l io dx 


^ • f(100 + * 2 )V2 


= 7^(100 + r 2 ) 3 / 2 - 1000] 
0 15 


94. A = 2 f v/4/ry dy 

Jo 

= 4^/p f y 1 / 2 dy 

Jo 


47p(^)y 3/2 


= “7 ph 3/2 


96. (a) At the vertices we notice that 
the string is horizontal and 
has a length of 2a. 

(b) The thumbtacks are located 
at the foci and the length of 
string is the constant sum of 
the distances from the foci. 



98. 


c 

e = — 
a 


0.0167 = 


149,570, 000 
c « 2,497,819 

Least distance: a — c = 147,072,181 km 
Greatest distance: a + c = 152,067,819 km 


100. e = ^ ^ 

102. 

A + P 

(122,000 + 4000) - (119 + 4000) 

x 2 

(122,000 + 4000) + (119 + 4000) 

a 2 

121,881 

X 2 

= 2 « 0.9367 

130,119 

a 2 a 2 ( 1 


*! + Z ! =1 

a 2 b 2 


a 2 (b 2 /a 2 ) 


x 2 
-r + 


= 1 


= 1 


= 1 


a 2 a 2 (l — e 2 ) 

As e — > 0, 1 — e 2 — > 1 and we have 


.v 2 . y 2 


— + ^ = 1 or the circle x 2 + y 2 = a~. 
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104 (4.5) 2 + (2.5) 2 1 


x 2 = (4.5) : 


1 - 


(2.5) 2 J 


x = ±|/(2.5 ) 2 - y 2 


V = (Area of bottom)(Length) + (Area of top)(Length) 



V = 


tt<4.5)(2.5) 


f° 5 9 . 

(16) + 16 I — /(2.5) 2 — y 2 dy (Recall: Area of ellipse is irab.) 

Jo 5 


= 9077 + 


144 1 


y/(2.5) 2 ~ y 2 + (2.5) 2 arcsin ^ 


05 72 

= 9077 + — 
o 5 


0.5 76 + (2.5) 2 arcsin !. 


106 . 9x 2 + 4 y 2 + 36x - 24 y + 36 = 0 

18x + 8vy' + 36 - 24/ = 0 

(8v - 24)y ' = — (18x + 36) 

, = — (18x + 36) 

• y “ 8>> - 24 

y ' = 0 when x = ~2.y' undefined when y = 3. 

At x = — 2, y = 0 or 6. 

Endpoints of major axis: ( — 2, 0), (—2, 6) 

At y = 3, x = 0 or — 4. 

Endpoints of minor axis: (0, 3), (—4, 3) 

( x + 2) 2 (y — 3) 2 

Note: Equation of ellipse is 2 — b — — = 1 


• o o 

108 . (a) A = 4 | — 7l6 — x 2 dx = — 


r/l6 — x 2 + 16 ; 


= 1277 


(b) Disk: 


. Q Q 77- 

V = 277 —(16 — x 2 ) c(x = — 

16 8 


16x — -x 3 


= 4877 


= Ts/IeT 7 " 


— 3x 


4/16 - x 2 


/i + (y0 2 = Ji + 


9x 2 


16(16 — x 2 ) 


S = 2(277) -/ 16 — x : 




16(16 — x 2 ) + 9x 2 
16(16 — x 2 ) 


dx = 477 -/16 — 


/256 - lx- 


4 /l6 — x' 


2 dx - T 


f 


377 


, /7x/256 — 7x 2 + 256 arcsin 

8/7L 16 . 


^^(48/7 + 256 arcsin^) « 138.93 
8>/7\ 4 J 


318.5 ft 3 


/256 — 7x 2 dx 


—CONTINUED— 
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108. — CONTINUED- 


(c) Shell: 


V = 4tt[ x[ 


{ 


— >/l6 — x 2 


dx = 377 


4 )(§ h i6 -.* 2)3/2 


= 6477 


-4v 

379^/7 


yi + (. x'Y = , / 1 + 


16v 2 


9(9 - y 2 ) 


S - 2(2 


= 477 - 78 1 + 7y 2 <fv 


16/ 77 


9 V2V7/L 

877 

977 


77781 + ly 2 + 81 In 77 + 781 + 7y 2 


377(12) + 81 ln(3 77 + 12) - 81 In 9] « 168.53 


110 . (a) 4 + 

a z b z 


2 7 ¥ = o 


b 2 

, xb 2 

y 

AtP,y' = ~^ = m. 
« lb 


(b) Slope of line through (— c, 0) and (x 0 , y 0 ): m 


Slope of line through (c, 0) and (x 0 , y 0 ): m 2 - 


yo _ ( b 2 x 0 \ 

w 2 — m _ x () — c \ a 2 y 0 ) _ a 2 y 0 2 + b 2 x 0 (x 0 — c) 

1 + m 2 m ( v 0 V b 2 x 0 \ a 2 y 0 (x 0 - c) - b 2 x 0 y 0 

U 0 ~ c )\ « 2 y 0 / 


_ a 2 y 0 2 + b 2 xo 2 — b 2 x 0 c _ a 2 b 2 — & 2 x 0 c _ Z? 2 (a 2 — x 0 c) _ b 2 

•Wofa 2 - b 2 ) - a 2 y 0 c x 0 y 0 c 2 - a 2 y 0 c y 0 c{x 0 c - a 2 ) y 0 c 

( b 2 \ (b 2 \ 

a = arctan = — arctan — 

V y<f) \y 0 cj 


yo _ / b 2 x 0 \ 

/)7] — m _ x 0 + c \ a 2 y 0 ) _ a 2 y 0 2 + b 2 x 0 {x 0 + c) 

1 + mpn 1 + / y 0 V « 2 y 0 (*o + c ) “ ^-Wo 

U 0 + c)\ a 2 yj 


a 2 y 0 2 + b 2 x 0 2 + b 2 x 0 c _ a 2 b 2 + b 2 x 0 c _ b 2 (a 2 + x a c) _ b 2 
a 2 Xgy 0 + a 2 cy 0 - b 2 x 0 y 0 %y 0 (a 2 - b 2 ) + a 2 cy 0 y 0 c{x 0 c + a 2 ) y 0 c 



yo 

1 x o + c 
yo 

x 0 - c 


Since |a| = |/3|, the tangent line to an ellipse at a point P makes equal angles with the lines through P and the foci. 
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112. (a) e = — = ~^ a + — => ( ea ) 2 — a 2 = b 2 . Hence, 
a a 


(x - h) 2 (y - k) 2 
a 2 b 2 

(x - h) 2 (y - k) 2 


a 2 a 2 ( 1 — e 2 ) 


= 1. 


n , (x ~ 2) 2 , (y ~ 3) 2 

(b) ~r~ + 4(T^j - 1 


(c) As e approaches 0, the ellipse approaches a circle. 


114. The transverse axis is vertical since (—3, 0) and (—3, 3) 
are the foci. 

Center: ^ - 3, 

c = 2a = 2, b 2 = c 2 — a 2 — 7 
2 4 

Therefore, the equation is 

[y - (3/2)] 2 (x + 3) 2 

1 5/4 


116. Center: (0, 0) 

Horizontal transverse axis 
Foci: (±c, 0) 

Vertices: (±a, 0) 

The difference of the distances from any point on the hyperbola is constant. At a vertex, this constant difference is 
(a + c) — (c — a) = 2a. 

Now, for any point (x, y) on the hyperbola, the difference of the distances between (x, y) and the two foci must also be 2a. 
J{x — c) 2 + {y — 0) 2 — y(.r + c) 2 + (y — 0) 2 = 2a 

s/{x — c) 2 + y 2 = 2 a + V( x + c) 2 + _v 2 
(x — c) 2 + y 2 = 4 a 2 + 4 a J{x + c) 2 + y 2 + (x + c) 2 + y 2 
— 4 xc — 4 a 2 = 4 a/(.t + c) 2 + y 2 


— (xc + a 2 ) = + c) 2 + y 2 

x 2 c 2 + 2 a 2 cx + a 4 = a 2 [x 2 + 2 cx + c 2 + y 2 ] 
x 2 (c 2 - a 2 ) - a 2 y 2 = a 2 {c 2 - a 2 ) 




a- c tf- 

Since a 2 + b 2 = c 2 , we have (x 2 /a 2 ) — ( y 2 /b 2 ) = 1. 


= 1 



118. c = 150, 2 a = 0.001(186.000), a = 93, 
b = yi50 2 - 93 2 = 713,851 


x~ 

W 2 


y z 


= 1 


13,851 
When y = 75, we have 
75 2 


v 2 = 93 2 1 + 


13,851 


120 . 


O 7 0 X 


a- b 2 
2x 2 yy ' 


n ' b2 - x 
.2 u 2 =0 or y = , 


b 2 ' ay 

b 2 x 0, , 

y ~ y 0 = -ry* ~ x o> 


a-y 0 

a 2 y a y — a 2 y 0 2 = b 2 X(,x — b 2 x 0 2 
b 2 x 0 2 — a 2 y 0 2 = b 2 x 0 x — a 2 y 0 y 
a 2 b 2 = b 2 x 0 x — a 2 y 0 y 
xqx y 0 y 


b 2 


= 1 


x ~ 1 10.3 miles. 
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122. Ax 2 + Cy 2 + Dx + Ey + F = 0 (Assume A A 0 and C A 0; see (b) below) 


4 2 + r) + 4 2 + Fj = - F 


, „ D D 2 , , „ jL J JLd \ IS i-v 

A (* 2 + z* + 442) + c (r + ^ + i^) = - F + ZT + ^ = i? 


£ £ 2 
C' V + 4C 2 


PC EC 

4 A + 4C 


/£> \1 2 T ( E \1 2 
\_ X + \2A/ [ y + (^) 


(a) If A = C, we have 


X + S) + { y + Yc) 


which is the standard equation of a circle, 
(c) If AC > 0, we have 

, v + (£)]’ . [ Y + (i) ‘ , 


R 

+ 

R 

A 


C 


(b) If C = 0, we have 

( D\ 2 D 2 

i x + 2 a) =~ F ~ E y + , A- 

If A = 0, we have 

+ 0 =■ - S- 

These are the equations of parabolas, 
(d) If AC < 0, we have 


( D \1 2 

r + Iia J. L- v 


which is the equation of an ellipse. |_ \2A/J |_’ V \2C/J 

Z R. “ 

A C 

which is the equation of a hyperbola. 

124. True 126. False. The y 4 term should be y 2 . 128. True 

Section 9.2 Plane Curves and Parametric Equations 




(e) The graph would be oriented in the opposite direction. 
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4 . x — 3 — It 


6 . x = 2 1 2 


y = 2 + 3t 


y = 2 + 31 


3 — x 


2>> + 3* - 13 = 0 


For t < 0, the orientation is right to left. 


y 



For t > 0, the orientation is left to right. 

y 



8 . x — t 2 + t, y = t 2 — t 


Subtracting the second equation from the first, we have 

„ x ~ v 

x — y — 2 1 or t = — 

= (x ~ y) 2 _ x - y 
4 2 

Since the discriminant is 

B 2 - 4 AC = (— 2) 2 - 4(l)(l) = 0, 

the graph is a rotated parabola. 


t 

-2 

-1 

0 

1 

2 

x 

2 

0 

0 

2 

6 

y 

6 

2 

0 

0 

2 



10. x = -Yt, t > 0 
y = 3-t 
y = 3 - x 4 , x > 0 



12 . x = 1 + - 
t 

y = t- i 


x — 1 H — implies t = 

t x — 1 



14 . x=\t- 1 | 
y = t + 2 

x = \{y~2)~ 1| = \y-3\ 
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36. The orientations are reversed. The graphs are the same. They are both smooth. 


38. The set of points (x, y) corresponding to the rectangular equation of a set of parametric equations does not show 
the orientation of the curve nor any restriction on the domain of the original parametric equations. 


40. 


x = h + r cos 9 
y = k + r sin 6 



r 


sin 9 = 


y-k 


cos^+sin^ = ^ 2 +^2=l 


(x — h) 2 + (y — k) 2 — r 2 


42. 


x = h + a sec 9 
y = k + b tan 9 



= sec 9 


y-* 

b 


= tan 9 


( x — h) 2 ( y — k) 2 

a 2 b 2 


44. From Exercise 39 we have 
x = 1 + At 
y = 4 — 6t. 

Solution not unique 


46. From Exercise 40 we have 
x = —3 + 3 cos 9 
y = 1 + 3 sin 9. 
Solution not unique 


50. From Exercise 42 we have 
a = 1, c = 2 => b = >/3 
x = v/3 tan 9 
y — sec 9. 


52. 



Example 



Center: (0. 0) _ _ 2 

Solution not unique X ' ' —t— 1 

The transverse axis is vertical, 
therefore, x and y are interchanged. 


56. x = 9 + sin 9 
y = 1 — cos 9 


6 







-2 


58. x = 29 — 4 sin 9 
y = 2 — 4 cos 9 


9 



-3 


48. From Exercise 41 we have 

a = 5, c = 3 => b = 4 

x = 4 + 5 cos 

y = 2 + 4 sin 9. 

Center: (4, 2) 

Solution not unique 

54. y = x 2 

Example 

x = t, y = t 2 
x = t 3 , y = t 6 


60. x = 29 — sin 9 
y = 2 — cos 9 


4 



Not smooth at x = ( 2n — 1 )tt 


Smooth everywhere 
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-2 


Smooth everywhere 


64. Each point ( x , y) in the plane is determined by the plane 
curve x = /(f), y — g(t). For each t, plot (x, y). As t 
increases, the curve is traced out in a specific direction 
called the orientation of the curve. 


66. (a) Matches (ii) because — 1 < x < 0 and 1 < y < 2. 


(b) Matches (i) because x = (y — 2) 2 — 1 for all y. 


68. x = cos 3 9 


70. x = cot 6 


y = 2 sin 2 9 


y = 4 sin 9 cos 9 


Matches (a) 


Matches (c) 


72. Let the circle of radius 1 be centered at C. A is the point of tangency on the line OC. OA = 2, 
AC = 1, OC = 3. P = ( x , y) is the point on the curve being traced out as the angle 9 changes 
AB = AP . AB —29 and AP = a => a = 29. Form the right triangle A CDP. The angle 
OCE = ( 77-/2) - 9 and 

2DCP = «-(f-»)- « + »-(f). 3»-(f 

x = OE + Ex = 3 sin^ — + sin^30 — = 3 cos 9 — cos 39 

y = EC — CD = 3 sin 9 — cos^3 9 — = 3 sin 9 — sin 39 

Hence, x — 3 cos 9 — cos 39, y = 3 sin 9 — sin 39. 


y 



74. False. Let x = t 2 and y = t. Then x = y 2 and y is not a function of x. 


76. (a) x = (v 0 cos 9)t 

y = /; + (i' {) sin 9)t — 16 1 2 
x 


t = => y = h + (v 0 sin 9) — - — - ~ 16l 

i' 0 cos 9 v 0 cos 9 \i' () cos 9 


y = h + (tan 9)x — 


16 sec 2 9 


(b) y = 5 + x — 0.005.V 2 = h + (tan 9)x — 


h = 5, tan 9=1 => 9 = — , and 
4 


16 sec 2 9 


0.005 = 


16 sec 2 (7r/4) __ 16 


= ^( 2 ) 



v ° 2 = ois = 6400 ^ v ° = 80 - 

Hence, x = (80 cos(45°))f 

y = 5 + (80 sin(45°))r - 16 1 2 . 


(d) Maximum height: y = 55 (at* = 100) 
Range: 204.88 
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2 . 


dy 

dx 


d y/ dt _ ~ 1 _ _ s .2/3 

dx/dt (1/3 )r -2 / 3 


, dy = dy/de = (~l/2) g -^ = _ 1 ,_ 3e/2 = -1 
dx dx/dd 2e e 4 4e 30 ^ 2 


6. x = St, y = 3i — 1 
fife _ 3 

^ 1/(2 Jit) 

d 2 y _ 3/ St 
dx 2 1/(2 St) 


6 St = 6 when t = 1. 


6 concave upwards 


8. x = t 2 + 3l + 2, y = 2l 


4v 

<£t 


2 2 

= — when 1 = 0. 

2r + 3 3 


djy = —2(2)/(2t + 3) 
fife 2 2r + 3 


-4 

(2t + 3) 2 


-4 

9 


when t = 0. 


concave downward 


10. x = cos 9, y = 3 sin 9 
fife _ 3 cos 9 


dy- 


, . = — 3 cot 9 • - 7 - is undefined when 9=0. 

dx — sin 9 dx 


d 2 y _ 3 esc 2 9 _ — 3 d 2 y . 
dx 2 — sin 9 sin 3 9 dx 2 


is undefined when 9=0. 


= S2 when t = 2. 


12. x = St, y = Jt — 1 

dy = \/{2SSS) 
dx 1/(2 St) 

St 

Jt - 1 

djy = \JSS/{2S) - S(S2SSSM - !) 
dx 2 1/(2 St) 

-1 

~ (t- I ) 3 / 2 

concave downward 


= — 1 when t = 2. 


14. x = 6 — sin 9, y = 1 — cos 9 


dy 

dx 


sin 9 


= 0 when 9 = tt. 


1 — cos 9 

[(1 — cos 9) cos 9 - sin 2 8 ] 

(1 — cos 9) 2 
(1 — cos 9) 

= T, n \-> = “7 when 9 = tt. 

(1 - cos 9) 2 4 

concave downward 


d 2 y 

dx 2 


16. x = 2 — 3 cos 9, y = 3 + 2 sin 9 

dy 2 cos 9 2 

T = 4 ■ a = 7 cot 8 
dx 3 sin tt 3 

At (— 1, 3), 9 = 0, and =- is undefined. 

dx 

Tangent line: x = — 1 

At (2, 5), 9 = 2 T, and = 0. 

2 dx 

Tangent line: y = 5 

A (4 + 373 J\ „ In J dy 2 J 3 

M 1 — 2 — ■ 2 j- * = T’ ,nd & = ~r- 


Tangent line: 


„ 273/ 4 + 3^3 

y - 2 = -—Ax r- 


2j3x - 3y - 4j3 -3 = 0 


18. x = t — 1, y = — fl, 1=1 
1 


(a) 


(b) At 1 = 1, ( x , y) = (0, 2), and 

d - x _ j fife _ j dy _ 
dt ’ ill ’ dx 

(c) ^ = - 1. At (0, 2), y - 2 = - 1C* - 0) 


y = —.r + 2 


(d) 
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20. x = 4 cos 9, y = 3 sin 9, 9 


3tt 

~4 



(b) A1 9 * T’ k y > = ( vl Tl)’ ” d 

dx = -nji dy = 3^2 dy = 3 
dt dt 2 dx 4 

(d) « 




h 

1 ■ ■ 


N 

K 

1 


22. x = t 2 — t,y = t 3 — 3t — 1 crosses itself at the point (x, v) = (2. 1). 

At this point, t = — 1 or f = 2. 

dy = 3f 2 - 3 
dx 2t — 1 

dy 

At r = — 1, y- = 0 and y = 1. Tangent Line 


dy 9 

Att = 2, = — = 3 and y — 1 = 3(x — 2) or y = 3* — 5. Tangent Line 


24. x = 29, y = 2(1 

I = 0 when 9 = 0, ±ir, ±2 t t, . 


■ cos 9) 
dy 

Horizontal tangents: — = 2 sin 9 - 
d9 


Points: (4mr, 0), (2[2n — 1 ]tt, 4) where n is an integer. 
Points shown: (0, 0), (2 tt, 4), (4ir, 0) 

dx 

Vertical tangents: — = 2 A 0; none 


26. x = t + 1, y = t 2 + 3t 


28. x = f 2 — t + 2, y = t 3 — 3t 


dy 

Horizontal tangents: — = 2r + 3 = 0 when t = 
dt 


„ . ,19 

Point: — — - 

' 2 4 


dx 

Vertical tangents: — = 1 A 0; none 


Horizontal tangents: = 3t 2 — 3 = 0 when f = ±1. 

dt 

Points: (2, -2), (4, 2) 

dx 1 

Vertical tangents: — = 2r — 1 = 0 when t = — . 


„ . ( 7 11 

Point: — , — — 

\4 


30. x = cos 9, y = 2 sin 20 

,, . dy 7r 3 tt 5tt Itt 

Horizontal tangents: — = 4 cos 20 = 0 when 0 = — . — — , — — , — — . 

& d0 4 4 4 4 


dx 

Vertical tangents: — = — sin 0 = 0 when 0 = 0, tt. 

d0 

Points: (1,0), (-1,0) 
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32. x = 4 cos 2 0, y = 2 sin 9 


34. * = cos 2 6, y = cos 9 


TT . , dy „ n 77 3 77 

Horizontal tangents: — = 2 cos 9=0 when 6 = — , — . 

^ dO 2 2 

Since dx/dO = 0 at 7 t/ 2 and 3 tt/ 2, exclude them. 
dx 


Vertical tangents: 
Point: (4, 0) 


= — 8 cos 9 sin 0 = 0 when 


d9 
9 = 0, 77". 


Horizontal tangents: — ^ - = —sin 9 = 0 when x = 0, 77. 
dO 

Since dx/dO = 0 at these values, exclude them. 
dx 


Vertical tangents: 


dO 


= — 2 cos 9 sin 9 = 0 when 


9 = 


7 T 3TT 


2 ’ 2 ' 
(Exclude 0, 77.) 


Point: (0, 0) 


36. x = t 2 + 1, y = 4f 3 + 3, — 1 < t < 0 

dx „ dy , „ , / dx\ 2 l dy\ 2 . , , . . . 

— = It, -f = 12f 2 , — + hr = 47 2 + 1447 4 

c/t dt \dt / \dt ) 

ro r o 

s = I v/4? 2 + 144? 4 rff = I — 27-*/ 1 + 36? 2 dt 


-(1 + 36f 2 ) 3/2 


54 


J-i 

= hrU “ 37 3 / 2 ) « 4.149 
-i 54 


38. x = arcsin t, y = In hi — 7 2 , 0 < 7 < - 


1 dy _ l( -2 1 


dx 

dt Yl — 7 2 ’ dt 2 V 1 — t 2 ) 1 — t 2 

n /2 

i 

i = 


dx\ 2 ( dy\ 2 
- 3 - + hr dt 

dt / \ r/7 / 


• 1/2 

Jo 


4- 


r 1 

0 

t 2 ) 2 

7-1 

4 1/2 


r/7 = 


1/2 


1 


1 - f- 


^7 


7+1 


= 4 in uH in(3) “°- 549 


1 dx 


dy _ t 4 


4°. x r, y 1Q + 6f3 . 1. f/; 2 27 4 



dt = 


dx . dy 

42. x = a cos 0 , y = a sin 0, — = — a sin 0, — = a cos 6 

dO dO 


1 

Jo 


77-/2 

5 = 4 | ha 2 sin 2 9 + a 2 cos 2 9 dO 

"1 77/2 

= 2ira 


'77-/2 

- 

d 0 = 

4a 0 

Jo 

. 


dx 

44. x = cos 9 + 9 sin 0, y = sin 9 — 9 cos 0. — = 9 cos 9 

d9 


dy 

d9 


= Osin 9 


S = YO 2 cos 2 9 + 0 2 sin 2 9 dO 

Jo 


OdO = 


= 2ir 2 
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4t 4/2 

46. x = — — 0 , y 


1 + t 3 ’ 7 1 + I 3 

(a) x 3 + v 3 = 4xy 

4 


x 



K 


dy (1 + 1 3 )( 8 1 ) - 4i 2 (3i 2 ) 

K ’ dt (1 + I 3 ) 2 

= TT ~ — = 0 when t = 0 or t = 72. 

(1 + r) 

Points: (0, 0), j « (1.6799, 2.1165) 


(c) 5 = 2 



4(1 - 2l 3 )] 2 \ 4l(2 - l 3 ) 42 


l (1 + ? 3 ) 2 J L (1 + l 3 ) 2 

1 7l 8 + 4 1 6 - 4 t s - 4t 3 + 4t 2 + 1 

(1 + l 3 ) 2 


dt = 2 



16 


(1 + l 3 ) 4 


[l 8 + 4l 6 - 4l 5 - 4l 3 + 4 f 2 + 1] dt 


dt « 6.557 


48. x = 3 cos 9, y = 4 sin 6 

dx „ . „ dy 
— = — 3 sin 6, — = 4 cos 9 
dO dd 


s = | 79 sin 2 9 + 16 cos 2 Odd = 22.1 

Jo 



S0.x = t, y = 4-2l,f =1, ^=-2 
c/l c/l 

(a) 5 = 2 tt f (4 - 2l)7l + 4 c/l 

Jo 


275it(4i — l 2 ) 


= 8 ir 75 


(b) 5 = 2ir l7l + 4 c/1 = 

Jo 


75 17 1 2 


= 4-7775 


52. x = -l 3 , y = f+l, 1<1<2, y-axis 
dx _ n dy 


= l 2 , ^ = 1 
c/l ’ c/l 


Pi 

5 = 2-77 -l 3 7l 4 + I c/l = “ 
Ji 3 " 


= — (17 3 / 2 - 2 3 / 2 ) « 23.48 


(x 4 + l) 3 / 2 


54. x = a cos 9, y = b sin 9, ~jz— —a sin 9, ~yz— b cos 9 

clu du 

rW2 

(a) 5 = 4-77 b sin 9jcr sin 2 9 + b 2 cos 2 9 d9 

Jo 


rv/2 

= 4-77 1 ab sin 9^, / 1 — 

Jo 

— 2abn 


- b 2 


cos 2 9 d9 = 


— 4abir f 1 ^ 2 


(— e sin (?) 7l — e 2 cos 2 9 d9 


e cos 9j\ - e 2 cos 2 9 + arcsin(<? cos 9) 


lr / 2 — fl /777 


ej\ — e 2 + arcsin(e)] 


„ , , l 2Tta 2 b \ . ( 7a 2 ~ b 2 \ , ( ab\ . . 

V7a 2 - W V a ) \e) 


Ja 2 — b 2 c . . 

e = = — : eccentricity 


—CONTINUED— 
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54. —CONTINUED— 

C'n/t 

(b) S = 4tt\ a cos 9 s/ a 2 sin 2 9 + b 2 cos 2 9 d6 


7r/2 


= 47 r a cos 6jb 2 + c 2 sin 2 0 dO = 


o 


4an f W - 
~ Jo ' 


c cos 9jb 2 + c 2 sin 2 9 dd 


2a tt 

c 

2a tt 

c 


c sin 9jb 2 + c 2 sin 2 0 + b 1 ln|c sin 9 + Jb 2 + c 2 sin 2 6\ 
[c Jb 2 + c 2 + b 2 ln|c + Jb 1 + c 2 \ — b 2 In ft] 

= 2ira 2 + 


7t/2 

0 




Ja 2 - b 2 


+ Ja 2 — b 2 


Ttb 2 

e 


In 


1 + e 


1 — e 


56. (a) 0 
(b) 4 


58. One possible answer is the graph given by 
x = —t,y= —t. 



~ b ( dx\ 2 ldv\ 2 

60. (a) 5 = 2 tt g(/)-v/(~r +( _ r) dt 

J a v \dtj \dtj 


(b) 5 = 2 tt f{t) 


dx\ 2 ^ (dv\ 2 , 
T + hr dt 
dt J V dt / 


62. Let y be a continuous function of x on a < x < b. 

Suppose that* = /(/), y — g(t). and/^j) = a, fit/) = b. 
Then using integration by substitution, dx = f'(t) dt and 


'b rt 2 

y dx = g(t)f(t) dt. 

Ja Jt , 


64. x = J4 — t, y = s ft. 


dx 

dt 


0 < t < 4 


2j4 - t 

A = I Jt( , 1 ) dt = I J4 — u 2 du = — 

J 4 V 2 h 4 ^/ J„ 2 


( s/4 — u 2 + 4 ; 


Let u — s/4 — t, then du = — \./(2sf4~^it) dt and sA = s/4 — u 2 . 


j I i \ 1 r u 

— — J 4 — ts/t\ dt = sft dt = 

tty 4 V 2 s /4 - t) 2 vj 4 


-IV 

2tt 3 


° = _ 8 _ 
4 3t t 


y = ^-\(sft) 2 { y ) dt = -J-( / dt= - J 

2 ttJ 4 2h4 - tJ 4t rj 4 ^4 - t 4i 

(*.?) = ( 


-2(8 + f) 


h4 - r 


4 377 


(377 377 


dx 

66. x = cos 9. y = 3 sin 9, — = — sin 0 

du 


V = 277 (3 sin 0) 2 (— sin 0) c/0 

Jir/2 

= — 1877 1" sin 3 0 c/0 =— I877 

J 7J-/2 


— cos 0 + 


cos 3 0 


7T/2 


= 1277 
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68. x — 2 cot 6, y = 2 sin 2 0, 


dx 

dd 


— 2 esc 2 6 


A = 



(2 sin 2 9) ( — 2 esc 2 6) d 9 


r° 

~ 

de = 

-80 

J tt/2 

- 


4tt 


70. |t to 2 is area of asteroid (b). 


72. 2ira 2 is area of deltoid (c). 


74. 2nab is area of teardrop (e). 



t t 

(b) x = 12 sech — , y — t — 12 tanh — , 0 < t 


60 



Same as the graph in (a), but has the advantage of showing 
the position of the object and any given time t. 


<fy _ 1 — sech 2 (f/12) _ . t 

dx — sech(f/12) tan(t/12) 12 

Tangent line: y — — 12 tanh = — sinh ^(x — 12 sech -py 

y = t 0 ~ sinh hr 


y-intercept: (0, t 0 ) 

Distance between (0, t 0 ) and ( x , y): d — 

d = 12 for any t > 0. 




12 sech 


12 


+ — 12 tanh - 


12 


12 


y 



78. False. Both dx/dt and dy/dt are zero when t = 0. By eliminating the parameter, 
we have y — x 2 ^ which does not have a horizontal tangent at the origin. 
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2 . - 2 . 


Itt 




x = — 2 cos(f) = — 72 

y = _2sin (^f) = ^2 

(x, y) = (- 72, 75) 


x = 0 cos( = 0 

y = 0 sin^ = 0 

7,y) = (0,0) 


(-72, 72) 


(0,0) 


6. (-3, -1.57) 

.* = -3 cos(- 1.57) « -0.0024 
y = —3 sin(— 1.57) « 3 
(jc, y) = (-0.0024, 3) 

7 r 
2 

o- (-0.0024, 3) 


1 2 


0 
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8. (r, 6 ) = -2. 


1 It t 

6 


(jc, y) = (-1.7321, 1) 


(- 1 . 7321 . 1 ) 


10. (r, 0) = (8.25, 1.3) 

(x, y) = (2.2069, 7.9494) 


( 2 . 2069 , 7 . 9494 ) 


12. (x,y) = (0, -5) 
r = ±5 

tan 0 undefined 


-5, 


( 0 , - 5 ) 


14. fey) = (4, -2) 

r = ±7l6 + 4 = +2V5 


A 2 1 
tan 0 = — - = — - 
4 2 


0 « -0.464 

(2V5, -0.464), (-2V5, 2.678) 


1 2 3 4 5 


( 4 , - 2 ) 


16. ( x,y ) = (3 72,3 72) 
(r, 0) = (6, 0.785) 


18. fey) = (0, -5) 

(r, 0) = (5,-1.571) 


20. (a) Moving horizontally, the x-coordinate changes. Moving vertically, the v-coordinate changes. 

(b) Both r and 0 values change. 

(c) In polar mode, horizontal (or vertical) changes result in changes in both r and 0. 


x 2 + y 2 — 2ox = 0 

4 - 

II 

O 

r 2 — 2ar cos 0 = 0 

r cos 6 = 10 

x \ 



r(r — 2 a cos 0) = 0 

! r = 10 sec 0 



r = 2a cos 0 

a J2a 

2 4 6 8 

12 






26. xy = 4 

(r cos 0)(r sin 0) = 4 


r 2 — 4 sec 0 esc 0 
= 8 esc 20 


7T 

2 



28. (jr + y 2 ) 2 - 9(x 2 - y 2 ) = 0 

(r 2 ) 2 — 9 (r 2 cos 2 0 — r 2 sin 2 0) = 0 
r 2 \r 2 — 9(cos 20)] = 0 

r 2 = 9 cos 20 
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36. r — 2 esc 0 
r sin 9 = 2 
y = 2 
y - 2 = 0 


38. r = 5(1-2 sin 9) 
0 < 9 < 2tt 


3 




ci 

i) 


-18 


40. r = 4 + 3 cos 9 
0 < 9 < 2tt 


6 



42 . 


2 

4 — 3 sin 9 


44. r = 3 sin 



Traced out once on 0 < 9 < 2tt 


0 < 9 < 4tt 





46. r? = 

Graph as 

= 79' r2 = " 7 ? 

It is traced out once on [0, oo). 
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48. (a) The rectangular coordinates of (r t , 0j) are (fj cos 9 1 , r 1 sin 0[). The rectangular coordinates of (r 2 , 0 2 ) are 
(r 2 cos 9 r 2 sin 9 2 ). 

d 2 = (x 2 - x t ) 2 + (y 2 - yj 2 

= (r 0 cos d 2 — r 1 cos 0[) 2 + ( r 2 sin 9 2 — r 1 sin 0j) 2 

= r 2 cos 2 9 2 — 2i\r 2 cos 9 l cos 9 ^ + r 2 cos 2 9 X + r 2 sin 2 9 2 — 2 rpr 2 sin 9 X sin 9 2 + r 2 sin 2 9 t 

= r 2 (cos 2 ft, + sin 2 9-,) + r 2 (cos 2 ft, + sin 2 9 ,) — 2 /',r.,(cos ft, cos 9 2 + sin ft, sin ft 2 ) 

= r, 2 + r 2 2 — 2r,r 2 cos(ft, — 9 2 ) 
d = Jr 2 + r 2 2 — 2 r,r, cos(ft, — ft,) 

(b) If (?j = 9-,, the points lie on the same line passing through the origin. In this case, 

d = *Jr 2 + r 2 — 2r\r 2 cos(O) 

= V(r, - r 2 ) 2 = | r, - r 2 \ 

(c) If ft, — 9 2 = 90°, then cos(ft, — 9 2 ) = 0 and d = Jr 2 + r 2 2 , the Pythagorean Theorem! 

(d) Many answers are possible. For example, consider the two points (r,, ft,) = (1, 0) and (r 2 , ft,) = (2, n/2). 

d = Vl + 2 2 - 2(1) (2) cos(o - = V5 

Using (r„ ft,) = (- 1, 7r) and ( r 2 , 9 2 ) = [2, (577-/2)], d = ^/(- l) 2 + (2) 2 - 2(- l)(2) cos^tt - = V5. 

You always obtain the same distance. 

50. ^10,^1(3,77) 

d = 10 2 + 3 2 - 2(10) (3) cos(^ - t rj 

= 109 - 60 cos ^ = J 109 - 3073 = 7.6 


52. (4, 2.5), (12, 1) 

d = J4 2 + 12 2 - 2(4) (12) cos(2.5 - 1) 
= Vl60 - 96 cos 1.5 » 12.3 


54. r = 2(1 - sin 9) 

dy _ —2 cos 9 sin 9 + 2 cos 0(1 — sin 9) 
i 'lx —2 cos ft cos 9 — 2 sin 0(1 — sin 9) 

At (2,0), ^ = -L 
dx 


V d 

At ( 3, — — , is undefined. 
6 dx 




56. (a), (b) r = 3 — 2 cos 9 



(r, 9) = (1,0) =* (x,y) = (1,0) 

Tangent line: x = 1 

(c) At 9 = 0, -7- does not exist (vertical tangent). 
dx 
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58. (a), (b) r = 4 


60. r = a sin 9 



at 


(r, 0) = (4, => (x,y) = (2V2, 2V2) 

Tangent line: y — 2 s/2 = — I (x — ijl) 
y = — x + 4 s/2 




dy 

— = a sin 0 cos 0 + a cos 0 sin 0 
dO 

= 2 a sin 0 cos 0 = 0 

IT 3t t 

0 = 0, — , 77, 

2 2 

dx 

— = —a sin 2 9 + a cos 2 9 — fl(l — 2 sin 2 9) = 0 
dO 

. „ 1 „ 7T 3tt 5tt Itt 

sin 9 = ±—^, 9 = — , — , — , — 

y? 4444 


Horizontal: (0. 0), ^ a , 

( aj 2 7 t\ ( a s/2 3 tt 


Vertical: 


2 ' 4 ' \ 2 ’4 


62. r = a sin 9 cos 2 9 
dy 


d9 


= a sin 9 cos 3 9 + [—2 a sin 2 9 cos 9 + a cos 3 tl] sin 9 

= 2fl[sin 9 cos 3 9 — sin 3 9 cos 0] 

= 2 a sin 9 cos 9{ cos 2 9 — sin 2 9) = 0 

77 377 


0 = 0, tan 2 9 = 1, 0 = -,— 


Horizontal: 


4 4 

( s/2 a 77 \ / s/2 a 3 


V 4 ’ 4/’ \ 4 




64. r — 3 cos 29 sec 9 



Horizontal tangents: (2.133, ±0.4352) 


66 . r — 2 cos(3 9 — 2) 


2 



Horizontal tangents: 

(1.894, 0.776), (1.755, 2.594), (1.998, - 1.442) 


68 . 


r — 3 cos 9 
r 2 — 3 r cos 9 


x 2 + y 2 = 3x 



Circle: r 


3 

2 


Center: 



Tangent at pole: 9 


Tt 

2 



70. r = 3(1 - cos 0) 

Cardioid 

Symmetric to polar axis since r is a function of cos 9. 


9 

0 

77 

3 

77 

2 

277 

T 

77 

r 

0 

3 

2 

3 

9 

2 

6 








Section 9.4 Polar Coordinates and Polar Graphs 449 


72. r = -sin(50) 

Rose curve with five petals 


Symmetric to 0 = 


7 r 


Relative extrema occur when 
dr 


de 


— — 5 cos(5 0) = 0 at 0 = 


Tangents at the pole: 0 = 0, 


tt 3t t 5tt Itt 9 TT 

To’ To ’ To ’ To ’ To ' 

77 277 377 477 
5’ 5 ’ 5 ’ 5 


TT 

2 



74. r=3 cos 20 

Rose curve with four petals 

77 

Symmetric to the polar axis, 0 = — , and pole 
Relative extrema: (3, 0), 3, (3, 7r), ^ — 3, 

Tangents at the pole: 0 = ^ 

_ 577 777 . , 

0 = — and — given the same tangents. 


TT 

2 



76. r = 2 

Circle radius: 2 

.r 2 + y 1 = 4 



78. 7 = 1 + sin 0 
Cardioid 


80. 7 = 5 - 4 sin 0 
Lima§on 

77 

Symmetric to 0 = — 



0 

77 

~2 

77 

~6 

0 

77 

6 

77 

2 

r 

9 

7 

5 

3 

l 



82. 


6 

2 sin 0 — 3 cos 0 


2r sin 0 — 37 cos 0 = 6 
2y — 3.r = 6 

Line 



84.7 = 1 

Hyperbolic spiral 


0 

77 

4 

77 

2" 

377 

"T 

77 

577 

T" 

377 

T 

r 

4 

7T 

2 

77 

4 

377 

l 

77 

4 

577 

2 

377 


2 



450 Chapter 9 Conics, Parametric Equations, and Polar Coordinates 


86. r 2 = 4 sin 6 
Lemniscate 


Symmetric to the polar axis, 0 = — , and pole 


Relative extrema: ( ±2, — 


0 

0 

77 

6 

77 

577 

T 

77 

r 

0 

±V2 

±2 

+ v/2 

0 


Tangent at the pole: 0 = 0 


7T 

2 



88. Since 


r — 2 + esc 0=2 + 


1 

sin 0’ 


the graphs has symmetry with respect to 0 = tt/2. 
Furthermore, 

r => oo as 0 => 0 + 

r => oo as 0 => 7 r~ . 



92. x = r cos 0, y = r sin 0 

x 2 + y 2 = r 2 , tan 0 = - 
x 


96. r = 4 cos 20 
Rose curve 
Matches (b) 


90. r = 2 cos 20 sec 0 
Strophoid 


> — oo as 0 = 


77 

~2 


>oo as 0 = 


r = 2 cos 20 sec 0 = 2(2 cos 2 0—1) sec 0 
r cos 0 = 4 cos 2 0 — 2 
x = 4 cos 2 0 — 2 
lim (4 cos 2 0 — 2) = — 2 

0— »±7J-/2 



94. Slope of tangent line to graph of r = /(0) at (r, 0) is 

dy _ /(0) cos 0 + /'(0)sin 0 
dx — /(0) sin 0 + /'(0) cos 0 

If /(a) = 0 and /'(a) + 0, then 0 = a is tangent at the 
pole. 

98. r = 2 sec 0 
Line 

Matches (d) 
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100 . r = 6[l + cos (ft — </>)] 

(a) (f> = 0. r = 6[l + cos 0] 


9 



-6 


The graph of r = 6[l + cos ft] is rotated through the 
angle tt/4. 


(O0 = f 


r = 6 
= 6| 


1 + cos( ft — — 


77 77 

1 + cos 0 cos h sin ft sin — 

2 2 


= 6[l + sin ft] 

15 



The graph of r — 6[l + cos ft] is rotated through the 
angle 77/2. 


102. (a) sin( ft — 


= sin ft cosi 
= —cos ft 


— cos ft sinl 


r=/ L sh vf 

= /(- cos ft) 


1 377 , 

(c) sm( ft — ) = sin ft cos 


3tt 

~2 


— cos ft sinl 


377 

~2 


= cos ft 

r=f 


sin( ft - ^ 


= /(cos ft) 


(b) sin(ft — 77 ) = sin ft cos 77 — cos ft sin 77 
= — sin ft 
r =/[sin(ft - 77 )] 

= /(—sin ft) 



(b) 7 = 4 sin^ft — cos^ft — = —4 sin ft cos ft 


2 



-2 



(d) r = 4 sin(0 — it) cos (0 — it) = 4 sin 0 cos 0 


2 



b 

6 



-2 
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106. By Theorem 9.1 1, the slope of the tangent line through A and P is 

/cos 9 + f sin 9 
—f sin 6 + /'cos 9 

This is equal to 


tan(d + i f) 


tan 9 + tan if _ sin 9 + cos 9 tan i f 
1 — tan 9 tan if cos 9 — sin 9 tan if 



Equating the expressions and cross-multiplying, you obtain 

(/cos 9 + f sin d)( cos 9 — sin 9 tan if) = (sin 9 + cos 9 tan if)(—f sin 9 + f cos 9) 
f cos 2 9 — f cos 9 sin 9 tan if + f' sin 9 cos 9 — f sin 2 9 tan if = —/sin 2 9 — /sin 9 cos 9 tan if + /' sin 9 cos 9 + f cos 2 9 tan if 

/(cos 2 9 + sin 2 9) = /' tan (//cos 2 9 + sin 2 9) 

tan ' /,= /' = ^ 


108 ‘ tan 1/7 = df/d9 

3t t 

At 9 = — — , tan 
4 

if = arctanf 


_ 3(1 - cos 9) 

3 sin 9 

1 + ( V2/2) _ 2 + Jl 
' A “ V2 72 ■ 

2 ~|y^ ) 555 1-041(~ 59.64°) 




114. True 


110. tan if 


r 

dr/d9 


4 sin 2d 
8 cos 29 


At 9 


7 r 

7 


tan if 


sh^Tr/S) 

2 cos(7r/3) 


75 
2 ' 


if = arctan 



0.7137(= 40.89°) 



116. True 


Section 9.5 Area and Arc Length in Polar Coordinates 


2. (a) r = 3 cos 9 



(b) A = 2 - 


/or 


3 cos 0 

\ 2 / Jo 

_ 


d9 


r-ir/2 

= 9 cos 2 9 d9 

Jo 

fn/2 

(1 + cos 29) d9 


’7 r 

Jo 


9 + 


sin 2d 


ir/2 _ 977- 

o “ 4 
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1 r /4 

rir/4 


1 r ir /10 

— (cos 5 0)” d9 

4. A = 2 

- (6sin20) 2 r?0 

= 36 sin 2 29 dO 

6. A = 2 


2 J 0 

Jo 


. Jo 


= 36 r /4 - C ^^d0 


= 18 


= 18 


9 - 

7T 

4 


sin 40 


7r/4 

Jo 


9tt 

T 


0 + ^ sin(10 0) 


ir/10 

0 


77 

20 


i r /2 ,. . .,2 


8. A = 2 - (l-sin0)"</0 


3 1 

— 0 + 2 cos 9 — — sin 20 
2 4 


3 it — 8 


10. A = 2 


I 


7r/2 


n (2/3) 


(4 — 6 sin 9) 2 d0 


[16 — 48 sin 0+36 sin” 0] d9 


arcsin(2/3) 
tt/2 


'7T/: 

J arc si 


16 — 48 sin 0 + 36 


arcsin(2/3) 

340 + 48 cos 0 — 9 sin 20 


1 — cos 20 

2 


d9 


77-/2 


n(2/3) 


1.7635 





12. Four times the area in Exercise 11, A = 4(tt + 3 v^3). More specifically, 


we see that the area inside the outer loop is 


77-/2 


77-/6 


(2(1 +2 sin 0)) 2 dO 


'■n/2 

(4 + 16 sin 0+16 sin 2 0) d9 = 8t t + 6^3. 

J — 77-/6 


The area inside the inner loop is 


1 


3ir/2 


(2(1 + 2 sin 0)) 2 d9 


LJ77T-/6 


= 477 — 6v^3- 


Thus, the area between the loops is (877 + 6^3) — (477 — 6 v^3) = 477 + 12 V3. 



14. r = 3(1 + sin 0) 
r = 3(1 — sin 0) 

Solving simultaneously, 

3(1 + sin 0) = 3(1 — sin 0) 


16. r — 2 — 3 cos 9 
r = cos 0 

Solving simultaneously, 
2 — 3 cos 0 = cos 0 


2 sin 0 = 0 


0 = 0, 77. 

Replacing r by — r and 0 by 0 + 77 in the first equation 
and solving, —3(1 — sin 0) = 3(1 — sin 0), sin 0=1, 
0 = 77/2. Both curves pass through the pole, (0, 37 t/ 2), 
and (0, 7 t/ 2), respectively. 

Points of intersection: (3, 0), (3, tt), (0, 0) 


cos 0 = — 

77 577 

3’ 3 ' 

Both curves pass through the pole, (0, arccos 2/3), and 
(0, 77/2), respectively. 


Points of intersection: 



h 577 

\2’ 3 , 


I. ( 0 , 0) 
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18. r = 1 + cos 0 
r = 3 cos 0 

Solving simultaneously, 

1 + cos 6=3 cos 9 


cos 9 = — 
2 


7T 577 
d ~ 3’ 3- 


Both curves pass through the pole, (0, t r), and (0, ir/2), 
respectively. 


Points of intersection: 



/ 3 5t t 

\2’ 3 , 


, ( 0 , 0 ) 


2°. 9 = y 

4 

r = 2 

Line of slope 1 passing through 
the pole and a circle of radius 2 
centered at the pole. 

Points of intersection: 



2 , 




22. r = 3 + sin 9 
r = 2 esc 9 



Points of intersection: 


yi? + 3 


arcsinl 


yi? - 3 


/yiv + 3 


77 — arcsinl 


yi? - 3 


(3.56, 0.596), (3.56, 2.545) 


The graph of r = 3 + sin 9 is a limafon symmetric to 
9 = 7t/2, and the graph of r = 2 esc 9 is the horizontal 
line y = 2. Therefore, there are two points of intersection. 
Solving simultaneously, 


3 + sin 6 = 2 esc 6 
sin 2 0 + 3 sin 6> — 2 = 0 

. „ -3 ± yi7 

sin 6 = 


0 = arcsin 


yiv - 3 


0.596. 


24. r = 3(1 - cos 9) 

6 

r = 

1 — cos 9 

The graph of r = 3(1 — cos 9) is a cardioid with polar axis symmetry. The graph of 
r = 6/(1 — cos 9) 

is a parabola with focus at the pole, vertex(3, ir), and polar axis symmetry. Therefore, there are two 
points of intersection. Solving simultaneously. 


3(1 - cos 9) = 


6 


1 — cos 9 
(1 — cos 9) 2 = 2 

cos 0=1 + v^2 

0 = arccos (l — ^2). 
Points of intersection: (3 ^2, arccos ( 1 


72)) = (4.243, 1.998), (372, 2 it - 



arccos (l - 72)) = (4.243,4.285) 
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26. r = 4 sin 0 

r = 2(1 + sin 0) 

Points of intersection: (0, 0), 

The graphs reach the pole at different times (9 values). 


6 


| r = 4sm^|_ 



rv 


2 [7 2(1 + sin 0) 



28 . A = 4 


1 r 12 

— 9(1 — sin 9 ) 2 d9 

2 Jo 

tt/2 


= 18 | (1 - sin 9) 2 d9 = ~ (3t t - 8) 


(from Exercise 14) 



30 . r = 5 — 3 sin 9 and r = 5 — 3 cos 9 intersect at 
9 = tt/A and 7r = 5ir/4. 


A = 2 


577-/4 


(5 — 3 sin 0) 2 d9 


7t/4 


59 9 

— 6 + 30 cos 9 sin 29 

2 4 


5tt/A 

7t/4 


3 02^-9) _fS9fn)^^_9' 


2 \ 4 
59tt 


2 4 

- 3072 « 50.251 


2 V 4 


+ 30- 



32 . A = 2 


-{ 


7t/2 


1 


. (3 sin 0) 2 d# — - (2 — sin 0) 2 dO 

2 Jti/6 2 Jtt/6 


7t/2 


(—4 cos 20 + 4 sin 0) c/0 

7t/2 


77-/6 

— 2 sin(20) — 4 cos 9 


Ji t/6 


= 373 



34 . Area = Area of r = 2a cos 9 — Area of sector — 
twice area between r = 2a cos 9 and the lines 


A = TTO 2 ~ 
2 TTO 2 


/ ir\ , 

1 

— a 2 — 2 


V 3 / 

_ 2 l 


fir/ 2 


(2a cos 0) 2 c/0 


3 

2 rat 2 
3 

2t ra 2 


- 2a 2 

- 2a 2 

- 2a 2 


'tt/2 

( 

J tt/ 3 


(1 + cos 20) c/0 


sin 20 


0 + 

2 

77 77 

7 _ 7 ' 


77-/2 

7 r /3 


73 

4 


2Tra 2 + 3 73a 2 
6 



36. r = a cos 0, r = a sin 0 
tan 0 = 1, 0 = 7r/4 


A = 2 


77-/2 


(a cos 0) 2 c/0 
V4 1 + cos 20 


'77/4, 

2 A 

Jo 


1 2 

= -a 2 


1 2 
= — /7 Z 
2 


0 + 


2 

sin 20 


c/0 

tt/ A 
0 


^ + 1 
4 2 


1 , 1 , 

= + „a77 

4 8 
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38. By symmetry, A t = A 2 and A 3 = A 4 . 


A i A 2 


77-/6 


77-/3 


[(2 a cos 0) 2 — ( a) 2 ]r/0 + 


7J-/4 


[(2a cos 0) 2 — (2 a sin 0) 2 ] d9 


7r/6 


> rV 6 

= u I (4 cos 2 0—1) d9 + 2a 2 | cos 2 9 d9 
2 J-tt/3 


-tt/ A 


9 + sin 29 


7r/6 

I -ir/3 


+ a : 


sin 20 


7r/6 

7r / 4 _ a 2 

77" / 6 2 


(1+73) + a 2 (l 


73 

2 


+ 1 


A, = A, = 7 7a 2 = 


2 V 2 


. l/5ir\ 

‘ 7 


(2a sin 0) 2 dO 


5tt/6 


5tra 2 

12 

5t ra 2 
12 

' I 

(2 


'71 

— 2 a 2 (1 — cos 20) d9 

J5tt/6 


29 — sin 20 


577-/6 


7r/6 


(2a sin 0) 2 d 9 + 2| 


5t ra 2 
12 
7r/4 




73 


7T 73 

— I + 

12 2 


'77-/6 

■ I 

Jo 


= 2a 2 (1 — cos 20) d6 + 


0 

20 — sin 20 

77-/4 


,2 

a 2 0 


a 2 d9 


77-/6 

77-/4 

Jtt/6 


77" 


,r / 6 , 77H 2 

+ = a- 

0 12 \ 3 2 


73' 


ira~ 

17 


a 7 = 2 1 


[(2a sin 0) 2 — (a) 2 ] c/0 


7r/6 


(4 sin 2 0—1) dO = a 2 


0 — sin 20 


77-/4 


77-/6 


5tt; _ 73 
12 : 


^_l + ^3 

12 2 


[Note: A, + A 6 + A 7 + A 4 = 77 a 2 = area of circle of radius a] 



40. r — sec 0 — 2 cos 0, — 77 < 9 < 

2 2 


r cos 0=1—2 cos 2 0 

r 2 cos 2 0 


x = 1 - 2- 

r~ 

(x 2 + y 2 )x = x 2 + y 2 - 2x 2 
y 2 (x — 1) = —x 2 — x 3 


= l-2i 


x 2 + y- 


y 2 = 


x 2 (l + x) 


1 — X 


A = 2 


l 


1 

,2 

IT /A 


IT /A 


(sec 0 — 2 cos 0) 2 J0 


(sec 2 0 — 4 + 4 cos 2 0) dO = (sec 2 0 


77-/4 
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42. r = 2a cos 9 

r' = —2a sin 9 

rV 2 

s = >/(2 a cos 6) 2 + ( — 2a sin 6) 2 c/6 

J — tt/2 

tt/2 


2 a d9 = 


— 7T-/2 


26 


tt/2 

J-7I-/2 


= 2m; 


44. r = 8(1 + cos 6), 0 < 9 < 2tt 
r' = —8 sin 9 


s = 2 


I ^[8(1 + cos 6)] 2 + (— 8 sin 6] 2 c/6 
Jo 

= 16 f yi + 2 cos 9 + cos 2 9 + sin 2 9 d9 


= 1672 7l + cos 9d9 


= 16n/ 2 I Vi + cos 9 ■ ( ^ == | c/6 


yi — cos 6 


= 16^2 


sin 6 

Jo n/ 1 - cos 9 
32 75 yr — cos 9 
= 64 


c/0 


46. r = sec 9, 0 < 9 < — 


Length ~ 1.73 (exact 3 ) 


48. r = e e , 0 < 9 < tt 



Length = 31.31 


50. r = 2 sin(2 cos 9). 0 < 9 < tt 
2 


Length = 7.78 


52. r = a cos 9 
r' = —a sin 6 

[tt/2 


rtr/2 

S = 2-7 t a cos 9 (cos 9) J a 2 cos 9 + a 2 sin 2 9 d9 

Jo 

rtr/2 f 7r/2 

= 2tt a 2 I cos 2 9 d9 = ira 2 I (1 + cos 29) d9 

Jo Jo 


mr 9 + 


sin 29 


■n/2 _ 7T~a~ 
0 " ~ 


54. r = a( 1 + cos 9) 
r' = —a sin6 

J 'tt r-TT 

fl(l + cos 9) sin 9Va 2 (l + cos 9) 2 + a 2 sin 2 9d9 — 2t to 2 I sin 6(1 + cos 6) J2 + 2 cos 9 d9 
o Jo 


= —2j2ira 1 (1 + cos 6) 3 ^ 2 (— sin 6) d9 — — 

Jo 5 


(1 + cos 6) 5 / 2 


n _ 32 T TO 2 
o ~ 5 


56. r = 6 

r' = 1 


58. The curves might intersect for different values of 6: 
See page 696. 


S = 2tt 9 sin 9j9 2 + 1 c/6 = 42.32 
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60 . (a) S = 2tt- /(0)sin 07/(0? + /'(0) 2 dd 


(b) 5 = 277 /(0)cos 0 7/(0) 2 + fW~ dd 


62. r — 8 cos 6, 0 < 9 < tt 

(a) A = \ f\ue = i 64 cos 2 0r/0 = 32 P + °° s2O </0 = ^0 + ^1' = 16 77 

2 Jo 2 J 0 Jo 2 L 2 Jo 


(Area circle = 77T 2 = 7r4 2 = 16 77 ) 


0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

A 

6.32 

12.14 

17.06 

20.80 

23.27 

24.60 

25.08 


(c), (d) For J of area (4 tt « 12.57): 0.42 

For 5 of area (877 ~ 25.13): 1.57 ( 77 / 2 ) 
For f of area (1277 = 37.70): 2.73 
(e) No, it does not depend on the radius. 


64 . False. /(0) = 0 and g(0) = sin 20 have only one point of 
intersection. 


Section 9.6 Polar Equations of Conics and Kepler’s Laws 


1 — e cos 0 


1 + e sin 0 


(a) e — l,r — -, parabola 

1 — cos 0 


(a) e — 1,7 = : — -, parabola 

1 + sin 0 


1 2 

(b) e = 0.5, 7 = — = -, ellipse 

1 — 0.5 cos 0 2 — cos 0 

3 6 

(c) e = 1.5, 7 = — = -, hyperbola 

1 — 1.5 cos 0 2 — 3 cos 0 


1 2 

(b) e = 0.5, 7 = = , ellipse 

1 + 0.5 sin 0 2 + sin 0 

3 6 

(c) e = 1.5, 7 = — — —Z—. = hyperbola 

1 + 1.5 sin 0 2 + 3 sin 0 


\ 

y* 

in 

II 

\ 


J 

II 

o 

K 



1 — 0.4 cos 0 


(a) Because e = 0.4 < 1, the conic is an ellipse with 
vertical directrix to the left of the pole. 


(b) 7 = 




1 + 0.4 cos 0 


The ellipse is shifted to the left. The vertical directrix is to 
the right of the pole 
_ 4 

r 1—0.4 sin 0' 

The ellipse has a horizontal directrix below the pole. 


8. Ellipse; Matches (f) 


10 . Parabola; Matches (e) 


12 . Hyperbola; Matches (d) 
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14 . r = 

1 + cos 6 

Parabola since e = 1 
Vertex: (3, 0) 




18 . r(3 — 2 cos 9) = 6 

= 6 
3 — 2 cos 9 

_ 2 
~ 1 - (2/3) cos 9 


Ellipse since e = 




1 + 2 cos 9 

Hyperbola since e = 2 > 1 
Vertices: oj, (—4, it) 






3 + 7 sin(0 + (2 tt/3)) 

Rotate graph of r — — : . 

5 F 3 + 7 sin 9 

Clockwise through angle of 2ir/3. 



u> I to 
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32. Change 0 to 9 


7 T 

V 


1 + sin 8 — 


34. Parabola 


e = 1, y = 1, d = 1 

ed _ I 
1 + e sin 9 1 + sin 9 


36. Ellipse 

e = y = —2,d = 2 
ed 

r = 

1 — e sin 0 

2(3/4) 

1 - (3/4) sin $ 

6 

4 — 3 sin 9 

42. Ellipse 

Vertices: ( 2 , f), ( 4 , 

e = 3’ rf=8 
ed 

r = 

1 + e sin 0 

= 8/3 

1 + (1/3) sind 

= 8 

3 + sind 


38. Hyperbola 

e = x = — 1, d = 1 
ed 

r = 

1 — e cos 9 

= 3/2 

~~ 1 - (3/2) cos 9 

= 3 

2 — 3 cos 9 


40. Parabola 
Vertex: (5, 7 7 ) 

e = 1, d = 10 

ed _ 10 

I — e cos 9 1 — cos 9 


44. Hyperbola 

Vertices: (2, 0), (10, 0) 



ed 

1 + e cos 9 
5 

1 + (3/2) cos 8 

10 

2 + 3 cos 9 


46. r = 


: is a parabola with horizontal directrix above the pole. 


1 + sin 9 

(a) Parabola with vertical directrix to left pole. 

(c) Parabola with vertical directrix to right of pole. 


(b) Parabola with horizontal directrix below pole, 
(d) Parabola (b) rotated counterclockwise it/ A. 


48. (a) 


^ + ^=1 

a 1 2 b 2 


x 2 b 2 + y 2 a 2 = a 2 b 2 

b 2 r 2 cos 2 9 + a 2 r 2 sin 2 9 = a 2 b 2 

r 2 [b 2 cos 2 9 + a 2 (l — cos 2 0)] = a 2 b 2 

r 2 [a 2 + cos 2 9(b 2 — a 2 )] = a 2 b 2 
~ a 2 b 2 a 2 b 2 


a 2 + (b 2 — a 2 ) cos 2 9 a 2 — c 2 cos 2 9 

b 2 _ b 2 

1 — (c/a) 2 cos 2 9 1 — e 2 cos 2 9 


(b) 




x 2 b 2 — y 2 a 2 = a 2 b 2 
b 2 r 2 cos 2 9 — a 2 r 2 sin 2 8 = a 2 b 2 
r 2 [b 2 cos 2 9 — fl 2 (l — cos 2 0) = a 2 b 2 
r 2 [— a 2 + cos 2 9(ci 2 + b 2 /\ = a 2 b 2 
, orb 2 b 2 


— a 2 + c 2 cos 2 6> — 1 + (c 2 /a 2 ) cos 2 8 

-b 2 

1 — e 2 cos 2 9 
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50. a = 4, c = 5, b 



1 — (25/16) cos 2 6 


52. a = 2, b = 1, c = 73, e = 
1 


r 2 = 


1 — (3/4) cos 2 9 


73 

2 


54. A = 2 


C( 


2 l — n /2 \3 — 2 sin 9, 


d6 


= 4 


7t/2 


-V2 (3 “ 2 sin0 ) 


; dO = 3.37 


56. (a) r = 




1 — e cos 0 

When 0 = 0, r=c + a = ea + a = a(l + e). 
Therefore, 

, . ed 

a( 1 + e) = 

1 — e 

a(l + e){\ — e) = ed 
a( 1 — e 2 ) = ed. 

(1 — e 2 )a 


Thus, r = 


l — e cos 6 


(b) The perihelion distance is a — c = a — ea = a(l — e). 
(1 — e 2 )a 


When 6 = it, r = 


1 + e 


— a( 1 — e). 


The aphelion distance is a + c = a + ea = a(l + e). 
(1 — e 2 )a 


When 0 = 0, r = 


1 — e 


= a(l + e). 


58. a = 1.427 x 10 9 km 
e = 0.0543 

_ (1 - e 2 )a _ 1.422792505 x 10 9 
1 — e cos 0 1 — 0.0543 cos 0 

Perihelion distance: a(l — e) — 1.3495139 x 10 9 km 
Aphelion distance: a(l + e) = 1.5044861 x 10 9 km 

62. r = a sin 0 + b cos 0 

r 2 = arsin0 + br cos 0 
x 2 + ;y 2 = ay + bx 

x 2 + y 2 — bx — ay = 0 represents a circle. 

Review Exercises for Chapter 9 

2. Matches (b) - hyperbola 


60. a = 36.0 x 10 6 mi, e = 0.206 

_ (1 - e 2 )a 34.472 x 10 6 
1 — e cos 0 1 — 0.206 cos 0 

Perihelion distance: a(l — e) — 28.582 x 10 6 mi 
Aphelion distance: a(l + e) = 43.416 x 10 6 mi 


4. Matches (c) - hyperbola 


6. y 2 - 12y - 8.t + 20 = 0 

y 2 - 12y + 36 = 8x - 20 + 36 
(y - 6) 2 = 4(2) (x + 2) 

Parabola 
Vertex: ( — 2, 6) 
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8. 4x 2 + y 2 - \6x + 15 = 0 

4(x 2 — 4x + 4) + y 2 = — 15 + 16 

(* ~ 2) 2 , r , 

1/4 1 

Ellipse 

Center: (2, 0) 

Vertices: (2, ±1) 



10. 4x 2 - 4y 2 - 4x + 8y - 1 1 = 0 

4^x 2 x I ^ ) 4(y 2 - 2y + 1) = 1 1 + 1 - 4 

[x ~ (1/2)] 2 ( y ~ l) 2 

2 2 

Hyperbola 
Center: lj 

Vertices: ^ ± s/2, 1 j 

Asymptotes: y = 1 ± 


y 



12. Vertex: (4, 2) 

Focus: (4, 0) 

Parabola opens downward 

p = -2 

(x ~ 4) 2 = 4(— 2)(y - 2) 
.t 2 - Sx + 8y = 0 


14. Center: (0,0) 

Solution points: (1, 2), (2, 0) 

Substituting the values of the coordinates of the given 
points into 



we obtain the system 


/ 1 \ / 4 \ 

A + R = 1,4/b 2 = 1. 
\b-J \a -/ 


Solving the system, we have 


16 


a 2 = — and fo 2 = 4, — + \^~ 
3 V 4 / \ 16 


3y 


= l. 



1, a = 5, b = 2, c = 



16. Foci: (0, ±8) 

Asymptotes: y = ±4x 
Center: (0, 0) 

Vertical transverse axis 
c = 8 



4x asymptote — > a = 4b 

a 2 = 64- (4b) 2 => lib 2 = 64 



1024 

17 


1024/17 64/17 


By Example 5 of Section 9.1, 
71 ■/ 2 / 


5 
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2 °- 3- = 200* 2 

(a) x 2 = 200>' 
x 2 = 4(50)y 
Focus: (0, 50) 


(b) 


V = XT 

- 200 


y = Too* 


Vi + V0 2 = J 1 + 


10,000 


100 / O 

x z 


s — 2n J 0 W 1 + 10,000 


dx « 38,294.49 


22. (a) A = 4 I — Va 2 — j: 2 dx = — f ^ 
a a \ 2 


t^/a 2 — x 2 + 


a arcsin 1 


= nab 


(b) Disk: V = 2n f ^(b 2 - y 2 ) dy = f (fe 2 - V 2 ) Ay = ^ 


b 2 


b 2 


b 2 y - -y 3 


4 

= -ira 2 b 
o 3 




4 na / 4 2 0 2tto 


cyVb 4 + c 2 y 2 + i 4 ln|cy + Vfc 4 + c 2 y 2 


2tta 


b 2 c 
= 2ira 2 + 


b 2 c jb 2 + c 2 + & 4 ln|cfo + bjb 2 + c 2 \ — b 4 ln(fe 2 )] 


-In' 


_) =w + (^) In (i^ 


I fc 2 , , ,, 27T&- , , 27T&- 

(c) Disk: V= 2-77- —(a 2 — x 2 ) Ac = — (a 2 — x~) dx = — z— 

1 a Jo a ~ 


a~x — -x J 


= 37 nab 2 
o 3 


S = 2(2 n) - Ja 2 — x 2 


J a 4 — ( a 2 — b 2 )x 2 
aja 2 — x 2 


dx 


4nb 

n- 


’ a 

V 

Jo 


a 4 — c 2 x 2 dx = 


2 nb 


t s/a 4 — c 2 x 2 + a 4 


cx 

arcsinj — j 

a 2 


anb 


: J a 2 — c 2 + a 4 arcsin 


= 2 nb 2 + 2 n(— j arcsin(e) 


24. x = t + 4, y = t 2 

t = x- 4 => y = (x - 4 ) 2 
Parabola 


y 



26. x = 3 + 3 cos 9, y = 2 + 5 sin 9 



(x ~ 3) 2 (y - 2) 2 
9 25 

Ellipse 


y 



28. x — 5 sin 3 9, y = 5 cos 3 9 



x 2/3 yl /3 = 52/3 
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2 2 

30. (x - h) 2 + {y-k) 2 = r 2 32. a = 4, c = 5, b 2 = c 2 - a 2 = 9, ^ - j = 1 

(* - 5) 2 + (y - 3) 2 = 2 2 = 4 2 

y z x z 

Let tt = sec 2 6 and — = tan 2 6. 

16 9 

Then x = 3 tan 9 and y = 4 sec 9. 


34. x = (a — b) cos t + b cos ^ — - — f 

y = (a — b ) sin f — b sin ^ — - — t j 

(a) a = 2,b = 1 

x = cos f + cos t = 2 cos f 
y = sin t — sin t — 0 


2 


y = 0 
-2 < x < 2 






-2 


(d) a = 10, b = 1 

x = 9 cos t + cos 9/ 
y = 9 sin t — sin 9 1 


10 



(b) a = 3, b = 1 

x = 2 cos / + cos 2f 
y = 2 sin t — sin 2t 


4 



(e) a = 3, b = 2 

jt = cos f + 2 cos — 
2 

V = sin t — 2 sin — 
2 


4 



(c) a = 4, b = 1 

jc = 3 cos t + cos 3f 
y = 3 sin t — sin 3t 


4 




36. x = t + u = r cos 9 + r9 sin 9 


38. x — t + 4 


= r(cos 9 + 9 sin 9) 


y = t 2 


y = v — w = r sin 0 — r9 cos 9 
= r(sin 9~9 cos 0) 





(a) ^ = — = 2f = 0 when t — 0. 
dx 1 

Point of horizontal tangency: (4, 0) 

(b) t = x — 4 

y = (x ~ 4) 2 
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44. x = 6 cos 9 


y = 6 sin 6 



6 cos 9 
— 6 sin 9 


— cot 9 = 0 when 9 = 


7T 3 IT 

2’T 



42. x = 2t — I 

1 




(a) 


f 2 - 2t 


dy _ — (t 2 — 2 1 ) 2 (2 1 — 2) 


dx 


1 - t 


= 0 when t = 1. 


r 2 (r - 2) 2 
Point of horizontal tangency: (1, — 1) 
x + 1 


(b) t = 


1 


[(x + l)/2] 2 - 2[(x + l)/2] (x - 3)(x + 1) 



46. x = e‘ 


u) <]y = z2!^= __L = _J_ 

dx e' e x 2 

No horizontal tangents 
(b) t = In x 

y — e~ ln r = g in O/x) — A x > q 

X 



48. x = 2 9 — sind 
y = 2 — cost? 

(a), (c) r £ 



^ = 0.5, and ^ = 0.441 
dt dx 


50. x = 6 cos 9 

y = 6 sin 9 

dx . 

d9 = ~ 6 Sm6 


^ = 6cos 9 
d9 


= 6tt 
o 

(one-half circumference of circle) 


= v/36 sin 2 9 + 36 cos 2 9 d9 = 

n 


60 
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52 . (x,y) = (-1,3) 

r = 7(-l) 2 + 3 2 = VIO 
0 = arc tan (—3) « 1.89 (108.43°) 
(r, 0) = ( yiO, 1.89), (- TIO, 5.03) 


y 

H,3). - 

2- 



- 2 — 

-3 


54. r = 10 

r 2 = 100 

x 2 + y 2 = 100 


58. 


r = 4 sec 



r(cos0 + V3 sin0) 

x + s/3 y 


4 

cos[0 — (tt/3)] 

4 

(1/2) cosd + (V3/2) sin 9 

8 

8 


62. x 2 + y 2 — 4x = 0 
r 2 — 4 r cos 9 = 0 

r = 4 cos 9 


56. 


1 

2 — cos 9 


2 r — r cos 0=1 
l(±Jx 2 + y 2 ) - x = 1 

4(x 2 + v 2 ) = (x + l ) 2 
3*2 + 4y 2 - 2x ~ 1 = 0 


60. 9 = ^ 

4 

tan 9 = — 1 


*=-l 

y = 


64. (.r 2 + y 2 )( arctan -j = a 2 


r 2 9 2 = a 2 


66.0 = ^ 


Line 



68. r = 3 esc 0, r sin 0 = 3, y = 3 
Horizontal line 


2 


4 


0 


70. r = 3 — 4 cos 0 
Lima§on 

Symmetric to polar axis 


n 

2 



9 

0 

77 

3 

77 

2 

277 

T 

77 

r 

-1 

1 

3 

5 

7 
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72. r = 29 
Spiral 

Symmetric to 0 = tt/2 



0 

0 

77 

T 

77 

2 

377 

"4" 

77 

577 

T 

377 

T 

r 

0 

77 

y 

77 

377 

T 

277 

577 

T" 

377 


74. 


r = cos (50) 

Rose curve with five petals 
Symmetric to polar axis 

Relative extrema: (1, 0), ^ — 1, yj, f 1, f — 1, 

, , . tt 3tt tt Itt 9tt 

Tangents at the pole: 0 = ----- 




76. r 2 — cos(2 0) 

Lemniscate 

Symmetric to the polar axis 
Relative extrema: (±1,0) 


0 

0 

77 

6 

77 

4 


±1 

72 

0 

r 

+— — 

2 


Tangents at the pole: 0 


TT 3t T 

4’T 



78. r — 2 sin 0 cos 2 0 
Bifolium 

Symmetric to 0 = tt/2 


0.75 



<2 




-0.25 


80. r = 4(sec 0 — cos 0) 
Semicubical parabola 
Symmetric to the polar axis 
r => oo as 0 => — — ■ 


r 


oo as 0 



3 



82. r 2 = 4 sin(20) 

(a) 2r (^) = 8 cos(20) 

dr _ 4 cos(20) 
dO ~ r 

TT 

Tangents at the pole: 0 = 0,— 
(c) £ 



0 


G 



dy _ r cos 0 + [(4 cos 20 sin 0)/r] 
dx — r sin 0 + [(4 cos 20 cos 0)/r] 

_ cos(20) sin 0 + sin(20) cos 0 
cos(20) cos 0 — sin(20) sin 0 


Horizontal tangents: 
dy 


dx 

tan 


= 0 when cos(20) sin0 + sin(20) cos0 = 0, 


0 = —tan (20), 0 = 0, |, (0, 0), (± 
ical tangents when cos 20 cos 0 — sin 20 sin 0 = 0: 
tan 20 tan 0 = 1,0 = 0, (0, 0), ^±72 73, 


-2 


b I o 
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84. False. There are an infinite number of polar coordinate representations of a point. For example, the point (*, v) = (1, 0) 
has polar representations ( r , 9) = (1, 0), (1, 2tt), (— 1, t t), etc. 

86 . r = a sin 6, r = a cos 6 

The points of intersection are (a/s/2, 77/4) and (0, 0). For r = a sin d, 

_ dy _ a cos 0 sin 6 + a sin 9 cos 6 _ 2 sin 9 cos 9 
1 dx a cos 2 9 — a sin 2 9 cos 29 

At (a/ s/2, 7r/4), m l is undefined and at (0, 0), m, = 0. For r = a cos 9, 

dy —a sin 2 9 + a cos 2 9 cos 2 9 

7M-, = — = = . 

dx —a sin 9 cos 9 — a cos 9 sin 9 — 2 sin 9 cos 9 

At [a/^/l, 7r/4), m 2 = 0 and at (0, 0), m 2 is undefined. Therefore, the graphs are orthogonal at ( a / >/2, 77/4) and (0, 0). 


88. r = 5(1 - sin0) 90. r = 4 sin 3 9 



, rir / 12 . r 5v/12 . rir/2 

A = 2 - 18 sin 29 d9 + - 9 dd + - 18 sin 29 d9 

_ 2 Jo 2 Jw / 12 2 Js-n/n 

« 1.2058 + 9.4248 + 1.2058 = 11.84 

dr 

94. r = e e , 0 < 9 < 77 96. 7 = a cos 29, — = — 2a sin 20 



-5 


« 9.69a 
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50. a = 4, c = 5, b 



1 — (25/16) cos 2 6 


52. a = 2, b = 1, c = 73, e = 
1 


r 2 = 


1 — (3/4) cos 2 9 


73 

2 


54. A = 2 


C( 


2 l — n /2 \3 — 2 sin 9, 


d6 


= 4 


7t/2 


-V2 (3 “ 2 sin0 ) 


; dO = 3.37 


56. (a) r = 




1 — e cos 0 

When 0 = 0, r=c + a = ea + a = a(l + e). 
Therefore, 

, . ed 

a( 1 + e) = 

1 — e 

a(l + e){\ — e) = ed 
a( 1 — e 2 ) = ed. 

(1 — e 2 )a 


Thus, r = 


l — e cos 6 


(b) The perihelion distance is a — c = a — ea = a(l — e). 
(1 — e 2 )a 


When 6 = it, r = 


1 + e 


— a( 1 — e). 


The aphelion distance is a + c = a + ea = a(l + e). 
(1 — e 2 )a 


When 0 = 0, r = 


1 — e 


= a(l + e). 


58. a = 1.427 x 10 9 km 
e = 0.0543 

_ (1 - e 2 )a _ 1.422792505 x 10 9 
1 — e cos 0 1 — 0.0543 cos 0 

Perihelion distance: a(l — e) — 1.3495139 x 10 9 km 
Aphelion distance: a(l + e) = 1.5044861 x 10 9 km 

62. r = a sin 0 + b cos 0 

r 2 = arsin0 + br cos 0 
x 2 + ;y 2 = ay + bx 

x 2 + y 2 — bx — ay = 0 represents a circle. 

Review Exercises for Chapter 9 

2. Matches (b) - hyperbola 


60. a = 36.0 x 10 6 mi, e = 0.206 

_ (1 - e 2 )a 34.472 x 10 6 
1 — e cos 0 1 — 0.206 cos 0 

Perihelion distance: a(l — e) — 28.582 x 10 6 mi 
Aphelion distance: a(l + e) = 43.416 x 10 6 mi 


4. Matches (c) - hyperbola 


6. y 2 - 12y - 8.t + 20 = 0 

y 2 - 12y + 36 = 8x - 20 + 36 
(y - 6) 2 = 4(2) (x + 2) 

Parabola 
Vertex: ( — 2, 6) 
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8. 4x 2 + y 2 - \6x + 15 = 0 

4(x 2 — 4x + 4) + y 2 = — 15 + 16 

(* ~ 2) 2 , r , 

1/4 1 

Ellipse 

Center: (2, 0) 

Vertices: (2, ±1) 



10. 4x 2 - 4y 2 - 4x + 8y - 1 1 = 0 

4^x 2 x I ^ ) 4(y 2 - 2y + 1) = 1 1 + 1 - 4 

[x ~ (1/2)] 2 ( y ~ l) 2 

2 2 

Hyperbola 
Center: lj 

Vertices: ^ ± s/2, 1 j 

Asymptotes: y = 1 ± 


y 



12. Vertex: (4, 2) 

Focus: (4, 0) 

Parabola opens downward 

p = -2 

(x ~ 4) 2 = 4(— 2)(y - 2) 
.t 2 - Sx + 8y = 0 


14. Center: (0,0) 

Solution points: (1, 2), (2, 0) 

Substituting the values of the coordinates of the given 
points into 



we obtain the system 


/ 1 \ / 4 \ 

A + R = 1,4/b 2 = 1. 
\b-J \a -/ 


Solving the system, we have 


16 


a 2 = — and fo 2 = 4, — + \^~ 
3 V 4 / \ 16 


3y 


= l. 



1, a = 5, b = 2, c = 



16. Foci: (0, ±8) 

Asymptotes: y = ±4x 
Center: (0, 0) 

Vertical transverse axis 
c = 8 



4x asymptote — > a = 4b 

a 2 = 64- (4b) 2 => lib 2 = 64 



1024 

17 


1024/17 64/17 


By Example 5 of Section 9.1, 
71 ■/ 2 / 


5 
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2 °- 3- = 200* 2 

(a) x 2 = 200>' 
x 2 = 4(50)y 
Focus: (0, 50) 


(b) 


V = XT 

- 200 


y = Too* 


Vi + V0 2 = J 1 + 


10,000 


100 / O 

x z 


s — 2n J 0 W 1 + 10,000 


dx « 38,294.49 


22. (a) A = 4 I — Va 2 — j: 2 dx = — f ^ 
a a \ 2 


t^/a 2 — x 2 + 


a arcsin 1 


= nab 


(b) Disk: V = 2n f ^(b 2 - y 2 ) dy = f (fe 2 - V 2 ) Ay = ^ 


b 2 


b 2 


b 2 y - -y 3 


4 

= -ira 2 b 
o 3 




4 na / 4 2 0 2tto 


cyVb 4 + c 2 y 2 + i 4 ln|cy + Vfc 4 + c 2 y 2 


2tta 


b 2 c 
= 2ira 2 + 


b 2 c jb 2 + c 2 + & 4 ln|cfo + bjb 2 + c 2 \ — b 4 ln(fe 2 )] 


-In' 


_) =w + (^) In (i^ 


I fc 2 , , ,, 27T&- , , 27T&- 

(c) Disk: V= 2-77- —(a 2 — x 2 ) Ac = — (a 2 — x~) dx = — z— 

1 a Jo a ~ 


a~x — -x J 


= 37 nab 2 
o 3 


S = 2(2 n) - Ja 2 — x 2 


J a 4 — ( a 2 — b 2 )x 2 
aja 2 — x 2 


dx 


4nb 

n- 


’ a 

V 

Jo 


a 4 — c 2 x 2 dx = 


2 nb 


t s/a 4 — c 2 x 2 + a 4 


cx 

arcsinj — j 

a 2 


anb 


: J a 2 — c 2 + a 4 arcsin 


= 2 nb 2 + 2 n(— j arcsin(e) 


24. x = t + 4, y = t 2 

t = x- 4 => y = (x - 4 ) 2 
Parabola 


y 



26. x = 3 + 3 cos 9, y = 2 + 5 sin 9 



(x ~ 3) 2 (y - 2) 2 
9 25 

Ellipse 


y 



28. x — 5 sin 3 9, y = 5 cos 3 9 



x 2/3 yl /3 = 52/3 
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2 2 

30. (x - h) 2 + {y-k) 2 = r 2 32. a = 4, c = 5, b 2 = c 2 - a 2 = 9, ^ - j = 1 

(* - 5) 2 + (y - 3) 2 = 2 2 = 4 2 

y z x z 

Let tt = sec 2 6 and — = tan 2 6. 

16 9 

Then x = 3 tan 9 and y = 4 sec 9. 


34. x = (a — b) cos t + b cos ^ — - — f 

y = (a — b ) sin f — b sin ^ — - — t j 

(a) a = 2,b = 1 

x = cos f + cos t = 2 cos f 
y = sin t — sin t — 0 


2 


y = 0 
-2 < x < 2 






-2 


(d) a = 10, b = 1 

x = 9 cos t + cos 9/ 
y = 9 sin t — sin 9 1 


10 



(b) a = 3, b = 1 

x = 2 cos / + cos 2f 
y = 2 sin t — sin 2t 


4 



(e) a = 3, b = 2 

jt = cos f + 2 cos — 
2 

V = sin t — 2 sin — 
2 


4 



(c) a = 4, b = 1 

jc = 3 cos t + cos 3f 
y = 3 sin t — sin 3t 


4 




36. x = t + u = r cos 9 + r9 sin 9 


38. x — t + 4 


= r(cos 9 + 9 sin 9) 


y = t 2 


y = v — w = r sin 0 — r9 cos 9 
= r(sin 9~9 cos 0) 





(a) ^ = — = 2f = 0 when t — 0. 
dx 1 

Point of horizontal tangency: (4, 0) 

(b) t = x — 4 

y = (x ~ 4) 2 
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44. x = 6 cos 9 


y = 6 sin 6 



6 cos 9 
— 6 sin 9 


— cot 9 = 0 when 9 = 


7T 3 IT 

2’T 



42. x = 2t — I 

1 




(a) 


f 2 - 2t 


dy _ — (t 2 — 2 1 ) 2 (2 1 — 2) 


dx 


1 - t 


= 0 when t = 1. 


r 2 (r - 2) 2 
Point of horizontal tangency: (1, — 1) 
x + 1 


(b) t = 


1 


[(x + l)/2] 2 - 2[(x + l)/2] (x - 3)(x + 1) 



46. x = e‘ 


u) <]y = z2!^= __L = _J_ 

dx e' e x 2 

No horizontal tangents 
(b) t = In x 

y — e~ ln r = g in O/x) — A x > q 

X 



48. x = 2 9 — sind 
y = 2 — cost? 

(a), (c) r £ 



^ = 0.5, and ^ = 0.441 
dt dx 


50. x = 6 cos 9 

y = 6 sin 9 

dx . 

d9 = ~ 6 Sm6 


^ = 6cos 9 
d9 


= 6tt 
o 

(one-half circumference of circle) 


= v/36 sin 2 9 + 36 cos 2 9 d9 = 

n 


60 
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52 . (x,y) = (-1,3) 

r = 7(-l) 2 + 3 2 = VIO 
0 = arc tan (—3) « 1.89 (108.43°) 
(r, 0) = ( yiO, 1.89), (- TIO, 5.03) 


y 

H,3). - 

2- 



- 2 — 

-3 


54. r = 10 

r 2 = 100 

x 2 + y 2 = 100 


58. 


r = 4 sec 



r(cos0 + V3 sin0) 

x + s/3 y 


4 

cos[0 — (tt/3)] 

4 

(1/2) cosd + (V3/2) sin 9 

8 

8 


62. x 2 + y 2 — 4x = 0 
r 2 — 4 r cos 9 = 0 

r = 4 cos 9 


56. 


1 

2 — cos 9 


2 r — r cos 0=1 
l(±Jx 2 + y 2 ) - x = 1 

4(x 2 + v 2 ) = (x + l ) 2 
3*2 + 4y 2 - 2x ~ 1 = 0 


60. 9 = ^ 

4 

tan 9 = — 1 


*=-l 

y = 


64. (.r 2 + y 2 )( arctan -j = a 2 


r 2 9 2 = a 2 


66.0 = ^ 


Line 



68. r = 3 esc 0, r sin 0 = 3, y = 3 
Horizontal line 


2 


4 


0 


70. r = 3 — 4 cos 0 
Lima§on 

Symmetric to polar axis 


n 

2 



9 

0 

77 

3 

77 

2 

277 

T 

77 

r 

-1 

1 

3 

5 

7 
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72. r = 29 
Spiral 

Symmetric to 0 = tt/2 



0 

0 

77 

T 

77 

2 

377 

"4" 

77 

577 

T 

377 

T 

r 

0 

77 

y 

77 

377 

T 

277 

577 

T" 

377 


74. 


r = cos (50) 

Rose curve with five petals 
Symmetric to polar axis 

Relative extrema: (1, 0), ^ — 1, yj, f 1, f — 1, 

, , . tt 3tt tt Itt 9tt 

Tangents at the pole: 0 = ----- 




76. r 2 — cos(2 0) 

Lemniscate 

Symmetric to the polar axis 
Relative extrema: (±1,0) 


0 

0 

77 

6 

77 

4 


±1 

72 

0 

r 

+— — 

2 


Tangents at the pole: 0 


TT 3t T 

4’T 



78. r — 2 sin 0 cos 2 0 
Bifolium 

Symmetric to 0 = tt/2 


0.75 



<2 




-0.25 


80. r = 4(sec 0 — cos 0) 
Semicubical parabola 
Symmetric to the polar axis 
r => oo as 0 => — — ■ 


r 


oo as 0 



3 



82. r 2 = 4 sin(20) 

(a) 2r (^) = 8 cos(20) 

dr _ 4 cos(20) 
dO ~ r 

TT 

Tangents at the pole: 0 = 0,— 
(c) £ 



0 


G 



dy _ r cos 0 + [(4 cos 20 sin 0)/r] 
dx — r sin 0 + [(4 cos 20 cos 0)/r] 

_ cos(20) sin 0 + sin(20) cos 0 
cos(20) cos 0 — sin(20) sin 0 


Horizontal tangents: 
dy 


dx 

tan 


= 0 when cos(20) sin0 + sin(20) cos0 = 0, 


0 = —tan (20), 0 = 0, |, (0, 0), (± 
ical tangents when cos 20 cos 0 — sin 20 sin 0 = 0: 
tan 20 tan 0 = 1,0 = 0, (0, 0), ^±72 73, 


-2 


b I o 
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84. False. There are an infinite number of polar coordinate representations of a point. For example, the point (*, v) = (1, 0) 
has polar representations ( r , 9) = (1, 0), (1, 2tt), (— 1, t t), etc. 

86 . r = a sin 6, r = a cos 6 

The points of intersection are (a/s/2, 77/4) and (0, 0). For r = a sin d, 

_ dy _ a cos 0 sin 6 + a sin 9 cos 6 _ 2 sin 9 cos 9 
1 dx a cos 2 9 — a sin 2 9 cos 29 

At (a/ s/2, 7r/4), m l is undefined and at (0, 0), m, = 0. For r = a cos 9, 

dy —a sin 2 9 + a cos 2 9 cos 2 9 

7M-, = — = = . 

dx —a sin 9 cos 9 — a cos 9 sin 9 — 2 sin 9 cos 9 

At [a/^/l, 7r/4), m 2 = 0 and at (0, 0), m 2 is undefined. Therefore, the graphs are orthogonal at ( a / >/2, 77/4) and (0, 0). 


88. r = 5(1 - sin0) 90. r = 4 sin 3 9 



, rir / 12 . r 5v/12 . rir/2 

A = 2 - 18 sin 29 d9 + - 9 dd + - 18 sin 29 d9 

_ 2 Jo 2 Jw / 12 2 Js-n/n 

« 1.2058 + 9.4248 + 1.2058 = 11.84 

dr 

94. r = e e , 0 < 9 < 77 96. 7 = a cos 29, — = — 2a sin 20 



-5 


« 9.69a 
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98 . 


2 

' 1 + cos 6 

Parabola 


, e — 1 



100 . 


5 — 3 sin 6 
Ellipse 


4/5 

1 — (3/5)sin 6' 


?r 

2 



2 — 5 cos 0 1 — (5/2)cos O' ? 2 

Hyperbola 



106 . Parabola 

( 77 " 

Vertex: 12,— 

Focus: (0, 0) 
e = 1, d = 4 
4 

( 1 + sin 6> 


104 . Line 

Slope: V3 

Solution point: (0, 0) 

y — V3 X", r sin 0 = V3 r cos 0, 

tan 0 = V3, 0 = y 


108 . Hyperbola 

Vertices: (1, 0), (7, 0) 
Focus: (0, 0) 

4 7 

a = 3, c = 4, e — d = - 
3 4 



7 

3 + 4 cos 0 


Problem Solving for Chapter 9 


2. Assume p > 0. 

Let y = mx + p be the equation of the focal chord. 
First find jr-coordinates of focal chord endpoints: 
x 2 = 4 py = 4p(mx + p) 
x 2 — 4 pmx — 4 p 2 = 0 
_ 4pm ± ■*/ 1 (tp~m 2 + 16 p 2 


x 2 = 4 py, 2x = 4 py ' 


y = 


= 2/7777 ± Ip-Jm 1 + 1 

X 

2 p' 



(a) The slopes of the tangent lines at the endpoints are perpendicular because 

— \lp7n + Ipjrrif + l] — [2/7777 — Ipjnt 2 + l] = — -[4p 2 m 2 — 4p 2 (m 2 + 1)] = ^ ^ [ — 4 p 2 ] 


= -1 


—CONTINUED— 


LO | U) 
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2 . —CONTINUED— 

(b) Finally, we show that the tangent lines intersect at a point on the directrix y = —p. 
Let b = 2 pm + 2pjm 2 + 1 and c = 2 pm — 2 pjnr + 1. 
b 2 = 8 p 2 m 2 + 4 p 2 + %p 2 mjm 2 + 1 
c 2 = 8 p 2 m 2 + 4 p 2 — '&p 2 mjm 2 + 1 

— = 2pm 2 + p + 2pm Jm 2 + 1 


4 p 


= 2pm 2 + p — 2pm Jm 2 + 1 


Tangent line at x = b: _y — ^ — (jc — b) 

Tangent line at x = c: y - — = — (x ~ c) 


Intersection of tangent lines: 


bx b 2 
~2p~4p 

cx c 2 

2 p 4 p 

A 


bx b 2 _ a 

2 p 4 p 2 p 4 p 

2 bx — b 2 = 2 cx — c 2 


2 x(b — c) = b 2 — c 2 
2x(4 pjm 2 + l) = 16 p 2 mJnv L + 1 
x = 2 pm 

Finally, the corresponding y- value is y — p, which shows that the intersection point lies on the directrix. 


x 2 y 2 


4. H - fr = 1, a 2 + b 2 = c 2 , ME, - Mf, = 2 a 
a 2 b 2 21 


, b 2 x 

y 


b 2 x n 


Tangent line at M(x 0 ,y 0 ): y = y 0 = “2 (■* “ x 0 ) 

a y 0 

vvo ~ yp 2 = XqX - x a 2 
b 2 a 2 


V _ M = V , V 

a 2 b 2 a 2 b 2 

M _ M = 1 

a 2 b 2 

b 2 ( b 2 \ 

At x = 0, y = => 2=0, . 

y 0 \ V 

/ b* 

QFi = QF 1 = Jc 2 + -^_ = d 

y so 

MQ = x Q 2 + ^y 0 + “) =/ 


y 



By the Law of Cosines, 

0 F 2 Q ) 2 = (MF 2 ) 2 + ( MQ ) 2 - 2(MF 2 )(M2)cos a 
d 2 = (ME 2 ) 2 +/ 2 - 2/(ME 2 )cos a 

(E,2) 2 = (ME,) 2 +/ 2 - 2/(ME ,)cos 
d 2 = (ME,) 2 + f 2 - 2/(ME,)cos /3. 

(ME 2 ) 2 / 2 - r/ 2 (ME ,) 2 + f 2 — d 2 

COS “ 2/(ME 2 ) ’ C ° S P 2 /(ME,) 

ME 2 = ME, + 2a. Let z = ME,. 

y 0 — & 2 b 2 

Slopes: ME,: 2^,: — ; 2E 2 : — 

c _y 0 c /o c 


—CONTINUED— 
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4. —CONTINUED— 


To show a ; 

= /3, consider 



\{mf 2 Y 

+ / 2 - rf 2 ][2/(MF 1 )] = \(MF ,) 2 

+ / 2 - 

<^> 

[7 + 2a) 2 + f 2 ~ d 2 Jz] 

= [7 

+ / 2 - 

<^> 

z 2 + 2 az 

= / 2 - 

- t/ 2 

<^> 

(x 0 - c) 1 + y 0 2 + 2 az 

= (+o : 

2 + 


az — x 0 c + a 2 

= 0 



a 7 (+ 0 “ c) 2 + y 0 2 

= X 0 C 

— a 2 

<^> 

x 0 2 b 2 - a 2 y 2 

= a 2 b 2 


V _ >7 

1 


<^> 

a 2 b 2 

— 1. 



d-][2f(MF 2 )] 
t/ 2 ]7 + 2a] 




Thus, a = fi and the reflective property is verified. 


6. (a) 


t 2 ( 1 - t 2 ) 2 
(1 + t 2 ) 2 


1 — x 

1 + X 



1 - 1 2 
1 + 1 2 
1 - 1 2 
1 + 1 2 


Thus, y 2 = ,v : 


1 — x 
1 + x 


(1 ~ t 2 ) 2 
(1 + t 2 ) 2 


2 fi 

=!r = t 2 


(b) 


r 2 sin 2 9 = 

sin 2 0(1 + rcos 9) = 
r cos 6 sin 2 6 + sin 2 9 = 
r cos 0(sin 2 9 + cos 2 9) = 
r cos 9 = 
r = 


r 2 cos 2 0 


1 — r cos 0 
V 1 + r cos 0 

cos 2 0( 1 — r cos 0) 

cos 2 9 — r cos 3 0 

cos 2 0 — sin 2 0 

cos 20 

cos 20 • sec 0 



(d) r(0) = 0 for 0 = J 

Thus, y = x and y = — x are tangent lines to curve at 
the origin. 


, , ™ (1 + m - 3 1 2 ) -it- r 3 )(2 f) _ 1 - 4r 2 - f _ 

(e)y(r) - (ITT 2 ) 2 = (i + r 2 ) 2 -° 

t 4 + 4r 2 — 1 = 0 => i 2 = — 2 ± 75 => x = 1 - (~ 2± = 3 + ^ 

l + (-2±V5) -1 + 75 


3-75 75 - 1 


75 - 1 75-1 


J- 2 + 75 j 


-1 + 75 
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(b) (— x , —y) = ^ — J cos —^—du, — J sin ~^~duj is c 
the curve whenever (*, y) is on the curve. 

(c) x'(t) = cos^,y'(t) = sin ^-,x'(t ) 2 + y\t ) 2 = 1 


r 

Thus, s = I dt = a. 

Jo 

On [— 7 T, Tl], S = 2 7T. 


10 . r= . a ab l -,o< e<Z 

a sin 0 + b cos 0 2 

r(a sin 0 + b cos 0) = ab 

ay + bx = ab 


| + “ = 1 
b a 


Line segment 

Area = l~ab 
2 


12 . Let (r, 0) be on the graph. 

-Jr 1 + 1 + 2rcos 0jr 2 + 1 — 2rcos 0 = 1 


(r 2 + l) 2 — 4r 2 cos 2 0 = 1 
r 4 + 2 r 2 + 1 — 4r 2 cos 2 0=1 
r 2 (r 2 — 4 cos 2 0 + 2) = 0 

r 2 = 4 cos 2 0 — 2 
r 2 = 2(2 cos 2 0—1) 
r 2 = 2 cos 20 


14 . (a) r = 2 

Circle radius 2 


4 



-4 


(c) r = 2 + 2 cos 0 
Cardioid 



6 


(b) r = 2 + cos 0 
Convex limagon 


(d) r = 2 + 3 cos 0 

Limagon with 
inner loop 


4 



16 . The curve is produced over the interval 
0 < 0 < 9 it. 
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CHAPTER 9 

Conics, Parametric Equations, and Polar Coordinates 

Section 9.1 Conics and Calculus 

Solutions to Odd-Numbered Exercises 


1. y 2 = Ax 

Vertex: (0, 0) 

p = 1 > 0 

Opens to the right 
Matches graph (h). 


3 . (x + 3) 2 = -2 (y - 2) 
Vertex: ( — 3,2) 

P = < 0 

Opens downward 
Matches graph (e). 


5 . 



7 . 



= 1 


Center: (0, 0) 
Ellipse 
Matches (f) 


Hyperbola 
Center: (0, 0) 

Vertical transverse axis. 
Matches (c) 


9 . y 2 = — 6x = a{ — §)x 
Vertex: (0, 0) 

Focus: ( — 0) 

Directrix: x = I 


y 



11 . (x + 3) + (y - 2) 2 = 0 

(v - 2)2 = 4(-|)(x + 3) 
Vertex: ( — 3,2) 

Focus: (-3.25,2) 

Directrix: x = —2.75 



13 . y 2 - 4y - 4x = 0 

y 2 — 4y + 4 = Ax + 4 
(y - 2) 2 = 4(1 )(jc + 1) 
Vertex: (—1,2) 

Focus: (0, 2) 

Directrix: x = — 2 


y 



15 . ;r + Ax + 4y - 4 = 0 


x 2 + Ax + 4 = — 4y + 4 + 4 
(x + 2) 2 = 4(— l)(y - 2) 


Vertex: ( — 2,2) 
Focus: (—2, 1) 
Directrix: y = 3 





177 
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17. y 2 + x + y = 0 

y 2 + y + 1 = -x + 


(y + tf = k) 

Vertex: (|, -5) 

Focus: (o, — I) 

Directrix: x = \ 



19. y 2 - 4* - 4 = 0 

y 2 = 4x + 4 
= 4{\){x + 1) 

Vertex: (—1,0) 

Focus: (0, 0) 

Directrix: x = — 2 


21. (y - 2) 2 = 4(-2)(x - 3) 

y 2 - 4 y + Sx - 20 = 0 


23. (,r — h) 2 = 4p(y — /:) 

x 2 = 4(6) (y - 4) 
x 2 - 24y + 96 = 0 


25. y = 4 - x 2 

x 2 + y - 4 = 0 


27. Since the axis of the parabola is vertical, the form of the 
equation is y = ax 2 + bx + c. Now, substituting the val- 
ues of the given coordinates into this equation, we obtain 

3 = c, 4 = 9a + 3b + c, 1 1 = 16a + 4b + c. 

Solving this system, we have a = \,b = — y, c = 3. 
Therefore, 

y = f.r 2 - yx + 3 or 5,r 2 - 14* — 3y + 9 = 0. 


29. * 2 + 4v 2 = 4 


- + y 2 = i 

4 1 


a 2 = 4, b 2 = 1, c 2 = 3 
Center: (0, 0) 

Foci: (+V3, 0) 
Vertices: (±2, 0) 



3L ^ + = ! 

9 25 

a 2 = 25, b 2 = 9 , c 2 = 16 
Center: (1, 5) 

Foci: (1, 9), (1, 1) 
Vertices: (1, 10), (1, 0) 

4 



33. 9x 2 + 4y 2 + 36* - 24y + 36 = 0 

9(* 2 + 4x + 4) + 4(y 2 — 6y + 9) = —36 + 36 + 36 

= 36 

(* + 2) 2 , (y ~ 3) 2 


= 1 


a 2 = 9, b 2 = 4, c 2 = 5 
Center: (—2, 3) 

Foci: (-2,3 ± 75) 
Vertices: (— 2, 6), (— 2, 0) 
75 
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35 . 12x 2 + 20y 2 - 12* + 40y - 37 = 0 

12(x 2 - * + + 20(y 2 + 2y + 1) = 37 + 3 + 20 


= 60 


[* - (l/2)] 2 (y + l) 2 

5 3 


= 5, b 2 = 3, c 2 = 2 


Center: I — 1 


Foci: ( - ± 72, - 1 


Vertices: ± V5, — 1 


Solve for v: 

20(_y 2 + 2y + 1) = - 12x 2 + 12* + 37 + 20 
57 + 12* - 12x 2 


(y + D 2 = 


20 


y = - 1 ± 

(Graph each of these separately.) 


57 + 12* - 1 2.r 2 
20 



37 . x 2 + 2y 2 - 3x + 4v + 0.25 = 0 

(* 2 - 3* + |) + 2(y 2 + 2y + 1) = ~ + | + 2 = 4 

[x ~ (3/2) ] 2 (y + l) 2 

4 2 

a 2 = 4, fe 2 = 2, c 2 = 2 
Center: — lj 

Foci: ± 72, - 1 j 

Vertices: (-1 

Solve for y: 2(y 2 + 2y + 1) = — x 2 + 3x — ^ + 2 
(y + I) 2 = 7 + 3x - X 2 ) 


.V = - 1 ± 



12x — 4x 2 
: 8 


(Graph each of these separately.) 



39. Center: (0,0) 

Focus: (2, 0) 

Vertex: (3, 0) 

Horizontal major axis 

a = 3, c = 2 => b = V 5 


41 . Vertices: (3, 1), (3, 9) 
Minor axis length: 6 
Vertical major axis 
Center: (3, 5) 

a = 4, b = 3 



(x - 3) 2 (y - 5) 2 
9 16 


43 . Center: (0,0) 

Horizontal major axis 
Points on ellipse: (3. 1), (4, 0) 

Since the major axis is horizontal. 



Substituting the values of the coordinates of the given points into this equation, we have 


16 


— ] + 1^2) = !. and — = 1 . 

The solution to this system is a 2 = 16, b 2 — 16/7 . 
Therefore, 


* 2 | y 2 

16 16/7 


= 1 ,^ + ^= 1 . 

’ 16 16 
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a = 1, b = 2, c = n/ 5 
Center: (0, 0) 

Vertices: (0, ±1) 

Foci: (0,±V5) 
Asymptotes: y = ±—x 


47 k - D 2 _ (v + ?) 2 = J 

4 1 

a = 2, b = 1, c = >/5 

Center: (1, —2) 

Vertices: (- 1, -2), (3, -2) 

Foci: (l ± V5, -2) 

Asymptotes: y = — 2 ± ^(x — 1) 




49. 9x 2 - y 2 - 36x - 6y + 18 = 0 

9(.r 2 - 4x + 4) - (y 2 + 6y + 9) = - 18 + 36 - 9 

(x - 2) 2 (y + 3) 2 
1 9 

a = 1, b = 3, c = yiO 
Center: (2, —3) 

Vertices: (1, —3), (3. —3) 

Foci: (2 ± yiO, -3) 

Asymptotes: y = — 3 ± 3 (jc — 2) 



51. x 2 - 9v 2 + 2x- 54 y - 80 = 0 

(x 2 + 2x + 1) - 9( v 2 + 6y + 9) = 80 + 1 - 81 = 0 
(x + l) 2 - 9(y + 3) 2 = 0 

y + 3 = ±|(x + 1) 

Degenerate hyperbola is two lines intersecting at 
(-1,-3). 



53. 9y 2 - jc 2 + 2x + 54y + 62 = 0 


9(v 2 + 6y + 9) - (x 2 - 2x + 1) = -62 - 1 + 81 = 18 

(y + 3) 2 U - l) 2 , 

2 18 

a = J2, b = 3^2, c = 2jl 


Center: (1, —3) 

Vertices: (l, —3 ± V2) 
Foci: (l, -3 ± 2V5) 
Solve for y: 



-7 


9(y 2 + 6v + 9) = x 2 - 2x - 62 + 81 


(y + 3) 2 = - 
y = - 


- 2x + 19 
9 

3 ± ~^/x 2 — 2x + 1 9 


55. 3x 2 - 2y 2 - 6x - 12y - 27 = 0 

3(.* 2 - 2x + 1) - 2(y 2 + 6y + 9) = 27 + 3 - 18 = 12 

(x - l) 2 (y + 3) 2 
4 6 

a = 2, b = V6, c = >/l0 
Center: (1, —3) 

Vertices: (— 1, —3), (3, —3) 

Foci: (l ± Tit), -3) 

Solve for y: 



2(y 2 + 6v + 9) = 3x 2 - 6x - 27 + 18 

(, + 


y = -3 ± 


3(x 2 - 2x - 3) 


(Graph each curve separately.) 


(Graph each curve separately.) 
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57. Vertices: (±1,0) 

Asymptotes: y — ± 3x 
Horizontal transverse axis 
Center: (0, 0) 


b b 

a = 1, ±- = ±- = +3 

a 1 


b = 3 


Therefore, — — = 1 . 


59 . Vertices: (2, ±3) 

Point on graph: (0, 5) 

Vertical transverse axis 
Center: (2, 0) 

a = 3 

Therefore, the equation is of the form 

y 2 (* - 2 ) 2 

9 b 2 


Substituting the coordinates of the point (0, 5), we have 


25 

9 



or 


b 2 = 


9 

4' 


Therefore, the equation is 


r 

9 


(x ~ 2) 2 _ . 
9/4 


61 . Center: (0, 0) 

Vertex: (0, 2) 

Focus: (0, 4) 

Vertical transverse axis 

a = 2, c = 4, b 1 = c 2 — a 2 = 12 

v 2 x 2 

Therefore, — — — = 1 . 

4 12 


63 . Vertices: (0, 2), (6, 2) 

2 2 

Asymptotes: y = ~x, y = 4 — — x 

Horizontal transverse axis 
Center: (3, 2) 
a = 3 

b 2 

Slopes of asymptotes: ±— = +— 
Thus, b — 2. Therefore, 

(* - 3) 2 (y - 2) 2 
9 4 


65 . (a) 




At x = 6: y = + 73, y' 
At (6, 73): y - 73 = 


±6 


+2v/3 


973 

2^3 


(v - 6) 


or 2* — 3 v/3v — 3 = 0 
At (6, - V3): y + n/3 = - 6) 

or 2.v + 3 s/3y — 3 = 0 


(b) From part (a) we know that the slopes of the normal lines 
must be +9/(2 V3). 

At (6, V3): y — 73 = — — 6) 

or 9x + 2 73y — 60 = 0 

At (6, — 73): y + 73 = — — 6) 

or 9x - 2 73y — 60 = 0 


67. x 2 + 4y 2 — 6x + 16y + 21 = 0 
A = 1, C = 4 
AC = 4 > 0 
Ellipse 


69 . y 2 - 4v - 4x = 0 
A = 0, C = 1 
Parabola 


71 . 4x 2 + 4y 2 - 16y + 15 = 0 
A = C = 4 
Circle 


73 . 9x 2 + 9v 2 - 36x + 6v + 34 = 0 
A = C = 9 
Circle 


75. 3x 2 - 6x + 3 = 6 + 2v 2 + 4y + 2 

3x 2 - 2y 2 - 6x - 4y - 5 = 0 

A = 3, C = -2, AC < 0 
Hyperbola 
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77. (a) A parabola is the set of all points (a, y) that are 

equidistant from a fixed line (directrix) and a fixed 
point (focus) not on the line. 

(b) (a — h) 2 = 4 p(y — k) or (y — k) 2 = 4 p(x — h) 

(c) See Theorem 9.2. 


79. (a) A hyperbola is the set of all points ( x , y) for which the 
absolute value of the difference between the distances 
from two distance fixed points (foci) is constant. 


(b) 


(a — h) 2 


(y ~ k) 2 

b 2 


1 or 


(y-k) 2 

rP- 


(x — h) 2 
b 2 


(c) y = k ± ~(x — h) or y 


k ± j(x — h) 
b 


81. Assume that the vertex is at the origin. 

x 2 = 4 py 

(3) 2 = 4/i (I ) 

9 

4 =P 

The pipe is located \ meters from the vertex. 


y 



83. v = ax 2 
y' = 2 ax 

The equation of the tangent line is 

y — ax 0 2 = 2ax 0 (x — a 0 ) or y — 2 ax 0 x — ax 0 2 . 
Let y = 0. Then: 

~ax 0 2 = 2ax (t x — 2 ax 0 2 
ax 0 2 = 2ax (y x 


Therefore, — 
2 


x is the A-intercept. 


y 



85. (a) Consider the parabola a 2 = 4 py. Let m 0 be the slope of the one tangent line at (a,, yj) and therefore, — I / m () is the slope of 
the second at (a 2 , y-.). From the derivative given in Exercise 32 we have: 


m 0 = — Aj or Aj = 2 pm 0 


-1 _ 1 
m 0 2 f 


~2 p 


Substituting these values of a into the equation a 2 = 4 py, we have the coordinates of the points of tangency (2 pm 0 , pm a 2 ) 
and ( — 2 p/m Q ,p/m 0 2 ) and the equations of the tangent lines are 


(y — pm 0 2 ) = m 0 (x — 2pm 0 ) and (y - = ^-(a + g. 


The point of intersection of these lines is 
(p(m Q 2 - 1) 


, — p and is on the directrix, y = —p. 



—CONTINUED— 
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85. —CONTINUED— 

(b) x 2 - 4x - 4y + 8 = 0 

(x — 2) 2 = 4(y — 1). Vertex (2, 1) 

2x- 4 — 4^ = 0 
dx 

- = -x - 1 
dx 2 

At (—2, 5), dy/dx = —2. At (3, §), dy/dx — 

Tangent line at (—2, 5): y — 5 = — 2(x + 2) => 2x + y — 1 = 0. 
Tangent line at (3, f): y — j = g(x — 3) => 2x — 4y — 1 = 0. 
Since m l m 2 = ( — 2)Q) = — 1, the lines are perpendicular. 

Point of intersection: — 2x + 1 = - x — — 

2 4 

5 5 

2 X 4 

1 

X ~ 2 

y — o 

Directrix: y = 0 and the point of intersection Q, 0) lies on this line. 

87. y = x — x 2 

d i=\-2x 

dx 


At (jtj, y,) on the mountain, m = 1 — 2x, . Also, m = 


Vi ~ 1 
x 1 + r 


yi - i 


= 1 — 2x t 


Xj + 1 

( X 1 — X! 2 ) — 1 = (1 — 2X[)(X[ + 1) 

— Xj 2 + Xj — 1 = — 2xj 2 — Xj + 1 

Xj 2 + 2x, — 2 = 0 

-2 ± J2 1 - 4(l)(— 2 ) -2 ± 2j3 

Xl ~ 2 ( 1 ) “ 2 

Choosing the positive value for x v we have x x = — 1 + >/3. 

w = 1 — 2( — 1 + >/3) = 3 — 2j2 

0-1 1 


= -1 ± V3 


Thus, — - 


x 0 + 1 x 0 + 1 

1 


= 3 - 2 V3 


3 + 2j3 , 

r 1 = Xn 


2 J 3 



The closest the receiver can be to the hill is (2>/3/3) — 1 ~ 0.155. 



184 Chapter 9 Conics, Parametric Equations, and Polar Coordinates 


89. Parabola 
Vertex: (0, 4) 

x 2 = 4p(y - 4) 

4 2 = 4p(0 - 4) 

P = “I 

X 2 = -4(y - 4) 




Circle 

Center: (0, k) 

Radius: 8 

x 2 + (y - k) 2 = 64 
4 2 + (0 - k ) 2 = 64 
k 2 = 48 

k — — 4 s/3 (Center is on the negative y-axis.) 
x 2 + (v + 4 s/3) 2 = 64 

y = —4s/3 ± s/64 - x 2 


Since the y- value is positive when x = 0, we have y = — 4 s/3 + 764 — x 2 . 


A = 2 


= 2 


rt( 


4-'-)- (-473 + 764 - x 2 ) 


dx 


4x — — + 4 73x — — ( x764 — x 2 + 64 arcsin - 
12 2 V < 


= 2 


16 — — + 1673 — 2748 — 32 arcsin — 


16(4 + 3 73 - 277 -) 


15.536 square feet 


91. (a) Assume that v = ax 2 . 


20 = « (60) 2 => a = ^ = ^ => y = ^x 2 

(b) f(x) = l80- v2 ’ //(x) = 90 X 

5 = 2 / 0 V^-90{ 7902 +x2dx 

■ ,“160 

X>/90 2 + X 2 + 90 2 In \x + v/90 2 + X 2 \ (formula 26 ) 

Jo 

= ^[60711,700 + 90 2 ln(60 + 7l 1.700 ) - 90 2 in 90] 


JLI 

90 2 


= ^[1800 713 + 90 2 ln( 60 + 30 713) - 90 2 in 90] 


!— (60 + 307l3\ 

= 20 7l3 + 90 ln^ 


= 10 


2713 + 9 ln^ 


2 + 713 


128.4 m 


y 
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97 . 




3 

2 


The tacks should be placed 1 .5 feet from the center. The string should be 2a = 5 feet long. 


99 . e = 

a 

A + P = 2a 

A + P 
a = — t — 


„ A + P „ A- P 
c = a — P = — P = — - — 



_ c _ (A - P)/2 _ A- P 
e ~ a ~ (A + P)/2 ~ A + P 


A — P 35.34au — 0.59 au 
‘ e “ A + P ~ 35.34au + 059 au ~ “ 


103 . 


^ + ZI =1 

10 2 5 2 


2 * + Ml = o 

10 2 5 2 


/ _ ~5 2 x _ ~x 
y ~ I0 2 v “ 47 

At (-8. 3): y' = ± = f 

The equation of the tangent line is y — 3 = j(x + 8). It 
will cross the y-axis when x = 0 and y = |(8) + 3 = y . 


y = 


105 . 16x 2 + 9y 2 + 96.x + 36v + 36 = 0 

32.x + 18yy' + 96 + 36v' = 0 

y'(18y + 36) = -(32x + 96) 

— (32x + 96) 

18y + 36 

y ' = 0 when x = — 3. y ' is undefined when y = — 2. 
At x = — 3, y = 2 or — 6. 

Endpoints of major axis: ( — 3, 2), (—3, —6) 

At y = — 2, x = 0 or — 6. 

Endpoints of minor axis: (0, —2), (—6, —2) 

( x +3)2 ( y + 2) 2 

Note: Equation of ellipse is 2 — 1- — — — = 1 

9 16 


f 1 

107 . (a) A = 4 -74 - x 2 dx = 

n 2 


(b) Disk: 


xjA - x 2 + 4 : 


= 2tt [or, A = irab = tt( 2)(1) = 27i] 


V = 2tt | ^(4 — x 2 ) dx = ^-77 


1 


4, - -x 3 


2 _ 877 

0 ~~ T 


= +74^? 


274 - 


yr + (vO 2 = -v/ 1 + 


s . 2,247/7^7,. - 


16 - 4x 2 
77 

273- 


16 - 3x 2 
4y 


/ /3 X 

73x 716 — 3x 2 +16 arcsin( ^ — 


2 = ^(9 + 47377) « 21.48 


—CONTINUED— 
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107. —CONTINUED— 


(c) Shell: 


•2 

IT 

Jo 


V = 2tt| *74 — x 2 dx = — 7 t — 2x(4 — x 2 ) 1 ^ 2 dx = ~~x\ 

Jo 4 

x = 2Vl — y 2 


~2 y 


Vi + (x ') 2 — / 1 + 


Ay 2 


1 -r 


yi + 3v 2 


' I o 2 f 1 

S' = 2(2 77 ) 2Vl — y 2 — y==-dy = 877 7l + 3y 2 
Jo Vl _ y 2 Jo 


dy 


8tt 

2V3L 


73y7 1 + 3y 2 + In 73y + 7l + 3 y 2 


1 _ 477 
0 “ ~3~ 


(4 - x 2 ) 2 ' 2 


6 + V3 ln(2 + V3) « 34.69 


I677 

~r~ 


109. From Example 5, 

77-/2 


a 

Jo 


C = 4a I 71 — e 2 sin 2 0 dO 


x 2 y 2 

For — + — = 1, we have 


a = 7, = 5, c = 749 - 25 = 276, e 

T-n/2 


0 


24 

1 — — sin 2 6 dd 
49 


C = 4(7) 

« 28(1.3558) = 37.9614 


c = 276 

a 7 


111. Area circle = irr 2 = IOO77 
Area ellipse = 77aZ? = 77a(10) 

2(10077) = 10m; => a = 20 
Hence, the length of the major axis is 2a = 40. 


113. The transverse axis is horizontal since (2, 2) and (10, 2) 
are the foci (see definition of hyperbola). 

Center: (6, 2) 

c = 4, 2a = 6, b 2 = c 2 — a 2 = 7 

Therefore, the equation is 

(* ~ 6) 2 (y ~ 2) 2 

9 7 



2c -J- y 2 

117. Time for sound of bullet hitting target to reach (x, y): - — I — 

v,„ v„ 


Time for sound of rifle to reach (x, y): 


7(* + c) 2 + y 2 


o- tl tl 1 2c 1 >/(•* " ^ + T 2 V7 + c) 2 + y 2 

Since the times are the same, we have: 1 = 

v v v 

m s s 

y + ^7 (* - c) 2 + y 2 + (x ~ c) i + y2 = ( * + c) : + 


m ms 


7 {x - c) 2 + y 2 = 


'V 

Vm 2 * ~ Vs 2 C 


1 -ewK + r - \y-2- 


* z y z 

C 2 v s 2 /v , 2 c 2 (v,„ 2 - v s 2 )/v,„ 2 


= 1 


y 




Section 9.1 Conics and Calculus 187 


119. The point (x, y ) lies on the line between (0. 10) and (10, 0). Thus, y = 10 — x. The point also lies on the hyperbola 
(x 2 /36) — (7/64) = 1. Using substitution, we have: 

x 2 _ (10 - x) 2 = 

36 64 


16x 2 - 9(10 - x) 2 = 576 
lx 2 + 1 8 Ox - 1476 = 0 


- 180 ± Vl80 2 - 4(7)(— 1476) 
2(7) 


Choosing the positive value for x we have: 

-90 + 9672 160 - 96 72 

x = ~ 6.538 and y = ~ 3.462 

H - 7 1 


-180 + 192 72 _ -90 ± 9672 
14 “ 7 


121 . 


7 , 27 

a 2 b 2 


: 27 

b 2 b 2 


1-7 = 


a 2 — b 2 


= 1 


= 1 


- 1 


27 

b 2 


= 1 -Jc 2 = a 2 -b 2 


2f = x 2 
b 2 a 2 — b 2 


2 = x 2 


1 


- 1 
1 


- b 2 


2 a 2 (a 2 — b 2 ) 
led — b 2 


2y- 


=f r = 1 - 71 

b 2 a 


1 / 2 a 2 c 2 


,2 \2fl 2 - b 2 

b 4 


v flajcd — b 2 

Jla 2 - b 2 
b 2 


Jla 


Jla 2 — b 2 


27_ 

b 2 la 1 — b 2 

b 2 


y = ± 


T 2(2a 2 - b 2 ) 

There are four points of intersection: 


b 2 


^ , 27 = , 2x 4yy' _ 

a 2 b 2 a 2 b 2 


b 2 b 2 


2 y 2 = i 2x 4y y' o 


JlJla 2 — b 2 

Jlac + 

Jlcr — b 2 JlJla 2 — b 2 

, _ b 2 x 
ye ~ ~lJdy 

, b 2 x 


b 2 " y h 2 c 2 y 
the slopes of the tangent lines are: 

Jlac 


At 


Jla 


b 2 


Jla 2 — b 2 ’ JlJlcd — b 2 
Jlac 


- b 2 


Jla 2 - b 2 


b 2 i 


2a 2 i 


b 2 


JlJla 2 — b 2 


= — and y' h = 
a 


Jla 


b 2 


Jlcr — b 2 JlJlcd — b 2 


Jla 2 - b 2 


,( b 2 

V JlJla 2 — b 2 


2c 


Since the slopes are negative reciprocals, the tangent lines are perpendicular. Similarly, the curves are perpendicular at the 
other three points of intersection. 


123. False. See the definition of a parabola. 


125. True 


127. False, y 2 — x 2 + 2x + 2y = 0 yields two intersecting 
lines. 


129. True 
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Section 9.2 Plane Curves and Parametric Equations 


1. x = V t , y = 1 — t 


t 

0 

l 

2 

3 

4 

X 

0 

l 

72 

73 

2 

y 

l 

0 

-1 

-2 

-3 




(d) x 2 = t 

>■ =1 - x 2 , x > 0 


3. x = 3t — 1 
y = 2t + 1 

Jx + 1 

y = 21 


+ l 


— 3>> + 5 = 0 



9. x = y?, / > o 

y — t — 2 
y = x 2 - 2,x > 0 



5. x = t + 1 

v = f 2 

.V = (* - l) 2 





11. X = 1 — 1 


t 



y = 


X + 1 
X 


y 



7. x = f 3 

y = i? 2 


= yl/3 


x = f 3 implies t = x 
y = \x 2 / 3 



13. x = 2f 

y = k - 2 | 



15. x = e', x > 0 
y = e 3 ' + 1 
y = x 3 + 1, x > 0 



-2 


— 1 1 





Section 9.2 Plane Curves and Parametric Equations 


x = sec 9 
y = cos 9 

7 T IT 

0 < 9 < -, -< 9 < v 
2 2 

xy = 1 

1 

W * 1- \y\ * 1 


y 

3 -- 

2 -- 



- 2 -- 

- 3 -- 


19. x = 3 cos 0. y = 3 sin 9 21. 

Squaring both equations and 
adding, we have 

x 2 + v 2 = 9. 



(x ~ 4) 2 t 


x = 4 + 2 cos 0 

y = — 1 + sin 9 

( x ~ 4) 2 , 

= cos 6 


(y + D 2 


= sin 2 9 


(y + D 2 _ t 


2 





c_j) 


-4 


25. 


^ = 4 + 

y = -i 

= cos 2 


(* - 4) 2 
4 

(y + D 2 

16 


(x ~ 4) 2 (y + l) 2 

4 16 



x = 4 sin 29 
y = 2 cos 29 



-4 


2 cos 9 
+ 4 sin 9 

9 

9 


x = 4 sec 9 


29. x = t 3 


31. 


x — e ' 
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33. By eliminating the parameters in (a) - (d), we get y — 2x 
domains. These curves are all smooth except for (b). 

(a) x = t, y = 2t + 1 


y 



(c) x = e ' y = 2e ' + 1 
x > 0 y > I 



1. They differ from each other in orientation and in restricted 

(b) x = cos 6 y = 2 cos 0+1 

-1 < x < 1 — 1 < y < 3 

dx dy 

— = — = 0 when 0 = 0,±tt, ±2tt, .... 



(d) x — e 1 y — 2e' + 1 

x > 0 y > 1 



35. The curves are identical on 0 < 0 < ir. They are both smooth. Represent v = 2(1 — x 2 ) 


37. (a) 1 4 



(b) The orientation of the second curve is reversed. 

(c) The orientation will be reversed. 

(d) Many answers possible. For example, x = 1 + t, 
y = 1 + 2 1, and x = 1 — t, x = 1 — 2t. 


39. x = x 1 + t(x 2 — X[) 

y = Tt + Kyi ~ Ti) 

X ~ Xt 

L = t 

x 2 — X x 

y = y ' + {^v) {y2 - y ' ] 

y~yt = ^ _ y x \ x ~ *i) 
y-yi = m{x - x t ) 


41. 


x = h + a cos 0 
y = k + b sin 0 

h a 

— — cos 0 



(x - h) 2 (y - k) 2 = 
a 2 b 2 


43. From Exercise 39 we have 
x = 5t 
y = —2 1. 

Solution not unique 


45. From Exercise 40 we have 
x = 2 + 4 cos 6 
y = 1 + 4 sin 0. 
Solution not unique 


47. From Exercise 41 we have 

a = 5, c = 4 => b = 3 

x = 5 cos 0 

y — 3 sin 0. 

Center: (0, 0) 

Solution not unique 
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49. From Exercise 42 we have 

a = 4, c = 5 => b = 3 

x = 4 sec 6 

y = 3 tan ft 

Center: (0, 0) 

Solution not unique 


51. y = 3x - 2 
Example 

x = t, y = 3t — 2 

x = t — 3, y — 3t — 11 


53. y = x 3 

Example 

x = t, y = t 3 

x = Vr, y — t 

x = tan t, y = tan 3 f 


55. x = 2(6 — sin 6) 
y = 2(1 — cos 6) 



Not smooth at 6 = 2n7r 



59. x = 3 cos 3 6 
y = 3 sin 3 0 


4 



Not smooth at (x, y) = (±3, 0) and 
(0, ±3), or 9 = \mr. 


61. x = 2 cot 9 4 63. See definition on page 665. 

y = 2 sin 2 9 

-6 


Smooth everywhere 



65. A plane curve C, represented by x — f(t), y = g(t), is smooth if /' and g ' are 
continuous and not simultaneously 0. See page 670. 


67. x = 4 cos 9 
y = 2 sin 20 
Matches (d) 


69. x = cos 9 + 9 sin 9 
y = sin 9 — 9 cos 9 
Matches (b) 


71. When the circle has rolled 9 radians, we know that the center is at (a9, a). 

sin 9 = sin(180° — 9) = or \BD\ = b sin 9 

b b 

cos 9 = — cos(180° — 9) = or |AP| = —b cos 9 

— b 

Therefore, x = «0 — b sin 9 and y = a — b cos 9 

73. False 

x = t 2 => x > 0 
x = t 1 => y > 0 

The graph of the parametric equations is only a portion of the line y = x. 


y 
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__ , (100)(5280) 440 . 

75. (a) lOOmi/hr = = — ft/sec 

/440 \ 

x = (v 0 cos 0)t = I cos 9jt 

y = h + (v 0 sin 9)t — 16 1 2 

= 3 + f^sin s)t - 16 1 2 


(b) 30 



It is not a home run — when x = 400, y < 20. 

(C) 60 



(d) We need to find the angle 9 (and time t) such that 
/ 440 \ 

x = ( cos 9Jt = 400 


,-3 + 


(=3 sin 0),-l6e= 10. 

t equation t = 1 200/4 
nd equation, 

, n , , / 440 . \( 1200 

10 = 3 + — sm 9 — — 


From the first equation t = 1200/440 cos 9. Substituting 
into the second equation. 


V 3 


J 1300 y 

\440 COS ~e) ~ lo l440 cos 9) 


/120\ 2 

7 = 400 tan 9 — 16( 1 sec 2 9 

/ 120\ 2 

= 400 tan 9 - 16( ( tan2 9 + 1). 

We now solve the quadratic for tan 9: 

16 (it)- tan2 6 ~ 400 tan 6 + 7 + 16 (^)" = ° 

tan 9 * 0.35185 => 9 « 19.4° 


Yes, it’s a home run when x = 400, y > 10. 


Section 9.3 Parametric Equations and Calculus 


dy _ dy/dt _ — 4 _ —2 
dx dx/dt It t 


5. x — 2t, y = 3t — 1 

dy _ dy/dt _ 3 
dx dx/dt 2 



Line 


^ dy _ dy/dt _ —2 cos t sin t 
dx dx/dt 2 sin t cos t 


Note: x + y = 1 


y = 1 - x and ^ = — 1 
dt 


7. x — t + 1, y = t 2 + 3t 


dy _ 2t + 3 
dx 1 


1 when t — — 1 . 


d 2 y 

— 2 concave upwards 


9. x = 2 cos 9, y = 2 sin 9 


11. x = 2 + sec 9, y = 1 + 2 tan 9 


dy _ 2 cos 9 
dx — 2 sin 9 


— cot 9 = — 1 when 9 = — . 

4 


dy _ 2 sec 2 9 
dx sec 9 tan 9 


d 2 y _ esc 2 9 _ —esc 3 9 
dx 2 — 2 sin 9 2 


— s/2 when 9 = — . 


2 sec 9 „ „ , „ it 

— 2 esc 9 — 4 when 0 = —. 

tan 9 6 


concave downward 


d 2 y _ —2 esc 9 cot 9 
dx 2 sec 9 tan 9 


= — 2 cot 3 9 = — 6 s/3 when 9 = - 7. 

6 


concave downward 
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13. x = cos 3 9, y = sin 3 9 

dy _ 3 sin 2 0 cos 9 
dx — 3 cos 2 9 sin 9 


= — tan 9 = — 1 when 9 = —. 

4 

d 2 y _ —sec 2 9 _ 1 

dx 2 — 3 cos 2 9 sin 9 3 cos 4 9 sin 9 


sec 4 9 esc 9 
3 


4y/2 

3 


when 9 = 


7 T 

4' 


concave upward 


17. x = 2t, y = t 2 — 1, t = 2 
(a) io 


(b) At 7 = 2, (y, y) = (4, 3), and 

dt dt ' dx 

(c) ^ = 2. At (4, 3), .V ~ 3 = 2(x - 4) 

y = 2x — 5 

(d) , 2! , 


y,.. 





15. x = 2 cot 9, y = 2 sin 2 6 

dy 4 sin 9 cos 9 „ . , „ 

; = = -2 sin 3 9 cos 9 

dx — 2 esc- 9 


2 3 


Tangent line: 


277 

T’ 


and — = 

3V3 

dx 

8 ' 

3 

3j3( 

y ~ 2 ~ 

8 1 


X + 


J3 


3^3.1: - 8v + 18 = 0 


At (0, 2), 9 = ^, and ^ = 0. 

2 dx 


Tangent line: y — 2 = 0 

y^ 


Tangent line: 


-^=-^- 273 ) 


v/3.t + 8y — 10 = 0 


19. x = t 2 — t + 2, y = t 2 — 3t, t = — 1 
(a) s 



(b) At 7 = — 1, (,tr, y) = (4. 2), and 

— =-3 — = 0 — = 0 
dt ’ dt ’ dx 

(c) ^ = 0. At (4, 2), y - 2 = 0(y - 4) 


y — 2 


(d) 



21. y = 2 sin 27, y = 3 sin t crosses itself at the origin, (y, y) = (0, 0). 

At this point, t = 0 or t = 77. 

dy 3 cos 7 
dx 4 cos 2t 

At 7 = 0: ^ = — and y = — x. Tangent Line 
dx 4 4 

a 3 — 3 T • 

At 7 = 77 , -j- = — — and y = —^~x Tangent Line 
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23. x = cos 9 + 9 sin 9, y = sin 9 — 9 cos 9 


cly 

Horizontal tangents: — = 9 sin 9 — 0 when 0 = 0, it, 2tt, 3t t, . . . . 
d9 

Points: (— 1, [2 n — l]ir), (1, 2mr) where n is an integer. 

Points shown: (1,0), (— 1, tt), (1,-27 r) 

. , dx „ . , „ tt 377 5tt 

Vertical tangents: — = 9 cos 9 = 0 when 9 = — , — , — , .... 

du 2 2 2 


Points: 


(— l)" + 1 (2« - 1)7 


■ (-D" +I ) 


Points shown: (f, l), _1 )’ IT* 1 


25. x = 1 — t, y = t 2 


c d l 


Horizontal tangents: — = 2t = 0 when ? = 0. 
dt 


Point: (1,0) 


c/x 


Vertical tangents: — = — 1 ^0; none 


27. x = 1 — t, y = t 3 — 3t 

Horizontal tangents: =- = 3t 2 — 3 = 0 when t = 
dt 

Points: (0, -2), (2, 2) 
dx 

Vertical tangents: — = — 1 ^0; none 


± 1 . 


\ 

\J 





29. x = 3 cos 9, v = 3 sin 9 

Horizontal tangents: = 3 cos 0 = 0 when 0 = 

d0 2 2 

Points: (0, 3), (0, -3) 
dx 

Vertical tangents: — = — 3 sin 0 = 0 when 0 = 0, 77. 

a0 

Points: (3,0), (-3,0) 


31. x = 4 + 2 cos 0, v = — 1 + sin 0 

Horizontal tangents: 4- = cos 0 = 0 when 0 = — , — . 

b d9 2 2 

Points: (4,0), (4, -2) 
dx 

Vertical tangents: — = — 2 sin 0 = 0 when .v = 0, tt. 

a0 

Points: (6, — 1), (2, — 1) 



(0, -3) 


(4, 0) 

« 

j7Vji ( 6,-n 

(4, - 2 ) 


33. x = sec 9, y = tan 0 

Horizontal tangents: -j- = sec 2 9 ¥= 0: none 
d9 

dx 

Vertical tangents: — = sec 0 tan 0 = 0 when jc = 0, 77 . 

d9 


Points: (1,0), (-1,0) 


\ 

/ 

(-1,0)) 

Ml. °) 


35. x = f 2 , y = 2t, 0 < t < 2 

dx „ dy „ / z/x\ 2 l dy\ 2 , , , A . n . 

— = 2l, -r = 2, — + M- = 4f 2 + 4 = 4(f 2 + 1) 

dt dt \dtj \dt ) 


s = 2 


f2 

Jo 


2 + 1 dt 

ty/ 1 2 + 1 + ln|r + y/ 1 2 ~\~ 1 | 
= 275 + ln(2 + 75) « 5.916 
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37. x — e ' cos t,y = e ' sin t, 0 < t < 


dx . dy . 

— = — e '(sin t + cos t), — — e '(cos t — sin t) 
dt dt 


[“77/2 I / j \ 2 / /j\\2 

/ ^ + kv ^ 

Jo y/ \ dt ) \ dt ) 

r w/2 r tt/2 

I J2e~ 2t dt = — Jl I 1) 

Jo Jo 


- J2e 


7t/2 


= 72(1 - e _7r / 2 ) « 1.12 


„„ /- dx 1 <iv 

39 . x = Vf, y = 3f — 1, — = — = 3 
dt 2 Vt dt 


S = 


M /l , ~ , 1 f‘ Vl + 36/ , 

Jo V 4/ 2 Jo 7? 


= — Vl + M 2 
ojo 


12 

J_ 

12 


ln( Vl + u 2 + uj + «Vl + u 2 


ln( V37 + 6) + 6 V37 


3.249 


u = 6 s/t, du = — 7: efr 
Jt 


dx 

41 . x = a cos 3 0, y = a sin 3 9 , — = —3 a cos 2 9 sin 0, 

dO 


dy 

dO 


= 3a sin 2 0 cos 6 


7t/2 


5 = 4 V9a 2 cos 4 6 sin 2 + 9a 2 sin 4 0 cos 2 6 dO 


Ctt/2 


12 a sin 6 cos 0v cos 2 6 + sin 

Jo 


rW2 

r -| 

6 a sin 20 d0 = 

— 3a cos 29 

Jo 

_ 


7t/2 


= 6a 


43 . .v = a(9 — sin 0), y = a(l — cos 0), 

dx 1 1 a, V- 

— = a( 1 — cos 0), — = a sin 0 
dO dO 


5" = 2 J Va 2 (l — cos 9) 2 + a 2 sin 2 0 dO 

Jo 

= 2V2 a f Vl — cos 9i/9 


= 2V2a| . Sln ^ r/9 

0 Vl + cos 0 


— 4V2 aVT + cos 0 


= 8a 


45. x = (90 cos 30°)/, y = (90 sin 30°)r - 16 t 2 
(a) 35 



(b) Range: 219.2 ft 


(c) ^ = 90 cos 30°, ^ = 90 sin 30° - 32r. 
dt dt 


y = 0 for t = 


45 

16' 


T45/16 

= V(90 cos 30°) 2 + (90 sin 30° - 32f) 2 dt 

Jo 

= 230.8 ft 


90 

(d) y = 0 => (90 sin d)t = 16t 2 => t — — sin 0 

16 

90 2 90 2 

x = (90 cos 0)t = -j-^- cos 6 sin 0 = sin 2 0 
90 2 

x'{0) = —2 cos 29 = 0 => 9 = 45° 


By the First Derivative Test, 9 = 45°^— 
maximizes the range. 
dx 

— = 90 cos 9, 
dt 


^ = 90 sin 9-32 = 90 sin 9 - 32(^sin 9] = 
dt \ 16 

C (90/16)sin 6 

s = I v/(90 cos 0) 2 + ( — 90 sin 0) 2 dt 


f 

-L 


(90/16)sin 9 


90 dt = 90f 


(90/16)sin 9 

Jo 


90 2 . 

= , , sin 9 
16 

ds 90 2 7T 

— = — r cos 9 = 0 => 9 = — 
r/9 16 2 


90 sin 9 


By the First Derivative Test, 9 = 90° maximizes the 
arc length. 
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47. (a) x = t — sin t 
y = 1 — cos t 
0 < t < 2ir 

3 



x = 2t — sin(2t) 
y = 1 — cos(2r) 
0 < t < 77 

3 



(b) The average speed of the particle on the 
second path is twice the average speed of 
a particle on the first path. 

(c) x = \t — sinQt) 

y = i — cosQi) 

The time required for the particle to 
traverse the same path is t = 477. 


„ dx , dy 

49. x = t, y = 2t, — = 1, -f = 2 
dt dt 

r4 r4 

(a) 5 = 2ir| 2fVl + 4 dt = Tv/SttJ fr/t 
Jo Jo 


2^5 TTf 2 


= 3277^5 


J "4 T4 

?Vl + 4 = 2v/57r| 

0 Jo 


dx dy 

51. ;t = 4 cos 6 , y = 4 sin 0, — = — 4 sin 0, — = 4 cos 6 

d6 dO 


S = 2ir 


f V2 

4 cos 0V( — 4 sin 0) 2 + (4 cos 0) 2 dO 

Jo 

tt/2 


Ctt/2 

= 3277 cos 6 dO = 


3277 sin 0 


= 3277 


v/577 t 2 


= 1677 -s/5 


53. x = a cos 3 0, y = a sin 3 6 , — = — 3a cos 2 6 sin 0, — 3a sin 2 0 cos 0 

dO dO 

tt/2 


5 = 477 a sin 3 0j9a 2 cos 4 0 sin 2 0 + 9 a 2 sin 4 0 cos 2 OdO = 12a 2 it sin 4 0 cos 0 dO = 


7t/2 


1277fl 2 f 


-i n/2 


sin 5 6 


12 


= — 77fl- 

o 5 


rfy _ dy/dt 
dx dx/dt 

See Theorem 9.7, page 675. 



61. x = r cos 

<J>. >’ = 

r 

9 

S = 277 

r sin 

Jo 

r 

= 2777 2 

sin 


Jo 


— 277 r 2 cos (f> 

= 2777 2 (1 — cos 9) 
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63. x — Vf, y = 4 — t, 0 < t < 4 

A — [ (4 - tj-'—dl = l f (4 r 1 / 2 - P> 2 ) dt = 
2 Jt 2 J 0 


r 


IV- - H 


dt = rx (4 - t)dt = 


32V 1 2 


4 = 16 
o 3 

4 = 3 

o 4 


y = 


3 J (4 - t) 2 ^ dt = ^ I [16 /-'/ 2 - 8f'/ 2 + r 3 / 2 ] dt = ^ 


32 


2 Vi 


64 


64 


32 Vi - ylVi + | 2 Vi 


fer) = (|,|) 


dx 

65. jc = 3 cos 9, y = 3 sin 9, — = — 3 sin 9 

d9 

V = 2tt f (3 sin 0) 2 (— 3 sin 9) d9 

J 7t/2 

= -54Trf sin 3 0r/0 
J 77-/2 

= — 54t?-|" (1 — cos 2 9) sin Odd 

J 7r/2 


= — 54tt —cos 6 + 


cos 3 9 


77-/2 


= 36ir 


8 

5 


67. x = 2 sin 2 0 

y = 2 sin 2 9 tan 9 
dx 

— = 4 sin 9 cos 9 
d9 


A = 


f ir/2 

i : 


2 sin 2 9 tan 0(4 sin 9 cos 0) d9 = 8 sin 4 0 d9 


f ir/2 

‘ 

Jo 


- sin 3 0 cos 0 3 . „ „ 3 „ 

— — sin 0 cos 0 + — 0 

4 8 8 


17/2 _ 3tt 
o 2 





69. TTflfe is area of ellipse (d). 


71. bird 1 is area of cardioid (f). 


73. | ab is area of hourglass (a). 


1 - t 2 

75. (a) x = , , y = 


It 


-20 < t < 20 


1 + F y 1 + 7 2 
The graph is the circle x 2 + y 2 = 1, except the point (—1,0). 

2 _ 1 ~ 2f 2 + 7 4 + 4t 2 _ (1 + 7 2 ) 2 


Verify: x 2 + y 2 = 


1 - t 2 \ 2 


1 + t- 


2 1 

1 + V 


(1 + t 2 ) 2 


(1 + f 2 ) 2 


= 1 


f 



J 


(b) As t increases from — 20 to 0, the speed increases, and as t increases from 0 to 20, the speed decreases. 


77. False 


d 2 y 

d 

dt 

rvwi 

L/'mJ 

f\t)g\t) - s \t)f\t ) 

dx 2 


r(t) 

[/'«P 
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Section 9.4 Polar Coordinates and Polar Graphs 


l.Kf 


(<•¥) 


3. I -4, -f 


x = 4 cos^j = 0 

x = — 4cos^ — = — 2 

y = 4 sin^j = 4 

y = -4 sin^-^j =273 

(x,y) = (0,4) 

(x,y) = (-2,273) 

7t 

2 

2 


5. (72,2.36) 

x = V2cos(2.36) « -1.004 
y = 72 sin(2.36) « 0.996 
(x, y) = (-1.004,0.996) 


(V 2 , 2.36) 


7. (r.0) = (5,^ 


(x, y) = (-3.5355,3.5355) 


(-3.54,3.54) 3 


-4 -3 -2 -I 


9. (r, 0) = (-3.5, 2.5) 
(x,y) = (2.804, -2.095) 


(2.804, -2.095) 


11 . (x,y) = (1, 1) 
r = +72 
tan 9 = 1 


-^T 


at) 


13. (*,y) = (-3,4) 
r = ± 79 + 16 = +5 
tan 0 — — | 

0 « 2.214, 5.356, (5, 2.214), (-5, 5.356) 


• (-3,4) 4 


(x,y) = (3, -2) 

17. (x,y) = (|,|) 

(r,0) = (3.606, -0.588) 

(r, 0 ) = (2.833, 0.490) 

(a) (x, y) = (4, 3.5) ) 

; (b) (r, 0) = (4, 3.5) ! 

4- 

(4, 3.5) 

• 

3- 
2- 
1 - 

• 

(4, 3.5) 


1 2 3 4 
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45. r 2 = 4 sin 29 



h 

' q 



-2 


47. r = 2 (h cos 6 + k sin 9) 

r 2 = 2r(h cos 9 + k sin 9) 
r 2 = 2 [h(r cos 9) + k(r sin 0)] 
x 2 + v 2 = 2 (fix + ky) 
x 2 + y 2 — 2lix — 2ky = 0 
(x 2 — 2 hx + hr) + (y 2 — 2ky + k 2 ) = 0 + h 2 + k 2 
(x — h) 2 + (y — k) 2 = h 2 + k 2 


Radius: Jiv + k 2 
Center: ( h , k) 


49. 4, 


2 77 

3 

d = 


,2, 


4 2 + 2 2 — 2(4)(2) cos 


2tt 77 

T _ 6 


20 - 16 cos — = 2 V5 = 4.5 


51. (2,0.5), (7, 1.2) 

d = J2 2 + 1 2 - 2(2)(7) cos(0.5 - 1.2) 
= 753 - 28 cos(— 0.7) « 5.6 


53. r = 2 + 3 sin 9 

dy _ 3 cos 9 sin 9 + cos 9(2 + 3 sin 9) 
dx 3 cos 9 cos 6 — sin 9(2 + 3 sin 9) 

_ 2 cos 9(3 sin 8 + 1) _ 2 cos 9(3 sin 0+1) 

3 cos 20 — 2 sin 0 6 cos 2 0 — 2 sin 0 — 3 


Atl5.fl*-0. 


At (2, 77 ). 


dx 

dy 

dx 


At - 1, 


3 17^ dy 
dx 


2 

_ 3' 

= 0. 


55. (a), (b) r = 3(1 — cos 0) 



M) = (^, 2 ) => (*> y) = (0,3) 

Tangent line: y — 3 = — \(x — 0) 
y = -x + 3 

(o a.» *--1.0. 

2 dx 


57. (a), (b) r = 3 sin 0 





( 3^/3 9\ 


Tangent line: j — — = — >/3( ^ — ^ 


V 4 ’4 

373 


y = - 73 x + - 


(c) At 0 = 


77 rfy 
3’ dx 


73 « -1.732. 
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59. r = 1 — sin 0 

dy 


dO 


= (1 — sin 0) cos 6 — cos 0 sin 0 


= cos 0{ 1 — 2 sin 0) = 0 


cos 0 = 0, sin 6 = 


1 


0 = 


Horizontal tangents: I 2. 


3tt 


7 T 37 T 77 577 

2 ’ 2 ’ 6 ’ IT 

1 77W 1 577 
2 ’ 6 /’ \ 2 ' 6 


dx 


= (— 1 + sin 0) sin 0 — cos 0 cos 0 

= — sin 0 + sin 2 6 + sin 2 0 — 1 
= 2 sin 2 0 — sin 0 — 1 
= (2 sin 0 + l)(sin 0 — 1) = 0 


sin 0 = 1, sin 0 = —7 


1 


0 = 


77 7 77 1177 

2’ ~ 6 ’~ 6 ~ 


Vertical tangents: 


3 7tt\ ( 3 1177 
2 ’ 6 /’ \ 2 ’ 6 


63. r = 4 sin 0 cos 2 0 


2 


Ov 

<7 . . 




-2 


Horizontal tangents: 

(0, 0), (1.4142, 0.7854), (1.4142, 2.3562) 


61. r = 2 esc 0+3 

= (2 esc 0+3) cos 0 + ( — 2 esc 0 cot 0) sin 0 
c/0 

= 3 cos 0 = 0 

77 377 
2 ’ 2 

Horizontal: ^5, yj, ^1,-^-j 


65. r — 2 esc 0+5 



Horizontal tangents: 




67. r=3 sin 0 

r 2 = 3r sin 0 
x 2 + y 2 = 3y 


x 2 + (y - 
Circle 7 = 
Center: (0, 



3 

2 

3 

2 


9 

4 


Tangent at the pole: 0 = 0 


Jt 

2 



69. 7 = 2(1 - sin 0) 

Cardioid 

Symmetric to v-axis, & ~ ^ 



71. 7 = 2 cos(30) 

Rose curve with three petals 
Symmetric to the polar axis 


Relative extrema: (2, 0), —2 


277 


0 

0 

7 T 

6 

77 

4 

77 

y 

77 

y 

277 

T 

577 

T 

7 7 

r 

2 

0 

-V2 

-2 

0 

2 

0 

-2 


Tangents at the pole: 0 


77 77 5 77 
6 ’ 2 ’ 6 


7T 

2 
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73. r = 3 sin 2d 

Rose curve with four petals 

7 T 

Symmetric to the polar axis, 6 = — , and pole 
Relative extrema: ^±3, 3, 

7 T 

Tangents at the pole: 0 = 0,— 

(9 = 77, 37t/ 2 give the same tangents.) 



75. r = 5 

Circle radius: 5 
x 2 + y 2 = 25 



77. r = 4(1 + cos 9) 
Cardioid 




Limafon 

Symmetric to polar axis 


0 

0 

7 7 

3 

77 

"2 

277 

T 

77 

r 

1 

2 

3 

4 

5 


81. r = 3 esc 9 
r sin 9 = 3 
>' = 3 


Horizontal line 


1 2 


0 


83. r = 29 

Spiral of Archimedes 
Symmetric to 9 = y 


0 

0 

77 

4 

77 

2 

377 

"T 

77 

577 

T 

377 

T 

r 

0 

77 

2” 

77 

377 

T 

277 

577 

~2~ 

377 


Tangent at the pole: 0 = 0 


2 



85. r 2 = 4 cos(20) 

Lemniscate 

77 

Symmetric to the polar axis, 0 = — , and pole 
Relative extrema: (±2, 0) 


0 

0 

77 

77 



6 

4 

r 

+2 

±72 

0 


Tangents at the pole: 0 = — , — 
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87. Since 


r = 2 — sec 0=2 , 

cos 9 

the graph has polar axis symmetry and the lengths at the 
pole are 


0 - 2L ZJL 
3’ 3 


Furthermore, 

r => — oo as 9 - 



■ oo as 9 => — - 


Also, r — 2 — 


1 


cos 9 

rx = 2x — r 
2x 


= 2 - 


= 2 - - 

rcos 9 x 


1 + .v 

Thus, r => ±oo asi => — 1 . 


89. 


r = 


2 

9 


Hyperbolic spiral 
r => oo as 9 => 0 



2 sin 9 _ 2 sin 9 
r sin 9 y 


y = 


2 sin 9 
9~ 


lint 

e^o 


2 sin 9 
~9~ 


lim 

e->o 


2 cos 9 

I 


= 2 



91. The rectangular coordinate system consists of all points of the form (x, y ) where x is the directed 
distance from the y-axis to the point, and y is the directed distance from the x-axis to the point. 
Every point has a unique representation. 

The polar coordinate system uses (r, 9) to designate the location of a point. 
r is the directed distance to the origin and 9 is the angle the point makes with the positive x-axis, 
measured clockwise. 

Point do not have a unique polar representation. 


93. r — a circle 
9 = b line 


95. r = 2 sin 9 circle 
Matches (c) 


97. r = 3(1 + cos 9) 
Cardioid 
Matches (a) 


99. r = 4 sin 9 
(a) 0 < 9 < | 


(b) ^ < 9 <TT 


(c) < 9 < 


7 T 
2 


2 



n 

2 



2 






204 Chapter 9 Conics, Parametric Equations, and Polar Coordinates 


101. Let the curve r = f(9) be rotated by (f> to form the curve r — g(9). If {r v 9 is a point on 
r = f{6), then (r v 9 t + <t>) is on r = g{9). That is, 

g{e 1 + <t>) = rj = /(0j). 

Letting 9 = 8 t + (f>, or 9 t = 9 — <f>, we see that 

*(0) = g(0i + 4>) =M) =f(o-4>l 


n_ 

2 



103. r — 2 — sin 9 


(a) r = 2 




cos 9) 



(b) r = 2 — (—cos 8) = 2 + cos 9 

4 


(c) r = 2 — (— sin 9) = 2 + sin 9 


(d) r = 2 — cos 9 




(b) r = 1 — sin^ti — 

Rotate the graph of 
r — 1 — sin 9 
through the angle tt/4. 



107. tan (// 


r 

dr/dd 


2(1 — cos 9) 
2 sin 9 


109. tan 1 1> 


r 

dr/d9 


2 cos 38 
— 6 sin 39 
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111 . 


r = = 6(1 - cos 9) 1 

1 — cos 9 


cP 

d9 


6 sin 9 
(1 — cos 9) 2 


6 

r (1 — cos 9) 1 — cos 9 

tan i/c = — = — . — = — — 

dr 6 sm 9 sin 9 

d9 (1 - cos 0) 2 

At 0 = , tan i ft = ^ = 73. 

4> = f , (60°) 



113. True 


115. True 


Section 9.5 Area and Arc Length in Polar Coordinates 


1. (a) r = 8 sin 9 



3. A = 2 


If' 


(2 cos 3 0) 2 dO 


= 2 


9 + 7 sin 60 
0 


tt/6 = 7T 

n “ 3 


(b) A = 2 


:(() r 

- 

8 sin 0 

\2/ Jo 

_ 


c/0 


rvz 

= 64 sin 2 9 d9 

Jo 

rn/2 

= 32 (1 - cos 29) d9 


= 32 


o 


9 - 


sin 29 


7r/2 


= 16tt 


5. A = 2| 

_ 1 

~ 2 


it/ A 


(cos 29) 1 d9 


9 + v sin 4 9 
4 


V 4 _ „ 
o “ 8 


7. A = 2 


7t/2 


•7t/2 


(1 — sin 0) 2 dO 


9. A = 2 


if ■ 


(1 + 2 cos 0) 2 c/0 


"3 1 

77/2 377 


— 0+2 cos 0 — - sin 20 


30 + 4 sin 0 + sin 20 

L2 4 J 

— 7t/2 2 

_ 


2 tt - 373 


2ir/3 



11. The area inside the outer loop is 

1 f 27r/3 

— I (1+2 cos 0)~ c/0 
-2 Jo 


30 + 4 sin 0 + sin 20 


2^/3 477 + 3 73 


From the result of Exercise 9, the area between the loops is 
^4t7+3T3\ /2tt- 373^1 


A = 


= 77 + 3 73. 







206 Chapter 9 Conics, Parametric Equations, and Polar Coordinates 


13. r = 1 + cos 9 
r = 1 — cos 9 
Solving simultaneously, 

1 + cos 9=1— cos 9 
2 cos 9 = 0 

7T 3tt 

d ~rY- 

Replacing r by — r and 9 by 9 + 77 in the first equation 
and solving, — 1 + cos 9=1— cos 9, cos 9 = 1, 9 = 0. 
Both curves pass through the pole, (0, it), and (0, 0), 
respectively. 

Points of intersection: ^1, ^1, (0, 0) 


15. r = 1 + cos 9 
r = I — sin 0 
Solving simultaneously, 

1 + cos 9 = 1 — sin 9 
cos 9 = —sin 9 
tan 9 = — 1 

_ 37 t lit 

0 _ T’T' 

Replacing r by — r and 9 by 9 + 7r in the first equation 
and solving, — 1 + cos 6 = 1 — sin 9, sin 9 + cos 9 = 2, 
which has no solution. Both curves pass through the pole, 
(0, 7r), and (0, 7 t/ 2), respectively. 

„ . r . . (2 — 72 3tt\ (2 + 72 7tt\ , n . 

Points of intersection: I , — 1,1 , — 1,(0, 0) 


17. r = 4 — 5 sin 9 
r = 3 sin 9 

Solving simultaneously, 

4 — 5 sin 9 = 3 sin 9 

sin 9 = lr 
2 

77 577 
e ~ 6 - 6 ' 

Both curves pass through the pole, (0, arcsin 4/5), and 
(0, 0), respectively. 

Points of intersection: (Y 7 [\, (0, 0) 


r = 2 

Solving simultaneously, we 
9/2 = 2, 9 = 4. 

Points of intersection: 

(2, 4), (-2, -4) 


2 



0 


21. r = 4 sin 29 
r = 2 

r = 4 sin 2d is the equation of a rose curve with four petals and is symmetric to the polar axis, 
9 = 7t/ 2, and the pole. Also, r = 2 is the equation of a circle of radius 2 centered at the pole. 
Solving simultaneously, 

4 sin 29 = 2 


29 


77 577 
6 ’ 6 



^ 577 
d ~ 12 ’ 12 - 

Therefore, the points of intersection for one petal are (2, 7r/12) and (2, 577/12). By symmetry, the other points of 
intersection are (2, 7ir/12), (2, 1177/12), (2, 1377/12), (2, 1777/12), (2, 1977/12), and (2, 2377/12). 
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23. r — 2 + 3 cos 9 

sec 6 

r — — - — 



25. r = cos 9 

r = 2 — 3 sin 9 
Points of intersection: 

(0. 0), (0.935, 0.363), (0.535, - 1.006) 

The graphs reach the pole at different times ( 9 values). 


The graph of r = 2 + 3 cos 9 is a lima§on with an inner 
loop ( b > a) and is symmetric to the polar axis. The graph 
of r = (sec 9)/ 2 is the vertical line x = 1/2. Therefore, 
there are four points of intersection. Solving simultaneously, 


2 + 3 cos 9 = 


sec 9 


6 cos 2 9 + 4 cos 0—1=0 

„ -2 ± yio 

cos 9 = 


9 = arccos 


9 = arccos ( 


-2+ /To 
6 

-2 - yio 

6 


: 1.376 


2.6068. 


Points of intersection: ( — 0.581, +2.607), (2.581, +1.376) 



27. From Exercise 21, the points of intersection for one petal are (2, t t/ 12) and (2, 5 tt/ 12). The area within one petal is 

1 / /12 , 1 fW 12 , r 7r/2 

A = — I (4 sin 29)~ dd + - I (2) 2 dd + - I (4 sin 29)" d9 
- Jo 4 77-/12 2 Jstt/12 

rn/12 rSn/12 

= 16 sin 2 (2 9) d9 + 2 I d9 (by symmetry of the petal) 

Jo Jtt/12 


= 8 


1 

7t/12 


0 sin 40 

+ 

20 

L 4 J 

0 



5V12 = 477 _ 

7r/12 3 



Total area = 4( --y — /3 j = -yTT — 4/3 = ^(477 — 3/3) 


I677 


29. A = 4 


= 2 


7t/2 


(3-2 sin 9) 2 d9 
119 + 12 cos 9 — sin(20) 


7r/2 


= llTT - 24 



31. A = 2 


I rv/6 ^ , 

- (4 sin 9f dd + - 

z Jo z 


77-/2 

77-/6 


(2) 2 d9 


33. A = 2 


[fl(l + cos 0)] 2 7/0 


0 



1 1 

77-/6 


77-/2 

16 

- 0 - - sin(20) 

+ 

40 

= a 2 


L2 4 J 

0 

_ 

77-/6 


3^ sin 20 

— 0 + 2 sin 0 H , — 

2 4 


a-TT 

" T" 

^ a 2 77 


= ^-2/3=|(4t7-3/3) 


3a 2 TT a 2 it 5o 2 tt 

— 2 / _ 4 


5 



K 
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35. A = ™ — K ^ | [a(l + cos 0 )] 2 dO 

tt/2 

„ , (3 „ „ cos 20 

+ ^Ub +2cose+ ^ 


r/0 


3„ „ . „ sin20l 7r 

— 0 + 2 sin 6 H : — 

2 4 _|ir/2 


a 2 

©r + y 


3ir 3 TT 


- 2 


= yk - 2] 



37. (a) r — a cos 2 0 
r 3 = at 2 cos 2 0 
(x 2 + y 2 ) 3 / 2 = ax 2 


•©{© 


0 

= 10 I ^1+2 cos 20 + ^° S 40 ) do - 10 



7t/2 


3 1 

— 0 + sin 20 + — sin 40 
2 8 


"I 2 _ 15 TT 
o 2 


39. r — a cos (nO) 
For n = 1 : 

r = a cos 0 

A = 



For 1 ? = 3: 

r — a cos 3 0 

'1 


A = % 


7T-/6 2 

'7777 ^ 

(a cos 30) 2 rf0 = — — 
, 4 


For n = 2: 


r = a cos 20 

r 77/4 


A = 8 


©r 


(a cos 2 0) 2 r/0 = 



For it = 4: 

r = a cos 40 


A = 161 


7l/8 


(a cos 40) 2 c/0 = 




In general, the area of the region enclosed by r = a cos (n0) for « = 1, 2, 3, . . .is (ira 2 )/4 if n is odd and is 
( 77 yi 2 ) /2 if ii is even. 
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41. r = a 

r'= 0 


43. r — 1 + sin 9 
r' = cos 8 


la 2 + 0 2 d9 = 


(circumference of circle of radius a) 


/(I + sin 9) 2 + (cos 0) 2 dO 


45. r = 26, 0 < 9 < 



Length = 4.16 


47. r — — , 7T < 9 < lit 
9 


= 2 s/2 1 

r\ 

/l + sin 0 d9 

J 

= 2j2 I 

7t/2 

r3-7r/2 

- COS0 dd 

J 

7t/2 \ 

/ 1 — sin 0 

= UV2 


J3V2 

sin 0 

L 

= Ajl{sf2. - 

II 

00 s 



49. 7 = sin(3 




Length = 0.71 


Length = 4.39 


51. r = 6 cos 9 

r' = - 6 sin 0 
rW 2 

S = 27 t 6 cos 9 sin 9s/ 36 cos 2 9 + 36 sin 2 0 d9 


= 727r| sin 9 cos 9 d9 

Jo 

r "|7 t/2 

= 3677 sin 2 9 

L Jo 

= 3677 


53. r = 

r' = ae ae 

rW 2 

5 = 277 e ad cos 9s/{e a8 ) 2 + (ae a6 ) 2 d9 

Jo 

r->r/2 

= 277 n/ 1 + a 2 I e 2ae cos 9 d9 

Jo 

T g2a6 

= 277V1 + a 2 — 5 (2 a cos 9 + sin 9) 

|_4 a 2 + 1 v 

277-s/l + f( 2 , . . 

= + , («-~M 


55. 7 = 4 cos 29 
r' = —8 sin 29 

r-ir/4 

S = 277 4 cos 20 sin 0^16 cos 2 29 + 64 sin 2 29 d9 

Jo 

pr/4 

= 3277 cos 20 sin 9s/ cos 2 29 + 4 sin 2 20 d9 = 21.87 


1 r/3 J 7/3 

57. Area = - [f{9)] 2 d8 = - r 2 d9 


Arc length = V/(0) 2 + f\8 ) 2 dd = r 2 + I — I d8 


59. (a) is correct: s = 33.124. 
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61. Revolve r = a about the line r = b sec 9 where b > a > 0.' 

M ) = a 

f\e) = o 

J '2tt 

[b — a cos 0 ] J a 1 + 0 2 dO 
o 


= lira] 


bO — a sin 0 


27 r 


L Jo 

= 2ira(2iTb) = 4t r 2 ab 


63. False. f(0) — 1 and g(9) = — 1 have the same graphs. 


n 

2 



65. In parametric form. 


idv\ 2 
' — ] dt. 
\dt 


Using 9 instead of t, we have x = r cos 9 = f(9) cos 9 and y = r sin 9 = f(9 ) sin 9. Thus, 
= f\0) cos 9 - f{9) sin 9 and ^ = f\9) sin 9 + f{9) cos 9. 


d9 

It follows that 


(I) 2 + (?J - + » 

f Jum + vrmd9 

J a 


Therefore, i = 


Section 9.6 Polar Equations of Conics and Kepler’s Laws 


1 . r = 


2e 


1 + e cos 9 


3. r = 


2e 


1 — e sin 6 


(a) e = 1, r = parabola 

1 + cos 9 


(a) e — 1 ,r — : — parabola 

1 — sin 9 


(b) e = 0.5, r 

(c) e = 1.5, r 


1 

1 + 0.5 cos 9 
3 

1 + 1.5 cos 9 


2 + cos 9' 
6 


2 + 3 cos 9 


ellipse 

hyperbola 



(b) e = 0.5, r = 

(c) e = 1.5, r = 


1 


1 — 0.5 sin 9 2 — sin 9' 

3 6 


1 — 1 .5 sin 9 2 — 3 sin 9 


ellipse 

hyperbola 



v/y 

e = 1.5 

y- 
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The conic is an ellipse. As e — > T ", the ellipse becomes The con i c is a parabola. 

more elliptical, and as e— >0 + , it becomes more 

circular. 



The conic is a hyperbola. As e— > 1 + , the hyperbolas opens more slowly, and as e—>oo, they open more rapidly. 


7. Parabola; Matches (c) 


9 . Hyperbola; Matches (a) 


11 . Ellipse; Matches (b) 



2 + cos 9 
3 

1 + (1/2) cos 9 


Ellipse since e = — < 1 
Vertices: (2, 0), (6, it) 



17 . r( 2 + sin 9) = 4 
4 

2 + sin 9 


1 + (1/2) sin 9 
Ellipse since e = \ 


Vertices: 


4 7 T 
3’ 2 


< 1 

37 T 
~2 



— 1+2 cos 9 1—2 cos 9 

Hyperbola since e = 2 > 1 

Vertices: (5, 0), 7 rj 



21 . r = 


3/2 


2 + 6 sin 9 1 + 3 sin 9 

Hyperbola since e = 3 > 1 


3 77 


Vertices: ^ 


8 ’ 2 


3 377 


4’ 2 
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Parabola 



2 + cos^# + ^rj 

Rotate the graph of 

= 6 

2 + cos 9 

7 T 

clockwise through the angle — . 

6 




33. Parabola 

e — 1 , x = — 1 , d = 1 

«/ _ 1 
1 — e cos 9 1 — cos 9 


35. Ellipse 

e = — , y = 1 , d = 1 
2 J 

ed 

r = 

1 + e sin # 

1/2 

1 + (1/2) sind 

1 

2 + sind 

41 . Ellipse 

Vertices: (2, 0), (8, it) 



ed 

1 + e cos 9 
16/5 

1 + (3/5) cos 9 
16 

5 + 3 cos 0 



43. Hyperbola 45. Ellipse if 0 < e <1. parabola 

/ 3 tt\ ( 3tt\ if e = 1, hyperbola if e >1. 

Vertices: ^l, T j^9, T j 



ed 

1 — e sin 9 


9/4 

1 - (5/4) sin# 
9 

4 — 5 sin 9 
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47 . (a) Hyperbola (e = 2 >1) 

1 


(b) Ellipse ( e = — < 1 


(c) Parabola (e = 1) 

(d) Rotated hyperbola ( e — 3) 


49 . a = 5, c = 4, e = — , b = 3 


1 - (16/25) cos 2 6 


51 . a = 3, b = 4, c = 5, e = 


r 2 = 


-16 


1 - (25/9) cos 2 Q 


53. A = 2 


= 9 


2 — cos 6 
1 


r/0 


(2 — cos 9) 2 


dO « 10.1 


55. Vertices: (126,000, 0), (4119, it) 
126,000 + 4119 


= 65,059.5, c = 65,059.5 - 4119 = 60,940.5, e = - = 4 °’ 6 ^! , d = 41 19^ 84,000 


a 43,373’ 


40.627 




4119(84,000/43,373) 


345,996.000 


1 - e cos 0 1 - (40.627/43,373) cose 43,373 - 40.627 cos 6 

When 0 = 60°, r = 345 ’ 996 ’ 0 °° « 15.004.49. 

Distance between the surface of the earth and the satellite is r — 4000 = 11,004.49 miles. 


57 . a = 92.957 x 10 6 mi, e = 0.0167 

(1 - e 2 )a _ 92,931,075.2223 
1 — e cos 0 1 — 0.0167 cos 0 

Perihelion distance: a(l — e) ~ 91,404.618 mi 
Aphelion distance: a(l + e) ~ 94,509,382 mi 


59 . a = 5.900 x 10 9 km, e = 0.2481 

_ (1 - e 2 )a 5.537 x 10 9 
r 1 — e cos 0 1 — 0.2481 cos 6 

Perihelion distance: a(l — e) = 4.436 x 10 9 km 
Aphelion distance: a( 1 + e) = 7.364 x 10 9 km 


61 . r = 


5.537 x 10 9 
1 - 0.2481 cose 


(a) A = — 


248 


rir / 9 

5.537 x 10 9 

I,, 

_1 - 0.2481 cos e. 

rn/9 

5.537 x 10 9 

I 

1 - 0.2481 cos 0_ 


dO = 9.341 x 10 18 km 2 


5.537 x 10 9 


(b) 


1 - 0.2481 cose 

2 


dO 


dO 


21.867 yr 


1 f“-' 

5.537 x 10 9 

2 L 

_1 - 0.2481 cose^ 


dO = 9.341 x 10 18 

COS t/J 

a ~ tt + 0.8995 rad 

In part (a) the ray swept through a smaller angle to generate the same area since the length of the ray is longer than in part (b). 

, = (-5.537 x 10 9 )(0,2481 sine) 

(C) '' (1 - 0.2481 cose) 2 


5 = 


tt/9 


-1.3737297 x 10 9 sine 


5.5 37 x 10 9 V 

jo > \1 - 0.2481 cose/ ' L (1 - 0.2481 cose ) 2 J 
2.559 x 10 9 km 


dO = 2.559 x 10 9 km 


21.867 yr 

fir+0.899 


1.17 x 10 8 km/yr 


4.119 x 10 9 km 
21.867 yr 


5.537 x 10 9 \ 2 

1 - 0.2481 cose. 


1.88 x 10 8 km/yr 


-1.3737297 x 10 9 sine 


(1 - 0.2481 cose) 2 


dO = 4.119 x 10 9 km 
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ed 


ed 


63. r \ = i Q and r 2 = 

1 + sind 1 — sind 

Points of intersection: (ed, 0), (ed, tt) 


r — 
1 dx 



At (ed, 0), =- = — 1 . At (ed, it), - 7 - = 1. 
dx dx 


dy 


V ' 2 ' dx 



At (ed, 0), = 1. At (ed, tt), = — 1 . 

dx dx 

Therefore, at (ed, 0) we have m 1 m 2 — (— l)(l) = — 1 , and at (ed, tt) we have m , m 2 — 1 (— 1) 
intersect at right angles. 


= — 1 . The curves 


Review Exercises for Chapter 9 


1. Matches (d) - ellipse 


3. Matches (a) - parabola 


5. 


16.* 2 + 16y 2 — I6x + 24v — 3 = 0 


x 2 - x + \ ) + \y 2 + -y + 


— o +[y + 


= 3 I 9 
16/ “ 16 + 4 + 16 

=1 


Circle 
Center: 
Radius: 1 


1 _ 3 
2’ 4 


y 



7. 3x 2 - 2y 2 + 24,y + 12y + 24 = 0 

3(x 2 + 8x + 16) - 2(y 2 - 6 v + 9) = -24 + 48 - 18 

(x + 4) 2 (y — 3 ) 2 

2 3 

Hyperbola 
Center: (—4,3) 

Vertices: ( — 4 ± Jl, 3) 



9. 3y 2 + 2y 2 - 12x + 12 y + 29 = 0 

3(y 2 - 4x + 4) + 2(y 2 + 6 y + 9) = -29 + 12 + 18 

(x - 2) 2 (y + 3) 2 _ 

1/3 1/2 

Ellipse 

Center: (2, —3) 

Vertices: ^2,-3 ± 


y 

I 




-4 + 
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11 . Vertex: (0,2) 

Directrix: x = — 3 
Parabola opens to the right 
P = 3 

(y ~ 2) 2 = 4(3)(* - 0 ) 
y 2 - 4 y - 12x + 4 = 0 


13 . Vertices: (-3,0), (7,0) 
Foci: (0,0), (4,0) 
Horizontal major axis 
Center: (2, 0) 

a = 5, c = 2, b = Jl\ 

fe ~ 2) 2 y 1 
25 21 


15 . Vertices: (±4, 0) 

Foci: (± 6 , 0) 

Center: (0, 0) 

Horizontal transverse axis 

a = 4, c = 6 , b = 736 — 16 = 2 75 


— - 2 - = 1 
16 20 


17 . — + j = 1 , a = 3, b = 2, c = 75, e = 
By Example 5 of Section 9.1, 


C = 12 


' /5\ 

1 - (-1 sin 2 0tf0 = 15.87. 


19 . y = x — 2 has a slope of 1 . The perpendicular slope is — 1 . 
y = x 2 — 2x + 2 

-y- = 2x — 2 — — 1 when x — — and v = t- 
dx 2'4 


Perpendicular line: y — — — — 1 — — 


4x + 4v - 7 = 0 


21 . (a) V = (nab) (Length) = 12 tt( 16) = 19277ft 3 


(b) F = 2(62.4) | (3 — y)^79 — y 2 dy — |(62.4) 3J 77^7 dy ~ J yT9^7 dy 
= |(62.4) |^yV9 - y 2 + 9 arcsin 3 ) + |( 9 ~ 7) 3/2 _ 3 

- Mf f (-?)]- 


9n\ 3 ( 9n 


2 2 2 


= | (62.4)^) « 7057.274 


(c) You want \ of the total area of 12ir covered. Find h so that y 

“ / A Area of filled 

Ch 4 v = 2 y 9 — y 2 4— tank above 

2 I —79 — y 2 dy = 3tt 7“J ls3lL 

I ,. 3 , 9 it [., 1 . ^ — } ► 

J 79 - 7 <y - — V 2 i J 

1 T /„\i/j Area of filled 

1 v /q _ , ; 2 _ 1 _ Q o rr oi n I Z I — Z2L , tank below 

2 pv9 y +9 arcsin yj Q - g ' 4 f «***«. 

hs/9 — h 2 + 9 arcsin (^j = 

By Newton’s Method, h ~ 1.212. Therefore, the total height of the water is 1.212 + 3 = 4.212 ft. 

(d) Area of ends = 2(127r) = 2477 
Area of sides = (Perimeter)(Length) 

= 16 J ^_^/l — sin 2 # j d6( 16) [from Example 5 of Section 9.1] 

” 256 (if)V i_ (^) sin2(o) + 4 V i_ © sin2 (f) + 2 V i_ © sin2 (f 

+ s/ 1- © sin2 (t) + a/ 1 ” © sin 2 (f)l ” 353 - 65 


Total area = 2477 + 353.65 ~ 429.05 
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23 . x = 1 + At, y = 2 — 3t 



Ay + 3x — 1 1 = 0 
Line 



25. x = 6 cos 9,y = 6 sin 9 



x 2 + y 1 — 36 
Circle 



27. x = 2 + sec 9, y = 3 + tan 9 
(x — 2) 2 = sec 2 9=1+ tan 2 9 
(x - 2) 2 - (y - 3) 2 = 1 
Hyperbola 


= 1 + (y ~ 3) 2 



29. jt = 3 + (3 - (—2))? = 3 + 5? 
y = 2 + (2 — 6)t = 2 — At 
(other answers possible) 


(* + 3) 2 Ay- 4) 2 _ , 

16 9 

Let = cos 2 9 and = sin 2 9. 

16 9 

Then x = —3 + 4 cos 9 and y = 4 + 3 sin 9. 


33. x = cos 39+5 cos 9 


35. (a) x = 2 cot 9, y = 4 sin 9 cos 9, 0 < 9 < n 


y = sin 39 + 5 sin 9 

5 



37. jt = 1 + At 


y = 2 — 3t 


(a) 


dy __ 3 

<ir 4 


No horizontal tangents 



12 


(b) (4 + x 2 )y = (4 + 4 cot 2 9)4 sin 9 cos 9 
= 16 esc 2 9 • sin 9 • cos 9 


= 8(2 cot 9) 
= 8.v 






Review Exercises for Chapter 9 217 


39. .v = - 

t 


y = 2t + 3 
( . d) dy = 2 

1 J dx -l/t 2 


= - 2 1 2 


(b ) t = - 

X 


No horizontal tangents 
(t * o) 


,v = - + 3 



41 . x = 


1 


2 1 + 1 
1 

t 2 - 2 1 


~(2l-2) 

dy (t 2 - 2 1 ) 2 (t - l)(2f + l) 2 

(a) -f - = = x, = 0 when t = 1 . 

dx -2 t\t - 2) 2 

(2 1 + l) 2 

Point of horizontal tangency: (3, — l) 


1/1 


(b)2 f+l=-=>f = -- -i 
x 2 \x 


1 Y 1 “ 


2 V x 


I 

1/1 — X 


2 \ x 
4x 2 


- 2 


4x 2 


(1 — x) 2 — 4x(l — x) (5x — l)(x — 1) 



43 . x = 3 + 2 cos 6 
y = 2 + 5 sin 9 

. dy 5 cosfl . . 0 „ it 3 tt 

^ T = 9 ■ a = “ 2 - 5 cote = 0 when (t = 

dx — 2 sin 0 2 2 

Points of horizontal tangency: (3, 7), (3, —3) 



45 . x = cos 3 6 


y = 4 sin 3 6 


(a) 


= — 4 tan 9 = 0 when 9 = 0, tt. 


dy _ 12 sin 2 9 cos 6 _ —4 sine 
dx 3 cos 2 e(— sin e) cose 

But, -j~ ~ -J- — ® at 9 = 0, tt. Hence no points of horizontal tangency. 


(b) x 2/3 + K 


, 2/3 


= 1 
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47. x = cot 0 

y = sin 20 = 2 sin 9 cos 9 
(a), (c) 



_ 7 t dx . dy , , dy 1 

(b) At 9 = — , — = —4, -7- = 1, and -j- = — - 
6 <i0 <f0 <it 4 


49. x = r(cos 0 + 0 sin 0) 
_y = r(sin 0—0 cos 0) 

* o a 
— = rO cos 0 

d9 

= r9 sin 0 
d9 


Jo 


s = r J9 2 cos 2 0 + 0 2 sin 2 0 r/0 


0r/0 = 


0 2 


= 0 77 ' 

0 2 


51. {X, y) - v -r 
r 


= y 4 2 + (_ 4)2 = 4s /2 




(r, 0) 




-4V2, 


3ir\ 


12345 


( 4 ,- 4 ) 


53. r = 3 cos 0 

r 2 = 3rcos0 
x 2 + y 2 = 3x 
x 2 + y 2 — 3 jc = 0 


55. r = —2(1 + cos 0) 

r 2 = — 2r(l + cos0) 
x 2 + y 2 = -2(±Vx 2 + y 2 ) - 2x 


(x 2 + y 2 + 2x) 2 = 4(x 2 + y 2 ) 


57. r 2 = cos 20 = cos 2 0 — sin 2 0 

r 4 = r 2 cos 2 9 — r 2 sin 2 0 
(x 2 + y 2 ) 2 = x 2 - y 2 


61. (x 2 + y 2 ) 2 = ax 2 ) 1 

?' 4 = a[r 2 cos 2 0)(r sin 0) 
r = a cos 2 0 sin 0 


59. 


r = 4 cos 20 sec 0 


= 4(2 cos 2 0 - 1) 


1 


cos 0. 


r cos 0=8 cos 2 0 — 4 

„2 


X = 


v X 2 + V 2 

x 3 + xy 2 = 4x 2 — 4y 2 

2 2/4 - x 

y = x-\ 

\4 + x 


- 4 


63. x 2 + y 2 = a 2 \ arctan - 
1 x 


r 2 — a 2 9 2 


65. r = 4 

Circle of radius 4 
Centered at the pole 
Symmetric to polar axis, 
9 = 77 / 2 , and pole 



67. r — — sec 0 


-1 

cos 0 


r cos 0 = — 1, x = — 1 
Vertical line 


K 

2 
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69. r = -2(1 + cose) 
Cardioid 

Symmetric to polar axis 



0 

0 

77 

I 

77 

2 

277 

T 

77 

r 

-4 

-3 

-2 

-i 

0 


73. r = -3cos(2 9) 

Rose curve with four petals 

7 T 

Symmetric to polar axis, 0 = — , and pole 
Relative extrema: (—3, 0), ^3, (-3, t it), ^3, 

Tangents at the pole: 0 = 

75. r 2 = 4 sin 2 (20) 
r = ±2 sin (2 6) 

Rose curve with four petals 

77 

Symmetric to the polar axis, 6 = — , and pole 
Relative extrema: (±2, -^,(±2,^-] 

77 

Tangents at the pole: 0 = 0,— 


71. r = 4 — 3 cos0 
Lima§on 

Symmetric to polar axis 





77. 


3 

cos[0 - (-77-/4)] 


Graph of r = 3 sec 6 rotated through an angle of it/ 4 



79. r = 4 cos 26 sec 6 
Strophoid 

Symmetric to the polar axis 
r => — oo as 6 => — - 


— oo as 6 


~ 77 


4 



-4 
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81 . r = 1—2 cos 9 

(a) The graph has polar symmetry and the tangents at the pole are 

- E 

d ~y 3 - 

dy _ 2 sin 2 # + (1 — 2 cosd) cos 6 

dx 2 sin 9 cos 9 — (1 —2 cos 9) sin 9 


Horizontal tangents: — 4 cos 2 9 + cos 9 + 2 = 0. cos 9 = 


-1 ± Vl + 32 1 ± 733 


8 \ 8 / 4 


3 - 733 ( 1 + 733 

arccosf 


4 

3 - 733 


, — arccos. 

4 \ 8 


3 + 733 


4 

3 + 733 


, arccos l 


/ 1 + 733 

V 8 

1 - 733 


4 .-arccosl g 


/ 1 - 733 


(-0.686, 0.568) 

= (-0.686, -0.568) 
(2.186, 2.206) 

« (2.186, -2.206). 


Vertical tangents: 


sin 9(4 cos 9 — 1) = 0, sin 9 — 0, cos 9 = - 
9 = 0, it, 9 = iarccos^j, (— 1, 0), (3, it) 
iarccos = (0.5, ±1.318) 


(c) 



83. Circle: r — 3 sin 9 


dy 

dx 


3 cos 9 sin 9 + 3 sin 9 cos 9 
3 cos 9 cos 9 — 3 sin 9 sin 9 


sin 29 

cos 2 9 — sin 2 9 


= tan 29 at 9 = 


7 t dy 
6 ’ dx 


73 


Limajon: r = 4 — 5 sin 9 

dy _ — 5 cos 9 sin 9 + (4 — 5 sin 9) cos 9 _ 7 t dy _ 73 

dx — 5 cos 9 cos 9 — (4 — 5 sin 9) sin 9 6 ’ dx 9 


Let a be the angle between the curves: 

, _ 73 - ( 73 / 9 ) _ 2 73 

1 + ( 1 / 3 ) 3 ' 


Therefore, a = arctan 
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85. r = 1 + cos 0, r = 1 — cos 6 

The points (1, tt/2) and (1, 3ir/2) are the two points of intersection (other than the pole). The slope of the graph of 
r = 1 + cos 6 is 

_ dy _ r'sinO + r cosO _ — sin 2 0 + cos 0(1 + cost?) 

1 dx r'cosO — r sinO — sinOcosO — sin 0(1 + cos 0) 

At (1, 7 t/2), m l = — 1/— 1 = 1 and at (1, 3 tt/2), m 1 = — 1/1 = — 1. The slope of the graph of r = 1 — cos 0 is 

dy sin 2 0 + cos 0(1 — cos 0) 

m? = — — r. 

cfo sin 0 cos 0— sin 0(1 — cosO) 

At (1, 7 t/ 2), m, = 1/ — 1 = — 1 and at (1, 3 tt/2), m 2 — 1/1 = 1. In both cases, m j = — 1 /m 2 and we conclude that 
the graphs are orthogonal at (1, -7 t/ 2) and (1, 3 tt/2). 


87. r = 2 + cos 0 


A = 2 


(2 + cos 0) 2 dO 


14.14 


9-77-' 

~2 


89. r = sinO • cos 2 0 


A 



(sin0cos 2 0) 2 t/0 



91. r 2 = 4 sin 20 


A = 2 


77-/2 


4 sin 20 dO 


= 4 


2 



# 

d 



-2 



95. i = 2 



cos0) 2 + a 2 sin 2 0 dO 


'77 

= 2 v/2 a Vl — cos 0 dO = 

Jo 



sin 0 

yi + cos o 


dO 


-4^2 a(l + 


cos 



8a 



99. r = 


3 + 2 cos 0 
Ellipse 


1 + (2/3)cos 0’ 








214 Chapter 9 Conics, Parametric Equations, and Polar Coordinates 


ed 


ed 


63. r \ = i Q and r 2 = 

1 + sind 1 — sind 

Points of intersection: (ed, 0), (ed, tt) 


r — 
1 dx 



At (ed, 0), =- = — 1 . At (ed, it), - 7 - = 1. 
dx dx 


dy 


V ' 2 ' dx 



At (ed, 0), = 1. At (ed, tt), = — 1 . 

dx dx 

Therefore, at (ed, 0) we have m 1 m 2 — (— l)(l) = — 1 , and at (ed, tt) we have m , m 2 — 1 (— 1) 
intersect at right angles. 


= — 1 . The curves 


Review Exercises for Chapter 9 


1. Matches (d) - ellipse 


3. Matches (a) - parabola 


5. 


16.* 2 + 16y 2 — I6x + 24v — 3 = 0 


x 2 - x + \ ) + \y 2 + -y + 


— o +[y + 


= 3 I 9 
16/ “ 16 + 4 + 16 

=1 


Circle 
Center: 
Radius: 1 


1 _ 3 
2’ 4 


y 



7. 3x 2 - 2y 2 + 24,y + 12y + 24 = 0 

3(x 2 + 8x + 16) - 2(y 2 - 6 v + 9) = -24 + 48 - 18 

(x + 4) 2 (y — 3 ) 2 

2 3 

Hyperbola 
Center: (—4,3) 

Vertices: ( — 4 ± Jl, 3) 



9. 3y 2 + 2y 2 - 12x + 12 y + 29 = 0 

3(y 2 - 4x + 4) + 2(y 2 + 6 y + 9) = -29 + 12 + 18 

(x - 2) 2 (y + 3) 2 _ 

1/3 1/2 

Ellipse 

Center: (2, —3) 

Vertices: ^2,-3 ± 


y 

I 




-4 + 
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11 . Vertex: (0,2) 

Directrix: x = — 3 
Parabola opens to the right 
P = 3 

(y ~ 2) 2 = 4(3)(* - 0 ) 
y 2 - 4 y - 12x + 4 = 0 


13 . Vertices: (-3,0), (7,0) 
Foci: (0,0), (4,0) 
Horizontal major axis 
Center: (2, 0) 

a = 5, c = 2, b = Jl\ 

fe ~ 2) 2 y 1 
25 21 


15 . Vertices: (±4, 0) 

Foci: (± 6 , 0) 

Center: (0, 0) 

Horizontal transverse axis 

a = 4, c = 6 , b = 736 — 16 = 2 75 


— - 2 - = 1 
16 20 


17 . — + j = 1 , a = 3, b = 2, c = 75, e = 
By Example 5 of Section 9.1, 


C = 12 


' /5\ 

1 - (-1 sin 2 0tf0 = 15.87. 


19 . y = x — 2 has a slope of 1 . The perpendicular slope is — 1 . 
y = x 2 — 2x + 2 

-y- = 2x — 2 — — 1 when x — — and v = t- 
dx 2'4 


Perpendicular line: y — — — — 1 — — 


4x + 4v - 7 = 0 


21 . (a) V = (nab) (Length) = 12 tt( 16) = 19277ft 3 


(b) F = 2(62.4) | (3 — y)^79 — y 2 dy — |(62.4) 3J 77^7 dy ~ J yT9^7 dy 
= |(62.4) |^yV9 - y 2 + 9 arcsin 3 ) + |( 9 ~ 7) 3/2 _ 3 

- Mf f (-?)]- 


9n\ 3 ( 9n 


2 2 2 


= | (62.4)^) « 7057.274 


(c) You want \ of the total area of 12ir covered. Find h so that y 

“ / A Area of filled 

Ch 4 v = 2 y 9 — y 2 4— tank above 

2 I —79 — y 2 dy = 3tt 7“J ls3lL 

I ,. 3 , 9 it [., 1 . ^ — } ► 

J 79 - 7 <y - — V 2 i J 

1 T /„\i/j Area of filled 

1 v /q _ , ; 2 _ 1 _ Q o rr oi n I Z I — Z2L , tank below 

2 pv9 y +9 arcsin yj Q - g ' 4 f «***«. 

hs/9 — h 2 + 9 arcsin (^j = 

By Newton’s Method, h ~ 1.212. Therefore, the total height of the water is 1.212 + 3 = 4.212 ft. 

(d) Area of ends = 2(127r) = 2477 
Area of sides = (Perimeter)(Length) 

= 16 J ^_^/l — sin 2 # j d6( 16) [from Example 5 of Section 9.1] 

” 256 (if)V i_ (^) sin2(o) + 4 V i_ © sin2 (f) + 2 V i_ © sin2 (f 

+ s/ 1- © sin2 (t) + a/ 1 ” © sin 2 (f)l ” 353 - 65 


Total area = 2477 + 353.65 ~ 429.05 
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23 . x = 1 + At, y = 2 — 3t 



Ay + 3x — 1 1 = 0 
Line 



25. x = 6 cos 9,y = 6 sin 9 



x 2 + y 1 — 36 
Circle 



27. x = 2 + sec 9, y = 3 + tan 9 
(x — 2) 2 = sec 2 9=1+ tan 2 9 
(x - 2) 2 - (y - 3) 2 = 1 
Hyperbola 


= 1 + (y ~ 3) 2 



29. jt = 3 + (3 - (—2))? = 3 + 5? 
y = 2 + (2 — 6)t = 2 — At 
(other answers possible) 


(* + 3) 2 Ay- 4) 2 _ , 

16 9 

Let = cos 2 9 and = sin 2 9. 

16 9 

Then x = —3 + 4 cos 9 and y = 4 + 3 sin 9. 


33. x = cos 39+5 cos 9 


35. (a) x = 2 cot 9, y = 4 sin 9 cos 9, 0 < 9 < n 


y = sin 39 + 5 sin 9 

5 



37. jt = 1 + At 


y = 2 — 3t 


(a) 


dy __ 3 

<ir 4 


No horizontal tangents 



12 


(b) (4 + x 2 )y = (4 + 4 cot 2 9)4 sin 9 cos 9 
= 16 esc 2 9 • sin 9 • cos 9 


= 8(2 cot 9) 
= 8.v 
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39. .v = - 

t 


y = 2t + 3 
( . d) dy = 2 

1 J dx -l/t 2 


= - 2 1 2 


(b ) t = - 

X 


No horizontal tangents 
(t * o) 


,v = - + 3 



41 . x = 


1 


2 1 + 1 
1 

t 2 - 2 1 


~(2l-2) 

dy (t 2 - 2 1 ) 2 (t - l)(2f + l) 2 

(a) -f - = = x, = 0 when t = 1 . 

dx -2 t\t - 2) 2 

(2 1 + l) 2 

Point of horizontal tangency: (3, — l) 


1/1 


(b)2 f+l=-=>f = -- -i 
x 2 \x 


1 Y 1 “ 


2 V x 


I 

1/1 — X 


2 \ x 
4x 2 


- 2 


4x 2 


(1 — x) 2 — 4x(l — x) (5x — l)(x — 1) 



43 . x = 3 + 2 cos 6 
y = 2 + 5 sin 9 

. dy 5 cosfl . . 0 „ it 3 tt 

^ T = 9 ■ a = “ 2 - 5 cote = 0 when (t = 

dx — 2 sin 0 2 2 

Points of horizontal tangency: (3, 7), (3, —3) 



45 . x = cos 3 6 


y = 4 sin 3 6 


(a) 


= — 4 tan 9 = 0 when 9 = 0, tt. 


dy _ 12 sin 2 9 cos 6 _ —4 sine 
dx 3 cos 2 e(— sin e) cose 

But, -j~ ~ -J- — ® at 9 = 0, tt. Hence no points of horizontal tangency. 


(b) x 2/3 + K 


, 2/3 


= 1 
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47. x = cot 0 

y = sin 20 = 2 sin 9 cos 9 
(a), (c) 



_ 7 t dx . dy , , dy 1 

(b) At 9 = — , — = —4, -7- = 1, and -j- = — - 
6 <i0 <f0 <it 4 


49. x = r(cos 0 + 0 sin 0) 
_y = r(sin 0—0 cos 0) 

* o a 
— = rO cos 0 

d9 

= r9 sin 0 
d9 


Jo 


s = r J9 2 cos 2 0 + 0 2 sin 2 0 r/0 


0r/0 = 


0 2 


= 0 77 ' 

0 2 


51. {X, y) - v -r 
r 


= y 4 2 + (_ 4)2 = 4s /2 




(r, 0) 




-4V2, 


3ir\ 


12345 


( 4 ,- 4 ) 


53. r = 3 cos 0 

r 2 = 3rcos0 
x 2 + y 2 = 3x 
x 2 + y 2 — 3 jc = 0 


55. r = —2(1 + cos 0) 

r 2 = — 2r(l + cos0) 
x 2 + y 2 = -2(±Vx 2 + y 2 ) - 2x 


(x 2 + y 2 + 2x) 2 = 4(x 2 + y 2 ) 


57. r 2 = cos 20 = cos 2 0 — sin 2 0 

r 4 = r 2 cos 2 9 — r 2 sin 2 0 
(x 2 + y 2 ) 2 = x 2 - y 2 


61. (x 2 + y 2 ) 2 = ax 2 ) 1 

?' 4 = a[r 2 cos 2 0)(r sin 0) 
r = a cos 2 0 sin 0 


59. 


r = 4 cos 20 sec 0 


= 4(2 cos 2 0 - 1) 


1 


cos 0. 


r cos 0=8 cos 2 0 — 4 

„2 


X = 


v X 2 + V 2 

x 3 + xy 2 = 4x 2 — 4y 2 

2 2/4 - x 

y = x-\ 

\4 + x 


- 4 


63. x 2 + y 2 = a 2 \ arctan - 
1 x 


r 2 — a 2 9 2 


65. r = 4 

Circle of radius 4 
Centered at the pole 
Symmetric to polar axis, 
9 = 77 / 2 , and pole 



67. r — — sec 0 


-1 

cos 0 


r cos 0 = — 1, x = — 1 
Vertical line 


K 

2 
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69. r = -2(1 + cose) 
Cardioid 

Symmetric to polar axis 



0 

0 

77 

I 

77 

2 

277 

T 

77 

r 

-4 

-3 

-2 

-i 

0 


73. r = -3cos(2 9) 

Rose curve with four petals 

7 T 

Symmetric to polar axis, 0 = — , and pole 
Relative extrema: (—3, 0), ^3, (-3, t it), ^3, 

Tangents at the pole: 0 = 

75. r 2 = 4 sin 2 (20) 
r = ±2 sin (2 6) 

Rose curve with four petals 

77 

Symmetric to the polar axis, 6 = — , and pole 
Relative extrema: (±2, -^,(±2,^-] 

77 

Tangents at the pole: 0 = 0,— 


71. r = 4 — 3 cos0 
Lima§on 

Symmetric to polar axis 





77. 


3 

cos[0 - (-77-/4)] 


Graph of r = 3 sec 6 rotated through an angle of it/ 4 



79. r = 4 cos 26 sec 6 
Strophoid 

Symmetric to the polar axis 
r => — oo as 6 => — - 


— oo as 6 


~ 77 


4 



-4 
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81 . r = 1—2 cos 9 

(a) The graph has polar symmetry and the tangents at the pole are 

- E 

d ~y 3 - 

dy _ 2 sin 2 # + (1 — 2 cosd) cos 6 

dx 2 sin 9 cos 9 — (1 —2 cos 9) sin 9 


Horizontal tangents: — 4 cos 2 9 + cos 9 + 2 = 0. cos 9 = 


-1 ± Vl + 32 1 ± 733 


8 \ 8 / 4 


3 - 733 ( 1 + 733 

arccosf 


4 

3 - 733 


, — arccos. 

4 \ 8 


3 + 733 


4 

3 + 733 


, arccos l 


/ 1 + 733 

V 8 

1 - 733 


4 .-arccosl g 


/ 1 - 733 


(-0.686, 0.568) 

= (-0.686, -0.568) 
(2.186, 2.206) 

« (2.186, -2.206). 


Vertical tangents: 


sin 9(4 cos 9 — 1) = 0, sin 9 — 0, cos 9 = - 
9 = 0, it, 9 = iarccos^j, (— 1, 0), (3, it) 
iarccos = (0.5, ±1.318) 


(c) 



83. Circle: r — 3 sin 9 


dy 

dx 


3 cos 9 sin 9 + 3 sin 9 cos 9 
3 cos 9 cos 9 — 3 sin 9 sin 9 


sin 29 

cos 2 9 — sin 2 9 


= tan 29 at 9 = 


7 t dy 
6 ’ dx 


73 


Limajon: r = 4 — 5 sin 9 

dy _ — 5 cos 9 sin 9 + (4 — 5 sin 9) cos 9 _ 7 t dy _ 73 

dx — 5 cos 9 cos 9 — (4 — 5 sin 9) sin 9 6 ’ dx 9 


Let a be the angle between the curves: 

, _ 73 - ( 73 / 9 ) _ 2 73 

1 + ( 1 / 3 ) 3 ' 


Therefore, a = arctan 


273 


49.1°. 
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85. r = 1 + cos 0, r = 1 — cos 6 

The points (1, tt/2) and (1, 3ir/2) are the two points of intersection (other than the pole). The slope of the graph of 
r = 1 + cos 6 is 

_ dy _ r'sinO + r cosO _ — sin 2 0 + cos 0(1 + cost?) 

1 dx r'cosO — r sinO — sinOcosO — sin 0(1 + cos 0) 

At (1, 7 t/2), m l = — 1/— 1 = 1 and at (1, 3 tt/2), m 1 = — 1/1 = — 1. The slope of the graph of r = 1 — cos 0 is 

dy sin 2 0 + cos 0(1 — cos 0) 

m? = — — r. 

cfo sin 0 cos 0— sin 0(1 — cosO) 

At (1, 7 t/ 2), m, = 1/ — 1 = — 1 and at (1, 3 tt/2), m 2 — 1/1 = 1. In both cases, m j = — 1 /m 2 and we conclude that 
the graphs are orthogonal at (1, -7 t/ 2) and (1, 3 tt/2). 


87. r = 2 + cos 0 


A = 2 


(2 + cos 0) 2 dO 


14.14 


9-77-' 

~2 


89. r = sinO • cos 2 0 


A 



(sin0cos 2 0) 2 t/0 



91. r 2 = 4 sin 20 


A = 2 


77-/2 


4 sin 20 dO 


= 4 


2 



# 

d 



-2 



95. i = 2 



cos0) 2 + a 2 sin 2 0 dO 


'77 

= 2 v/2 a Vl — cos 0 dO = 

Jo 



sin 0 

yi + cos o 


dO 


-4^2 a(l + 


cos 



8a 



99. r = 


3 + 2 cos 0 
Ellipse 


1 + (2/3)cos 0’ 
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101 . r = 


2 — 3 sin 0 1 — (3/2)sin 6' 2 

Hyperbola 



103 . Circle 

Center: ^5, = (0, 5) in rectangular coordinates 

Solution point: (0, 0) 
x 2 + (y — 5) 5 = 25 
x 2 + y 2 - 10 y = 0 
r 2 — 10 r sin 9 = 0 

r = 10 sin 9 


105 . Parabola 

Vertex: (2, it) 
Focus: (0, 0) 

e — 1, d = 4 
4 

r = 

1 — cos 6 


107 . Ellipse 

Vertices: (5, 0), (1, it) 
Focus: (0, 0) 


, 0 2 , 5 

a — i,c = 2, e = ~, d — — 


1 - 


!)(§ 

2 

3 


cos 9 


3 — 2 cos 9 


Problem Solving for Chapter 9 



(b) *2 = 4 v 


2x = Ay' 



y — 4 = 2(.r — 4) => y — 2x — 4 Tangent line at (4, 4) 

y-\= + 1) y = | Tangent line at 1, | 

Tangent lines have slopes of 2 and — 1/2 => perpendicular. 

(c) Intersection: 



Hx —16 = — 2 je — 1 
I Ox = 15 



Point of intersection, (3/2, — 1), is on directrix y = — 1. 
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3. Consider x 2 — 4 py with focus (0, p). 
Let p(a , b) be point on parabola. 


VC = 4 py' => y' = — 

y — b = — (,y — a) Tangent line 

„ „ . a , , . a 1 4 pb 

For x = 0, y = b H (—a) — b = b = — b. 

2 P 2 P 2 p 

Thus, Q = (0, -b). 

AFQP is isosceles because 
\FQ\ = p + b 

\FP\ = V(fl — 0) 2 + (b — p) 2 = -fa 2 + b 2 — 2 bp + p 2 

= J4pb + b 2 — 2 bp + p 2 
= J{b + p) 2 


= b + p. 


Thus, TfFQP = TfBPA = tfFPQ. 



5. (a) In A OCB, cos 6 = —— =^> OB = 2 a • sec 9. 

OB 

OA 

In AOAC, cos 0 = — => OA = 2a • cos 0. 

2a 

r — OP = AB = OB — OA = 2«(sec 0 — cos (?) 

= 2a( — cos 9 ] 

\cos 9 ) 

sin 2 9 

= 2 a 

cos 9 


(c) r = 2 a tan 9 sin 9 

r cos 9 = 2a sin 2 9 
r 3 cos 9 = 2a r 2 sin 2 9 
{x 2 + y 2 )x = 2 ay 2 

v 2 = ^ 

(2 a — *) 
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9. For t = 


y = 


77 377 577 777 

2 ’ T"’ T’ T’ ' 
2 - 22-2 
77’ 377' 577’ 777 ’ 


Hence, the curve has length greater that 


2 

2 

2 

2 

= - + 

h — + 


77 

377 

577 

777 

2/ 

1 

1 

1 

= — 1 

+ — 

+ - + 

— + 

77 \ 

3 

5 

7 

2/1 

1 

1 

1 

> — - 

+ 

+ - + 

— + 

77\2 

: 

6 

8 

= oo. 





11. (a) Area = | -r 2 dd 


pi 

Jo 2 

i 

2jo 


sec 2 6 dO 


(b) tan a = y => Area = -(l)tan a 



'a 

tan a = sec 2 0 dO 

Jo 


(c) Differentiating, —(tan a) = sec 2 a. 
da 


x= 1 
r = sec 0 


13. If a dog is located at (r, 9), then its neighbor is at ^r, 0 + pj: 

(x, v) = (r cos 6, r sin 6) and (x, y) = (— r sin 9, r cos 9). 
The slope joining these points is 

r cos 9 — r sin 9 sin 9 — cos 9 


— r sin 9 — r cos 9 sin 9 + cos 9 


= slope of tangent line at (r, 9). 


dr 

— sind+rcosd . 
d0 sin 9 — cos 9 

dr . sin 9 + cos 9 

—cos 9 — r sin 9 

d9 


dr 

~d9 

dr 


= —d9 


( 


d_ 

UJ - J2 


r\ — I = 


in r = - 9 + Cj 
r = e ~ e+c > 
r = Ce~ e 

r = Ce~*' A = 


72 


C = 

72 


Finally, r = — —eft”/ 4 ) e)_ 


15. (a) The first plane makes an angle of 70° with the positive 
x-axis, and is 150 miles from P: 

x, = cos 70°(150 - 375?) 

= sin 70°(150 - 375r) 

Similarly for the second plane, 



The minimum distance is 7.59 miles when t = 0.4145 


sin 70(150 - 3757)] 2 ] 1 / 2 


x 2 = cos 135°(190 - 450r) 

= cos 45°(— 190 + 4507) 
y 2 = sin 135°(190 - 4507) 

= sin 45°(190 - 450?) 

(b) d = 

= [[cos 45( — 190 + 4507) - cos 70(150 - 3757)] 2 + [sin 45(190 - 4507) - 
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CHAPTER P 
Preparation for Calculus 

Section P.l Graphs and Models 

Solutions to Odd-Numbered Exercises 


1. y = — \x + 2 
x-intercept: (4, 0) 
^-intercept: (0, 2) 
Matches graph (b) 


3. y = 4 - x 2 

x-intercepts: (2,0), ( — 2,0) 
y-intercept: (0, 4) 

Matches graph (a) 


5 . y — \x + 1 


X 

-4 

-2 

0 

2 

4 

y 

-5 

-2 

1 

4 

7 


y 



7. y = 4 - x 2 



-3 

-2 

0 

2 

3 

y 

-5 

0 

4 

0 

-5 


y 



9 . y = \x + 2\ 


Jt 

-5 

-4 

-3 

-2 

-1 

0 

1 

y 

3 

2 

1 

0 

1 

2 

3 


11. y = Vx - 4 


X 

0 

1 

4 

9 

16 

y 

-4 

-3 

-2 

-1 

0 




2 


Section P.l Graphs and Models 3 


13 . 


Xmin = -3 
Xmax = 5 
Xscl = 1 
Ymin = -3 
Ymax = 5 
Yscl = 1 



Note that y = 4 when x = 0. 

(a) (2, y) = (2, 1.73) (y = 75-2 = V 

(b) (x, 3) = (-4, 3) (3 = 75 - (-4)) 

17. y = x 2 + x — 2 

19. y = x 2 725 - .x 2 

y-intercept: y = 0 2 + 0 — 2 

y-intercept: y = 0 2 725 — 0 2 

y = -2; (0,-2) 

y = 0; (0, 0) 

x-intercepts: 0 = x~ + x — 2 

x-intercepts: 0 = x 2 725 — x 2 

0 = (x + 2)(x - 1) 

0 = x 2 7(5 — x)(5 + x) 

x = -2, 1; (-2,0), (1,0) 

x = 0, ±5; (0, 0); (±5, 0) 

21. , - 3 < 2 " 
X 

23. x 2 y - x 2 + 4y = 0 

y-intercept: None, x cannot equal 0. 

y-intercept: 

„ 3(2 - 7v) 

0 2 (v) - 0 2 + 4v = 0 

^-intercepts: 0 = 

y = 0; (0, 0) 

0 = 2 - Vx 

x-intercept: 

x = 4; (4, 0) 

x 2 (0) - x 2 + 4(0) = 0 


x = 0; (0, 0) 


25. Symmetric with respect to the y-axis since 
y = (- x ) 2 - 2 = x 2 - 2. 


27. Symmetric with respect to the x-axis since 
(— y) 2 = y 2 = x 3 — 4x. 


29. Symmetric with respect to the origin since 
(-.x)(-y) = xy = 4. 


31. y = 4 — Jx + 3 

No symmetry with respect to either axis or the origin. 


33. Symmetric with respect to the origin since 
—x 


^ (-*) 2 + 1 


y = 


X 

X 2 + 1' 


35. y = |x 3 + x| is symmetric with respect to the y-axis 
since y = |(— x) 3 + (— x)| = | — (x 3 + x)| = |x 3 + x\. 


37. y = — 3x + 2 
Intercepts: 

(I, 0), (0, 2) 

Symmetry: none 
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39..v = §-4 

Intercepts: 

(8,0), (0,-4) 
Symmetry: none 



41. y = 1 - x 2 43. 

Intercepts: 

( 1 , 0 ), (— 1 , 0 ), ( 0 , 1 ) 

Symmetry: v-axis 



45. y = x 3 + 2 

Intercepts: 

(- 4/2,0), 2 ) 

Symmetry: none 





Intercepts: none 
Symmetry: origin 


47. y = x^/x + 2 
Intercepts: 

(0,0), (-2,0) 
Symmetry: none 
Domain: x > — 2 


49. 



(0,6), (-6, 0), (6, 0) 


y 2 = x + 9 
y = ±Vx + 9 
Intercepts: 

(0, 3), (0, -3), (-9,0) 
Symmetry: x-axis 



57. x + 3y 2 = 6 

3y 2 = 6 — x 



Intercepts: 

(6, 0), (0, 72), (O, - 
Symmetry: x-axis 


y = (x + 3) 2 

Intercepts: 

( — 3, 0), (0, 9) 
Symmetry: none 


y 



Intercepts: (0, 0) 
Symmetry: origin 


4 

3 

2 



-3 
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59. y = (x + 2)(x — 4)(x — 6) (other answers possible) 


61. Some possible equations: 

y = * 

y = x 3 
y = 3x 3 - x 
y= $Tx 


63. x + y = 2 => y = 2 — x 
2x — y = 1 => y = 2x — 1 

2 — x — 2x — 1 
3 = 3x 
1 = x 

The corresponding y- value is y = 1 . 
Point of intersection: (1,1) 


67. x 2 + y = 6 => y = 6 — x 2 
x + y = 4 => y = 4 — x 
6 - x 2 = 4 - x 


0 = x 2 — x — 2 
0 = (x — 2)(x + 1) 
.v = 2, - 1 


The corresponding y-values are y — 2 (for x = 2) 
and y = 5 (for x = — 1). 

Points of intersection: (2, 2), (— 1, 5) 


65. x + y — 7 => y = 7 — x 

3x~2y= ll=>y = 3 *~ 

„ 3x - 11 
7 ~ X = — 2 ~ 

14 — 2x = 3* — 1 1 

— .5.v = -25 

x = 5 

The corresponding value is y = 2. 
Point of intersection: (5, 2) 


69. x 2 + y 2 = 5 y 2 = 5 — x 2 
x — y = 1 => y — x — 1 
5-x 2 = (x- l) 2 

5 — x 2 = x 2 — 2x + 1 

0 = 2* 2 - 2x - 4 = 2(x + l)(x - 2) 

x = — 1 or x = 2 

The corresponding y - values are y = —2 and y = 1. 
Points of intersection: (— 1, —2), (2, 1) 


71. y = x 3 
y = x 
x 3 = x 
x 3 — x = 0 

x(x + l)(x — 1) = 0 
x = 0, x = — 1, or jr = 1 

The corresponding y- values are y = 0, y = — 1, and 

y = i. 


73. y = x 3 — 2x 2 + x — 1 

y = -x 2 + 3x - I 
x 3 — 2r 2 + x — 1 = —x 2 + 3x — 1 
x 3 — x 2 — 2x = 0 
x(x — 2)(x + 1) = 0 

x = -1,0,2 
(-1,-5), (0,-1), (2, 1) 



Points of intersection: (0, 0), (— 1, — 1), (1, 1) 
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75. 5.5Vx + 10,000 = 3.29x 

(5.5y*) 2 = (3.29.Y - 10.000) 2 

30.25.Y = 10. 824 lx 2 - 65,800x + 100,000,000 

0 = 10.8241.V 2 — 65,830.25x + 100,000,000 Use the Quadratic Formula. 
x ~ 3133 units 

The other root, x ~ 2949, does not satisfy the equation R — C. 

This problem can also be solved by using 

77. (a) Using a graphing utility, you obtain 

y = —0.0153 1 2 + 4.997 It + 34.9405 

(c) For the year 2004, t = 34 and 
y « 187.2 CPI. 


79. 400 



If the diameter is doubled, the resistance is changed by approximately a factor of (1/4). For instance, y(20) ~ 26.555 and 
>'(40) = 6.36125. 

81. False; x-axis symmetry means that if (1, —2) is on the graph, then (1, 2) is also on the graph. 

83. True; the x-intercepts are 

I — b ± Jb 1 — 4 ac \ 

V 2a )' 

85. Distance to the origin = K x Distance to (2, 0) 

Jx 2 + y 2 = Kj(x - 2) 2 + y 2 , K + 1 
x 2 + y 2 = K 2 (x 2 - Ax + 4 + v 2 ) 

(1 - K 2 )x 2 + (1 - K 2 )y 2 + 4K 2 x - 4K 2 = 0 
Note: This is the equation of a circle! 


a graphing utility and finding the intersection of the graphs of C and R. 


(b) 
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Section P.2 Linear Models and Rates of Change 



13. m = 


2/3 - 1/6 
-1/2 - (-3/4) 


1/2 

1/4 


= 2 


y 



15. Since the slope is 0, the line is horizontal and its equation is y = 1. Therefore, three additional points are (0, 1), (1, 1), 
and (3, 1). 


17. The equation of this line is 

y - 7 = -3(* - i) 

y = —3x + 10. 

Therefore, three additional points are (0. 10), (2, 4), and (3. 1). 

19. Given a line L, you can use any two distinct points to calculate its slope. Since a line is straight, the ratio of the change in 
y-values to the change in .r-values will always be the same. See Section P.2 Exercise 93 for a proof. 



8 Chapter P Preparation for Calculus 



I I I I I I I I l : 
123456789 

Year (0 <-> 1990) 


23 . x + 5y = 20 

y = -5* + 4 

Therefore, the slope is m — — 5 and the ^-intercept is 
(0,4). 


(b) The slopes of the line segments are 

255.0 - 252,1 
2 - 1 

257.7 - 255.0 

3- 2 

260.3 - 257.7 

4- 3 

262.8 - 260.3 

5- 4 

265.2 - 262.8 

6- 5 

267.7 - 265.2 

7- 6 

270.3 - 267.7 

8- 7 

The population increased most rapidly from 1991 to 1992. 
(m = 2.9) 

25. x = 4 

The line is vertical. Therefore, the slope is undefined and 
there is no y-intercept. 


2.9 

2.7 

2.6 

2.5 

2.4 

2.5 

2.6 


27 . y = \x + 3 
4 y = 3 * + 12 
0 = 3x - 4y + 12 


29 . y = \x 

3y = lx 
2x — 3y = 0 


31 . y + 2 = 3(x — 3) 

y + 2 = 3x - 9 
y = 3x — 11 


y - 3x + 11 = 0 
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39 . 



Undefined. 


Vertical line x = 5 


y 


9 - 



8 - 


'( 5 , 8 ) 

7 - 



6 - 



5 - 



4 - 



3 - 



2 - 



1 


• ( 5 , 1 ) 

-! 

.12 3 4 

6 7 8 9 * 

- 2 - 




41 . m 


7/2 - 3/4 

1/2 - 0 


11/4 _ JJ_ 
1/2 “ 2 


y ~ 


3 

4 


U 

2 


(x - 0) 


y = 



3 

4 


22x — 4y + 3 = 0 


y 



43 . x = 3 

x - 3 = 0 


( 3 , 0 ) 
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The lines do not appear perpendicular. The lines appear perpendicular. 

The lines are perpendicular because their slopes 1 and — 1 are negative reciprocals of each other. 
You must use a square setting in order for perpendicular lines to appear perpendicular. 


59 . 4x - 2y = 3 

y = 2* - I 

m = 2 

(a) y — 1 = 2(x — 2) 
y - 1 = 2x - 4 

2x — y — 3 = 0 

(b) y - 1 = -y(x - 2) 

2y — 2 = —x + 2 

x + 2y - 4 = 0 

63 . (a) x = 2 => x — 2 — 0 
(b) y = 5 => y — 5 = 0 

65 . The slope is 125. Hence, V = 125 (t - 1) + 2540 

= 125 1 + 2415 

67 . The slope is —2000. Hence, V = — 2000(? — 1) 4 

= — 2000t + 22, 4( 


61 . 5jc - 3y = 0 



(a) y - 8 = K* - !) 

24_y - 21 = 40x - 30 
24y - 40* + 9 = 0 

(b) y~l= ~ !) 

40y - 35 = — 24x + 18 
40y + 24 ,y - 53 = 0 


20,400 



You can use the graphing utility to determine that the points of intersection are (0. 0) and (2, 4). Analytically, 

xf = 4x - x 2 


2x 2 - 4x = 0 
2x(x - 2) = 0 

x = 0 => y = 0 => (0, 0) 
x = 2=>y = 4 =>(2.4). 

The slope of the line joining (0, 0) and (2, 4) is m = (4 — 0)/(2 — 0) = 2. Hence, an equation of the line is 
y - 0 = 2(x - 0) 
y — 2 x. 
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1 - ° 

m ' = — 2 — (— 1) = — 1 

- 2-0 2 
'" 2_ 2-(-l)“ 3 

m 1 A m 2 

The points are not collinear. 


73. Equations of perpendicular bisectors: 

a + b\ 
X ~—) 


Letting x = 0 in either equation gives the point of inter- 
section: 

— a 2 + b 2 + c 2 \ 

r 

This point lies on the third perpendicular bisector, x = 0. 


c a + b / 




75. Equations of altitudes: 

a ~ b , , ^ 

y = ( x + a) 

c 

x = b 

a + b . 

y = (x — a) 

Solving simultaneously, the point of intersection is 



y 



y 



77. Find the equation of the line through the points (0, 32) and (100, 212). 


Wl inn 


F - 32 = |(C - 0) 


F = |C + 32 
5F — 9C — 160 = 0 
For F = 72°, C « 22.2°. 


79. (a) W j = 0.75v + 12.50 
W 2 = 1.3 Ox + 9.20 

(c) Both jobs pay $17 per hour if 6 units are produced. 
For someone who can produce more than 6 units per 
hour, the second offer would pay more. For a worker 
who produces less than 6 units per hour, the first offer 
pays more. 



Using a graphing utility, the point of intersection is 
approximately (6, 17). Analytically, 

0.75.x + 12.50 = 1.30x + 9.20 

3.3 = 0.55x => x — 6 


y = 0.75(6) + 12.50 = 17. 
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81 . (a) Two points are (50, 580) and (47, 625). The slope is 
625 - 580 

m = 47 — 50 =“ 15 - 
p - 580 = - 1 5 Or - 50) 

p = - 15.r + 750 + 580 = - 15a + 1330 
or a = jj(1330 — p) 



If p = 655, a = Yg (1330 - 655) 
(c) Ifp = 595, a = 15(1330 - 595) 


83. 4a + 3y - 10 = 0 => d = 


74 2 + 3 2 


2 


85. a y 2 — 0 = 


, 1 1 (- 2 ) + (-!)(!) - 2 | 


5 = 5V2 

V2~ 2 


87. A point on the line a + y = 1 is (0, 1). The distance from the point (0, 1) to a + y — 5 = 0 is 

d - , IlyA ■ 4 , 272. 

7l 2 + l 2 72 V2 


89. If A = 0, then By + C = 0 is the horizontal line y = —C/B. The distance to (a , , yj) is 


d = 


Ti 


-C 

B 


| By j + C| |At"i T By | + C| 
|B| “ 7 a 2 + B 2 


If B = 0. then Aa + C = 0 is the vertical line a = — C/A. The distance to (x v y t ) is 


d = 


-C 


|Aaj + C | |Aaj + By | + C| 

^71 ~ 7A 2 + B- 


(Note that A and B cannot both be zero.) 

The slope of the line Aa + By + C = 0 is — A/B. The equation of the line through (x v Vj) perpendicular 
to Aa + By + C = 0 is: 

y~yi = j(x - a ,) 

Av — Ayj = Bx — Ba, 

B.Aj — Ayj = Ba — Ay 
The point of intersection of these two lines is: 


Aa + By = — C 
Ba — Ay = Ba, — Ay, : 


A 2 a + ABy = -AC 

B 2 a - ABy = B 2 a, - ABy, (2) 


(1) 


(A 2 + B 2 ) a = —AC + B 2 a, — ABv, (By adding equations (1) and (2)) 

—AC + B 2 a, — ABy, 

= A 2 + B 2 

Aa + By = -C => ABa + B 2 y = -BC (3) 

Ba — Ay = Ba, — Ay,=> — AB r + A 2 y = —ABa, + A 2 y, (4) 

(A 2 + B 2 )y = — BC — ABa, + A 2 y, (By adding equations (3) and (4)) 

— BC — ABa, + A 2 y, 

- V = A 2 + B 2 


45 units. 
49 units. 


—CONTINUED— 
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—AC + B 2 x , — ABy , — BC — AB.x, + A 2 y, 
A 2 + B 2 ' A 2 + B 2 


89. —CONTINUED— 

4Rv. -fir - 4 fiv + 4V\ 

point of intersection 

The distance between (x,, y,) and this point gives us the distance between (x,, y,) and the line Ax + By + C = 0. 
d = 


—AC + B 2 x, — ABy, 


A 2 + B 2 


+ 


— BC — ABx , + A 2 y, 
A 2 + B 2 


yi 


_ / 

—AC — ABv, — A 2 x, 

2 

+ 

\-BC - ABx x - B 2 y,]- 

“ V 

A 2 + B 2 

L A 2 + B 2 

J 

_ / 

~A(C + By 2 + 

2 

+ 

— B(C + Ax, + By,) 

2 

“ V 

A 2 + B 2 

A 2 + B 2 



{A 2 + B 2 )(C + Ax, + By,) 2 
(A 2 + /,■')' 


|Ax, + By, + C| 
^A 2 + B 2 


91. For simplicity, let the vertices of the rhombus be (0, 0), 
(a, 0), ( h , c ), and (a + b, c), as shown in the figure. The 
slopes of the diagonals are then 


c c 

m , = -and m, = 


a + b 


b — a 


Since the sides of the Rhombus are equal, a 2 = b 2 + c 2 , 
and we have 




a + b b — a b 2 — 


= - 1 . 


Therefore, the diagonals are perpendicular. 


y 



93. Consider the figure below in which the four points are 
collinear. Since the triangles are similar, the result imme- 
diately follows. 

.v - -V = ~ yi 

x 2 * — X[* x 2 — X, 


y 



95. True. 


ax + by = c. 


a c, 

■y = - b x+ t 


bx — ay = c 2 


O Cry 

> y = —x - 

a a 


b 

a 


m 2 


m { 


& I a 
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Section P.3 Functions and Their Graphs 


1. (a) /(0) = 2(0) - 3 = -3 

(b) /(— 3) = 2(— 3) - 3 = -9 

(c) f(b) = 2b - 3 

(d) f(x - 1) = 2(x - 1) - -'3 = 2x - 5 


5 . (a) /( 0) = cos(2(0)) = cos 0=1 



3. (a) g(0) = 3 - 0 2 = 3 

(b) g{J 3) = 3 - (73 f = 3-3 = 0 

(c) g(-2) = 3 - (— 2) 2 = 3 - 4 = -1 

(d) g(t - 1) = 3 - (t - l) 2 = -t 2 + 2t + 2 

(b) f {~fj = cos ( 2 (“f)) = cos (“ 


f(x + Ax) — /(x) __ (x + Ax) 3 — x 3 


Ax 


Ax 


.x 3 + 3x 2 Ax + 3x(Ax) 2 + (Ax) 3 — x 3 

Ax 


3x 2 + 3xAx + (Ax) 2 , Ax + 0 


fix ) ~ /( 2) = (l/7x -1-1) 
x — 2 x — 2 

= 1 - Jx - 1 ' 1 + Jx - 1 = 2 - X = ^1 ? 

(x — 2)7x — 1 1 + Jx — 1 (x — 2)Jx — 1(1 + 7x — 1) Jx — 1(1 + Jx — 1) 


11 . h(x) = — 7x + 3 

Domain: x + 3 > 0 => [—3, oo) 
Range: (— oo, 0] 


15 . fix) = ± 

Domain: (— oo, 0), (0, oo) 
Range: (— oo, 0), (0, oo) 


17 . fix) 


[2x + 1, x < 0 
[2x + 2, x > 0 


(a) /(- 1) = 2(- 1) + 1 = - 1 


(b) /( 0) = 2(0) + 2 = 2 

(c) /( 2) = 2(2) + 2 = 6 

(d) /(f 2 + 1) = 2 (r 2 + 1) = 2f + 4 


(Note: r 2 + 1 > 0 for all f) 


Domain: (— 00 , 00 ) 


Range: (— 00 , 1), [2, 00 ) 


13 . /(/) = sec ^ 


7 rt (2k + 1)77 

T + 2 


7 ^ 4A: + 2 


Domain: all 7 # 4^ + 2, k an integer 
Range: (— 00 , — 1], [1, 00 ) 


19 . /(x) 


r |x| + 1, x < 1 

[— X + 1, X > 1 


(a) /(— 3) = | 3 1 + 1= 4 

(b) /(l) = —1 + 1=0 


(c) /( 3) = -3 + 1 = -2 


(d) fib 2 + 1) = ~(b 2 + 1) + 1 = -b 2 

Dornain: (— 00 , 00 ) 

Range: (— 00 , 0] U [1, 00 ) 


b I <n 
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21. fix) = 4-x 

Domain: ( — oo, oo) 
Range: ( — 00 , 00 ) 


y 



23. h(x) — Vx — 1 
Domain: [1, 00 ) 
Range: [0, 00 ) 



25. fix) = V9 — x 2 
Domain: [—3,3] 
Range: [0, 3] 



27. g{t) = 2 sin 7 rt 
Domain: ( — 00 , 00 ) 
Range: [ — 2, 2] 



29. x — y 2 = 0=>y = ±Jx 

y is not a function of x. Some vertical lines intersect 
the graph twice. 

33. x 2 + y 2 = 4 => y = + V4 - x 2 

y is not a function of x since there are two values of y for 
some x. 


31. y is a function of .r. Vertical lines intersect the graph 
at most once. 

35. y 2 = x 2 — 1 => y = ± Jx 2 ~ 1 

y is not a function of x since there are two values of y for 
some x. 


37. fix) = \x\ + \x - 2| 

If x < 0, then/(.r) = — x — (x — 2) = — 2x + 2 = 2(1 — x). 

If 0 < x < 2, then/(^) = x — {x — 2) = 2. 

If x > 2, then/(jc) — x + (x — 2) = Tx — 2 = 2(x — 1). 

Thus, 

f2(l — jc), x < 0 
fix) = 12, 0 < x < 2. 

[2(x - 1), x > 2. 


39. The function is g(x) = cxr. Since (1, —2) satisfies the 
equation, c = — 2. Thus, g(x) = — 2x 2 . 

43. (a) For each time t, there corresponds a depth d. 

(b) Domain: 0 < t < 5 
Range: 0 < d < 30 



41. The function is r(x) = c/x, since it must be undefined at 
x = 0. Since (1, 32) satisfies the equation, c = 32. Thus, 
r{x) = 32/x. 

45. ■< 
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47. (a) The graph is shifted 
3 units to the left. 


(c) The graph is shifted 
2 units upward. 



(b) The graph is shifted 
1 unit to the right. 


(d) The graph is shifted 
4 units downward. 





51. (a) 7(4) = 16°, 7(15) « 23° 

(b) If H(t) = T(t — 1). then the program would turn on (and off) one hour later. 

(c) If H(t) = 7(f) — 1, then the overall temperature would be reduced 1 degree. 


53. f(x) = x 2 , g(x) = x/x 

(f°g)(x) =f(g(x )) =f(Vx) = (Vx)~ = x, X > 0 
Domain: [0, oo) 

(g °f)(x) = g(f{x)) = g{x 2 ) = Jx 2 = |x| 

Domain: (— 00 , 00 ) 

No. Their domains are different. (f°g) = ( g °f) forx > 0. 


55. f(x) = K g(x) = x 2 - 1 

(f°g)(x) =f(g(x)) =/(x 2 - 1) = 

Domain: all x ¥= +1 

( g •/)(*) = g(f(x)) = = (f) - 1 = | - 1 = 9 -^r 

Domain: all x ^ 0 
No ,fo g ± g *f 
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57. (A ° r)(t) = A(r(t)) = A (0.6;) = tt(0.6 t) 2 = 0.36irf 2 59. f(~x) = (-*) 2 (4 - (-*) 2 ) = x 2 (4 - x 2 ) = fix) 

(A ° r)(t) represents the area of the circle at time t. Even 

61. f(—x) = (— x) cos(— x) = — * cos* = —fix) 

Odd 

63. (a) If/is even, then (§, 4) is on the graph. (b) If/is odd, then (§, —4) is on the graph. 

65. /(— x) = a 2n + l (— *) 2 " + 1 + • ■ ■ + a 3 (— *) 3 + af—x) 

= —[a 2n + 1 * 2,I+1 + ■ • • + a 3 x 3 + a t x] 

= ~f(x) 

Odd 


67. Let Fix) = fix)gix) where /and g are even. Then 
Fi~x) =fi~x)gi~x) =f(x)g(x) = Fix). 

Thus, F(x) is even. Let F(x) = fix)gix) where /and g are odd. Then 
F(~x) = fi~x)gi~x) = [-/(v)][-g(v)] =fix)gix) = Fix). 
Thus, F{x) is even. 


69. fix) = x 2 + 1 and g(x) = x 4 are even. 
/(.r)g(.v) = ix 2 + 1 )ixf) — x 6 + x 4 is even. 



fix) = x 3 — x is odd and g(v) = x 2 is even. 
fix)g(x) = ix 3 — x)ix 2 ) = x 5 — x 3 is odd. 


4 



X 

length and width 

volume V 

1 

24 - 2(1) 

484 

2 

24 - 2(2) 

800 

3 

24 - 2(3) 

972 

4 

24 - 2(4) 

1024 

5 

24 - 2(5) 

980 

6 

24 - 2(6) 

864 


The maximum volume appears to be 1024 cm 3 , 
(c) V = .*(24 — 2*) 2 = 4*(12 — x ) 2 
Domain: 0 < * < 12 


(b) 1200 




Maximum volume is V = 1024 cm 3 for box having 
dimensions 4 x 16 x 16 cm. 


73. False; let/(.v) = x 2 . 

Then/(— 3) =/(3) = 9, but -3 * 3. 


75. True, the function is even. 
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Section P.4 Fitting Models to Data 


1. Quadratic function 


3. Linear function 



Yes. The cancer mortality increases linearly with 
increased exposure to the carcinogenic substance. 

(c) If x = 3. theny ~ 136. 


7. (a) d = 0.066F or F = 15. Id + 0.1 



The model fits well. 

(c) If F = 55, then d « 0.066(55) = 3.63 cm. 


9. (a) Let * = per capita energy usage (in millions of Btu) 

y = per capita gross national product (in thousands) 

y = 0.0764* + 4.9985 = 0.08* + 5.0 
r = 0.7052 



(c) Denmark, Japan, and Canada 

(d) Deleting the data for the three countries above, 
y = 0.0959* + 1.0539 

(r = 0.9202 is much closer to 1.) 


11 . (a) yi = 0.0343t 3 - 0.345 If 2 + 0.8837t + 5.6061 
y 2 = 0.1095r + 2.0667 

y 3 = 0.09 17t + 0.7917 


(b) 


15 



For 2002, f = 12 and y x + y 2 + y 3 ~ 31.06 cents/mile 


13 . (a) y, = 4.0367f + 28.9644 

y 2 = — 0.0099t 3 + 0.5488t 2 + 0.2399 1 + 33.1414 



(c) The cubic model is better. 


(d) y 3 = 0.4297F + 0.5994 1 + 32.9745 


70 



(e) The slope represents the average increase per year 
in the number of people (in millions) in HMOs. 

(f) For 2000, t = 10, and y, = 69.3 million, (linear) 
y 2 ~ 80.5 million (cubic) 
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15 . (a) y = — 1.8 1* 3 + 14.58* 2 + 16.39* + 10 

(b) 300 



(c) If * = 4.5, y ~ 214 horsepower. 


17 . (a) Yes, y is a function of t. At each time t, there is one 
and only one displacement y. 

(b) The amplitude is approximately 

(2.35 - 1.65)/2 = 0.35. 

The period is approximately 
2(0.375 - 0.125) = 0.5. 

(c) One model is y = 0.35 sin(47rt) + 2. 

(d) 1 , 



Ol 1 - — ' I 0.9 

0 


19 . Answers will vary. 


Review Exercises for Chapter P 


1. y = 2x — 3 

x = 0 => y = 2(0) 3 = — 3 => (0, — 3) y-intercept 

y = 0 => 0 = 2x — 3 => * = | => (|, o) ^-intercept 


3 . >■ = 

x = 




y-intercept 


5. Symmetric with respect to y-axis since 
(- x . ) 2 y - (-*) 2 + 4y = 0 
x 2 y - x 2 + 4y = 0. 
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13 . y = J5 — x 

Domain: (— 00 , 5] 



15 . y = 4x 2 - 25 


Xmin = -5 
Xmax = 5 
Xscl = 1 
Ymin = -30 
Ymax = 10 
Yscl = 5 


17 . 3x - 4y = 8 
4x + 4 y = 20 
lx = 28 
x= 4 

y= 1 

Point: (4. 1) 


19 . You need factors (x + 2) and (x — 2). Multiply by x to obtain origin symmetry 
y = x(x + 2)(x — 2) 

= x 3 - 4x. 



Slope 


(5/2) ~ 1 
5 - (3/2) 


3/2 _ 3 
7/2 “ 7 
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29. (a) y — 4 = — (x + 2) 


(c) 


16y - 64 = lx + 14 

0 = lx - 16y + 78 
4-0 


- 2-0 
y = — 2x 
2x + y = 0 


= -2 


(b) Slope of line is — . 

y - 4 = f (* + 2 ) 

3v - 12 = 5jc + 10 

0 = 5,v — 3y + 22 

(d) x= -2 
x + 2 = 0 


31. The slope is -850. V = - 850/ + 12,500. 

V(3) = -850(3) + 12,500 = $9950 

33. x — y 2 = 0 

y = ±Vx 

Not a function of * since there are two values of y for 
some x. 


y 



35. y = x 2 — 2x 

Function of x since there is one value of y for each x. 



37. fix) = 


(a) /( 0) does not exist. 


(b) 


1 _ \_ 

/( 1 + Ax) -/(!) _ l + Ax 1 __ 1 — 1 — Ax 


Ax 


-1 


1 + Ax' 


Ax (1 + Ax) Ax 

Ax * -1,0 


39. (a) Domain: 36 — x 2 > 0 => — 6 < x < 6 or [—6, 6] 
Range: [0. 6] 

(b) Domain: all x + 5 or (— oo, 5), (5, oo) 

Range: all y ¥=0 or ( — oo, 0), (0, oo) 

(c) Domain: all .v or (— 00 , 00 ) 

Range: all y or (— 00 , 00 ) 


41. (a) f{x) = x 3 + c, c = — 2, 0, 2 



(b) f(x) = (x — c) 3 , c — — 2, 0, 2 



—CONTINUED— 
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43. (a) Odd powers: /(* ) = *, g(x) = x 3 , /;(*) = x 5 


Even powers: f(x) = x 2 , g(x) = x 4 , h(x) = x 6 




r 

A 



The graphs off, g, and h all rise to the left and to the 
right. As the degree increases, the graph rises more 
steeply. All three graphs pass through the points (0, 0), 
(1, 1). and(-l, 1). 

(b) y = x 7 will look like h(x) = x 5 , but rise and fall even more steeply, 
y = x 8 will look like h(x) = x 6 , but rise even more steeply. 


The graphs off g, and h all rise to the right and fall to 
the left. As the degree increases, the graph rises and 
falls more steeply. All three graphs pass through the 
points (0, 0), (1, 1). and (— 1. — 1). 


45. (a) 


y 


X 


X 


y 


2x + 2y = 24 

y = 12 — x 

A = xy = *(12 — x) — 12* — x 2 


(b) Domain: 0 < * < 12 


40 



(c) Maximum area is A = 36. In general, the maximum 
area is attained when the rectangle is a square. In this 
case, * = 6. 


47. (a) 3 (cubic), negative leading coefficient 

(b) 4 (quartic), positive leading coefficient 

(c) 2 (quadratic), negative leading coefficient 

(d) 5, positive leading coefficient 


49. (a) Yes, y is a function of t. At each time t, there is one 
and only one displacement y. 

(b) The amplitude is approximately 

(0.25 - (— 0.25))/2 = 0.25. 

The period is approximately 1.1. 

(c) One model is y = ^ cos^y-y f j ~ ^ cos(5.7 1) 


(d) 


•W 


2.2 


- 0.5 
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CHAPTER P 
Preparation for Calculus 

Section P.l Graphs and Models 

Solutions to Even-Numbered Exercises 


2 . y = J9 - x 2 

.r-intercepts: (—3,0), (3,0) 
^-intercept: (0, 3) 

Matches graph (d) 


4 . y = x 3 — x 

^-intercepts: (0, 0), (— 1, 0), (1, 0) 
y-intercept: (0, 0) 

Matches graph (c) 


6 . y = 6 — 2x 


X 

-2 

-1 

0 

1 

2 

3 

4 

y 

10 

8 

6 

4 

2 

0 

-2 


y 



8 . y = (x ~ 3) 2 



0 

1 

2 

3 

4 

5 

6 

y 

9 

4 

1 

0 

1 

4 

9 


y 



10 . y = \x\ - 1 


X 

-3 

-2 

-1 

0 

1 

2 

3 

y 

2 

1 

0 

-1 

0 

1 

2 


12 . y = + 2 


X 

-2 

-1 

0 

2 

7 

14 

y 

0 

1 

72 

2 

3 

4 


y y 
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14. 


Xmin = -30 
Xmax = 30 
Xscl = 5 
Ymin = -10 
Ymax = 40 
Yscl = 5 


Note that y = 1 0 when x = 0 or x = 10. 


16. 


6 


. . ,J\ 



J 


-6 


(a) (—0.5, y) = (-0.5,2.47) 

(b) (x, —4) = (—1.65, —4) and (x, —4) = (1, —4) 


18. y 2 = x 3 — 4x 

y-intercept: y 2 = 0 3 — 4(0) 
y = 0; (0, 0) 
x-intercepts: 0 = x 3 — 4x 

0 = x(x — 2)(x + 2) 
x = 0, ±2; (0. 0), (±2, 0) 


20. y = (x — l)7x 2 + 1 

y-intercept: y = (0 — l)70 2 + 1 

y= -i; (o,-i) 

x-intercepts: 0 = (x — l)7x 2 + 1 

x = 1; (1, 0) 


22 . 


x 2 + 3x 
y “ (3x + l) 2 


0 2 + 3(0) 

y-mtercept: y = [3(()j + |]2 


y = 0; (0, 0) 


x-intercepts: 


0 = 


x 2 + 3x 
(3x + l) 2 


_ x(x + 3) 
“ (3x + l) 2 


x = 0, -3; (0,0), (-3,0) 


24. y = 2x — 7x 2 + 1 

y-intercept: y = 2(0) — v^O 2 + 1 

y= — l; (0, — l) 

x-intercepts: 0 = 2x — Jx 2 + 1 

2x = Jx 2 + 1 
4x 2 = x 2 + 1 
3x 2 = 1 






Note: x = — ~/3/3 is an extraneous solution. 


26. y = x 2 — x 

No symmetry with respect to either axis or the origin. 


28. Symmetric with respect to the origin since 
(-y) = (-x) 3 + (-x) 

— y = —x 3 — x 
y = x 3 + x. 


30. Symmetric with respect to the x-axis since 
x(— y) 2 = xy 2 = — 10. 


32. Symmetric with respect to the origin since 

(— x)(— y) - 74 — (— x) 2 = 0 


xy - 74 - x 2 = 0. 
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34. v = 


x 2 + 1 


is symmetric with respect to the y-axis 


since y = 


( x) 2 x 2 

(— x) 2 +1 X 2 + 1' 


36. 


| v| — x = 3 is symmetric with respect to the x-axis 
since | — y| — x = 3 

bl - * = 3. 


38. y = + 2 

Intercepts: 

(4, 0), (0. 2) 
Symmetry: none 

y 



40. y = fx + 1 

Intercepts: 

(0, i),(-§, o) 

Symmetry: none 


y 



42. y = x 2 + 3 
Intercept: (0. 3) 
Symmetry: v-axis 



44. y = 2x 2 + x — x(2x + 1) 
Intercepts: 

( 0 , 0 ), (-1, o) 

Symmetry: none 



46. y = x 3 — 4x 
Intercepts: 

(0,0), (2,0), (-2,0) 

Symmetry: origin 



48. y = J9 - x 2 
Intercepts: 

(-3,0), (3,0), (0, 3) 
Symmetry: v-axis 
Domain: [—3,3] 


6 - 


5 - 


4 - 

'( 0 , 3 ) 



| -2 

(- 3 , 0 ) - 2 - 

1 2 \ 4 

( 3 , 0 ) 


50. x = y 2 - 4 
Intercepts: 

(0, 2), (0, -2), (-4, 0) 
Symmetry: x-axis 



52. y 


10 

x 2 + 1 


Intercepts: (0, 10) 
Symmetry: v-axis 


y 



54. y = 1 6 — x| 
Intercepts: 

(0, 6), (6, 0) 

Symmetry: none 
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/A - y 2 

56 . x 2 + 4y 2 = 4 => y = ± V ? 
Intercepts: 

(- 2 , 0 ), ( 2 , 0 ), ( 0 , - 1 ), ( 0 , 1 ) 
Symmetry: origin and both axes 
Domain: [—2,2] 


2 



( 0 , 1 ) 

~“N i /0 ) 




( 0 , - 1 ) 


-2 


58 . 3x - 4y 2 = 8 

4y 2 = 3x - 8 

y = ± J\x - 2 

Intercept: ( 3 ’ o) 
Symmetry: x-axis 


6 







-6 


60 . y = (x + §)(x — 2)(x — I) (other answers possible) 


64 . 2x — 3y = 13 => y = ^ 

„ „ , 1 - 5x 

5x + 3y = 1 => y = — — 

2x ~ 13 _ 1 - 5x 

3 “ 3 

2x - 13 = 1 - 5.v 

lx = 14 

x = 2 

The corresponding y- value is y = —3. 

Point of intersection: (2, — 3) 

68 . .v = 3 - y 2 => y 2 = 3 — x 
y = x — 1 
3 — x = (x — l) 2 
3 — x = x 2 — 2x + 1 

0 = x 2 — x — 2 = (x+ l)(x — 2) 
x = — 1 or x = 2 

The corresponding y- values are y = —2 and y = 1. 
Points of intersection: (— 1, —2), (2, 1) 


62 . Some possible equations: 

x = y 2 
x = |y| 
x = y 4 + 1 
x 2 + y 2 = 25 

5x - 9 

66. 5x — 6v = 9 => y = — — — 

— 7x + 3y = -18^y = 7x ~ 18 

5x - 9 = lx - 18 
6 3 

5x — 9 = 14x - 36 

27 = 9x 

x = 3 

The corresponding y- value is y = 1. 

Point of intersection: (3, 1) 

70 . x 2 + y 2 = 25 => y 2 = 25 - x 2 
2x + y = 10 => y = 10 — 2x 
25 - x 2 = (10 - 2x) 2 
25 - x 2 = 100 - 40x + 4x 2 

0 = 5x 2 - 40x + 75 = 5(x - 3)(x - 5) 
x = 3 or x = 5 

The corresponding v-values are y = 4 and y = 0. 
Points of intersection: (3, 4), (5, 0) 
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74 . y = x 4 - 2x 2 + 1 
y = 1 - x 2 

1 — x 2 = x 4 — 2x 2 + 1 
0 = x 4 — x 2 
0 = x 2 (x + l)(x — 1) 
x = -1,0,1 
(— 1 , 0 ), ( 0 , 1 ), ( 1 , 0 ) 


\y= 1 -x 2 


76. y = kx + 5 matches (b). 

Use (1, 7): 7 = k{l) + 5 => k = 2, thus, y = 2x + 5. 
y = x 2 + k matches (d). 

Use (1, -9): -9 = (l) 2 + £=>£ = -10, thus, y = x 2 - 10. 
y = fct 3 / 2 matches (a). 

Use (1, 3): 3 = £(l) 3 / 2 => k = 3, thus, y = 3x 3 / 2 . 
xy — k matches (c). 

Use (1, 36): (l)(36) = k=> k = 36, thus, xy = 36. 

78. (a) Using a graphing utility, you obtain 

y = — 0.1283f 2 + 11.0988? + 207.1116 

(c) For the year 2004, t = 54 and 
y ~ 432.3 acres per farm. 


80 . (a) If (x, y) is on the graph, then so is (— x, y) by y-axis symmetry. Since (— x, v) is on the graph, then so is (— x, — y) by 

x-axis symmetry. Hence, the graph is symmetric with respect to the origin. The converse is not true. For example, y = x 3 
has origin symmetry but is not symmetric with respect to either the x-axis or the y-axis. 

(b) Assume that the graph has x-axis and origin symmetry. If (x, v) is on the graph, so is (x, — y) by x-axis symmetry. Since 
(x, — y) is on the graph, then so is (— x, — (— y)) = (— x, v) by origin symmetry. Therefore, the graph is symmetric with 
respect to the y-axis. The argument is similar for v-axis and origin symmetry. 





72 . y = x 3 - 4x 
y = -(x + 2) 

x 3 — 4x = — (x + 2) 
x 3 — 3x + 2 = 0 
(x — l) 2 (x + 2) = 0 
x = 1 or x — —2 

The corresponding y- values are y = — 3 and y = 0. 
Points of intersection: (1, —3), (—2, 0) 


82. True 


84 . True; the x-intercept is 





Section P.2 Linear Models and Rates of Change 287 


Section P.2 Linear Models and Rates of Change 



16 . Since the slope is undefined, the line is vertical and its equation is x = —3. Therefore, three additional points are ( — 3, 2), 
(-3, 3), and (-3, 5). 

18 . The equation of this line is 
v + 2 = 2(x + 2) 
y = 2x + 2. 

Therefore, three additional points are (—3, —4), (— 1, 0), and (0, 2). 


20 . (a) Slope 


Ay __ I 
Ax 3 



30 ft 


By the Pythagorean Theorem, 
x~ = 30 2 + 10 2 = 1000 
x ~ 31.623 feet. 


22. (a) m = 400 indicates that the revenues increase by 400 in one day. 

(b) m = 100 indicates that the revenues increase by 100 in one day. 

(c) m = 0 indicates that the revenues do not change from one day to the next. 
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24 . 6x - 5y = 15 

y = $x -3 

Therefore, the slope is m = f and the y-intercept is 
(0,-3). 


26 . y = — 1 

The line is horizontal. Therefore, the slope is m = 0 and 
the y-intercept is (0, — 1). 



y - 0 = -3(jc - 0) 
y = ~3x 
3x + y = 0 


36 . 



(~4) 

(-3) 

2(x ~ 1) 

2x - 2 


8 

4 


2 


0 = 2x — y + 2 



y — 2 = — I (x — 1) 
y — 2 = — x + 1 
x + y - 3 = 0 





40 . m = 0 

y = -2 


y + 2 = 0 


42 . 


(3/4) - ( - 1/4) 
(7/8) - (5/4) 


1 

-3/8 


8 

3 


44 . m = 

a 



a 


y 


i 

1- 

1 

II 1 1^- 

1 

-1 

-1- 

11 1 1 ^ 

12 3 4 

-3- 

-4- 

(1, -2) (3, -2) 
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The lines are perpendicular because their slopes 2 and — \ are negative reciprocals of each other. 
You must use a square setting in order for perpendicular lines to appear perpendicular. 
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y = —x + 1 
m = — 1 

(a) y — 2 = — l(x + 3) 
y — 2 = — x — 3 

x + y + 1 = 0 

(b) y - 2 = l(x + 3) 
y — 2 = * + 3 

x - y + 5 = 0 

64. (a) y = 0 

(b) x = — 1 => + 1 = 0 


62. 3x + 4y = 7 



(a) y - 4 = -|(x + 6) 
4y - 16 = — 3x - 18 

3x + 4v + 2 = 0 

(b) y - 4 = |(x + 6) 
3y - 12 = 4x + 24 

4x — 3_v + 36 = 0 

66. The slope is 4.50. 

Hence, V = 4.5 (t - 1) + 156 
= 4.5 1 + 151.5 


68. The slope is -5600. Hence, V = -5600(? - 1) + 245,000 

= — 5600f + 250,600 



You can use the graphing utility to determine that the points of intersection are (0, 3) and (3, 0). Analytically, 
x 2 — 4x + 3 = —x 2 + 2x + 3 
2x 2 — 6x = 0 
2x(x — 3) = 0 

x = 0 => y = 3 => (0, 3) 
x = 3 => v = 0 => (3, 0). 

The slope of the line joining (0, 3) and (3, 0) is m = (0 — 3) / (3 — 0) = — 1. Hence, an equation of the line is 
y - 3 = - l(x - 0) 
y = -x + 3. 


72. m x = 


-6-4 
7-0 

11-4 

" ' 2 = ^0 
m x A m 2 


10 
’ 7 

7 

"5 


The points are not collinear. 
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74. Equations of medians: 


y= b X 


y = 


3 a + b 
c 


(x + a) 

( x — a) 


— 3 a + b 

Solving simultaneously, the point of intersection is 

b c\ 

3’ 3/' 


y 



b c 

76. The slope of the line segment from ( — , — ) to ( b. 


- b 2 \ . 


[( a 2 - £ 2 )/c] - (c/3) _ (3a 2 - 3 b 2 - c 2 )/(3c) _ 3 a 2 - 3 b 2 - c 2 


b - (b/3) 


(2*)/3 


2 be 


b c 

The slope of the line segment from | , — ) to ( 0. 


— a 2 + b 2 + 
2c 


[(—a 2 + b 2 + c 2 )/(2c)] - (c/3) (-3a 2 + 3b 2 + 3c 2 — 2c 2 )/(6c) __ 3a 2 - 3 b 2 - c 2 


0 - (b/3) 


-b/3 


2 be 


m l — m n 

Therefore, the points are collinear. 


78. C = 0.34.r + 150. If a = 137, C = 0.34(137) + 150 = $196.58 


80. (a) Depreciation per year: 

= $175 

y = 875 - 175a 
where 0 < a < 5. 

(b) y = 875 - 175(2) = $525 


82. (a) y = 18.91 + 3.97a (a = quiz score, y = test score) 
(b) 



1000 



(c) 200 = 875 - 175a 
175a = 675 
a ~ 3.86 years 

(c) If a = 17, y = 18.91 + 3.97(17) = 86.4. 

(d) The slope shows the average increase in exam score 
for each unit increase in quiz score. 

(e) The points would shift vertically upward 4 units. The 
new regression line would have a y-intercept 4 greater 
than before: y = 22.91 + 3.97 a. 


84. 4a + 3y — 10 = 0 => d = 


1 4(2) + 3(3) - 10| = 7 
s/4 2 + 3 2 5 


88. A point on the line 3a — 4y = 1 is (— 1, — 1). The distance from the point (— 1, — 1) to 3a — 4y — 10 = 0 is 

d = | — 3 +4 ~ 101 -9, 
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90. y = mx + 4 => mx + (— l)v + 4 = 0 

|A.v, + By, + C\ |m3 + (-l)(l) + 4| 

s/A 2 + B 2 s/m 2 + (— l) 2 

= 1 3m + 3| 

s/m 2 + 1 



The distance is 0 when m = — 1. In this case, the line y — — x + 4 contains the point (3, 1). 


92. For simplicity, let the vertices of the quadrilateral be 

(0, 0), (a, 0), ( b , c), and ( d , e), as shown in the figure. The 
midpoints of the sides are 



la + b c\ 

l 2 ’ 2/ 


!b + d c + e 
\ 2 ’ 2 


, and 



The slope of the opposite sides are equal: 

c + e 


1 -0 
a + b a 
— 2 2 


0 - 

a 
2 


fc + d 
2 

c + e 


e 

2 c 
b 


d 
' 2 


2 


c 

2 ~ 2 
a + b + d 


a — d 


Therefore, the figure is a paralleogram. 


y 



94. If m j = — l/m 2 , then mpn^ = — 1. Let L 3 be a line with 96. False; if wq is positive, then m 2 — — 1 /m x is negative, 

slope m 3 that is perpendicular to L v Then m l m 3 = — 1. 

Hence, m 2 — m 3 => L n and L 3 are parallel. Therefore, L n 
and L[ are also perpendicular. 
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2. (a) /(— 2) = s/~2 + 3 = sA = 1 

(b) /( 6) = 76 + 3 = s/9 = 3 

(c) /(c) = Vc + 3 

(d) f(x + A.v) = s/x + Av + 3 


6. (a) /( it ) = sin7r = 0 



73 

2 


4. (a) g(4) = 4 2 (4 ~ 4) = 0 

(b) a = (l) 2 (l - 4) = !(-§) = -f 

(c) g(c) = c 2 (c - 4) = c 3 — 4c 2 

(d) g(t + 4) = (t + 4) 2 (f + 4-4) 

= {t + 4) 2 t = t 2 + 8t 2 + 16/ 



-72 

2 


8 _ M -/(O = 3.r - 1 - (3 - 1) = 3(x - 1) = 3 Y ^ j 


x — 1 


x — 1 


X — 1 


io . f{x) ~{ (1) = ~ - Y ~ 0 = ^ + 1)(j ; ~ 1} = 4x + d,-v * i 

.v + I x — 1 x — 1 
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12 . g(x) = 7-5 

Domain: (— 00 , 00 ) 
Range: [—5, 00 ) 


14 . h(t) = cot t 

Domain: all t + kn, k an integer 
Range: (— 00 , 00 ) 


16 . gix) = ^ 

Domain: (— 00 , 1), (1, 00 ) 
Range: (— 00 , 0), (0, 00 ) 


18 . f(x) 


I x 2 + 2, x < 1 
[27 + 2, x > 1 


(a) /(— 2) = (— 2) 2 + 2 = 6 

(b) /( 0) = 0 2 + 2 = 2 

(c) /( 1) = l 2 + 2 = 3 

(d) f[s 2 + 2) = 2(7 + 2) 2 = 2s 4 + 8s 2 + 10 
(Note: 7 + 2 > 1 for all s) 

Domain: (— 00 , 00 ) 

Range: [2, 00 ) 


20 . f(x) 


7* + 4, x < 5 
ix — 5) 2 , x > 5 


(a) /(— 3) = 7—3+4 = 

(b) /( 0) = V0T4 = 2 

(c) /(5) = V5T4 = 3 


yr = i 


(d) /(10) = (10 - 5) 2 = 25 
Domain: [—4, co) 


Range: [0, 00 ) 



24 . fix) = [7 + 2 
Domain: (— 00 , 00 ) 
Range: (— 00 , 00 ) 



26 . fix) = x + 74 — x 2 
Domain: [—2,2] 

Range: 

[-2,272] « [-2,2.83] 
y-intercept: (0, 2) 
.r-intercept: ( — 72, 0 ) 





28 . hie) = -5 cos | 

Domain: (— 00 , 00 ) 
Range: [—5,5] 


y 



30 . Jx 2 - 4 - y = 0 => y = Jx 2 - 4 

y is a function of x. Vertical lines intersect the graph 
at most once. 


32 . 7 + y 2 = 4 

y = ± 74 - .v 2 

y is not a function of x. Some vertical lines intersect 
the graph twice. 


34 . .7 + y = 4 => y = 4 — 7 

y is a function of x since there is one value of y for 
each x. 


7 

36 . 7y — 7 + 4v = 0 => v = _,~ + f 

y is a function of x since there is one value of y for 
each x. 
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38. pfx) = x 3 — x + 1 has one zero. p 2 (x) = x 3 — x has 
three zeros. Every cubic polynomial has at least one zero. 
Given p(x) = Ax 3 + Bx 2 + Cx + D, we have p — > — oo as 
x —> — co and p —> oo as x — > oo if A > 0. Furthermore, 
p— roo as x— > — oo and p — > — oo as x — > oo if A < 0. 
Since the graph has no breaks, the graph must cross the 
x-axis at least one time. 



40. The function is fix) = cx. Since (1, 1/4) satisfies the 
equation, c = 1/4. Thus,/(x) = (l/4)x. 


42. The function is h(x) = c>/pc[. Since (1,3) satisfies the 
equation, c = 3. Thus, h(x) = 3 ^jx[. 


44. The student travels = — mi/min during the first 

4 minutes. The student is stationary for the following 

^ 2 

2 minutes. Finally, the student travels — = 1 mi/min 

10 — 6 

during the final 4 minutes. 



(b) A(15) ~ 345 acres/farm 


48. Cal e(x) = f(x — 4) 



(b) g(x) = f(x + 2) 
Shift /left 2 units 


y 



(d) g(x) = f(x) - 1 

Vertical shift down 1 unit 



(f) g{x) = \f(x) 
g(2) = 5/(2) = k 
g{~ 4) = 5/(“4) 



50. (a) h(x ) = sin(x + (ir/2)) + 1 is a horizontal shift ir/2 units to the left, followed by a vertical shift 1 unit upwards, 
(b) h(x) = — sin(x — 1) is a horizontal shift 1 unit to the right followed by a reflection about the x-axis. 
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52. (a) /(g(l)) =/(0) = 0 
n>) g(/(i)) = g(i) = 0 

(c) g{f{ 0)) = g(0) = - 1 

(d) /(g(— 4)) =/( 15) = 715 

(e) f(g(x)) = f{x 2 - 1) = Vx 2 - 1 

(f) g(f(x)) = g{Vx) = ( v/xf - 1 = x - 1 (x > 0) 


54. fix) = x 2 — 1, g(x) = cos x 

(/°g)M =f(g(x)) =/( cosx) = cos 2 x - 1 
Domain: (— 00 , 00 ) 

(g ° /)(•*) = gU' 2 - 1) = cos(x 2 - 1) 
Domain: (— 00 , 00 ) 

No,/° g # g °/. 


56. (/°g)(x) =/(Vx + 2) = 

V-X + 2 

Domain: (—2, oo) 

(g «/)w = g(^) = 2 = 

You can find the domain of g °f by determining the intervals where (1 + 2x) and x are both positive, or both negative. 

+ ++ + + + + 


Domain: ( — oo, — \ , (0, oo) 



(b) H( 1.6x) = 0.002(1. 6x) 2 + 0.005(1.6x) - 0.029 
= 0.00512x 2 + 0.008x - 0.029 


60. /(-x) 
Odd 


~f(x) 


62. /(— x) = sin 2 (— x) = sin(— x) sin(— x) = (— sin x)(— sin x) = sin 2 x 
Even 

64. (a) If/is even, then (—4, 9) is on the graph. (b) If/is odd, then ( — 4, —9) is on the graph. 

66. /(— x ) = a 2tl (-x) 2 " + a 2 , i - 2 ( _ ' v ) 2 " -2 + • ■ ■ + a 2 (-x) 2 + a 0 
= a 2 „x 2 " + a 2n _ 2 x ln ~ 2 + ■ ■ ■ + a 2 x 2 + a 0 
= fix) 

Even 

68. Let F(x) = /(x)g(x) where /is even and g is odd. Then 

F(~x) =f(-x)g(-x) =/(x)[-g(x)] = -/(x)g(x) = -F(x). 


Thus, F(x) is odd. 
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70 . (a) Let F(x) = f(x) ± g(x) where /and g are even. Then, F(—x) = f(~x) ± gi~x) = f(x) ± gix) = Fix). 
Thus, Fix) is even. 

(b) Let Fix) = fix) ± g(x) where f and g are odd. Then, F{— x) = fi~x) ± g(— x) = —fix) + gix) = — Fix). 
Thus, Fix) is odd. 

(c) Let Fix) — fix) ± gix) where f is odd and g is even. Then, F)—x) = fi~x) ± gi~ x) = —fix) ± g(x). 
Thus, Fix) is neither odd nor even. 


72. By equating slopes. 


y - 2 = 0-2 
0-3 .r - 3 

6 


74. True 


y- 2 = 


x — 3 


6 , 2x 

y = — 7 + 2 = 


L = x/x 2 + y 2 = _ / x 1 + 


x — 3 x — 3’ 

2x \2 
x — 3 


76 . False; let/(x) = x 2 . Then f(3x) — (3x) 2 = 9x 2 and 3 fix) = 3x 2 . Thus, 3 fix) + f(3x) 

Section P.4 Fitting Models to Data 

2. Trigonometric function 
6. (a) 20 



No, the relationship does not appear to be linear. 

(b) Quiz scores are dependent on several variables such as 
study time, class attendance, etc. These variables may 
change from one quiz to the next. 


10 . (a) Linear model: H = -0.3323? + 612.9333 



The fit is very good, 
(c) When t = 500, 


4 . No relationship 


8. (a) s = 9.7 1 + 0.4 
(b) 5 


The model fits well. 

(c) If t = 2.5, s = 24.65 meters/second. 
12 . (a) S = 180.89x 2 - 205.79x + 272 



(c) When x = 2, S ~ 583.98 pounds. 


H = -0.3323(500) + 612.9333 « 446.78. 







Review Exercises for Chapter P 297 


14 . (a) t = 0.0027 Is 2 - 0.0529.S + 2.671 

(b) 21 



(c) The curve levels off for s < 20. 

(d) t = 0.002.S 2 + 0.0346i- + 0.183 



The model is better for low speeds. 


18 . (a) H(t) = 84.4 + 4.28 sin(^ + 3.86 
One model is 


C(f) = 58 + 27 sin(^ + 4.1 j. 


(b) ioo 



20 . Answers will vary. 


Review Exercises for Chapter P 


16 . (a) T = 2.9856 x 10 4 p 3 - 0.0641 p 2 + 5.2826 p + 143.1 

(b) 350 



(c) For T = 300°F, p ~ 68.29 pounds per square inch. 

(d) The model is based on data up to 100 pounds per 
square inch. 


(c) 



(d) The average in Honolulu is 84.4. 

The average in Chicago is 58. 

(e) The period is 12 months (1 year). 

(f) Chicago has greater variability (27 > 4.28). 


2. v = (x - \)(x - 3) 

x = 0 => y — (0 - 1 ) (0 — 3) = 3 => (0, 3) y-intercept 
y = 0 => 0 = (* — l)(.r — 3) => x = 1, 3 => (1, 0), (3, 0) x-intercepts 

4 . xy = 4 6 . Symmetric with respect to y-axis since 


x = 0 and y = 0 are both impossible. No intercepts. 


y = (-*) 4 - (~ x ) 2 + 3 

y = x 4 — x 2 + 3. 
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8. 4x — 2y = 6 

y = 2x — 3 
Slope: 2 
y-intercept: — 3 



10 . 0.02* + 0.1 5y = 0.25 12 . 

2x + 1 5y = 25 

2 . 5 

y = -is-* + 3 

Slope: — ^ 
y-intercept: f 



14 . y = |jc — 4| — 4 


16 . y = 8 Vx — 6 



Xmin = -40 
Xmax = 40 
Xscl = 10 
Ymin = -40 
Ymax = 40 
Yscl = 10 


18 . 


20 . y = k c 3 

(a) 4 = fc(l) 3 => k — 4 and y = 4x 3 
(c) 0 = k( 0) 3 => any fc will do! 


(b) 1 = fc( — 2) 3 => k 
(d) -1 =£(-l) 3 ^ 


22. > 


14 — 
12 -- 
10 — 
8 — 


(7, 12) 


24 . 


3 ~ (~1) 
-3 - t 

4 

-3 - t 



6 — 
4 — 
2 — 


-2 + 


( 7 ,- 1 ) 


-44 = 9 + 3 ? 


-53 = 3? 



y = x(6 — x) 


y 

4 



y = x + l 

(x + 1) — x 1 = 7 

0 = x 2 — X + 6 

No real solution 
No points of intersection 
The graphs of y = x + 1 and 
y = x 2 + 7 do not intersect. 


andy = -|x 3 
= 1 => y = x 3 


The line is vertical and has no slope. 
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26 . y - 6 = 0(jc - (-2)) 

y = 6 Horizontal line 


8- 

(-2,6) - 

k 

4- 

2- 


-6 -4 -2 - 

-2- 

-4- 

- 2 4 6 


30 . (a) y - 3 = -|(x - 1 ) 

3y — 9 = —2x + 2 
2x + 3y - 11 = 0 
(b) Slope of perpendicular line is 1. 

y — 3 = i(* — l) 


28. m is undefined. Line is vertical. 

x = 5 



32 . (a) C = 9.25 1 + 13.50 1 + 36,500 
= 22.75 1 + 36,500 

(b) R = 30t 

(c) 30t = 22.75r + 36,500 
7.25f = 36,000 

f ~ 5034.48 hours to break even. 


y = x + 2 
0 = x — y + 2 
4-3 

(c) m = _ = 1 

y - 3 = i(jc - i) 

y = x + 2 
0 = x — y + 2 

(d) y = 3 

y - 3 = 0 

34 . x 2 -y = 0 

Function of x since there is one value for y for each x. 



38 . (a) /(— 4) = (— 4) 2 + 2=18 (because -4 < 0) 

(b) /( 0) = |0 - 2| = 2 

(c) /( 1) = |1 -2| = 1 


36 . x = 9 — y 2 

Not a function of x since there are two values of y for 
some x. 



40 . f(x) = 1 — x 2 and g(x) — 2x + 1 

(a) f(x) — g(x) = (1 — x 2 ) — (2x + 1) = — x 2 — 2x 

(b) f(x)g(x) = (1 — x 2 )(2x + 1) = — 2x 3 — x 2 + 2x + 1 

(c) g(f(x)) = g(l - x 2 ) = 2(1 - x 2 ) + 1 = 3 - 2.v 2 
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15 . (a) y = — 1.8 1* 3 + 14.58* 2 + 16.39* + 10 

(b) 300 



(c) If * = 4.5, y ~ 214 horsepower. 


17 . (a) Yes, y is a function of t. At each time t, there is one 
and only one displacement y. 

(b) The amplitude is approximately 

(2.35 - 1.65)/2 = 0.35. 

The period is approximately 
2(0.375 - 0.125) = 0.5. 

(c) One model is y = 0.35 sin(47rt) + 2. 

(d) 1 , 



Ol 1 - — ' I 0.9 

0 


19 . Answers will vary. 
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1. y = 2x — 3 

x = 0 => y = 2(0) 3 = — 3 => (0, — 3) y-intercept 

y = 0 => 0 = 2x — 3 => * = | => (|, o) ^-intercept 


3 . >■ = 

x = 




y-intercept 


5. Symmetric with respect to y-axis since 
(- x . ) 2 y - (-*) 2 + 4y = 0 
x 2 y - x 2 + 4y = 0. 
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13 . y = J5 — x 

Domain: (— 00 , 5] 



15 . y = 4x 2 - 25 


Xmin = -5 
Xmax = 5 
Xscl = 1 
Ymin = -30 
Ymax = 10 
Yscl = 5 


17 . 3x - 4y = 8 
4x + 4 y = 20 
lx = 28 
x= 4 

y= 1 

Point: (4. 1) 


19 . You need factors (x + 2) and (x — 2). Multiply by x to obtain origin symmetry 
y = x(x + 2)(x — 2) 

= x 3 - 4x. 



Slope 


(5/2) ~ 1 
5 - (3/2) 


3/2 _ 3 
7/2 “ 7 
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29. (a) y — 4 = — (x + 2) 


(c) 


16y - 64 = lx + 14 

0 = lx - 16y + 78 
4-0 


- 2-0 
y = — 2x 
2x + y = 0 


= -2 


(b) Slope of line is — . 

y - 4 = f (* + 2 ) 

3v - 12 = 5jc + 10 

0 = 5,v — 3y + 22 

(d) x= -2 
x + 2 = 0 


31. The slope is -850. V = - 850/ + 12,500. 

V(3) = -850(3) + 12,500 = $9950 

33. x — y 2 = 0 

y = ±Vx 

Not a function of * since there are two values of y for 
some x. 


y 



35. y = x 2 — 2x 

Function of x since there is one value of y for each x. 



37. fix) = 


(a) /( 0) does not exist. 


(b) 


1 _ \_ 

/( 1 + Ax) -/(!) _ l + Ax 1 __ 1 — 1 — Ax 


Ax 


-1 


1 + Ax' 


Ax (1 + Ax) Ax 

Ax * -1,0 


39. (a) Domain: 36 — x 2 > 0 => — 6 < x < 6 or [—6, 6] 
Range: [0. 6] 

(b) Domain: all x + 5 or (— oo, 5), (5, oo) 

Range: all y ¥=0 or ( — oo, 0), (0, oo) 

(c) Domain: all .v or (— 00 , 00 ) 

Range: all y or (— 00 , 00 ) 


41. (a) f{x) = x 3 + c, c = — 2, 0, 2 



(b) f(x) = (x — c) 3 , c — — 2, 0, 2 



—CONTINUED— 
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43. (a) Odd powers: /(* ) = *, g(x) = x 3 , /;(*) = x 5 


Even powers: f(x) = x 2 , g(x) = x 4 , h(x) = x 6 




r 

A 



The graphs off, g, and h all rise to the left and to the 
right. As the degree increases, the graph rises more 
steeply. All three graphs pass through the points (0, 0), 
(1, 1). and(-l, 1). 

(b) y = x 7 will look like h(x) = x 5 , but rise and fall even more steeply, 
y = x 8 will look like h(x) = x 6 , but rise even more steeply. 


The graphs off g, and h all rise to the right and fall to 
the left. As the degree increases, the graph rises and 
falls more steeply. All three graphs pass through the 
points (0, 0), (1, 1). and (— 1. — 1). 


45. (a) 


y 


X 


X 


y 


2x + 2y = 24 

y = 12 — x 

A = xy = *(12 — x) — 12* — x 2 


(b) Domain: 0 < * < 12 


40 



(c) Maximum area is A = 36. In general, the maximum 
area is attained when the rectangle is a square. In this 
case, * = 6. 


47. (a) 3 (cubic), negative leading coefficient 

(b) 4 (quartic), positive leading coefficient 

(c) 2 (quadratic), negative leading coefficient 

(d) 5, positive leading coefficient 


49. (a) Yes, y is a function of t. At each time t, there is one 
and only one displacement y. 

(b) The amplitude is approximately 

(0.25 - (— 0.25))/2 = 0.25. 

The period is approximately 1.1. 

(c) One model is y = ^ cos^y-y f j ~ ^ cos(5.7 1) 


(d) 


•W 


2.2 


- 0.5 
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Problem Solving for Chapter P 


1- (a) x 2 - 6x + y 2 - 8y = 0 

{x 2 — 6x + 9) + (y 2 — 8y + 16) = 9 + 16 
(x - 3 ) 2 + (y - 4) 2 = 25 
Center: (3, 4) Radius: 5 

(c) Slope of line from ( 6 , 0) to (3, 4) is \ — = — — . 

3 — 6 3 

3 

Slope of tangent line is — . Hence, 

3 3 9 

y ~ 0 = 4 U “ 6 ) => y = 4 X - ^ Tangent line 


(b) Slope of line from (0, 0) to (3, 4) is — Slope of tangent line 


is — — Hence, 
4 


y-0 = - 4 (x - 0) 

3 3 9 

(d) ~4 X = 4 X ~2 


2 X 2 


x = 3 


Intersection: 3, — 

' 4 


y = — —x Tangent line 


3 . H(x) = 


1 x > 0 
0 x < 0 


-4 -3 -2 -1 


12 3 4 


(a) H(x) - 2 


-4 - 3 - 2-1 


12 3 4 


(b) H(x - 2) 


-4 - 3 - 2-1 


12 3 4 


(C) -H{x) 


-4 - 3 - 2-1 


12 3 4 


(d) H(-x) 


-4 - 3 - 2-1 


12 3 4 


(e) \H(x) 


(f) ~H(x - 2) + 2 


-4 - 3 - 2-1 


12 3 4 


-4 - 3 - 2-1 


12 3 4 
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7. The length of the trip in the water is 2 2 + x 2 , and the 
length of the trip over land is Vl + (3 — x) 2 . Hence, 
the total time is 

y 4 + a- J\ + (3 - y) 2 
T = 1 hours. 



Maximum of 1250 m 2 at x — 50 m, y = 25 m. 

(c) A(y) = — ^(y 2 — 100y) 

= ~(x 2 - 100 y + 2500) + 1250 

= — ~(y - 50) 2 + 1250 

A (50) = 1250 m 2 is the maximum, x = 50 m, y = 25 m. 


5. (a) y + 2 y = 100 


100 - Y 


A(y) = xy = y| 


100 - Y 


= ~2 + 5 ° X 


Domain: 0 < x < 100 


9-4 

9. (a) Slope = — — = 5. Slope of tangent line is less than 5. 

4 - 1 

(b) Slope = = 3. Slope of tangent line is greater than 3. 

4.41 - 4 

(c) Slope = — = 4.1. Slope of tangent line is less than 4.1. 


(d) Slope = 


2.1 - 2 

/( 2 + h) -/( 2) 

(2 + h) - 2 

= (2 + h ) 2 - 4 
h 

_ 4 h + /r 
h 

= 4 + h, h + 0 

(e) Letting h get closer and closer to 0, the slope approaches 4. Hence, the slope at (2, 4) is 4. 


11. (a) At x = 1 and x = — 3 the sounds are equal. 

(b) -=L= = - 27 

V(y - 3) 2 + f 

(y - 3) 2 + y 2 = 4(y 2 + y 2 ) 

3y 2 + 3y 2 + 6x = 9 
y 2 + 2y + y 2 = 3 
(y + l) 2 + y 2 = 4 
Circle of radius 2 centered at (— 1, 0) 
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13. d x d 2 = 1 

[(* + l) 2 + fl(x ~ l) 2 + y 2 ] = 1 

(x + 1 y-(x - l) 2 + y 2 [(x + l) 2 + (x - l) 2 ] + / = 1 
{x 2 - l) 2 + v 2 [2x 2 + 2] + / = 1 
x 4 - 2x 2 + 1 + 2x 2 y 2 + 2y 2 + / = 1 
{X* + lx 2 y 2 + v 4 ) - lx 1 + 2y 2 = 0 

(x 2 + y 2 ) 2 = 2(x 2 - y 2 ) 

Let y = 0. Then x 4 = 2x 2 => x = 0 or x 2 = 2. 

Thus, (0, 0), ( V2, 0) and (— ~Jl, 0) are on the curve. 
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14 . (a) t = 0.0027 Is 2 - 0.0529.S + 2.671 

(b) 21 



(c) The curve levels off for s < 20. 

(d) t = 0.002.S 2 + 0.0346i- + 0.183 



The model is better for low speeds. 


18 . (a) H(t) = 84.4 + 4.28 sin(^ + 3.86 
One model is 


C(f) = 58 + 27 sin(^ + 4.1 j. 


(b) ioo 



20 . Answers will vary. 


Review Exercises for Chapter P 


16 . (a) T = 2.9856 x 10 4 p 3 - 0.0641 p 2 + 5.2826 p + 143.1 

(b) 350 



(c) For T = 300°F, p ~ 68.29 pounds per square inch. 

(d) The model is based on data up to 100 pounds per 
square inch. 


(c) 



(d) The average in Honolulu is 84.4. 

The average in Chicago is 58. 

(e) The period is 12 months (1 year). 

(f) Chicago has greater variability (27 > 4.28). 


2. v = (x - \)(x - 3) 

x = 0 => y — (0 - 1 ) (0 — 3) = 3 => (0, 3) y-intercept 
y = 0 => 0 = (* — l)(.r — 3) => x = 1, 3 => (1, 0), (3, 0) x-intercepts 

4 . xy = 4 6 . Symmetric with respect to y-axis since 


x = 0 and y = 0 are both impossible. No intercepts. 


y = (-*) 4 - (~ x ) 2 + 3 

y = x 4 — x 2 + 3. 
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8. 4x — 2y = 6 

y = 2x — 3 
Slope: 2 
y-intercept: — 3 



10 . 0.02* + 0.1 5y = 0.25 12 . 

2x + 1 5y = 25 

2 . 5 

y = -is-* + 3 

Slope: — ^ 
y-intercept: f 



14 . y = |jc — 4| — 4 


16 . y = 8 Vx — 6 



Xmin = -40 
Xmax = 40 
Xscl = 10 
Ymin = -40 
Ymax = 40 
Yscl = 10 


18 . 


20 . y = k c 3 

(a) 4 = fc(l) 3 => k — 4 and y = 4x 3 
(c) 0 = k( 0) 3 => any fc will do! 


(b) 1 = fc( — 2) 3 => k 
(d) -1 =£(-l) 3 ^ 


22. > 


14 — 
12 -- 
10 — 
8 — 


(7, 12) 


24 . 


3 ~ (~1) 
-3 - t 

4 

-3 - t 



6 — 
4 — 
2 — 


-2 + 


( 7 ,- 1 ) 


-44 = 9 + 3 ? 


-53 = 3? 



y = x(6 — x) 


y 

4 



y = x + l 

(x + 1) — x 1 = 7 

0 = x 2 — X + 6 

No real solution 
No points of intersection 
The graphs of y = x + 1 and 
y = x 2 + 7 do not intersect. 


andy = -|x 3 
= 1 => y = x 3 


The line is vertical and has no slope. 
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26 . y - 6 = 0(jc - (-2)) 

y = 6 Horizontal line 


8- 

(-2,6) - 

k 

4- 

2- 


-6 -4 -2 - 

-2- 

-4- 

- 2 4 6 


30 . (a) y - 3 = -|(x - 1 ) 

3y — 9 = —2x + 2 
2x + 3y - 11 = 0 
(b) Slope of perpendicular line is 1. 

y — 3 = i(* — l) 


28. m is undefined. Line is vertical. 

x = 5 



32 . (a) C = 9.25 1 + 13.50 1 + 36,500 
= 22.75 1 + 36,500 

(b) R = 30t 

(c) 30t = 22.75r + 36,500 
7.25f = 36,000 

f ~ 5034.48 hours to break even. 


y = x + 2 
0 = x — y + 2 
4-3 

(c) m = _ = 1 

y - 3 = i(jc - i) 

y = x + 2 
0 = x — y + 2 

(d) y = 3 

y - 3 = 0 

34 . x 2 -y = 0 

Function of x since there is one value for y for each x. 



38 . (a) /(— 4) = (— 4) 2 + 2=18 (because -4 < 0) 

(b) /( 0) = |0 - 2| = 2 

(c) /( 1) = |1 -2| = 1 


36 . x = 9 — y 2 

Not a function of x since there are two values of y for 
some x. 



40 . f(x) = 1 — x 2 and g(x) — 2x + 1 

(a) f(x) — g(x) = (1 — x 2 ) — (2x + 1) = — x 2 — 2x 

(b) f(x)g(x) = (1 — x 2 )(2x + 1) = — 2x 3 — x 2 + 2x + 1 

(c) g(f(x)) = g(l - x 2 ) = 2(1 - x 2 ) + 1 = 3 - 2.v 2 
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42 . f(x) = x 3 — 3x 2 


44 . (a) f(x) = x 2 (x - 6 ) 2 



( 0 , 0 ) 


L 

1 

J 


!■- 4 ) 


(a) The graph of g is obtained from /by a vertical shift 
down 1 unit, followed by a reflection in the .v-axis: 

g(x) = ■“[/(*) ~ 1 ] 

= — x 3 + 3x 2 + 1 

(b) The graph of g is obtained from /by a vertical shift 
upwards of 1 and a horizontal shift of 2 to the right. 

g(x) = f{x - 2) + 1 

= (x - 2) 3 - 3(.v - 2) 2 + 1 


(b) g(x) = x 3 (x - 6) 2 


300 



AJ 

' 7 



-100 


(c) h(x) = x 3 (x — 6) 3 


200 


, ,\ 



V 


-800 


46 . For company (a) the profit rose rapidly for the first year, 
and then leveled off. For the second company (b), the 
profit dropped, and then rose again later. 


48 . (a) y = -1.204* + 64.2667 



(c) The data point (27, 44) is probably an error. 
Without this point, the new model is 

y = -1.4344* + 66.4387. 


Problem Solving for Chapter P 


2 . Let y = mx + 1 be a tangent line to the circle from the point (0, 1 ). Then 
x 1 + (y + l) 2 = 1 
x 2 + (mx + 1 + l) 2 = 1 
( m 2 + l)* 2 + 4 mx + 3 = 0 
Setting the discriminant b 2 — 4 ac equal to zero, 

16m 2 — 4(m 2 + l)(3) = 0 
16m 2 — 12m 2 =12 
4m 2 = 12 
m = + s/3 

Tangent lines: y = s/3x + 1 and y = — s/3x + 1. 
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8. Let d be the distance from the starting point to the beach, 
distance 

Average velocity = — — 

2d 

d d_ 

120 + 60 

_ 2 
1 J_ 

120 + 60 

= 80 km/hr 


10 . y 



3-2 

(a) Slope = pfZTf 

(b) Slope = ~ _ | 


— . Slope of tangent line is greater than — . 
Slope of tangent line is less than 


? 1 — 2 

(c) slope = 


10 

41' 


Slope of tangent line is greater than 


(d) Slope 


/( 4 + h) -/( 4 ) 
(4 + h) - 4 

s/4 + h - 2 
h 


s/4 + h - 2 _ s/4 + h-2 s/4 + h + 2 

h h J\ + h + 2 

(4 + /;) - 4 
h( s/4 + h + 2 ) 

= . 1 , h * 0 

s/4 + h + 2 

As h gets closer to 0, the slope gets closer to — . The slope is 


10 

41' 


— at the point (4, 2). 
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/ _ kl 

JJTy 1 2 ~ J(x - 4)- + v- 
( x — 4) 2 + y 2 = k 2 (x 2 + y 2 ) 

(k 2 — l)x 2 + ( k 2 — l)y 2 + 8 jc = 16 

If k = 1, then x = 2 is a vertical line. So, assume k 2 — 1 # 0. Then 


/ 4 \ 2 „ 16 16 

[ x + ¥^~i) +r ~k^~i + W^f- 
( x + ¥^i) + r = (^r)’ circle 

(b) « - 3, (, + i)’ + ^-(1)' 

(c) For large k, the center of the circle is near (0, 0), and the radius becomes smaller. 



14 . fix) = y = 


1 


1 — x 
(a) Domain: all x 1 
Range: all y ^ 0 


n>) f(f(x)) =f\ 


i 

1 — X 


Domain: all x # 0, 1 
(c) f if (fix))) =f( X 1 


1 - 


1 1 — jr .v — 1 

l — x — l —x x 


1 — X 1 — X 


1 


1 - 


l 

X — 1 \ 1 

X 


Domain: all x # 0, 1 

(d) The graph is not a line. It has holes at (0, 0) and (1, 1). 


y 




